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Phase transitions in the infinite-rangep-state Potts glass model are studied in the presence of a field. The
phase transition line into the transverse ordered phase is a straight line in a field-temperature phase diagram for
small field and small effective ferromagnetic interaction. This is in contrast with the Gabay-Toulouse line for
the vector spin-glass model. Replica symmetry breaking pattern is discussed near the phase transition line.
Replica symmetry for the longitudinal order parameter is weakly broken at a higher temperature than the
transition line to the transverse ordered phase forp*3.2. Forp*4.6, the transition to the transverse ordered
phase reveals discontinuity in the order parameter just as thep.4 case without a field.
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I. INTRODUCTION

The p-state Potts glass model has been studied for a long
time as an extension of the Ising spin-glass model. After the
introduction of the mean-field theory of the Potts glass
model,1,2 self-consistent description of the glass phase within
the Parisi’s replica theory was established.3,4 The nature of
the glass phase is rather different from the one for the mean-
field theory of the Ising spin-glass model. A discontinuous
transition with a jump in the Edward-Anderson order param-
eter but without latent heat appears forp.4. Moreover there
is a dynamical transition temperature that is higher than the
static grass transition temperature.4,5 This feature is expected
to be related to a better understanding of the structural glass.5

The model has been studied also as a model of orientational
glasses.6

Most of the previous works on the Potts glass model con-
centrated on the zero field case. Although a short description
can be found in Ref. 7, a more detailed description as for the
vector spin-glass model8,9 would be helpful to see the nature
of the Potts glass phase in a field.

In this paper, the mean-field Potts glass model in a field is
studied near the glass transition temperature. Because we are
interested in the glass phase, the effective ferromagnetic in-
teraction that is inevitable forp.2 (Ref. 1) is set to zero at
the continuous glass transition temperature without field. In
Sec. II, replica mean-field theory is formulated near the glass
transition temperature for a small field. The replica symmet-
ric solution and its stability are discussed in Sec. III. The
phase transition line to the transverse glass phase is shown to
be straight in the field-temperature phase diagram for a small
field. This differs from the vector spin-glass case.10 Replica
symmetry in the high temperature phase in which the trans-
verse glass order parameter is zero is broken at some tem-
perature higher than the transverse freezing temperature for
p*3.2 (Ref. 11). The longitudinal order parameter function
in this phase is given in Sec. IV. Because the breaking of the
replica symmetry is rather weak for the longitudinal order,
the replica symmetry breaking of the transverse freezing is
studied in the replica symmetric approximation for the lon-
gitudinal order. This is considered in Sec. V. A summary of
results is presented in Sec. VI.

II. THE MEAN-FIELD p-STATE POTTS GLASS MODEL

The Hamiltonian of the mean-field Potts glass model is

H = − o
ki j l

Jijspdsis j
− 1d − o

i
o
l=1

p

hlspdsil
− 1d, s1d

where the sum of the first term is over all distinct pairs. The
quenched random bondJij has a mean valueJ0 and variance
J2/N with N number of sites. The uniform fieldhl is applied
andd is the Kronecker’s delta function. The Potts variablesi
takes one of the integer values from 1 top. If the model is
considered as a representative of the orientational glasses,
the field may correspond to a stress field.12

It would be convenient to rewrite the Hamiltonian(1)
using the simplex representation13 as follows:

H = − o
ki j l

o
a=1

p−1

JijSiaSja − o
i

o
a=1

p−1

haSia, s2d

where the spinSi can be one of thesp−1d-dimensional vec-
tors helj l=1, . . . ,p. These vectors satisfy the following re-
lations:

o
a=1

p−1

ea
lea

l8 = pdll8 − 1, s3d

o
l=1

p

ea
leb

l = pdab, s4d

and

o
l=1

p

ea
l = 0. s5d

An explicit form of the vectors may be

ea
l =Î psp − ad

p + 1 −a
3 5

0, l , a,

1, l = a,

−
1

p − a
, l . a.

s6d

The relation of the field in(2) to that in (1) becomes
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ha = o
l=1

p

hlea
l. s7d

Taking l=1 as the direction of the uniform field in(1), a
=1 is the direction of the uniform field in(2) from the ex-
plicit form (7). The model is not symmetric under the ex-
changeha↔−ha. We study the case ofha.0 in the follow-
ing unless otherwise stated because richness of the phase
structure appears more explicitly forha.0.

Using the replica method to take the random average for
Jij , the free energy per sitef is given by

− bf = lim
N→`

lim
n→0

1

nN
skZnlJ − 1d, s8d

where b=1/kBT with kB Boltzmann’s constant andT the
temperature.Z is the partition function,n is the number of
the replica, andk¯lJ represents the disorder average. The
replicated partition function averaged over the random bond
distribution becomes

kZnlJ = Tr Si
a=heljexpF m

2No
ki j l

o
aÞb

sSi
a ·Sj

adsSi
b ·Sj

bd

+
bĴ

N o
ki j l

o
a

Si
a ·Sj

a

+
m

2No
ki j l

sp − 1dn + bo
i
o

a

haSia
aG , s9d

where m;b2J2 and bĴ;bJ0+sm /2dsp−2d. It should be

noted that effective ferromagnetic interactionĴ grows as
temperature decreases forp.2 (Ref. 1). Introducing vari-
ablesqab

ab andma
a, the free energy becomes

− bf = lim
N→`

lim
n→0

1

nN
Sp

aÞb
p
a,b
SmN

4p
D1/2E

−`

`

dqab
ab

3p
a

p
a

SbĴN

2p
D1/2E

−`

`

dma
a

3expHmN

4
sp − 1dn −

mN

4 o
aÞb

o
a,b

sqab
abd2

−
bĴN

2 o
a,a

sma
ad2+ lnFTr Sa

a=hea
ljexpSm

2 o
aÞb

Sa
aSb

aqab
ab

+ bĴo
a

Sa
ama

a + bo
a

Sa
ahaDGNJ − 1D . s10d

The free energy is given by the extremal condition

− bf = lim
n→0

1

n
extsAd, s11d

whereA is given by

A =
m

4
sp − 1dn −

m

4 o
aÞb

o
a,b

sqab
abd2

−
1

2
bĴo

a,a
sma

ad2 + ln Tr Sa
a=hea

lj

3expFm

2 o
aÞb

Sa
aSb

aqab
ab + bĴo

a,a
Sa

ama
a + bo

a

Sa
ahaG .

s12d

The variablesqab
ab andma

a represent glass and ferromagnetic
order parameters, respectively. Expanding the exponential
keeping terms to fourth order in the order parameters, the
trace can be evaluated. After re-exponentiating,A is written
as

