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Phase transitions of the mean-field Potts glass model in a field
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Phase transitions in the infinite-rangestate Potts glass model are studied in the presence of a field. The
phase transition line into the transverse ordered phase is a straight line in a field-temperature phase diagram for
small field and small effective ferromagnetic interaction. This is in contrast with the Gabay-Toulouse line for
the vector spin-glass model. Replica symmetry breaking pattern is discussed near the phase transition line.
Replica symmetry for the longitudinal order parameter is weakly broken at a higher temperature than the
transition line to the transverse ordered phasepfar3.2. Forp=4.6, the transition to the transverse ordered
phase reveals discontinuity in the order parameter just apthé case without a field.
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I. INTRODUCTION Il. THE MEAN-FIELD p-STATE POTTS GLASS MODEL

) The Hamiltonian of the mean-field Potts glass model is
The p-state Potts glass model has been studied for a long

time as an extension of the Ising spin-glass model. After the P \

introduction of the mean-field theory of the Potts glass H= _2 Jij(p&"i"j -1 _2_ 2 h (pﬁ"'i)‘ -, @)

model!?2 self-consistent description of the glass phase within @) P

the Parisi’'s replica theory was establisfédThe nature of ~where the sum of the first term is over all distinct pairs. The

the glass phase is rather different from the one for the mearguenched random bonlj has a mean valug, and variance

field theory of the Ising spin-glass model. A discontinuousJ?/N with N number of sites. The uniform fiel is applied

transition with a jump in the Edward-Anderson order param-and § is the Kronecker’s delta function. The Potts variabje

eter but without latent heat appears for 4. Moreover there  takes one of the integer values from 1golf the model is

is a dynamical transition temperature that is higher than theonsidered as a representative of the orientational glasses,

static grass transition temperatdreThis feature is expected the field may correspond to a stress fiEd.

to be related to a better understanding of the structural §lass. It would be convenient to rewrite the Hamiltoniafh)

The model has been studied also as a model of orientationaking the simplex representatidras follows:

glasses. o-1 -1
Most of the previous works on the Potts glass model con- __ _

centrated on the zero field case. Although a short description H=-2 2 3SaSa = 2 21 haSia, @

can be found in Ref. 7, a more detailed description as for the

vector spin-glass mod&! would be helpful to see the nature Where the spir§ can be one of thép—1)-dimensional vec-

(ijy a=1 i a=

of the Potts glass phase in a field. tors{e*} \=1, ... p. These vectors satisfy the following re-
In this paper, the mean-field Potts glass model in a field idations:

studied near the glass transition temperature. Because we are p-1

intere_sted in t.he. glags phase, the effectiv_e ferromagnetic in- egeg’ =pd, -1, (3)

teraction that is inevitable fgp>2 (Ref. 1) is set to zero at a=1

the continuous glass transition temperature without field. In

Sec. Il, replica mean-field theory is formulated near the glass p
transition temperature for a small field. The replica symmet- > egeg = Pbap, (4)
ric solution and its stability are discussed in Sec. Ill. The A=1

phase transition line to the transverse glass phase is shownﬁ
be straight in the field-temperature phase diagram for a smal
field. This differs from the vector spin-glass cd8dReplica P

symmetry in the high temperature phase in which the trans- > e{;z 0. (5
verse glass order parameter is zero is broken at some tem-
perature higher than the transverse freezing temperature f@n explicit form of the vectors may be
p=3.2 (Ref. 11). The longitudinal order parameter function

in this phase is given in Sec. IV. Because the breaking of the 0, A<a,

replica symmetry is rather weak for the longitudinal order, o = [p(p—a) % 1, A=a, ©6)
the replica symmetry breaking of the transverse freezing is a™ p+l-a 1

studied in the replica symmetric approximation for the lon- -— ., A>a

gitudinal order. This is considered in Sec. V. A summary of p-a

results is presented in Sec. VI. The relation of the field in2) to that in(1) becomes
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=2 h'e) (7)

p
>
A=1

Taking A\=1 as the direction of the uniform field ifl), a
=1 is the direction of the uniform field i(2) from the ex-
plicit form (7). The model is not symmetric under the ex-
changeh, < —h,. We study the case df,>0 in the follow-

ing unless otherwise stated because richness of the phase

structure appears more explicitly fog> 0.

Using the replica method to take the random average for

Jj, the free energy per siteis given by

- Bf=lim lim —(<Z”>J

N—o» n—0 N

1), )

where B=1/kgT with kg Boltzmann’s constant and the
temperatureZ is the partition functionn is the number of

the replica, and---); represents the disorder average. The
replicated partition function averaged over the random bond

distribution becomes

o2 2 (ST s S)

(ZM);=Tr s.a:{e%}eXp[
' 2N azp

+—EES“ S’

N (j) «

£ (p- 1)n+322ha$;]

9
2N (j)

where p= 232 and BI=BJy+(u/2)(p-2). It should be

noted that effective ferromagnetic interactiangrows as
temperature decreases fpr>2 (Ref. 1. Introducing vari-
ablesq?f andmg, the free energy becomes

uN
4
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B

) e

- gt =lim tim~—{ T [T
a5 [ om

N=—een—0NN\ o2 g ap

N
xexp) LR(p-1n- 273 3 (apr
aiBab
IN
- BTE (m3)*+ |anf si=(e))€X %E SiS0ah
a,a a#f

+ BRI S+ B %m) 1 e 1) : (10)

The free energy is given by the extremal condition

- pf=lim— ext(A)

n—0N

(11

whereA is given by

—(p n- “E > (q2f)?

