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We propose an acoustical method to investigate the metamagnetic transition in heavy fermion compounds.
The discrete Uehling-Uhlenbeck equations together with the model of free orientations(us, the relative direc-
tion of scattering of particles w.r.t. to the normal of the propagating plane-wave front) are solved to study the
diverse dispersion relations of plane waves in Fermi gases. Our results of ultrasound absorption in Fermi gases
resemble qualitatively those measurements reported by Souslovet al. and Wolfet al. or Yanagisawaet al. and
Weberet al. (for URu2Si2, CeRu2Si2, and UPt3). The latter observation makes it possible to probe metamag-
netic transition as well as the Cooper pairing in atomic gases via the acoustical approach.
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I. INTRODUCTION

The nature of the metamagnetic transition in heavy fer-
mion compounds is still far from clear. Hence it is important
to study this transition using various either experimental or
theoretical approaches. This difficult task remains among the
outstanding problem of the quantum statistical physics, de-
spite the significant success achieved in the field of research
during the last 10 years. Meanwhile, recent researches show
that this metamagnetic transition point might be a kind of
quantum critical points(QCPs, a zero-temperature instability
between two phases of matter where quantum fluctuations
develop long range correlations both in space and time; these
special points exert wide-reaching influence on the finite
temperature properties of a material)1 which are also relevant
to the superconducting and/or superfluid transition.

Recently, it has become possible to tune atomic scattering
lengths(say, thes-wave scattering length:a) to essentially
any value, positive or negative, by exploiting Feshbach
resonances2 (also related to a magnetic field). The remaining
challenge is to detect the presence of Cooper pairing or su-
perfluid transition(which is crucial for the low-temperature
superconductivity mechanism) in atoms within their on-site
test section! Pairing in a gas of fermionic atoms and the
relevant route to the novel superfluidity state(paired atoms
flow without viscosity) still seems to be rather difficult to
experimentalists. These lead to many proposals for probing
the Cooper pair in atomic gases.3

The original idea that the superconductive state should be
connected with electron-phonon interaction was conceived in
it in the following way: an electron density causes a certain
lattice displacement and thereby leads to a decrease in en-
ergy. Other electrons will find it favorable to adapt them-
selves to this displacement and in turn lead to a further in-
crease in it.4 A situation might thus arise which could be
compared with ferromagnetism where a few oriented spins
tend to orient others into the same direction which in turn
increases the tendency for orientation.

Schafroth5 has suggested consideration of correlation be-
tween electron pairs. He pointed out that an electron pair
above, but near the top, of the Fermi surface may form a
pseudomolecule, i.e., the mean distance between the two

electrons will remain finite, provided an attractive interaction
exists. They are bound(in space) although they have positive
energy.6 In this short paper, we propose an acoustical method
for observing the metamagnetic transition in heavy Fermi
compounds. This is a continuous study of plane-wave propa-
gation in dilute atomic gases.7,8 In fact, our previous results8

show that, near the collisionless(or height-frequency) limit,
there exists symmetry for bosonic and fermionic systems
which might imply the possible regime for the formation of
Cooper pairs. Based on the quantum analog of the discrete
kinetic model(which can include a free orientation param-
eter: u: related to the relative direction of scattering of par-
ticles w.r.t. to the normal of the propagating plane-wave
front) and the Uehling-Uhlenbeck collision term9,10 which
could describe the collision of atomic gases by tuning a pa-
rameterB (via a Pauliblocking factors), we shall first com-
pare the dispersion relations of ultrasonic waves propagating
in dilute atomic gases by the verified approach7–10 and then
identify the specific behavior for the metamagnetic transition
(there is no phase transition, at least forT.0 away from a
possible quantum critical point in this study) as well as the
Cooper pairing in Fermi gases. In fact, our preliminary re-
sults of dispersion relations7 qualitatively resemble those re-
ported by by Leaet al.11 or Abrikosov and Khalatnikov12 or
for waves propagating in fermionic systems(say, 3He) and
Stamper-Kurnet al.13 for waves propagating in bosonic sys-
tems. Our ultrasonic attenuation results of Bose gases7 quali-
tatively agree quite well with previous reported ones(cf. Fig.
22 in Ref. 14 by Woods and Cowley,Tø1 K or cf. Ref. 15).
The enormous increase of the maximum attenuation we
found near the critical pointsu=p /4d resemble qualitatively
those for the metamagnetic transition(ultrasound propagat-
ing in heavy fermion compounds)16,17 as well as the super-
fluid transition (possible Cooper pairing).15 Note that the
common understanding of this metamagnetic transition is the
change from a more itinerant electron system for small mag-
netic fields to a more localized electron system for high
fields. The theoretical description of this transition was con-
fined so far to the explanation of the susceptibility peak.
Therefore, the present calculation can give new insights for
this transition.
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II. FORMULATION