A .
m

4
sp − 1dn −

m

4 o
aÞb

o
a,b

sqab
abd2 −

1

2
bĴo

a,a
sma

ad2 +
b2

2 o
a

o
a

sĴza
ad2 +

m2

4 o
aÞb

o
a,b

sqab
abd2

+
b3

6 o
a

Ĵza
aĴzb

aĴzc
avabc

p
+

b2m

2 o
aÞb

Ĵza
aĴzb

aqab
ab +

bm2

2 o
aÞb

Ĵza
aqbd

abqcd
abvabc

p
+

m3

12o
aÞb

qad
abqbe

abqcf
abvabcvdef

p2

+
u3

6 o
aÞbÞgÞa

qab
abqbc

bgqca
ga +

b4

24oa
Svabcd

p
− 3dabdcdDĴza

aĴzb
aĴzc

aĴzd
a + o

aÞb

Ĵza
aĴzb

aĴzd
bqcd

abvabc

p

+
b2m2

4 o
aÞb

Svabcd

p
− dabdcdDĴza

aĴzb
aqce

abqde
ab +

b2m2

4 o
aÞb

Ĵza
aĴzd

bqbe
abqcf

abvabcvdef

p2 +
b2u2

2 o
aÞbÞgÞa

Ĵza
aĴzc

gqab
abqbc

bg

+
bm3

6 o
aÞb

Ĵza
aqbe

abqcf
abqdg

abvabcdvefg

p2 +
bm3

2 o
aÞbÞgÞa

Ĵza
aqbd

abqde
bgqec

gavabc

p
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+
bm3

2 o
aÞbÞgÞa

Ĵza
aqab

abqce
bgqde

bgvbcd

p
+

m4

48o
aÞb

Svabcdvefgh

p2 − 3dabdcddefdghDqae
abqbf

abqcg
abqdh

ab

+
m4

4 o
aÞbÞgÞa

qab
abqce

bgqdf
bgqga

gavbcdvefg

p2 +
m4

8 o
aÞbÞgÞa

Svbcde

p
− dbcddeDqab

abqac
abqdf

bgqef
bg

+
m4

8 o
abgd

all dif ferent

qab
abqbc

bgqcd
gdqda

da, s13d

where

vabc̄ ; o
l=1

p

ea
leb

lec
l
¯ . s14d

As the direction of the uniform field isa=1, the glass order parameter may be written as

qab
ab = qL

abda1db1 + sdab − da1db1dqT
ab. s15d

For the ferromagnetic order parameter, we introduceza
a as

Ĵza
a ; sĴma

a + hadda1 ; sĴma + hdda1 = Ĵza. s16d

Assuming replica symmetry for the ferromagnetic order parameter asma=m, A can be written in terms ofqL
ab, qT

ab, andz as
follows:

A .
m

4
sp − 1dn +

msm − 1d
4 o

aÞb

fsqL
abd2 + sp − 2dsqT

abd2g +
nb

2
fbsĴzd2 − Ĵm2g +

nb3

6
sĴzd3 p − 2

Îp − 1
+

b2m

2
sĴzd2o

aÞb

qL
ab

+
bm2

2
Ĵzo

aÞb

fsqL
abd2 − sqT

abd2g
p − 2
Îp − 1

+
u3

12o
aÞb

F sp − 2d2

p − 1
sqL

abd3 + 3
p − 2

p − 1
qL

absqT
abd2 +

psp − 2dsp − 3d
p − 1

sqT
abd3G

+
m3

6 o
aÞbÞgÞa

fqL
abqL

bgqL
ga + sp − 2dqT

abqT
bgqT

gag +
nb4

24

p2 − 6p + 6

p − 1
sĴzd4 +

b3m

4 o
aÞb

sĴzd3qL
ab p − 2

Îp − 1

+
b2m2

4 o
aÞb

sĴzd2F2sp − 2d2

p − 1
sqL

abd2 −
sp − 2dsp − 3d

p − 1
sqT

abd2G +
b2m2

2 o
aÞbÞgÞa

sĴzd2qL
abqL

bg

+
bm3

6 o
aÞb

ĴzF sp − 2dsp2 − 3p + 3d
sp − 1d3/2 sqL

abd3 − 3
p − 2

sp − 1d3/2qL
absqT

abd2 −
psp − 2dsp − 3d

sp − 1d3/2 sqT
abd3G

+
bm3

2 o
aÞbÞgÞa

ĴzF p − 2
Îp − 1

qL
abqL

bgqL
ga +

p − 2
Îp − 1

qL
absqL

bgd2−
p − 2
Îp − 1

qL
absqT

bgd2 −
p − 2
Îp − 1

qT
abqT

bgqT
gaG

+
m4

48o
aÞb

Fp4 − 6p3 + 12p2 − 12p + 6

sp − 1d2 sqL
abd4 − 6

psp − 2d2

sp − 1d2 sqL
abd2sqT

abd2+ 4
psp − 2dsp − 3d

sp − 1d2 qL
absqT

abd3

+
sp − 2dsp4 − 8p3 + 19p2 − 16p + 6d

sp − 1d2 sqT
abd4G +

m4

8 o
aÞbÞgÞa

F2
sp − 2d2

p − 1
qL

absqL
bgd2qL

ga +
sp − 2d2

p − 1
sqL

abd2sqL
bgd2

+ 2
p − 2

p − 1
qL

absqT
bgd2qL

ga −
sp − 2d2

p − 1
sqL

abd2sqT
bgd2 + 4

p − 2

p − 1
qT

abqL
bgqT

bgqT
ga + 2

psp − 2dsp − 3d
p − 1

qT
absqT

bgd2qT
ga

+
sp − 2d2

p − 1
sqT

abd2sqT
bgd2G +

m4

8 o
abgd

all dif ferent

fqL
abqL

bgqL
gdqL

da + sp − 2dqT
abqT

bgqT
gdqT

dag. s17d

The expansion may be valid whenqL, qT, andz are small. This condition is satisfied for a small field near the continuous
transition from the paramagnetic to an ordered phase.

Without a uniform field,A is reduced to
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A .
m

4
sp − 1dn +

msm − 1d
4 o

aÞb

sp − 1dsqabd2 +
m3

12o
aÞb

sp − 1dsp − 2dsqabd3 +
m3

6 o
aÞbÞgÞa

sp − 1dqabqbgqga

+
m4

48o
aÞb

sp − 1dsp2 − 6p + 6dsqabd4 +
m4

4 o
aÞbÞgÞa

sp − 1dsp − 2dqabsqbgd2qga +
m4

8 o
abgd

all dif ferent

sp − 1dqabqbgqgdqda, s18d

that has been obtained in Ref. 4.

