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Orthohydrogen molecules exhibit quantum diffusion through a solid parahydrogen lattice. At very low
orthohydrogen concentrationss,1%d, stable and isolated ortho-H2 pairs are formed in the para-H2 crystal. In
this paper, theoretical expressions are derived for the integrated absorption coefficients of various multipole-
field-induced zero-phonon double transitions in an isolated pair of ortho-H2 molecules embedded in para-H2

crystal. Although, the double transitions involving ortho-H2 pairs consist entirely of fine structures(FS), the
intensity formulas derived here are for the line as a whole, except forQv1

s1d+Qvk
s1d transition in which the

individual components are separately treated. Since theJ=1 rotational state pair splittings of various ground
state FS components are well known, experimentalists can compare the observed intensities to the theoretical
calculations for the line as a whole(given in units of per molecular-pair) by reducing the observed intensities
of each FS components to per molecular pair and summing them together. The formulas given in this paper can
be applied to double transitions involving a pair ofJ=1 dopant molecules(with zero permanent dipole
moment) embedded in solid parahydrogen(or orthodeuterium) matrices. Furthermore, it is shown that the
intensity formulas given for an isolated pair, after generalization, provide good estimates of the intensities of
double transitions in a nearly pure ortho-H2 crystal.
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I. INTRODUCTION

Solid hydrogen is a molecular quantum crystal, in which
the individual molecules undergo almost free rotation and
vibration.1 H2 molecules in solid hydrogen at liquid helium
temperature can be inJ=0 or J=1 rotational states. In solid
parahydrogen crystal, nearly all the H2 molecules are in a
spherically symmetricJ=0 state with zero average electro-
static multipole moments. This results in extremely weak
(isotropic) intermolecular forces inside the parahydrogen
crystal. Due to very weak intermolecular interactions and a
large lattice constants,3.8 Åd the solid parahydrogen crys-
tal has proven to be a nearly ideal matrix medium for spec-
troscopic studies of molecular vibrational-rotational dynam-
ics in the condensed phase.2 In the last decade, spectra of a
variety of impurities, such as, various isotopomers and
nuclear spin modifications of hydrogen, stable neutral mol-
ecules, free radicals and molecular ion clusters, embedded in
this crystal have been studied.2–9 Parahydrogen solids con-
taining low concentration ofJ=1 orthohydrogen “rotational
impurities” have been the subject of many investigations due
to various reasons. The ortho-H2 impurity in a parahydrogen
crystal is known to exhibit quantum diffusion.10–12 The ob-
servations made by Amstutzet al.10 from the NMR spectral
study indicated for the first time that ortho-H2 molecules
(strictly, J=1 rotons) quantum diffuse through the para-H2
lattice to form relatively stable ortho-H2 pairs. The direct
observation of orthohydrogen pair splittings by Silveraet
al.13 using Raman spectroscopy and by Boggs and Welsh11,12

using infrared spectroscopy in para-H2 crystal (containing
trace ortho-H2 molecules) further strengthened the idea of
ortho-H2-pair formation. Later, Hardy and Berlinsky14 ob-
tained detailed information about theJ=1 pair splittings by
observing the well resolved microwave transitions between

the split levels of the ortho-H2 pair in nearly pure parahydro-
gen crystal. Oka and his colleagues,6 in recent years, per-
formed high resolution laser spectroscopic studies and ob-
served hundreds of sharp lines due to the pairs and higher-
order clusters of ortho-H2, accompanying theQ1s1d sv=1
←0, J=1←1d single molecule transition.

The infrared spectrum of hydrogen in the condensed
phase is characterized by single and double transitions, pri-
marily caused by multipolar induction mechanism.1,2 Al-
though double transitions involving an ortho-H2-pair have
been observed experimentally,15–21 and absolute intensities
have been measured for some of the lines, so far no theoret-
ical analysis of the intensities of such transitions has been
attempted. The double transitions involving ortho-H2-pair in
predominantly parahydrogen crystals are interesting because
they consist entirely of fine structures(FS).20 This calls for
the highest resolution infrared techniques to be applied for
their characterization. The intensity as well as FS separations
carry important signatures of the crystalline environment.
Therefore, through a careful theoretical analysis of FS and
correlation to experiments one can gain insight into the struc-
ture and dynamics of quantum solids. The goal of this paper
is to present intensity expressions for multipole-field-induced
zero-phonon double transitions of various kinds in well iso-
lated ortho-H2 pairs in the parahydrogen crystal. As an illus-
tration, we present explicit expressions for the intensities of
all the FS components ofQv1

s1d+Qvk
s1d double transition. A

good agreement between theoretical and experimental inten-
sities of different FS components of this kind of transition is
found. The intensity formulas for other types of transitions
are for the line as a whole. Since the theoretical intensities
given here are expressed in units of per molecular-pair per
unit volume(in cm3 s−1), one can compare the observed in-
tensities to the theoretical predictions given in this paper by
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reducing the observed intensities of each FS components to
single molecular pair and summing them together. This is
easily possible because the ground state ortho-pair splittings
are well known and one can calculate the Boltzmann distri-
bution of the populations in the various FS components from
the temperature of the crystal. The formulas derived in the
present paper would also be useful to predict the intensities
of double transitions involving a pair ofJ=1 state dopants,
with zero permanent dipole moment, such as N2, in parahy-
drogen crystal.