The gas is presumed to be composed of identical particles
of the same mass. The discrete number density(of particles)
is denoted byNisx ,td associated with the velocityvi at point
x and timet. If only nonlinear binary collisions are consid-
ered, and considering the evolution ofNi, we have

]Ni

]t
+ vi · ¹ Ni = Fi

; o
j=1

p

o
sk,ld

sAkl
ij NkNl − Aij

klNiNjd, i = 1, . . . ,p,

s1d

where sk, ld are admissible sets of collisions,7–9 i PL
=h1, . . . ,pj, and the summation is taken over allj ,k, l PL.
Here Akl

ij are non-negative constants satisfying7–9 (i) Akl
ji

=Akl
ij =Alk

ij , (ii ) Akl
ij svi +v j −vk−vld=0, (iii ) Akl

ij =Aij
kl. The condi-

tions defined for discrete velocities above are valid for elastic
binary collisions such that momentum and energy are pre-
served. With the introducing of the Uehling-Uhlenbeck col-
lision term9,10 in Eq. (1),

Fi = o
j ,k,l

Akl
i j fNkNls1 + sNids1 + sNjd

− NiNjs1 + sNkds1 + sNldg, s2d

for s,0, we obtain a gas of Fermi-particles[for s.0 we
obtain a gas of Bose-particles, and fors=0 we obtain Eq.
(1)]. From Eq.(2), the model of quantum(discrete) kinetic
equation for dilute atomic gases proposed9 is a system of
2qs=pd semilinear partial differential equations of the hyper-
bolic type

]

]t
Ni + vi ·

]

]x
Ni =

cS

q
o
j=1

2q

NjNj+qs1 + sNj+1ds1 + sNj+q+1d

− 2cSNiNi+qs1 + sNi+1ds1 + sNi+q+1d,

s3d

whereNi =Ni+2q are unknown functions, andvi =cscosfu+si
−1dp /qg ,sinfu+si −1dp /qgd, i =1, . . . ,2q; c is a reference
velocity modulus,S is an effective collision cross-section for
the collision system,u is the orientation starting from the
positive x-axis to thev1 direction. We notice that the right-
hand-side of the Eq.(3) is highly nonlinear and complicated
for a direct analysis. As passage of the plane wave causes a
small departure from an equilibrium resulting in energy loss
owing to internal friction and heat conduction, we linearize
above equations around a uniform equilibrium statesN0d by
settingNist ,xd=N0 s1+Pist ,xdd, wherePi is a small pertur-
bation,N0 normally depends on the equilibrium temperature
for certain referenced state. After some tedious
manipulations,7,8 with B=sN0, which gives or defines the
(proportional) contribution from dilute Fermi gases(if s,0,
e.g.,s=−1), or dilute Bose gases(if s.0, e.g.,s=1), we
then have

H ]2

]t2
+ c2 cos2Fu +

sm− 1dp
q

G ]2

]x2 + 4cSN0s1 + Bd
]

]t
JDm

=
4cSN0s1 + Bd

q
o
k=1

q
]

]t
Dk, s4d

where Dm=sPm+Pm+qd /2, m=1, . . . ,q, sinceD1=Dm for 1
=m smod 2qd.