III. REPLICA SYMMETRIC SOLUTION AND ITS STABILITY

In this section, we look for the replica symmetric solution and study its stability. AssumingqL
ab=qL and qT

ab=qT for all
aÞb, (17) becomes

A

n
.sn→0d

m

4
sp − 1d +

b

2
fbsĴzd2 − Ĵm2g −

msm − 1d
4

fqL
2 + sp − 2dqT

2g +
b3

6
sĴzd3 p − 2

Îp − 1
−

b2m

2
sĴzd2qL −

bm2

2
ĴzsqL

2 − qT
2d

p − 2
Îp − 1

+
m3

12
F−

p2 − 8p + 8

p − 1
qL

3 − 3
p − 2

p − 1
qLqT

2 −
sp − 2dsp2 − 7p + 4d

p − 1
qT

3G+
b4

24

p2 − 6p + 6

p − 1
sĴzd4 −

b3m

4
sĴzd3qL

p − 2
Îp − 1

−
b2m2

4
sĴzd2F2

p2 − 6p + 6

p − 1
qL

2 −
sp − 2dsp − 3d

p − 1
qT

2G+
bm3

6
ĴzF sp − 2dsp2 − 15p + 15d

sp − 1d3/2 qL
3 + 3

sp − 2ds2p − 3d
sp − 1d3/2 qLqT

2

−
sp − 2dsp2 − 9p + 6d

sp − 1d3/2 qT
3G −

m4

48
Fp4 − 42p3 + 228p2 − 372p + 186

sp − 1d2 qL
4 + 6

sp − 2ds3p2 − 14p + 12d
sp − 1d2 qL

2qT
2

+ 4
sp − 2dsp2 − 15p + 12d

sp − 1d2 qLqT
3 +

sp − 2dsp4 − 32p3 + 139p2 − 123p + 18d
sp − 1d2 qT

4G . s19d

We seek a saddle point of the free energy. The saddle point
equation with respect tom is

0 = bĴHsbĴz− md +
b2

2

p − 2
Îp − 1

sĴzd2 − bmĴzqL −
m2

2
sqL

2 − qT
2d

3
p − 2
Îp − 1

+
b2

6

p2 − 6p + 6

p − 1
sĴzd3 −

3b2m

4
sĴzd2qL

p − 2
Îp − 1

−
bm2

2
ĴzS2

p2 − 6p + 6

p − 1
qL

2 −
p2 − 5p + 6

p − 1
qT

2D
+

m3

6

p − 2

sp − 1d3/2fsp2 − 15p + 15dqL
3 + 3s2p − 3dqLqT

2

− sp2 − 9p + 6dqT
3gJ . s20d

The saddle point equation forqL is

0 = −
msm − 1d

2
qL −

b2m

2
sĴzd2 − bm2ĴzqL

p − 2
Îp − 1

−
m3

4

1

p − 1
fsp2 − 8p + 8dqL

2 + sp − 2dqT
2g

−
b3m

4
sĴzd3 p − 2

Îp − 1
− b2m2sĴzd2p2 − 6p + 6

p − 1
qL

−
bm3

2
Ĵz

p − 2

sp − 1d3/2fsp2 − 15p + 15dqL
2 + s2p − 3dqT

2g

−
m4

12

1

sp − 1d2fsp4 − 42p3 + 228p2 − 372p + 186dqL
3

+ 3sp − 2ds3p2 − 14p + 12dqLqT
2

+ sp − 2dsp2 − 15p + 12dqT
3g. s21d

The saddle point equation forqT becomes

0 = msp − 2dqTH−
m − 1

2
+ bmĴz

1
Îp − 1

−
m2

4

1

p − 1

3f2qL + sp2 − 7p + 4dqTg +
b2m

2
sĴzd2p − 3

p − 1

−
bm2

2
Ĵz

1

sp − 1d3/2f2s2p − 3dqL − sp2 − 9p + 6dqTg

−
m3

12

1

sp − 1d2f3s3p2 − 14p + 12dqL
2 + 3sp2 − 15p + 12d

3qLqT+ sp4 − 32p3 + 139p2 − 123p + 18dqT
2gJ . s22d

TERUFUMI YOKOTA PHYSICAL REVIEW B 70, 174422(2004)

174422-4



Because we are interested in glassy states, the effective fer-

romagnetic interactionĴ that varies with temperature will be
set small near the paramagnetic to glassy phase transition.
The choice for the ferromagnetic interactionJ0 adopted here
is

J0

J
+

1

2
sp − 2d = 0. s23d

From this choice and the saddle point equation for the mag-

netization(20), magnetization andĴz become

m. bh s24d

and

Ĵz. h, s25d

respectively. The remaining two saddle point equations,(21)
and (22), are used to obtain the transition line for the freez-
ing of transverse degrees of freedom. From(21), the longi-
tudinal order parameter becomes

qL . −
2sp − 1d

p2 − 8p + 8F−
dT

J
+

p − 2
Îp − 1

h

J

+ÎSdT

J
D2

− 2
p − 2
Îp − 1

dT

J

h

J
+

p2

2sp − 1dSh

J
D2G ,

s26d

where

dT

J
;

T

J
− 1. s27d

This quantity is small near the continuous transition for a
small field. Using(22), the continuous transverse freezing
transition line is obtained from

dT

J
+

1
Îp − 1

h

J
−

1

2sp − 1d
qL . 0. s28d

From this equation and(26) the transition line is

dTc

J
.

− 1

p2 − 8p + 6
F2sp2 − 7p + 5d ± Î2p2 + 8p − 8

2Îp − 1
Ghc

J
.

s29d

The ± correspond tohc/J.0 andhc/J,0, respectively. The
relation betweendTc/J andhc/J is linear. This contrasts with

the case of the vector spin glass where the Gabay-Toulouse
(GT) line has the formdTc/J~ shc/Jd2 (Ref. 10). Just below
the transition line,

qT .
4sp − 1d

p2 − 7p + 4
a

DT

J
, s30d

where

DT

J
;

dT

J
−

dTc

J
, 0 s31d

and

a =
1

p2 − 8p + 83p2 − 8p + 7

+

dTc

J
−

p − 2
Îp − 1

hc

J

ÎSdTc

J
D2

− 2
p − 2
Îp − 1

dTc

J

hc

J
+

p2

2sp − 1d
Shc

J
D24 .

s32d

The relation betweendTc/J and hc/J is given by (29). A
first-order transition with a jump in the order parameter
would appear forp. s7+Î33d /2.6.37. It is noted that the
first-order transition appears forp.6 in the zero field.1