a#ﬂab

1~ «
- Eﬁ\]z (ma)z +In Tr S;x:{eg}
a,«

xexp| 'LLE SIS + I, Sime + B, Sty

a#B
(12)

The variablegyf andmg represent glass and ferromagnetic
order parameters, respectively. Expanding the exponential
keeping terms to fourth order in the order parameters, the
trace can be evaluated. After re-exponentiatiags written

as

Q, 1 3 (e3 BZ 3 a3 M «,
A=Ep-Dn-E3 S @f?- pS mpr DS S G B S S (i
a#ﬁab a,a a a a#,Bab
2
EJ giptate s PR S Gaipqep LSS 2ol e + E qeqgboeprabe def
p 2 i a+f p 2,75
ud A A A A An
S gt O3 (U a0 i - S it
6 a# B#FyFa 24 a p a3
B~ (v A BZMZ o8 apVabdder | BU 5y
+ TE —2bed _ abgcd JZaJZbQngdg E bg cfg a Zdef 2 Jza‘]zgqagqgg
azp\ P a*p p a* B yEa
af~af A~ v & ﬁlus o aU
B3 Spqutaptas e PORIN AV
6 a* B p 2 aFBFyFa
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Bu® S Ubed w! b cV fgh
+_2 2 ‘Jzaqa geyqd7 . 482 Zabed efgh = 30ab0cdFtSgn qaeqbf qc q
a* Bt yEa p a#p

4
M «VUbcdVef Ubcd
+o 3 afllefap gt ( - 5bc6de)qabqach”}’qgf’
a# B#FyFa p a# BFyFa
:“4 5 O
+5 2 dgbopaliods, (13)
aPByd
all different
where
p
Vape-- = E ege)t;eé U (14)
A=1

As the direction of the uniform field ia=1, the glass order parameter may be written as

0ah = 07 821601 + (8= Sar )0’ (15
For the ferromagnetic order parameter, we introdetas

= (I +hy) Sy = (M + h) 8y = I2°. (16)

Assuming replica symmetry for the ferromagnetic order parameterasn, A can be written in terms o, q3*, andz as
follows:

£p- o0+ LEZDS ()2 + (p - 22 + Lipde2 - e + (J >3p — ﬁ“(Jz)ZEq

a#f a# B

B~ p (p-2)72 p-2 p(p -2)(p-73)
=3z [(qP)? - (5P —= + — {—(qaﬁf‘ + 33— (0P + ————— ()
2 7 Top-1 125l p-1 T et T p-1

3
« o p —6p +6 - ag P~
VS qtabar (o - gt + LR R e, B =02 (2% B/_

6 a#F BFyFa 24 - a#p Np —
LS G )2{2“’ 2 g - 22023 a“)z]+3 L
4 a# B p_l p- 1 2 a# BEyFa

2 3p+3 2 - 2)(p-3
,BM E 3z |:(p ()(p )3/5 )( ag)g_ ( p- )3/2qaﬁ( aB)Z %( aB)3]

3 . 5 _
NN JZ{ D=2 ohofrope + ?p oo By)z
Jo-

6 a#f

(3 p o
qLB(qﬁy) " qTBqB’qy}

2 a# B+ yFa \'D -1
p4_6p3+12p2_12p+6 aP\4 p(p ) B\2( a2 (p_z)(p_‘?’) af( ~aB\3
+ — - + 40—
48#3[ (o - 1)2 (ar™) ( ~1)2 —— (@®)(ar) (p - 1)2 (a7”)
2)(p*-8p°+ 1%p? - 16p + 6 -
, p- 2 8T A% 16 )<q$ﬂ>4] O {z(p 2 qeraprar + B
(p l) 8 a# BFyFa p-
— a a ( - 2) «a a ( B 2)( - 3) a
+ 222 quoiqyar - B gty + 4B Sy + 2220 D g e
p-1 p- p-1
( 2) 4 o o »
P- (qTﬁ)Z(qﬁy)z} + % > [aafar’a + (p - 20t%af arar]. (17)
afyd
all different

The expansion may be valid whep, g, andz are small. This condition is satisfied for a small field near the continuous
transition from the paramagnetic to an ordered phase.
Without a uniform field,A is reduced to
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3
Ep-n+ 2D (o 1yiq2+ S (p-0ip- 2@ L S (p- e

aF a#ﬁ a#F BFyFa
4 1“'4
+ —E (p-D(E2-6p+6)@*+E T (p-Dp-2gh S (p-Da¥ePgre, (18
4801#3 4 a# BFyFa 8 afyd
all different

that has been obtained in Ref. 4.
Ill. REPLICA SYMMETRIC SOLUTION AND ITS STABILITY
In this section, we look for the replica symmetric solution and study its stability. Assugfiffrigg, and g3#=q; for all