We are now to look for the solutions in the form of plane
wave Dm=dm expiskx−vtd, sm=1, . . . ,qd, with v=vskd.
This is related to the dispersion relations of(forced) plane
waves propagating in dilute BosesB.0d or Fermi sB,0d
gases. So we have

H1 + ihs1 + Bd − 2l2 cos2Fu +
sm− 1dp

q
GJdm

−
ihs1 + Bd

q
o
k=1

q

dk = 0, m= 1, . . . ,q, s5d

with

l = kc/sÎ2vd, h = 4cSN0/v,

wherel is complex andhs~1/Knd is the rarefaction param-
eter of the gas(Kn is the Knudsen number which is defined
as the ratio of the mean free path of Bose or Fermi gases to
the wave length of the plane wave).

III. RESULTS AND DISCUSSIONS

We can obtain the complex rootssl=lr + ilid from the
polynomial equation above. The roots are the values for the
nondimensionalized dispersion(positive real part; a relative
measure of the phase speed) and the attenuation or absorp-
tion (positive imaginary part), respectively.

Both families of curves in Fig. 1 follow the conventional
dispersion relations of plane waves propagating in dilute
Bose and Fermi gases.7,8As for the ultrasound propagating in
Bose fluids(say, liquid helium), we can reproduce qualita-
tively the previous experiments especially for the sound ab-
sorption or attenuation(cf. Ref. 14 for Fig. 22 or Ref. 15 for
Fig. 7.3 therein). We found attenuation agreement aroundT
ø1 K. (cf. Fig. 22 in Ref. 14 therein). The possible expla-
nation for the peak at aboutT=0.8 K in the ultrasonic attenu-
ation: at very low temperatures the excitations in liquid he-
lium have a lifetimet which is very long such thatvt@1
(v, the frequency of an ultrasonic wave). Under these con-
ditions the ultrasonic wave propagates in an almost collision-
less manner, only occasionally scattering off a thermal exci-
tation. At higher temperatures the excitations become much
shorter such thatvt!1 the ultrasonic wave then propagates
thermodynamically with many collisions of the excitations
within each period of the ultrasonic wave. The peak in the
attenuation arises asvt=1 and the ultrasonic wave is
strongly scattered by the thermodynamically excited excita-
tions. Some researchers might argue that in He3 (cf. Ref. 11)
as well as in He4 it is a vt effect, i.e. the attenuation maxi-
mum is forvt<1.

Our results show that asuBu increases, the dispersionslrd
will reach the hydrodynamical limitsh→`d rather slowly
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for Fermi gases. Meanwhile, the maximum absorption(or
attenuation) for all the rarefaction parametersh keeps the
same for allB as observed in the lower part of Fig. 1. There
are only shifts of the maximum absorption state(defined as
hmax) w.r.t. the rarefaction parameterh when uBu increases.

Note that, curves of the attenuation or absorption and dis-
persion for Fermi gases resemble qualitatively those behav-
ior reported before11,12 (e.g., cf. Ref. 12 for the low- and
high-frequency theory approximations; and cf. Fig. 3 of Ref.
11, waves propagating in3He which could be thought of a
mixture of Fermi and other atomic gases).

We shall examine the detailed differences of the disper-
sion relation when ultrasonic waves propagating in dilute
Bose and Fermi gases. As for the former, once there are
Cooper pairings in Fermi gases, we can treat them(atomic
pairs) as bosonic particles although the number density of
them might be one-half of the original.

We start to include the orientation effects(uÞ0, cf. the
first cited paper in Ref. 7, whereu=0). Most of the variations
of ultrasonic absorptions w.r.t.h in Fig. 2 follow the previous
zero-orientation ones(B,0; cf. also the first paper in Ref.
8). Our results show that asu increases, the maximum ab-
sorption slid will decreases continuously except atu=p /4
where there is a sudden jump(maximum)! Once we consider
the enormous increase of the ultrasound attenuation:li =0
(maximum) at u=p /4, this resembles qualitatively those re-
ported in Ref. 16 for the ultrasonic absorption in heavy fer-
mion compound URu2Si2 near the metamagnetic transition
point or those reported in Ref. 17 for the ultrasonic attenua-
tion in heavy fermion compound CeRu2Si2 near the meta-
magnetic transition point(cf. Fig. 2 therein, the ultrasonic
echo disappeared completely in the vicinity of the metamag-
netic transition point due to the enormous increase of ultra-
sonic attenuation which might be caused by the critical
slowing-down of the fluctuating rate for the order parameter
of the metamagnetic transition point; as for UPt3, cf.