To investigate the stability of the replica symmetric solu-
tions, the order parameters are written as

qab
ab = sqL − qTdda1db1 + qTdab + hab

ab s33d

and

ma
a = mda1 + «a

a, s34d

whereqL, qT, andm represent the replica symmetric solution.
From (16), we have

Ĵza
a = Ĵzda1 + Ĵ«a

a. s35d

Expanding(13) to second order in the fluctuationsh and«, A
becomes

A . AMF
RS −

1

4
Mabcd

abgnhab
abhcd

gn −
1

4
Labc

abg«a
ahbc

bg −
1

4
Kab

ab«a
a«b

b,

s36d

where AMF
RS is the replica symmetric quantity. The stability

matricesM , L , andK are given by

Mabcd
abgn = dacdbdSH− msm − 1d + 2bm2Ĵz

1
Îp − 1

− m3sqL − qTd
1

p − 1
+ m3qT + b2m2sĴzd2p − 3

p − 1
+ 2bm3ĴzsqL − qTd

3
1

Îp − 1
S 1

p − 1
+ n − 2D + 2bm3ĴzqT

1
Îp − 1

sn − 3d + m4sqL − qTd2F psp − 2d
2sp − 1d2 + sn − 2d

p − 3

p − 1G
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+ m4sqL − qTdqTF p

p − 1
+ 2sn − 2d

p − 3

p − 1G + m4qT
2Sp − 2

2
+ n − 2DJAabgn

− Fm3qT − 3bm3ĴzqT
1

Îp − 1
+ 3m4sqL − qTdqT

1

p − 1
+ m4qT

2Sn − 5 +
p − 2

2 DGBabgn− m4qT
2CabgnD

−
vabcd

p HFm3qT − 2bm3ĴzqT
1

Îp − 1
+ m4sqL − qTdqT

1

p − 1
+ m4qT

2Sp − 2

2
+ n − 2DGAabgn + 3m4qT

2BabgnJ
+ dabdcdm

4qT
2sAabgn + Babgnd +

1

4Svabc

p
dd1 +

vabd

p
dc1 +

vacd

p
db1 +

vbcd

p
da1DF− 2bm3ĴzqT

+ 6m4sqL − qTdqT
1

Îp − 1
GBabgn +

1

4
sdacdb1dd1 + daddb1dc1 + dbcda1dd1 + dbdda1dc1dSHm4sqL − qTd2F−

p − 2

p − 1

− sp − 4dsn − 2dG + m4sqL − qTdqTf2 – 2sp − 4dsn − 2dgJAabgn + Hbm3ĴzsqL − qTd
5 − p
Îp − 1

− 2bm3ĴzqT
Îp − 1

+ m4sqL − qTd2F− p2 + 8p − 14

2sp − 1d
− sn − 3dG + m4sqL − qTdqTf8 − p − 2sn − 3dgJBabgn− m4sqL − qTdqTCabgnD

+ sdabdc1dd1 + dcdda1db1dm4sqL − qTdqTsAabgn + Babgnd + da1db1dc1dd1SH− m3sqL − qTdsp − 1d − b2u2sĴzd2sp − 1d

− 2bm3ĴzsqL − qTdÎp − 1sp − 2d − 2bm3ĴzqTsp − 1d3/2 + m4sqL − qTd2F−
p2 − 4p + 2

2
− sp − 1dsn − 2dG

+ m4sqL − qTdqTsp − 1df− sp − 3d − 2sn − 2dgJAabgn + f− 3bm3ĴzsqL − qTdÎp − 1 + m4sqL − qTd2s7 – 2pd

− 6m4sqL − qTdqTsp − 1dgBabgn− m4sqL − qTd2CabgnD , s37d

Labc
abg =

vabc

p HF− bm2ĴqT + 2b2m2ĴĴzqT
1

Îp − 1
− bm3ĴsqL − qTdqT

1

p − 1
−

bm3

2
ĴqT

2s2n − 3dGsdab + dagd − 3bm3ĴqT
2s1 − dabd

3s1 − dagdJ+ sdabdc1 + dacdb1dSH− b2mĴĴz+ bm2ĴsqL − qTd
1

Îp − 1
−

b3m

4
ĴsĴzd2 p − 4

Îp − 1
+ b2m2ĴĴzsqL − qTdFp − 3

p − 1
− sn

− 2dG − b2m2ĴĴzqTsn − 2d−
bm3

2
ĴsqL − qTd2F − p

sp − 1d3/2 +
p − 2
Îp − 1

sn − 2dG− bm3ĴsqL − qTdqTF 1
Îp − 1

+
p − 2
Îp − 1

sn − 2dGJ
3sdab + dagd+ F− 2b2m2ĴĴzqT + 4bm3ĴsqL − qTdqT

1
Îp − 1

Gs1 − dabds1 − dagd+ da1dbcF2b2m2ĴĴzqTsdab + dagd

+ 2bm3ĴsqL − qTdqTs1 − dabds1 − dagd+ da1db1dc1SH− 2bm2ĴsqL − qTdÎp − 1 −b3mĴsĴzd2Îp − 1 −b2m2ĴĴzsqL − qTd

3s3p − 8d− 4b2m2ĴĴzqTsp − 1d − bm3ĴsqL − qTd2 1
Îp − 1

fsp − 2d2 + 2sp − 1dsn − 2dg− 2bm3ĴsqL − qTdqT
Îp − 1

3fp − 3 + 2sn − 2dgJsdab + dagd+ F− 4b2m2ĴĴzsqL − qTd − 2bm3ĴsqL − qTd2 p − 2
Îp − 1

− 4bm3ĴsqL − qTdqT
Îp − 1G

3s1 − dabds1 − dagdD , s38d

and
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Kab
ab = dabSH− 2b2Ĵ2 + 2b2Ĵ + 2b3Ĵ2Ĵz+ b4Ĵ2 3p − 4

3sp − 1d
+ 2b3mĴ2ĴzqT

1
Îp − 1

sn − 1d + b3mĴ2ĴzqL
1

Îp − 1
sn − 1d + b2m2

3Ĵ2sqL − qTd2sn − 1d
p − 2

p − 1
+ b2m2Ĵ2sqL − qTdqTF2sn − 1d −

2

p − 1
GJDdab + H− 2b2mĴ2qT − b2m2Ĵ2sqL − qTdqT

1

p − 1

− b2m2Ĵ2qT
2fp − 2 + 2sn − 2dgJs1 − dabd + da1db1SF− 2b3Ĵ2ĴzÎp − 1 −

b4

3
Ĵ2sĴzd2sp − 2d − 2b3mĴ2ĴzqT

Îp − 1

− b3mĴ2ĴzqL
Îp − 1 −b2m2Ĵ2sqL − qTd2sp − 2dsn − 1d− 2b2m2Ĵ2sqL − qTdqTsp − 2dsn − 1dGdab + H− 2b2mĴ2sqL − qTd