a# B, (17) becomes

A A ( A ap-2 BPu -~ -2
A oo 1+ Bl - ) Vi (o 2ie e £ e P2 P g - P - B2
n 4 2 Vp-1 2 Vp-1
3 2 2
| _p°-8p+8 5 .p- (P-2(P*-Tp+4) 4 ] B'PP-6p+6 -, Bu 5 P2
+2 - —q iz
12{ p-1 a - p QLQT p—1 L Ny a— (J2)" = —=( )qL\’/ﬁ-
By’ - 2[ pP’-6p+6 , (P—2)(p-3) 2] Brds | (p-2)(p*-15p+15) , (p-2(2p-3)
J 2 - —J 3———7—
4 (J2) p-1 ac p-1 Tt 6 z (p- 1)3/2 ac + (p- 1)3/2 LHT
(P-2)(p*-9p+6) 4| p*|p*-420°+228°-372p+186 , (p-2)(3p*-14p+12) , ,
- _ 1\312 T~ 4a _ 12 q.+6 2 aq.or
(p-1) 48 (p-1 (p-1)
L AP~ 2(P’-15p+12) 5 (p-2)(p'-32p°+ 139’ - 123 +18) 4}
+ (19
(p-p2 T (p-17 o
[
We seek a saddle point of the free energy. The saddle point Bul~ p-2
equation with respect tm is - TJ (- 1)3/2[(p2 — 15p+15)f + (2p - 3)af]
:82 2 4
0=243 Jz—m) + — J Jzq - = M
,3 (,8 A ) \//p_( Z) EM zq (qL qT) _1_2( 1)2[(p 42p3+ 22&32 37aj)+ 186)q,_
2p?-6p+6 ~ 38%u ~ -2
S /2 o (Jz)3—%(Jz)2qL?=l +3(p-2)(3p - 14p + 120,
p- - Vp-
, , +(p-2)(p* - 15p + 127]. (21)
_BA:\] 2p —6p+6 > P —5p+6 ,
5 V2 1 & p—1 Gr The saddle point equation fof; becomes
3
w p- w-1 1 41
+— —[( - 15+ 15q; +3(2p - 3) = - - Ll
6 (p- 1)3/2 p 5 QL p- quT 0=u(p Z)QT{ 5 +,3,uJZVp 1 4p-1
- (P>~ 9p+6)q7] ¢ (20) 3
P x[2q, + (2~ Tp+ Aapr] + 22 (Jz)?p -
The saddle point equation faj is
mp=1) ,BM . P-2 —BLJ 2(2p-3)q. - (p>-9p+6
Oz—Tq (Jz)z ,3 2qu ’p_l 2 Z( _1)3/2[ ( p )QL (p p+ )qT]
M3 ,u,3 1
- -— 3(3p -1 12 3(pc-1 12
4 p- 1[(|o 8p+8)qf + (p- 7] 12(p—1)2[ (3p? - 14p + 12)qf + 3(p? - 15p + 12)
:83:u 3 2 2 zp 6p+6
P \/p e p-1 * Xaugr+ (p' - 32p° + 1397 - 12+ 197] 1. (22)
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Because we are interested in glassy states, the effective fdahe case of the vector spin glass where the Gabay-Toulouse
romagnetic interactiod that varies with temperature will be (GT) line has the formsTc/J=(hc/J)? (Ref. 10. Just below

set small near the paramagnetic to glassy phase transitiofi€ transition line,

The choice for the ferromagnetic interactidnadopted here
is

Jo

3 (23)

1
+E(p—2)—0

From this choice and the saddle point equation for the mag-

netization(20), magnetization andz become

m= gh (24)

and

Jz=h, (25)

respectively. The remaining two saddle point equati@l$)
and(22), are used to obtain the transition line for the freez-
ing of transverse degrees of freedom. Fr@t), the longi-
tudinal order parameter becomes

2(p-1) 6T  p-2h
=" o .ol 7T 773
p°—-8p+8 J Jp-1J
2 _ 2 2
+\/<5_T>_ p-245Th _ p (b) |
J vp-1J3J3 2(p-D\J
(26)
where
ST T
—=—--1. (27)
J J

This quantity is small near the continuous transition for a

small field. Using(22), the continuous transverse freezing
transition line is obtained from

1L ho 1
Jp-13 2(p-D "

oT

J

0. (28

From this equation an{26) the transition line is

M -1

J p?’-8p+6

2(p*~7p+5)+\2p°+8p-8 | h,
2\Vp-1 J’
(29

The + correspond tb./J>0 andh./J<O0, respectively. The
relation betweerdT./J andh./J is linear. This contrasts with

4p-1) AT
qT_p2_7p+4a 3 (30)
where
AT ST 6T,
—="-"C<p (31
J J J
and
= Z-8p+7
““pr-sprs| P TP
STe_p-2h
N J \s'p—]_\]
\/<£) p-2 8Tch, P (h_>
J Vp-13 3 2p-D\J
(32

The relation betweerdT./J and h./J is given by(29). A
first-order transition with a jump in the order parameter
would appear forp>(7+\s‘§%)/2:6.37. It is noted that the
first-order transition appears for>6 in the zero field.

To investigate the stability of the replica symmetric solu-
tions, the order parameters are written as

02f = (0L = 1) 9181 + ArSan + 756 (33
and
(34

whereq, gy, andm represent the replica symmetric solution.
From (16), we have

o [e3
My = Moy + g5,

322 = 328, + Je. (35)
Expanding(13) to second order in the fluctuatiomsande, A

becomes

afy_ a
abc €a

1
-L
4

1
ZMEd el

A=AR2-
MF ™ 4

l a, [e3
77@3 - Z_Kagsagg’
(36)

where AR is the replica symmetric quantity. The stability
matricesM, L, andK are given by

afyv ] 1 3 p- 3 3
Mabes = 5ac5bd<{- e = 1) + ZBMZJZ\,T - p3a - qT)p — t#ar + 32 i 2Budz(q. — o)
1 A p(p - 2) p-3
X——= +n=2|+28p30zgr———=M-3) +ulq - an)?| o ——5 +(n-2)—
g 1(p 1 ) B QrV,p = 1( © QL = ar) 2p— 172 ( p-1

174422-5



TERUFUMI YOKOTA PHYSICAL REVIEW B 70, 174422(2004)