Thalmeier and Lüthi in Ref. 17). Thus, the orientation pa-
rametersud here plays the role of the(magnetic) field-tuned
order parameter. In fact, experimentalists17 found the scaling
relation for the(isothermal) elastic constantcsBmd and dif-
ferential magnetic susceptibilityxmsBmd :Dc~Bm

2 xm (Bm is
the magnetic field; cf. p. 322 in Thalmeier and Lüthi17). As
Dc therein is related to the sound attenuation of our results
(w.r.t. the corresponding sound velocity or speed at specific
fixed h state), it is possible to obtain the relation between the
sound velocity, sound attenuation calculated here and the
magnetic susceptibility after some detailed comparison in-
between since our results are mainly dimensionless and the

FIG. 1. Variations oflr andli

w.r.t. h for different Bs (away
from B=−1) B=sN0, s corre-
sponds to −1;lr denotes the dis-
persion andli denotes the attenu-
ation. h=4cSN0/v, S is the
effective collision cross section.

FIG. 2. Variations ofli w.r.t. free orientation:u for B=−0.5
(fermion particles). The sudden jump atu=p /4 implies the meta-
magnetic transition(cf. Fig. 2 in Ref. 16) in Fermi liquids orTl

transition in Bose liquids(cf. Fig. 20 in Ref. 14, it may also occur
for Fermi fluids: in bound pairs). li for B=0.5 (Bose gases) is
almost twice of that value forB=−0.5 (Fermi gases) at u=p /4.
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proportional factor in above expression is, however, closely
linked to the Grüneisen parameters in different materials
which are dimensional in essence. We also noticed that the
experiments16,17 for these metamagnetic transitions are in the
limit vt!1.

Meanwhile, this unusual absorption(or attenuation) peak
is similar to those observations found in theTl transition
(temperature) for liquid helium (Bose liquids) (cf. Figs. 20
and 21 in Ref. 14). Pippard18 suggested that the attenuation
above the transitionsTld point arises because there are small
inclusion of He II in the He I. These inclusions become
larger and more numerous as theTl point is approached; not
that, the absorption value obtained forB=0.5 (Bose gases) is
almost twice of that value forB=−0.5 (Fermi gases) at u
=p /4. One more interesting observation here, is that this
transition at specific scattering orientationu=p /4 is quite
similar to that report by Greineret al.19 for the Mott transi-
tion in an optical lattice.

To examine effects due to different-sign Pauli blocking
parameterssBsd, we fix u to be 0.1 and plot the absorption
curves in Fig. 3 by changingB from negative to positive.
There is sudden(symmetric) jump atB=−1. Similar to that
in Fig. 1, the maximum absorption(or attenuation) for all hs
keeps the same for allBs (exceptB=−1) as observed in Fig.
3. The general characteristics of our dispersion relationship
(especially the attenuation for higherh), in fact, agrees with
(qualitatively) that reported in Ref. 20 by Gurarie and
Chalker for the generic aspects of the density of small-
frequencysvd excitations in fermionic as well as bosonic
systems(symmetry for smallh). This symmetry is broken
when uBu is large and whenh is ,Os1d. Does it imply that
the probability of forming Cooper pairs depends on the se-
lection of B andh? Note that, at low temperatures, the Pauli
exclusion principle forces Fermi-gas particles to be farther
apart than the range of the collisional interaction, and they
therefore cannot collide and rethermalize. The much more
spreading characteristics of dispersion relations for dilute
Fermi gasessB,0d obtained and illustrated in Figs. 1 and 3
seems to confirm above theoretical reasoning. The deviations

for different B (positive vs negative) in curves of dispersion
and absorption shown in Figs. 1 and 3 also highlight their
dissimilar quantum statistical nature.