− b2m2Ĵ2sqL − qTd2F sp − 2d2

p + 1
+ 2sn − 2dG− 2b2m2Ĵ2sqL − qTdqTfp − 2 + 2sn − 2dgJs1 − dabdD , s39d

where the replica matrices are given by

Aabgn = dagdbn, s40d

Babgn = dags1 − dbnd + dbns1 − dagd, s41d

and

Cabgn = s1 − dagds1 − dands1 − dbgds1 − dbnd. s42d

As the stability of the glassy phase without ferromagnetic
order is expected to be related to the stability matrixM , the
fluctuation in (34) is ignored and onlyM is considered. In
addition, fluctuations are assumed to be diagonal in the Potts
index as

qab
ab = fsqL − qTdda1 + qT + ha

abgdab. s43d

The stability matrixM reduces to

Mabcd
abgn = Mac

abgn = dacSHF− msm − 1d + 2bm2Ĵz
1

Îp − 1
− m3sqL − qTd

1

p − 1
+ m3qT + b2m2sĴzd2p − 3

p − 1

+ 2bm3ĴzsqL − qTd
1

Îp − 1
S 1

p − 1
+ n − 2D + 2bm3ĴzqT

1
Îp − 1

sn − 3d + m4sqL − qTd2F psp − 2d
2sp − 1d2 + sn − 2d

p − 3

p − 1
G

+ m4sqL − qTdqTF p

p − 1
+ 2sn − 2d

p − 3

p − 1
G + m4qT

2Sp − 2

2
+ n − 2DJAabgn − Fm3qT − 3bm3ĴzqT

1
Îp − 1

+ 3m4sqL − qTd

3qT
1

p − 1
+ m4qT

2Sn − 5 +
p − 2

2
DGBabgn− m4qT

2CabgnD −
vaacc

p HFm3qT − 2bm3ĴzqT
1

Îp − 1
+ m4sqL − qTdqT

1

p − 1

+ m4qT
2Sp − 2

2
+ n − 2DGAabgn+ 3m4qT

2BabgnJ + m4qT
2sAabgn + Babgnd

+ dc1H2m4sqL − qTdqTAabgn + F2bm3ĴzqT
1

Îp − 1
+ 2m4sqL − qTdqT

p − 3

p − 1GBabgnJ
+ da1dc1SH− 2bm2ĴzÎp − 1 −m3sqL − qTdsp − 3d − b2m2sĴzd2s2p − 5d − 2bm3ĴzspL − qTd

p2 − 4p + 5
Îp − 1

− 2bm3ĴzqT
Îp − 1sp − 2d − 2bm3ĴzqL

Îp − 1sn − 2d + m4sqL − qTd2F1 −
sp − 2dsp2 − 3p + 4d

2sp − 1d
− s2p − 5dsn − 2dG
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− m4sqL − qTdqTfp4 − 4p + 5 + 2s2p − 5dsn − 2dgJAabgn + H− m3sqL − qTd − b2m2sĴzd2 − 5bm3

3ĴzsqL − qTd
p − 2
Îp − 1

− 5bm3ĴzqT
Îp − 1+m4sqL − qTd2F−

7p2

2sp − 1d
+ 17 −nG + m4sqL − qTdqTs− 7p + 25 – 2ndJBabgn

+ f− m4sqL − qTd2 − 2m4 − 2m4sqL − qTdqTgCabgnD . s44d

In the case of no field,Ĵz=0 and the glass order parameters
are isotropic asqL =qT;q. The stability matrix becomes

Mac
abgn = dacHF− msm − 1d + m3q + m4q2Sp

2
− 3 +nDGAabgn

− Fm3q + m4q2Sp

2
− 6 +nDGBabgn − m4q2CabgnJ

−
vaacc

p
HFm3q + m4q2Sp

2
− 3 +nDGAabgn

+ 3m4q2BabgnJ + m4q2sAabgn + Babgnd. s45d

This form is consistent with the one in Ref. 4. It can be
shown that this form includes the most unstable diagonal
replicon mode.

The stability in the high temperature phase withqT=0 can
be studied by

Mac
abgn . dacS2

dT

J
+ 2

h

J

1
Îp − 1

− qL
1

p − 1DAabgn + da1dc1

3HF− 2
h

J
Îp − 1 −qLsp − 3dGAabgn − qLBabgnJ ,

s46d

to first order inqL andĴz. This matrix is diagonal in the Potts
index. For the most unstable replicon mode, the eigenvalues
of Aabgn is 1 and that ofBabgn is −2, respectively.4 Using
these eigenvalues, the most unstable eigenvalue of the stabil-
ity matrix (46) is

dacS2
dT

J
+ 2

h

J

1
Îp − 1

− qL
1

p − 1D
+ da1dc1F− 2

h

J
Îp − 1 −qLsp − 5dG . s47d

What is the most unstable mode depends on the sign of the

second term on the transverse freezing line(28) where the
first term is zero. The replicon mode fora=c=1 has the
eigenvalue

2
dT

J
− 2

h

J

p − 2
Îp − 1

− qL
p2 − 6p + 6

p − 1
. s48d

Using (26), the stability line of this mode becomes

dTsl

J
= F p − 2

Îp − 1
−

− p2 + 6p − 6
Î2sp − 1dsp − 2d

Ghsl

J
. s49d

This is compared with the transverse freezing line(29)
that is the stability line of the replicon mode fora=cÞ1. For
p.pLc.3.2, the stability line of the replicon mode fora
=c=1 is located at higher temperature than that of the repli-
con mode fora=cÞ1 andhc/J.0. This indicates a replica
symmetry breaking phase without transverse freezing for
p.pLc. This symmetry breaking will be shown rather weak
later.

For p,pLc where the stability line and the transverse
freezing line coincide, the stability analysis is made near the
transverse freezing temperature in the transverse freezing

phase. To the first order inqT, qL, and Ĵz, (44) becomes

Mac
abgn . dacHF− msm − 1d + 2bm2Ĵz

1
Îp − 1

− m3qL
1

p − 1

+ m3qT
p

p − 1GAabgn − m3qTBabgnJ
−

vaacc

p
m3qTAabgn. s50d

The Potts matrixvac;vaacc in (44) has an eigenvaluepsp
−1d with eigenvectorPa=1 for all a. This eigenvalue is sim-
ply assumed to be maximum here. The most unstable repli-
con mode has the eigenvalue
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− msm − 1d + 2bm2Ĵz
1

Îp − 1
− m3qL

1

p − 1
+ qT

− p2 + 5p − 3

p − 1
.

s51d

With (26) and (61), this eigenvalue atT/J=Tc/J+DT/J for
DT/J,0 is

2
sp − 1ds2 − pd
p2 − 7p + 4

a
DT

J
, s52d

wherea is given by(32). This quantity is minus forp.2,
which indicates that the instability and replica symmetry is
broken in the transverse freezing phase.