4 P p-3 4 2(P=2
- 2(n-2—— - 2] (A
+ p(oL qT)qT{p_1+ (n )p_JﬂL%( 5 tn )} aByv

B

3 37 1 4 1
- | war - 3Bu qur\pf1 +3u’(a - qT)qu -

) :| Baﬁyv_ lu’4q12'CaByV)
- 1 1 p-2
""S“‘{ {p« Or = 2/3u3qur\r = e - anar T pf‘fﬁ( > tn- 2)}/%;;7» * 3M4q$Ban}

1(v v v v A
+ 5ab5cdﬂ4q?r(Aan + Baﬁyv) + Z abc5d1 + abd5c1 + apCd5b1 + de5a1) |:— 2,8,(1.3qu1-
4 1 1 4 of P2
+6u’(q - QT)QT—V,E Bugyw + Z(5ac5b15d1 + 8ad%10c1 + SocPa10m + padardc)| | (L — Or)F| - _p 1

- 5-p A —

-(p-4(n-2) | + Yo~ a2 — Ap - H(n - 2)]}Aa;aw + {BM3JZ(qL - qﬁﬁ - 2Bp33zarp - 1

- p?+8p- 14
2(p-1)

+ (8460101 * Godda18o) (AL = ADAT(A upy + Bupy) + 0218010610u1| | = (AL —ap)(p— 1) - BAU?(32%(p - 1)

+ (o - QT)Z{ -(n- 3)} + w0~ g[8 - p - 2(n - 3)]}Ba/3w_ pha - qT)qTCa,ByV)

p°-4p+2

. —<p—1><n—2>]

- Zﬂﬂst(QL —gqrNp—-1Up-2) - 2,3MSjZQT(p - 1)3/2 + ,U«4(QL - QT)Z[_
+ p*a. - apar(p - D[- (p-3) - 2(n - 2)]}Aam +[- 38u3z(q. - apVp — 1 + uX(q - ap)3(7 - 2p)

- 6/“’4(QL - qT)qT(p - 1)]Baﬁyv_ IU“A(qL - qT)ZCaB7V>! (37)

v - a 1 o 1 -
Lepd = —;“{ {— Brdar + 262 33zar = = Bidla — anar T = P s an- 3)} (u+ Ouy) = 3Bu™IT(L = 8,p)
2,77 23 1 By 2 2]
X(L=8,) [+ (Bandin + Gactin)| | = ezt Budlan = o) g = =002 = + ATV qT) -(n

B p_, P2 - 1 p-2
)] EZ,LLZJJqu(n 2)- i\]( =dr) |:(p 1)3/2 Jo- 1(n - 2):| - BrPd(q - QT)QT[ J'ﬁ. + \J,m(n - 2):|}

~n A 1
X(Sapt Ouy)* {— 2% p?33zar + 4Bp°)(a. - qT)qTﬁ:| (1= 0ap)(1 = 6,,)* 5a15bc|: 262621020t (8,5+ Sary)
\‘! —_—

+ 28133, - ap)ar(1 - Oap)(L = 6,0)F 5a15n15c1({ 2812)(q, - QT)N -1-puI32%p- p-1- B2u33z(q, - qy)

- - 1 .
X(3p=8)-4p7u*)zar(p— 1) - Bud(ay - qT)ZV,E[(p -2?+2(p-1)(n-2)]- 28u*J(a. ~ dr)arVp- 1
-2
X[p-3+2n- 2)]}( Say)t [- 48%u2332(q, - ar) - 2B1>(a, - qT) ooy Bk 33(a. - an)arVp - 1]

X(1=0,p)(1 - 5ay)> , (38)

and
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-4 1 1
+ 283383z ﬁ(n 1)+ g2ud?zq —(n 1)+ fou?

K = 5ab({ 28232 + 2823 + 283323z + ,3432 Y

. _2 . 2 . . 1
xJ4q —ar)i(n- 1)271+ B2 uPI (gL - qT)qT[Z(n -1)- pTl] })«%ﬁ + {— 282y — BAuPI(q - qT)qTFl

- B2uPF ¥ p- 2+ 2n- 2)]}(1 5aﬁ>+6alam({—2ﬁ3323zv’ﬁ-%432<az)2(p—z)—z/asﬂjzazqﬂum

~ Bu3PIzq \p- 1 - B - an)X(p - 2)(n - 1)~ 28%°F(q. — ar)ar(p - 2)(n - 1)} Sup+ {— 28%uF(q. - dr)

5 (p-27? 5
- B3 (qL - qT)z{ ey T2 282 (AL - an)arlp -2+ 2n=2)1 (1= 8,p) |, (39)

[

where the replica matrices are given by As the stability of the glassy phase without ferromagnetic
order is expected to be related to the stability mailixthe

Aapyr = SayOpu: (40 flyctuation in(34) is ignored and onlyM is considered. In
addition, fluctuations are assumed to be diagonal in the Potts
Beapyy = Oa(1— 85,) + 65,1 8,,), (41)  index as
and 0sh = [(a = G7) a1 + Gr + 757] - (43

Cupp=(1-8,)(1-68,,)(1-65,)(1-8g,). (42)  The stability matrixM reduces to

Q, 14 Q, v 1 p
Mghes = Mg =5ac<“-u(u 1) + 22z - 1—M(0|L qT)—+M Gr+ B 2(JZ)2 1
e 1 1 e 1 p(p-2)
+2Bu2)z(q. - ——<—+n—2>+2 3z n-3)+u*(q. - 2{ +(n-2)—
Budz(a qT)\J,IO_1 o-1 Bu qr\’,pfl( ) + p(d — ar) 2p- 1) ) 1
p-2 5 1
G qT)qT{ +2(n- 2) 1] u“q$( 5 +n—2>}Aaﬁw—{/ﬁqT—3BM3JZQr\,pT1+3M“(qL—qT)