To further present our last results, which are to demon-
strate the possibility of Cooper pairings(bosoniclike par-
ticles forming in fermionic gases) in fermionic gases as well
as superconductors by using the ultrasound diagnostics, we
shall utilize the diverse dispersion relations we could obtain
(w.r.t. different Pauli parameters,Bs; different orientations,
hs; and different rarefaction parameters,us). Note that,h
=4cSN0/v, there are free parameters: effective collision
cross-sectionsSd, number densitysN0d, and frequencysvd
for fixing h. Although, ultrasound propagating in different
B-sign(positive and negative) gases show specific dispersion
relations as illustrated in Figs. 1–3. However, we can repro-
duce the unique or specific one(say, for a prescribed disper-
sion or attenuation) from differentB-sign andu parameters.
This means that there might be no differences for plane
waves propagating in Fermi and Bose gases considering
some combination of physical parameters(as shown here,
differentu, h, andB, even the inverse problem or reconstruc-
tion is rather difficult and tedious). Here, as for the Bose
case, we should remind that they are fermionic particles in
essence even though they are forming a(bound) pair4–6 or
pseudomolecule(bosoniclike particles).

To show the test case, we select twous (0.2 and 0.5 for all
B cases) and, by using the diverse dispersion relations
slr ,lid we can find out the different combinations ofh, u,
andB (either positive or negative) that give the same value,
say, lr =0.86, li =0.08. For instance, ultrasonic absorptions
of Fermi gasessB,0d with u=0.2 match with those of Bose
gasessB.0d with u=0.5! They are shown in Fig. 4. The
solving procedure is related to an inverse problem. We did

FIG. 3. Variations ofli w.r.t. h for different Bs su=0.1d B
=sN0, s corresponds to −1;li denotes the attenuation.

FIG. 4. Demonstration of obtaining the same dispersion rela-
tions by adjusting the Pauli parameterssBsd [or the rarefaction pa-
rametersshsd] and the free orientations(u=0.2 and 0.5). The base-
line is (lr =0.86,li =0.08). Data points are obtained via an inverse
procedure(instead of the direct formula). The crucial point is that
there exist possibilities of Cooper pairings(bound from Fermi par-
ticles: B,0) which scatter ultrasonic waves like Bose particles
sB.0d.
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not calculate these by using Eq.(5) directly! Thus, this con-
cept is useful to the experimentalists. Note that, as argued
before by other researchers, ultrasonic waves would not dis-
criminate between various order parameters such as meta-
magnetism and Cooper pairing, except perhaps the symmetry
of the order parameter. For example, if the fluctuations were
more pronounced in certain directions, the ultrasound attenu-
ation would also reflect that symmetry. Here, we would like
to remind the readers by referring to an analog with the re-
cent successful experimental procedure21 for tuning the
threshold below and above the critical or transition point.
The results will be different, even though, the differences
might be too small in terms of certain defined parameters. As
the (thermodynamic) process which is a little bit away from
the critical (phase) transition point is essentially nonequilib-
rium and perhaps nonlinear, thus different routes, say, experi-
mental procedures, to approach the critical point will result
in different measurements which, however, might have only
rather small differences in-between. But, that is enough for
us. It means our proposed probe can be useful for studying
magnetic transitions. One possible way is to approach the
critical u by either increasing theu or decreasing theu
abruptly. This latter sequential procedure will enhance the
relative differences near the critical point. The field-
dependence effect could be calibrated with the tuned(in-
creasing or decreasingus) orientations which might be
linked to the (relative) spin orientations or the induced

changes of the confined and stressed texture of the heavy
fermion compounds.

To conclude in brief, the diverse dispersion relations(in
Figs. 1–3) we obtained for plane waves propagating in both
Fermi and Bose gases not only resemble qualitatively those
reported before11–17 (e.g., especially for those attenuation
peaks observed16,17 as a function of field in URu2Si2,
CeRu2Si2, and UPt3) but also can give researchers the under-
standing of the symmetry20 between bosonic and fermionic
systems(for smallerh here) and the possible probing of the
metamagnetic transition in heavy fermion compounds as
well as Cooper pairings(relevant to the superfluid state for-
mation) in Fermi gases by using the ultrasound diagnostics.
We shall investigate other issues(say, the coupling between
the sound wave and the electronic spin system which might
be studied via the tuning ofs together with specific relative
orientations in our approach, please see Eqs.(2) and (3),
s,0 for fermions ands.0 for bosons7 which have differ-
ent spin characteristics; some systems which show a phase
transition and therefore, the symmetry breaking and order
parameter description should be involved) in the future.1,17,22
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