II. THEORY

The derivation of intensity formulas in this section is
based on the assumption that each pair of(e.g., nearest
neighbor) ortho-H2 molecules is well isolated from other
orthohydrogen molecules in the parahydrogen crystal. This
situation can be realized in the parahydrogen crystal contain-
ing trace amount of ortho-H2 impurity (,1% or smaller)
after the diffusion process is complete. The absorption pro-
cesses in solid hydrogen are due to induced dipole moments.
For any double transition, the calculation of absorption coef-
ficient involves the matrix elements of the induced dipole
moment,mind, between the initial and final states of the pair
of moleculess1,kd. The orientation of the intermolecular
axis does not affect the value of absorption coefficient,
ãs1,kd, for a double transition.22–24We exploit this freedom
to locate a laboratory fixed coordinate systemXYZ whose
origin is at the center of mass(CM) of molecule 1 and theZ
axis passes through the CM of the lone ortho-H2 moleculek,
say, nearest neighbor. Thus the location of the CM of

molecule k is specified by the position vectorR1k= k̂R1k

(R1k=a, lattice constant,k̂ unit vector alongZ axis). Let the
orientations of the axes of the two molecules bev̂1
s=u1,f1d and v̂ks=uk,fkd. For the above choice of location
of the molecular pairs1,kd, the spherical components
mns, ;1 ,kd of the dipole moment induced in moleculek by
the 2,-pole field of molecule 1, through the isotropic and
anisotropic parts of the polarizability ofk, are given by22

mn
isos,;1,kd = f4ps, + 1dg1/2Q,sr1dasrkd

3R1k
−s,+2ds− dnCs,,1,, + 1;n,− n,0dY,,nsv̂1d,

s1d

mn
ans,;1,kd = f32p2s, + 1d/9g1/2Q,sr1dgsrkdR1k

−s,+2do
m

s− d1−m

3Cs2,1,1;n − m,m,nd

3Cs,,1,, + 1;m,− m,0dY,,msv̂1dY2,n−msv̂kd.

s2d

In the above equations,Q,sr1d is the 2,-pole moment of mol-
ecule 1,asrkd and gsrkd are, respectively, the isotropic and
anisotropic parts of the polarizability of moleculek, YL,M is a
spherical harmonic,C is a Clebsch–Gordan coefficient, and
r1 and rk are the internuclear separations in the molecules
specified by 1 andk. Relations similar to Eqs.(1) and (2),

supplemented by appropriate phase factors,s−d,+1, describe
the dipole moment components induced by the multipole ofk
on 1. Thus the induced moment in the pair can be written as,

mnspair1,kd = mn
isos,;1,kd + mn

ans,;1,kd

+ mn
isos,;k,1d + mn

ans,;k,1d. s3d

The induced moment in the pair given by Eq.(3), must in
principle be summed over all possible, values. However, we
restrict ourselves here to the lowest order multipolar induc-
tion that yields nonzero matrix elements between given ini-
tial and final states. This restriction does not seriously com-
promise the accuracy of the intensity formulas. For
homonuclear molecules, like H2, Q, is nonzero only for even
values of,sù2d and one can show22 that the relative contri-
butions ofQ,+2 andQ, to the intensity of a particular tran-
sition scale asfQ,+2sa.u.d /Q,sa.u.dg23 sa0/R1kd4,sa0/ad4

,4310−4, wherea0 is the Bohr radius anda,3.8 Å is the
nearest neighbor distance in solid H2.

Theoretically, the integrated absorption coefficient,
ãs1,kd, is related to the induced dipole moment,mind as25