1 p—2) "o Vaace) | 3 2 1 . 1
XOr—— + + B - - -2 +
a7y M%(n 5+ } apyr™ K ATCapy o ||~ Bu qurv,pfl paL — qT)qu 1

p-2
+ M4q%<7 +n- 2):|Aaﬂ'yv+ 3/'L4q'2I'BaB'yV} + lu’4q'2I'(AaByV + BaByV)

- 1 p-3
+ 5c1{ 2u(qL - ar)arA apyr T {Zﬂﬂg\]zch \"Fl +2u*(q. = ar) QTE:| Baﬁyv}

i ~4p+5
+ %&1({‘ 24— 1 - 10, - ) - 3 - B2 (2p—5) - 287t - o P p _p‘I
L . -2)(p*-3p+4
~ 2Bu*3zar\p - 1(p - 2) - 2Bu®Jzq \p - 1n - 2) + w(qL - qT)2|:1 - ;((E - 1)p - 2p-51n-2)
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_ 4 _ 4 _ _ _ _ .3 _ _p2. 2902 _ 3
wi (L - ap)ar[p® - 4p+5+22p-5)(n Z)J}Aamﬁ{ w(qL — dy) — B (J2)° - 58u

~ 2 N — 7 2
XJz(q ~ qT)—l - 58u’Jzqr\p — 1+ u*(q. - qT)Z{— P17 —n] + u*aL — ar)ar(- 7p+ 25~ m)}Baﬁw

p_
Vp- 2(p-1)

+[= wHo = ar)? - 2u* - 2u*(q, - QT)QT]Caﬁw> . (44)

In the case of no fieldJz=0 and the glass order parametersSecond term on the transverse freezing §28) where the

are isotropic as|, =gr=gq. The stability matrix becomes first terrln is zero. The replicon mode fa=c=1 has the
eigenvalue

(e — 34 42 P_ ST hp-2 ’-6p+6
M(M 1)+1u‘ q+lu’q (2 3+n):|AaB7V 27_2_ F/) _qu p . (48)

MaeY = 5ac{
Jip-1 p-1

- [/L3q+u4q2(g—6+n>

_ Uaacc{
p

+ 3M4quaﬁyV} + lu’4q2(AaByV + Ba,ByV) . (45)

4.2
Baﬁyv_ mq Caﬁyv}
Using (26), the stability line of this mode becomes

lusq + /u‘4q2<g -3+ n>:|Aa,8yV

ST -2  -p?’+6p-6 |h
LLE Y L L P
J[Vp-1 V2(p-D(p-2) ]

This is compared with the transverse freezing {28)
This form is consistent with the one in Ref. 4. It can bethat is the stability line of the replicon mode fasc# 1. For

! . . >p=3.2, the stability line of the replicon mode far
f:&‘i’xgnﬂ:]?éég's form includes the most unstable d|agona£C:l is located at higher temperature than that of the repli-

o . . con mode fora=c# 1 andh./J>0. This indicates a replica
bez?l? d?(tezbgltymthe high temperature phase vgif¥0 can symmetry breaking phase without transverse freezing for
y p>p... This symmetry breaking will be shown rather weak
later.
)A +5..8 For p<p,. where the stability line and the transverse
afyv al®cl . . L . ..
freezing line coincide, the stability analysis is made near the

MaBY ~ § 2—+ZEL i
ac ac <75 3 \r) 1 A p-1
transverse freezing temperature in the transverse freezing

h — , . ~
x{ {- 23 p-1-q.(p- 3)]Aa,eyu _ qLBaﬁw}, phase. To the first order gy, q., andJz, (44) becomes

(46) N A1 1
Mafw = Oqe) | ~mlp—1) + ZIBMZJZ\“,p -1 - MBQLE
to first order ing, andJz. This matrix is diagonal in the Potts ‘
index. For the most unstable replicon mode, the eigenvalues
of Aopyy is 1 and that ofB,, is -2, re_spectivelﬁ.Using _ + quT%]Aaﬁyv_quTBaﬁw
these eigenvalues, the most unstable eigenvalue of the stabil- p-1
ity matrix (46) is
v
ST h 1 1 - =20 A - (50)
o 2T+ 2T — P
J Jyp-1 p-1
h — The Potts matrix,c=v,acc in (44) has an eigenvalug(p
" 5a15d{ 23 vp-1-ap 5)} ' (47 -1) with eigenvectoiP,=1 for all a. This eigenvalue is sim-

ply assumed to be maximum here. The most unstable repli-
What is the most unstable mode depends on the sign of theon mode has the eigenvalue
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a1 1 —p°+5p-3 e, Ao
- plp = 1)+ 2BuPIz—= - plo — +0r . A= —(p Dn+ === (qf"?+ [,8(J2)2 = Jnv’]
Vp-1 p-1 p-1 4 op
(51
2
(J2)22 qif + BM PEL5S (qeo==
With (26) and (61), this eigenvalue aT/J=T,/J+AT/J for atp atp Vp-1
AT/J<OQis (0-27
,u P-2" . ,U« o
=2 @2+~ X ofqp
1201;&;3 p- 1 6 4tpryra
(p- 1)(2—I0)aA_T (52)
p?-7p+4  J’ p*-6p’+12p°-12p+6 .,
o 2 (qL )
L : o 48,7 (P-1
where « is given by(32). This quantity is minus fop>2,
which indicates that the instability and replica symmetry is u? (p-2)2
broken in the transverse freezing phase. + 2 | 2P
8 a# BFyFa -1
(p-2? a »
IV. ORDER PARAMETER FUNCTION IN HIGH + 1 ——(a%a? | + E > a¥afa’a,
TEMPERATURE LONGITUDINAL GLASSY PHASE P= aByd
all different