IV. ORDER PARAMETER FUNCTION IN HIGH
TEMPERATURE LONGITUDINAL GLASSY PHASE

As described in the previous section, replica symmetry of
the longitudinal glass order parameter is broken in the high
temperature phase forp.pLc.3.2. In this section, replica
symmetry breaking solution in the high temperature glassy
phase will be reviewed.11

In the high temperature phase withqT
ab=0, (17) reduces to

A .
m

4
sp − 1dn +

msm − 1d
4 o

aÞb

sqL
abd2 +

nb

2
fbsĴzd2 − Ĵm2g

+
b2m

2
sĴzd2o

aÞb

qL
ab +

bm2

2
Ĵzo

aÞb

sqL
abd2 p − 2

Îp − 1

+
m3

12o
aÞb

sp − 2d2

p − 1
sqL

abd3 +
m3

6 o
aÞbÞgÞa

qL
abqL

bgqL
ga

+
m4

48o
aÞb

p4 − 6p3 + 12p2 − 12p + 6

sp − 1d2 sqL
abd4

+
m4

8 o
aÞbÞgÞa

F2
sp − 2d2

p − 1
qL

absqL
bgd2qL

ga

+
sp − 2d2

p − 1
sqL

abd2sqL
bgd2G +

m4

8 o
abgd

all dif ferent

qL
abqL

bgqL
gdqL

da,

s53d

where higher order terms inĴz andqL
ab are neglected. Using

order parameter function14 qLsxd s0øxø1d, (53) is written
as

A

n
.

m

4
sp − 1d −

msm − 1d
4

E
0

1

dx qLsxd2 +
b

2
fbsĴzd2 − Ĵm2g −

b2m

2
sĴzd2E

0

1

dx qLsxd −
bm2

2
Ĵz

p − 2
Îp − 1

E
0

1

dx qLsxd2

−
m3

12

sp − 2d2

p − 1
E

0

1

dx qLsxd3 +
m3

6 S3E
0

1

dx qLsxdE
0

x

dy qLsyd2 +E
0

1

dx xqLsxd3D
−

m4

48

p4 − 6p3 + 12p2 − 12p + 6

sp − 1d2 E
0

1

dx qLsxd4 +
m4

8

sp − 2d2

p − 1 F4E
0

1

dx qLsxdE
0

x

dy qLsyd3 + 4E
0

1

dx qLsxd2E
0

x

dy qLsyd2

+E
0

1

dxs2x + 1dqLsxd4G −
m4

8 FE0

1

dxsx2 + 1dqLsxd4 + 4E
0

1

dxqLsxdE
0

x

dyyqLsyd3+ 12E
0

1

dx qLsxdE
0

x

dy qLsydE
0

y

dz qLszd2

+ 6E
0

1

dx qLsxd2E
0

x

dy qLsyd2G . s54d

The order parameter functionqLsxd may be obtained follow-
ing the method in Ref. 15. Variation with respect toqLsxd and
further differentiation with respect tox lead toqL8sxd=0 or a

differential equation forqLsxd. Making a linear approxima-
tion for qLsxd with respect tox, the order parameter function
qLsxd is obtained as
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qLsxd =5
q0, 0 ø x ø x0,

cFx −
sp − 2d2

2sp − 1dG , x0 ø x ø x1,

q1, x1 ø x ø 1,

s55d

where

q0 =
Î2sp − 1d

p − 2

h

J
, s56d

q1 = −
2sp − 1d

− p2 + 6p − 6

dT

J
+

2Îp − 1sp − 2d
− p6 + 6p − 6

h

J
, s57d

and

c =
2sp − 1d2

6p6 − 60p5 + 235p4 − 444p3 + 384p2 − 72p − 60
.

s58d

Because the value ofc for p=4 is 9/338 and rather small, the
replica symmetry breaking may be considered rather weak.
The line of replica symmetry breaking may be obtained from
q0=q1 that gives the previously obtained stability line(49).
This shows an adequateness of the obtained solution for
qLsxd. The continuous replica symmetry breaking scheme

presented above is valid only forp,3+Î3 as can be seen in
(57).

Another replica symmetry breaking pattern is the one-step
breaking.3 We have obtained a one-step breaking solution
and studied its stability following the method in Ref. 4. Al-
though q0 and q1 for the one-step breaking solution is the
same as that of(56) and (57), the solution is unstable.

From the above results, the continuous replica symmetry
breaking scheme of the high temperature longitudinal glassy
phase is valid for 3.2.pLc,p,3+Î3.4.7. It is not clear
by now what happens forp.3+Î3.

V. REPLICA SYMMETRY BREAKING OF THE
TRANSVERSE FREEZING

The replica symmetry breaking pattern for the transverse
glass order parameter will be considered in this section. As
stated in the previous section, the replica symmetry breaking
for the longitudinal glass order parameter is weak. To avoid
complexity, the longitudinal glass order parameter will be
assumed to be replica symmetric in this section and we con-
centrate on the replica symmetry breaking of the transverse
glass order parameter.

In the presence of the transverse glass order parameter
function qTsxd, (54) is extended to

A

n
.