ã = s8p3/3hdo
ninf

ukfnfuminduinilu2/di , s4d

whereuinil and ufnfl are the initial and final states,ni andnf
are the labels of the respective degenerate components, and
di is the initial state degeneracy. Thus to calculate the inten-
sity of a transition, we need the matrix elements for the part
of the induced dipole moment in the ortho-pair given by Eq.
(3), which contributes to the corresponding transition be-
tween the initial and final states of thepair of molecules. The
unsplit rovibrational states for the pair, if we neglect the
mixing of rotational states of individual molecules by the
anisotropic interaction present in the crystal, can be written
as simple product states,

u1v1,J1M1;kvk,JkMkl = u1v1,J1,sr1dlukvk,Jk,srkdl

3 YJ1,M1
sv̂1dYJk,Mk

sv̂kd, s5d

in which uv ,J,srdl refers to the radial part of the wave func-
tion of the vibrating rotor. Table I lists the formulas for the
integrated absorption coefficients, obtained after insertion of
matrix elements in Eq.(4), for different types of zero-phonon
double transitions involving isolated ortho-H2-pairs in the
parahydrogen crystal. Considering the lowest-order multipo-
lar induction, the terms inmnspair1,kd, which give rise to
nonzero contributions to the intensity of a particular transi-
tion, are also listed. In Table I, the symbolsQ, S, etc. are
used to denote, respectively, rotational transitions withDJ
=J8−J9=0, 2, etc. The subscript to the symbolsQ, S, etc.
specifies the change in the vibrational quantum number(the
lower state always beingv=0) whereas the number in paren-
theses represents the lower stateJ value, which is 1 for an
ortho-H2 molecule. It would be useful to mention that the
intensity formulas for theQs1d+Ss1d andSs1d+Ss1d transi-
tions embody an interference term which arises when the
roles of the molecules 1 andk in the pair are interchanged.
Furthermore, molecules 1 andk, both being ortho-H2, their
rotation-vibration energy level structures are obviously iden-
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tical. Consequently, there are degeneracies involved in the
final composite rovibrational state. Considering only the
radial part of ufl we find that u1v1,J1;kvk,Jkl and
u1vk,Jk;kv1,J1l are doubly degenerate wheneverv1Þvk
and/orJ1ÞJk. However, whenv1=vk andJ1=Jk, there is no
degeneracy.23,24These features have been kept track of in the
intensity derivation.

The intensity formulas of Table I are derived for the line
as a whole, without considering the details of fine structure
components. As an illustration, we now derive expressions
for the intensity of different fine structure components of
Qv1

s1d+Qvk
s1d transition. The largest interaction responsible

for the splittings of the levels of the ortho-H2 pair in solid
hydrogen is the electric-quadrupole-quadrupole(EQQ) inter-
action. The resulting FS states can be written in terms of the
unsplit pair basis states given by Eq.(5), as

uF,Ml = o
M1

CsJ1,Jk,F;M1,M − M1,Md

3u1v1,J1,sr1dlukvk,Jk,srkdlYJ1,M1
sv̂1dYJk,M−M1

sv̂kd,

whereF andM are quantum numbers corresponding, respec-
tively, to the total rotational angular momentumF=J1+Jk of
the pair and its projection on theZ axis. For an ortho–ortho
pair in solid hydrogen with both molecules in theJ=1 state,
the first order EQQ interaction leaves the four states with
F=1sM =0, ±1d and 0 unshifted and degenerate, while the
five substates withF=2 split into three levels withM =0, ±1,
±2. These degeneracies are further lifted by second-order
EQQ and other interactions. Six well resolved levels denoted
by: (i) u2,1l±, (ii ) u1,1l±; (iii ) u1, 0l, and u0, 0l (degenerate);
(iv) u2,2l+, (v) u2,2l−, and(vi) u2, 0l in the nearest-neighbor
ortho-hydrogen pair have been identified.20,26 States with
M Þ0 are expressed as

uF,Ml± =
uF,Ml ± uF,− Ml

Î2
,

where6 represent eigenfunctions symmetric(1ve sign) or
antisymmetric(2ve sign) with respect to reflection in theXZ

symmetry plane. The excited state of the transitionQv1
s1d

+Qvk
s1d will have a splitting pattern similar to that of the

ground state. One can therefore expect 636=36 FS compo-
nents in theQv1

s1d+Qvk
s1d transition. However, selection

rules for nonvanishing quadrupole induced dipole matrix el-
ements allow:(i) DF=0, ±1, ±2, with restrictionF8+F9
ù2, and(ii ) DM =0, ±1. This limits the number of the FS
components to 28. As shown in the second column of Table
I, all four terms inmn (pair 1,k) give a nonzero contribution
to the intensity of this transition, which results in interfer-
ence effects. Details of our calculations show that the matrix
elements Mns2;1,kd s=kF8 ,M8umns2;1,kduF9 ,M9ld and
Mns2;k,1d of the isotropic and anisotropic parts of the in-

duced dipole moment differ by a phase factors−dF8+F9+1,
which implies negative interference forF8+F9=even and
positive interference forF8+F9=odd. Forv1=vk, negative
interference leads to zero intensity for allF8+F9=even com-
ponents, resulting in only ten observable transitions. In other
cases, the matrix elementsMns2;1,kd and Mns2;k,1d are
nearly equal. As a result, the intensity of the FS components
involving negative interference is two orders of magnitude
smaller compared to the FS components with positive inter-
ference. Therefore, in Table II, we give intensity formulas,
obtained after insertion of matrix elements in Eq.(4), only
for the ten components withF8+F9=odd. These formulas
are valid for v1Þvk. As mentioned in the previous para-
graph, substitutionv1=vk=v yields an extra factor of 2 on
account of the double degeneracy that exists forv1Þvk and
division by 2 is required to obtain the final expressions. Here
it is important to emphasize that the formulas of Tables I
and II need to be supplemented by suitable phonon-
renormalization factors1 to correct the rigid lattice values of
R1k for the dynamical state of the crystal.