As described in the previous section, replica symmetry of
the longitudinal glass order parameter is broken in the high (53
temperature phase fgr>p, .=3.2. In this section, replica
symmetry breaking solution in the high temperature glassyhere higher order terms Lizandq are neglected. Using
phase will be reviewed: order parameter functidfig, (x) (0sx=<1), (53) is written
In the high temperature phase wigf=0, (17) reduces to  as

A -1 1 “ " 2 " R _ 1
= p-1)- % fo ax @ 02+ 1327 - ) - £ G f dx ¢ (0 - %"Jz ppﬁ dx ¢ (0?

3(p-2)2 (1 3 1 X 1
S fo QLo %(3 fo dx .09 fo dy Q.2+ fo dx xq(x>3)

_Kipt-6p’+ 12p2—12p+6f
48 (p-1)2 0

()4 M (p_ )2
p

1 X 1 X
- l f dx q_(x)f dy q(y)3+4f dx q(x)zf dy a.(y)?
0 0 0 0
1 4 1 1 X 1 X y
+f dx(2x + 1)qL(x)4} - %[f dx(x® + 1)qL(x)4+4f dxq(x)f dyyq (y)3+ 12f dx q(x)f dy q(y)f dz q(2)?
0 0 0 0 0 0 0

1 X
+6 f dx g (x)? f dy q(y)z}. (54
0 0

The order parameter functian (x) may be obtained follow- differential equation forg, (x). Making a linear approxima-
ing the method in Ref. 15. Variation with respecgidx) and  tion for g, (x) with respect ta, the order parameter function
further differentiation with respect tolead toqg/ (x)=0 ora  q_(x) is obtained as

174422-9
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do, 0=< X=X,
qL(x) = c[x—(p_z)z], Xo<X<X;, (55
2(p-1)
ds, X =x=1,
where
_V2(p-1h (56
% p-2 J
2 1 5T 2y 1( 2)h
4= (p ) p-ip=2h .,
-p*+6p- 6J -pé+6p- 6J
and
_ 2(p-17?
~ 6p® - 60p° + 2350 — 444p° + 384p% - 72p - 60

(58)

PHYSICAL REVIEW B 70, 174422(2004)

presented above is valid only fpr<3+v‘§ as can be seenin
(57).

Another replica symmetry breaking pattern is the one-step
breaking? We have obtained a one-step breaking solution
and studied its stability following the method in Ref. 4. Al-
though gy and g; for the one-step breaking solution is the
same as that of56) and(57), the solution is unstable.

From the above results, the continuous replica symmetry
breaking scheme of the high temperature longitudinal glassy
phase is valid for 3.2 p, . < p<3_+\s"3:4.7. It is not clear
by now what happens fqg>3+3.

V. REPLICA SYMMETRY BREAKING OF THE
TRANSVERSE FREEZING

The replica symmetry breaking pattern for the transverse
glass order parameter will be considered in this section. As
stated in the previous section, the replica symmetry breaking
for the longitudinal glass order parameter is weak. To avoid

Because the value affor p=4 is 9/338 and rather small, the complexity, the longitudinal glass order parameter will be
replica symmetry breaking may be considered rather weakassumed to be replica symmetric in this section and we con-
The line of replica symmetry breaking may be obtained fromcentrate on the replica symmetry breaking of the transverse

(o=0; that gives the previously obtained stability li#9).

glass order parameter.

This shows an adequateness of the obtained solution for In the presence of the transverse glass order parameter
q.(x). The continuous replica symmetry breaking schemdunction gr(x), (54) is extended to

A lp-n- Ml f dx Q. (02 + (p - 2) f dxqr(X)}+ Bl (2 - e -

4 4

_ By

p(p 2)(p-3)
p-1

p-2 ! z_f 2 _M_ (p_z)zf 3 p-

2 Jz\,mlf dx g (x) . dx gr(x) 12 —p “1 ), dx g (x)° + 3p -
3 1 X 1

d QT(X)Q} - “—(3 f dx g () f dy g (y)? + J dx xq(xﬁ)
6 0 0 0

° ! 1 4l 4 _ an3 P
e 2)<3J dx qr(X)f dy ar(y)? + f dx XCIr(X)3> - &{ P~ 6p" + 13"~
6 0 0 0 48

1
(JZ)2 J dx q.(x)

0

2 1
1 f dx o (X)gr(x)?
0

6

(p-2) * (p-2(p-3 (*
- 6?pp_ T dx q (x)%gr(x)? + 4P P79 p(p - 1p)2 . dx q ()gr(x)*
, (P~ 2(p* - 8p+19p” - 15p+6)f “(p-2)? f f 3
(p=17 dx gr(x )4] + — 8 p-1 l4 dx g (x) [ dy q(y)

1 X 1 _
+4 f dx q.(x? f dy q(y)* + f dx(2x + 1)qL(X)“} + jpflz f dx (%) f dy cr(y)*aL(y)
0 0 p-1 0

1 X 1
+ f dx gr(x)? J dyq (y)? + J dx er(X)qu(X)Z]
0 0

0

1 X 1
+ f dx ar(x)? f dy g (y)? + J dx q_(X)ZqT(X)Z:|
0 0 0

1

1 X
+ J dx g (X)gr(x) J dy gr(y)? + J
0 0

dx xq(x)qT(X)"’] +

M(p_ )2f 2JX 2
. p-ll ax 4 02| dy ar(y)