m

4
sp − 1d −

msm − 1d
4 FE

0

1

dx qLsxd2 + sp − 2dE
0

1

dx qTsxd2G +
b

2
fbsĴzd2 − Ĵm2g −

b2m

2
sĴzd2E

0

1

dx qLsxd

−
bm2

2
Ĵz

p − 2
Îp − 1

FE
0

1

dx qLsxd2 − E
0

1

dx qTsxd2G −
m3

12F sp − 2d2

p − 1
E

0

1

dx qLsxd3 + 3
p − 2

p − 1
E

0

1

dx qLsxdqTsxd2

+
psp − 2dsp − 3d

p − 1
E

0

1

dx qTsxd3G +
m3

6 S3E
0

1

dx qLsxdE
0

x

dy qLsyd2 + E
0

1

dx xqLsxd3D
+

m3

6
sp − 2dS3E

0

1

dx qTsxdE
0

x

dy qTsyd2 + E
0

1

dx xqTsxd3D −
m4

48Fp4 − 6p3 + 12p2 − 12p + 6

sp − 1d2 E
0

1

dx qLsxd4

− 6
psp − 2d
sp − 1d2E

0

1

dx qLsxd2qTsxd2 + 4
psp − 2dsp − 3d

sp − 1d2 E
0

1

dx qLsxdqTsxd3

+
sp − 2dsp4 − 8p3 + 19p2 − 15p + 6d

sp − 1d2 E
0

1

dx qTsxd4G +
m4

8

sp − 2d2

p − 1 F4E
0

1

dx qLsxdE
0

x

dy qLsyd3

+ 4E
0

1

dx qLsxd2E
0

x

dy qLsyd2 + E
0

1

dxs2x + 1dqLsxd4G +
m4

4

p − 2

p − 1F2E
0

1

dx qLsxdE
0

x

dy qTsyd2qLsyd

+ E
0

1

dx qTsxd2E
0

x

dyqLsyd2 + E
0

1

dx xqTsxd2qLsxd2G −
m4

4

sp − 2d2

p − 1 FE
0

1

dx qLsxd2E
0

x

dy qTsyd2

+ E
0

1

dx qTsxd2E
0

x

dy qLsyd2 + E
0

1

dx qLsxd2qTsxd2G +
m4

2

p − 2

p − 1F2E
0

1

dx qTsxdE
0

x

dy qTsyd2qLsyd

+ E
0

1

dx qLsxdqTsxdE
0

x

dy qTsyd2 + E
0

1

dx xqLsxdqTsxd3G +
m4

4

psp − 2dsp − 3d
p − 1 F2E

0

1

dx qTsxdE
0

x

dy qTsyd3
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+ E
0

1

dx qTsxd2E
0

x

dyqTsyd2 + E
0

1

dx xqTsxd4G +
m4

8

sp − 2d2

p − 1 F2E
0

1

dx qTsxd2E
0

x

dy qTsyd2 + E
0

1

dx qTsxd4G
−

m4

8 FE0

1

dxsx2 + 1dqLsxd4 + 4E
0

1

dx qLsxdE
0

x

dy yqLsyd3+ 12E
0

1

dx qLsxdE
0

x

dy qLsydE
0

y

dz qLszd2

+ 6E
0

1

dx qLsxd2E
0

x

dy qLsyd2G −
m4

8
sp − 2dFE

0

1

dxsx2 + 1dqTsxd4 + 4E
0

1

dx qTsxdE
0

x

dy yqTsyd3

+ 12E
0

1

dx qTsxdE
0

x

dy qTsydE
0

y

dz qTszd2 + 6E
0

1

dx qTsxd2E
0

x

dy qTsyd2G . s59d

Making the replica symmetric approximation ofqLsxd=qL, variation with respect toqTsxd and successive differentiations with
respect tox lead toqT8sxd=0 or

HFx −
psp − 3d

p − 1
G3

+ Fx −
psp − 3d

p − 1
Gps− 5p3 + 28p2 − 35p − 9d

6sp − 1d2 JqT8sxd +
ps5p3 − 28p2 + 35p + 9d

6sp − 1d2 qTsxd +
psp − 3d
6sp − 1dS1 +

5qL

p − 1
D

. 0. s60d

The solution is obtained as

qTsxd =5
0, 0 ø x ø x0,

Fx −
psp − 3d
2sp − 1dGS1 +

5qL

p − 1
D 4sp − 1d2

ps− 7p3 + 38p2 − 43p − 18d
, x0 ø x ø x1,

2sp − 1d
p2 − 5p + 2

a
DT

J
, x1 ø x ø 1,

s61d

wherex0=psp−3d /2sp−1d, DT/J is defined in(31), anda is
given by (32). This continuous order parameter function is
valid for p,pT1 wherepT1 is a solution of

− 7p3 + 38p2 − 43p − 18 = 0. s62d

At p=pT1.3.4, the coefficient ofx in qTsxd diverges, which
indicates a one-step replica symmetry breaking.

For p.pT1, a one-step replica symmetry breaking solu-
tion is considered. The transverse glass order parameter with

one-step replica symmetry breaking is expressed by

qT
ab = HqT, if sa,bd belong to the same group;

q0T, otherwise.
s63d

The n replicas are divided in groups ofmq that are deter-
mined by the saddle point equations. The saddle point equa-
tion for q0T has the solutionq0T=0. Adopting this solution,
(17) becomes

A

n
.

m

4
sp − 1d +

msm − 1d
4

fsn − 1dqL
2 + sp − 2dsmq − 1dqT

2g +
b

2
fbsĴzd2 − Ĵm2g +

b3

6
sĴzd3 p − 2

Îp − 1
+

b2m

2
sĴzd2sn − 1dqL

+
bm2

2
Ĵz

p − 2
Îp − 1

fsn − 1dqL
2 − smq − 1dqT

2g +
m3

12
F sp − 2d2

p − 1
sn − 1dqL

3 + 3
p − 2

p − 1
smq − 1dqLqT

2 +
psp − 2dsp − 3d

p − 1
smq − 1dqT

3G
+

m3

6
fsn − 1dsn − 2dqL

3 + smq − 1dsmq − 2dsp − 2dqT
3g +

b4

24

p2 − 6p + 6

p − 1
sĴzd4

+
b3m

4
sĴzd3 p − 2

Îp − 1
sn − 1dqL +

b2m2

4
sĴzd2F2sn − 1dF sp − 2d2

p − 1
+ n − 2GqL

2 − smq − 1d
sp − 2dsp − 3d

p − 1
qT

2G
+

bm3

6
Ĵz

p − 2

sp − 1d3/2hsn − 1dsp3 − 3p + 3dqL
3 + smq − 1df− 3qLqT

2 − psp − 3dqT
3gj
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+
bm3

2
Ĵz

p − 2
Îp − 1

f2sn − 1dsn − 2dqL
3 − sn − 2dsmq − 1dqLqT

2 − smq − 1dsmq − 2dqT
3g −

m4

48

1

sp − 1d2fsp4 − 6p3

+ 12p2 − 12p + 6dsn − 1dqL
4 − 6psp − 2d2smq − 1dqL

2qT
2 + 4psp − 2dsp − 3dsmq − 1dqLqT

3 + sp − 2dsp4 − 8p3 + 19p2 − 15p + 6d

3smq − 1dqT
4g +

m4

4

p − 2

p − 1
hsn − 1dsn − 2dsp − 2dqL

4 + sn − 2dsmq − 1dqL
2qT

2+ smq − 1dsmq − 2df2qLqT
3 + psp − 3dqT

4gj

+
m4

8

sp − 2d2

p − 1
fsn − 1dsn − 2dqL

4 − 2sn − 2dsmq − 1dqL
2qT

2 + smq − 1dsmq − 2dqT
4g +

m4

8
fsn − 1dsn − 2dsn − 3dqL

4

+ smq − 1dsmq − 2dsmq − 3dsp − 2dqT
4g. s64d

The saddle point equations with respect toqL, qT, andmq become

0 = −
msm − 1d

2
qL −

b2m

2
sĴzd2 − bm2Ĵz

p − 2
Îp − 1

qL −
m3

4

p2 − 8p + 8

p − 1
qL

2 +
m3

4

p − 2

p − 1
smq − 1dqT

2 −
b3m

4
sĴzd3 p − 2

Îp − 1

− b2m2sĴzd2p2 − 6p + 6

p − 1
qL −

bm3

2
Ĵz

p − 2

sp − 1d3/2sp2 − 15p + 15dqL
2 −

bm3

2
Ĵz

p − 2

sp − 1d3/2s2p − 3ds1 − mqdqT
2

−
m4

12

1

sp − 1d2sp4 − 42p3 + 228p2 − 372p + 186dqL
3 +

m4

4

p − 2

sp − 1d2s− 3p2 + 14p − 12ds1 − mqdqLqT
2 −

m4

12

p − 2

sp − 1d2s1 − mqd

3f6sp − 1dmq + p2 − 15p + 12gqT
3 , s65d

0 = msp − 2ds1 − mqdqTS−
m − 1

2
− bmĴz

1
Îp − 1

−
m2

2

1

p − 1
qL −

m2

4

1

p − 1
fp2 − 7p + 4 + 2mqsp − 1dgqT +

b2m

2
sĴzd2p − 3

p − 1

+
bm2

2
Ĵz

1

sp − 1d3/2hqLf2 – 4sp − 1dg + qTfp2 − 9p + 6 + 3mqsp − 1dgj +
m3

12

1

sp − 1d2h3qL
2s− 3p2 + 14p − 12d + 3qLqT

3f− p2 + 15p − 12 – 6mqsp − 1dg− qT
2fp4 − 32p3 + 139p2 − 123p + 18 + 6mqs2p3 − 12p2 + 13p − 3d + 6mq