2p-1

©*p(p - 2)(p-3)
7 p-1 lZJ dxqr(X)f dy ar(y)®

/*_p_lz f dx ar(x) f dy qr(y)q(y)
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1 X 1 (p 2)2 X 1
+ f dx gr(x)? J dyor(y)® + f dx xgr(x)* | + 2 f dx ar(x)? f dy gr(y)* + J dx gr(x)*
0 0 0 8 p-1 0

4

1 1 X
- “—U dx( + 1)g (x)* + 4J dx q(X)f dy yq (y)3+ 12J dx q(X)f dy qL(y)Jy dz q.(2)?
8 0 0 0 0 0 0

1

1 X 4 1 X
+6 f dx . (x)2 f dy q(y)z} - %(p - 2)[ f dx( + Dgr(x)* + 4 f dx or(¥) [ dy yar(y)®
0 0 0 0 0

1 X 1 X
+12 J dx qr(x) f dy ar(y) f ' dz qr(2)* + 6 J dx gr(x)? f dy qv(y)z} : (59
0 0 0 0 0

Making the replica symmetric approximation @f(x)=q, , variation with respect tg;(x) and successive differentiations with
respect tax lead togr(x)=0 or

HX_p(p—3>T+[X_p(p—s)}p(—5p3+28p2—35p—9>} 1) + PIBD 2807+ 359+ 9 |o<|o—3><1+ o |

X) +
p—1 p-1 6(p- 1 sp-17 T gpon\tTpoa
=0. (60)
The solution is obtained as
P
0, 0 < X< X,
-3 5 4(p-1)?
{X_—p(p )}(“ qL) . (pz) L XoS X=Xy,
or(x) =9 2(p-1) p-1/p(=7p°+38p°-43p-19 (61)
2
ﬁ AT X, <X<1,
p 5p+2 J

wherex,=p(p-3)/2(p—1), AT/Jis defined in(31), anda is  one-step replica symmetry breaking is expressed by
given by (32). This continuous order parameter function is

valid for p<py, wherepy, is a solution of b {qT, if (a, B) belong to the same group(63)

_ 7p3 + 3&)2 _ 4a) -18=0. (62) JoT» otherwise.
At p=pr1=3.4, the coefficient ok in qr(x) diverges, which  The n replicas are divided in groups ofy, that are deter-
indicates a one-step replica symmetry breaking. mined by the saddle point equations. The saddle point equa-

For p>pr1, @ one-step replica symmetry breaking solu-tion for qor has the solutiorgyr=0. Adopting this solution,
tion is considered. The transverse glass order parameter with7) becomes

o2+ M D0 k(- 21,1+ BLAG = 71+ G2 P B G-
- 2)2 -3
+'87MJZ\T[(n Daf ~ (M= 1)af] + [(p )(n Da L+3 (mq Da.ar + p(p—)(f)(mq—l)tﬁ}
- 6
+—[(n 1)(n-2)q; + (mg= 1)(mg - 2)(p- 2)g7] + BA%J)“

2 2 _ 2
,B,U- BM G2 [2( 1){('0 2)
p-1

0 - v ©-20p=9

+n-— Z]qL (mg—1) -1 T

ﬂ_fﬂ p-2
"6 p-1

{(n-1)(p*-3p+3)q + (my— D[- 30,05 - p(p - )3}
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4
2252 22 2= 2= 2 - (1= 2)m, = D0 = (= Dimy = 28] - o -0
+12p? - 12p+ 6)(n = 1)q - 6p(p — 2*(Mg = a0 + 4p(p ~ 2)(p - 3)(my = 1)g g7 + (p - 2)(p* ~ 8p® + 19p? ~ 15p + 6)

‘p-2
X(my - Do) + %h{(n - 1)(n-2)(p-2)q +(n-2)(my = Dafef+ (M= 1)(my - 2)[2q,G3 + p(p - 3)d7]}

L =27 n-1)(n-2)g* - 2(n-2 1 _D(me- 260+ L= Din—2 -3)q®
* g oo [( )(n-2)q} - 2(n - 2)(my - Dafaf + (my— 1)(my - ap] + 8[(n )(n=2)(n-3)q]
+(mq—1)(mq—2>(mq—3><p—2>q$]. (64)

The saddle point equations with respectto g, andm, become

MW—D BM
2

p- ©p*-8p+8 , ulp- ﬁsu

2 23
— 1
— (2"~ pudz - QL 4 p-1 qf + 4p (mq )of -

A LP?-6p+6  Bul. p- B p-2
—Bzu"‘(Jz)ZTqL—TMJz(p_l)S,z(p 15p+ 15)q? - ;‘ Jo (2= I -myet

4 4 4
K 3 2 p-2 _
12(p- 1)2(10 — 42p%+ 2280% - 372p + 186)q; + 4 ( )2( 3p®+ 14p - 12)(1 - my)q. of - 12( 17 5(1-my)

X[6(p—1)my + p? - 15p + 12]q7, (65

0=- PR gps—= i

vp-1

p-1 . 1 oy’ 1 w1 Br 5P
0=u(p-2)(1- - - Budz -= -= -Tp+4+ - Dlor + == (322—
m(p = 2)( mq)qT( 5~ hu “ho1 2 L p_l[p p 2my(p— 1)]ar + = =(J2) -1

puts 1 &
PR T 1)3/z{qL[2 Ap-D]+arlp® - 9p+6+3my(p- 1]} + 12( 1)2

{307 (- 3p?+ 14p - 12) + 3q.qy

X[~ p?+15p - 12— @my(p - 1)]- of[p* - 32p° + 139° - 123 + 18 + 6my(2p° — 12p” + 13p - 3) + 6m(p - 1)2]}) ,

(66)
and
Bu~ 1”1 B 1

o aofr—1l Bu _bu 2p P
0=pu(p 2)qT( 7 2J\p 1+12 {3qL+[p 9p+ 6 +4my(p - D]ar} E (G2 i GJZ(p—1)3/2

3

48(p- )2

x{(6p-9)q. —[p*~12p+9 + 6my(p - 1)]a} + {(18p% - 84p + 72)qf +[4p?— 84p + 72 + 48n(p - 1), oy

+[p - 44p°+ 211p? - 201p + 36 + 12y (2p° ~ 13p* + 15p - 4) + 18m(p — 1)2]q$}) , (67)
[
respectively. w? 1 5
From (65), q_ is given by the replica symmetric solution 6 p- 1[p ~9p+6+4my(p-1lar
(26). From(66) and(67), we have
-1 ~ 1 w? 1
W2 1 == + ,BMJZ\,/p 1 2p- 7oL (69
T ——[p?-Tp+4+ 1
4p- P - 2my(p - Dlar
pol, s 1 1 The right hand sides of th tions b t th
~_ + Budz— _® q (69) e right hand sides of these equations become zero at the
Vyp-1 2p-1 transverse glass transition lii28). Using(31), this quantity
just below the transition line ia(AT/J) wherea is given in
and (32). From(68) and(69), m; andqy are given by
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_p(p-3)
“2p-1) (7o
and
2(p 1) AT
Gr = p 5p+2 J (79

These values are consistent with and g(x) for the con-
tinuous replica symmetry breaking solution. Ai=(5
+117)/2=4.56,m;=1 andgr diverges. Fop>(5+117)/2,
a first order transition with a jump in the order parameger
is expected.

To locate the transition point and obtain the jummin a
condition for the free energif,=Fg is added, wheré-; is
the free energy fog;=0 andF¢ is the free energy of the
transverse glassy phase. Usif@y), this condition is ob-
tained as
Bu~ 1

-

2 \p

0=pu(p-2)(my- 1>q%(“

3

pneo 1

+ — e
12p {3QL

4

+[p? = 7p+4+2my(p- Doy}

X
48(p - 1)?

+24my(p - Dlacar + [p* - 32p° + 139* - 123 + 18

{(18p° - 84p + 72)qff +[4p - 60p + 48

+6my(2p® ~ 12p? + 13p - 3) + 6mi(p — 1)2]q$}) . (72

From this equation(66), and(67) we have three equations
for AT/J, qr, andm,. They are given by

1AT11

-—a—+_-——[p°-Tp+4 -1
SR 12p- 1[p p+4+2m(p-1lar

— 4 - 3203+ 139? - 12 18
+48(p_1)2[p 2p°+13% P+

+6my(2p° - 12p° + 13p = 3) + 6mii(p ~ 1)’]a7 =~ 0,
(73)
AT 1
3 i
1
“12(p-17

+6my(2p° -

p+4+2my(p-1)]ar

[p*-32p°+ 1392 - 123+ 18

12p% +13p - 3) + 6mi(p - 1)’JF =0,
(74
and
1 AT

2%3

11

12p- 1[|0 9p+6+4my(p—1)]agr

48(p l)z[p - 44p+ 211p? - 201p + 36

+12my(2p° - 13p” + 15p - 4) + 1813(p — 1)°]of = 0,
(75)
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FIG. 1. Schematic phase diagrams of the mean-fiektate
Potts glass model in a field fga) p=<3.2,(b) 3.2<p=<4.6, and(c)
p=4.6. P, TG, and LG represent the paramagnetic phase, glass
phase with a nonzero transverse glass order parameter, and a
weakly replica symmetry breaking longitudinal glassy phase, re-
spectively. Real and broken lines are second and first order transi-
tion lines, respectively.

respectively. The solution fqu=(5+\17)/2+¢ (e <1) is

ATy _ oTy  OT¢
—4=—9_—"CX-0.011G67?, (76)
J J 3
Org=0.14%k, (77)
and
Mg, = 1. (78)
Close to the transition, the free energy is given by
oFs  Fg-F T-Ty\2
e e

As in the case without a fiel®* there is no latent heat.

VI. SUMMARY

The results are summarized as schematic phase diagrams
in Fig. 1. P, TG, and LG represent the paramagnetic phase,
the glass phase with a nonzero transverse glass order param-
eter, and the weakly replica symmetry breaking longitudinal
glassy phase, respectively. Real and broken lines are second
and first order transition lines, respectively. The longitudinal
glassy phase appears f@=3.2. The replica symmetry
breaking of the longitudinal glassy phase and the transition
from the paramagnetic phase to the longitudinal glassy phase
for p=4.7 has not yet been well understood.

The transition lines are straight in the phase diagrams for
small fields. This is in contrast with the Gabay-Toulouse line
for the vector spin glass.

The intermediate phase with the longitudinal freezing is
characteristic of the Potts glass model although the effect of
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the replica symmetry breaking is rather weak. ric approximation of the longitudinal order parameter, the

The qualitative feature of the transition to the transversdransverse glass order parameter function is continuous for
glassy phase is similar to that without a field although thep= 3.4 and becomes one-step replica symmetry breaking for
values of the Potts index where the changes in the nature &4<p=<4.6. Forp=4.6, the transition is discontinuous but
the transition occur are different. Within the replica symmet-without latent heat.
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