2sp − 1d2gjD ,

s66d

and

0 = msp − 2dqT
2Sm − 1

4
−

bm

2
Ĵz

1
Îp − 1

+
m2

12

1

p − 1
h3qL + fp2 − 9p + 6 + 4mqsp − 1dgqTj −

b2m

4
sĴzd2p − 3

p − 1
+

bm2

6
Ĵz

1

sp − 1d3/2

3hs6p − 9dqL − fp2 − 12p + 9 + 6mqsp − 1dgqTj +
m3

48

1

sp − 1d2hs18p2 − 84p + 72dqL
2 + f4p2 − 84p + 72 + 48mqsp − 1dgqLqT

+ fp4 − 44p3 + 211p2 − 201p + 36 + 12mqs2p3 − 13p2 + 15p − 4d + 18mq
2sp − 1d2gqT

2jD , s67d

respectively.
From (65), qL is given by the replica symmetric solution

(26). From (66) and (67), we have

m2

4

1

p − 1
fp2 − 7p + 4 + 2mqsp − 1dgqT

. −
m − 1

2
+ bmĴz

1
Îp − 1

−
m2

2

1

p − 1
qL s68d

and

m2

6

1

p − 1
fp2 − 9p + 6 + 4mqsp − 1dgqT

. −
m − 1

2
+ bmĴz

1
Îp − 1

−
m2

2

1

p − 1
qL . s69d

The right hand sides of these equations become zero at the
transverse glass transition line(28). Using(31), this quantity
just below the transition line isasDT/J) wherea is given in
(32). From (68) and (69), mq andqT are given by
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mq =
psp − 3d
2sp − 1d

s70d

and

qT .
2sp − 1d

p2 − 5p + 2
a

DT

J
. s71d

These values are consistent withx0 and qTsxd for the con-
tinuous replica symmetry breaking solution. Atp=s5
+Î17d /2.4.56,mq=1 andqT diverges. Forp. s5+Î17d /2,
a first order transition with a jump in the order parameterqT
is expected.4

To locate the transition point and obtain the jump inqT, a
condition for the free energyF0=FG is added, whereF0 is
the free energy forqT=0 andFG is the free energy of the
transverse glassy phase. Using(64), this condition is ob-
tained as

0 = msp − 2dsmq − 1dqT
2Sm − 1

4
−

bm

2
Ĵz

1
Îp − 1

+
m3

12

1

p − 1
h3qL + fp2 − 7p + 4 + 2mqsp − 1dqTj

+
m4

48

1

sp − 1d2hs18p2 − 84p + 72dqL
2 + f4p2 − 60p + 48

+ 24mqsp − 1dgqLqT + fp4 − 32p3 + 139p2 − 123p + 18

+ 6mqs2p3 − 12p2 + 13p − 3d + 6mq
2sp − 1d2gqT

2jD . s72d

From this equation,(66), and (67) we have three equations
for DT/J, qT, andmq. They are given by

−
1

2
a

DT

J
+

1

12

1

p − 1
fp2 − 7p + 4 + 2mqsp − 1dgqT

+
1

48

1

sp − 1d2fp4 − 32p3 + 139p2 − 123p + 18

+ 6mqs2p3 − 12p2 + 13p − 3d + 6mq
2sp − 1d2gqT

2 . 0,

s73d

a
DT

J
−

1

4

1

p − 1
fp2 − 7p + 4 + 2mqsp − 1dgqT

−
1

12

1

sp − 1d2fp4 − 32p3 + 139p2 − 123p + 18

+ 6mqs2p3 − 12p2 + 13p − 3d + 6mq
2sp − 1d2gqT

2 . 0,

s74d
and

−
1

2
a

DT

J
+

1

12

1

p − 1
fp2 − 9p + 6 + 4mqsp − 1dgqT

+
1

48

1

sp − 1d2fp4 − 44p3 + 211p2 − 201p + 36

+ 12mqs2p3 − 13p2 + 15p − 4d + 18mq
2sp − 1d2gqT

2 . 0,

s75d

respectively. The solution forp=s5+Î17d /2+« s«!1d is

DTg

J
;

dTg

J
−

dTc

J
. 0.0110«2, s76d

qTg . 0.141«, s77d

and

mqg
= 1. s78d

Close to the transition, the free energy is given by

dFG

J
;

FG − F0

J
. 1.54qTgST − Tg

J
D2

. s79d

As in the case without a field,3,4 there is no latent heat.

VI. SUMMARY

The results are summarized as schematic phase diagrams
in Fig. 1. P, TG, and LG represent the paramagnetic phase,
the glass phase with a nonzero transverse glass order param-
eter, and the weakly replica symmetry breaking longitudinal
glassy phase, respectively. Real and broken lines are second
and first order transition lines, respectively. The longitudinal
glassy phase appears forp*3.2. The replica symmetry
breaking of the longitudinal glassy phase and the transition
from the paramagnetic phase to the longitudinal glassy phase
for p*4.7 has not yet been well understood.

The transition lines are straight in the phase diagrams for
small fields. This is in contrast with the Gabay-Toulouse line
for the vector spin glass.

The intermediate phase with the longitudinal freezing is
characteristic of the Potts glass model although the effect of

FIG. 1. Schematic phase diagrams of the mean-fieldp-state
Potts glass model in a field for(a) p&3.2, (b) 3.2&p&4.6, and(c)
p*4.6. P, TG, and LG represent the paramagnetic phase, glass
phase with a nonzero transverse glass order parameter, and a
weakly replica symmetry breaking longitudinal glassy phase, re-
spectively. Real and broken lines are second and first order transi-
tion lines, respectively.
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the replica symmetry breaking is rather weak.
The qualitative feature of the transition to the transverse

glassy phase is similar to that without a field although the
values of the Potts index where the changes in the nature of
the transition occur are different. Within the replica symmet-

ric approximation of the longitudinal order parameter, the
transverse glass order parameter function is continuous for
p&3.4 and becomes one-step replica symmetry breaking for
3.4&p&4.6. Forp*4.6, the transition is discontinuous but
without latent heat.
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