III. RESULTS AND DISCUSSION

The intensity formulas for double transitions involving
two isolated ortho-H2 molecules separated by a distanceR1k

TABLE I. Intensity formulas for double transitions involving isolated pairs of orthohydrogen molecules in solid parahydrogen crystal.
The parts ofmnspair 1,kd of Eq. (3) that yield a nonvanishing contribution to the transition, are also listed.

Transition Parts ofmnspair 1,kd Integrated absorption coefficientã /cm3 s−1

Qv1
s1d+Qvk

s1dsv1Þvkd mn
isos2;1,kd+mn

isos2;k,1d
+mn

ans2;1,kd+mn
ans2;k,1d

32p3

5hR1k
8 hk01uQ2uv11l2fk01uauvk1l2+ 4

45k01uguvk1l2g
+k01uQ2uvk1l2fk01uauv11l2+ 4

45k01uguv11l2g− 8
75k01uQ2uv11l

3k01uQ2uvk1lk01uguvk1lk01uguv11lj
Qvs1d+Qvs1d mn

isos2;1,kd+mn
isos2;k,1d

+mn
ans2;1,kd+mn

ans2;k,1d

32p3

5hR1k
8 k01uQ2uv1l2hk01uauv1l2j+ 8

225k01uguv1l2j

Qv1
s1d+fDJ=,sù4dgvk

s1d mn
isos, ;k,1d+mn

ans, ;k,1d 16p3s,+1d2

3hR1k
s2,+4ds2,+1d

k01uQ,uvk,+1l2hk01uauv11l2+ 4
45k01ug uv11l2j

Sv1
s1d+fDJ=,sù4dgvk

s1d mn
ans2;1,kd 32p3s,+1d2

45hR1k
2,+4s2,+1d k01uQ,uvk,+1l2k01uguv13l2

Qv1
s1d+Svk

s1d mn
isos2;k,1d+mn

ans2;1,kd
+mn

ans2;k,1d

16p3

15hR1k
8 h9k01uQ2uvk3l2k01uauv11l2+ 4

5k01uQ2uvk3l2k01uguv11l2

+ 4
5k01uQ2uv11l2k01uguvk3l2− 24

25k01uQ2uvk3lk01uQ2uv11l
3k01uguv11lk01uguvk3lj

Sv1
s1d+Svk

s1dsv1Þvkd mn
ans2;1,kd+mn

ans2;k,1d 32p3

25hR1k
8 hk01uQ2uv13l2k01uguvk3l2+k01uQ2uvk3l2k01uguv13l2

− 6
5k01uQ2uv13lk01uQ2uvk3lk01uguv13lk01uguvk3lj

Svs1d+Svs1d mn
ans2;1,kd+mn

ans2;k,1d 64p3

125hR1k
8 k01uQ2uv3l2k01uguv3l2
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in parahydrogen crystal are given in Table I. The derivation
of these formulas relies on the assumption that the level of
ortho-H2 impurity in the sample is extremely low. As a re-
sult, possibility of formation of many ortho-H2 clusters and
the mixing of rotational states of individual molecules by
anisotropic interaction can be neglected. The dominant an-
isotropic interaction between two ortho-H2 molecules is the
EQQ interaction.1 The separation of lowest and uppermost
FS components of the ortho-pair due to EQQ interaction is
,5.8 cm−1 for nearest neighbor,26 whereas the first rotation-
ally excited orthosJ=3d state lies at,587cm−1. This justi-
fies neglect of the mixing of rotational states of individual
molecules, underlying the derivation above.

Using the expressions given in Table I and the required
multipole moments and polarizability matrix elements from
Refs. 27 and 28, we give, in Table III, theoretical values of
integrated absorption coefficientsãs1,kd, for the various
zero-phonon double transitions involving an isolated pair of
(nearest-neighbor) ortho-H2 molecules in a para-H2 crystal.
The corresponding experimentally measured quantityãs1,kd
is defined as:

ã = sc/Nld E lnsI0/Iddn/n. s6d

Here c is the speed of light,I0 and I are, respectively, the
incident and transmitted intensities,n is the wave number of
the line, l is the sample length, andN is the number of
absorbing species per cm3. Note that here the absorbing spe-
cies are isolated pairs of ortho-H2 molecules, hence the num-
ber densityN=Northo/2, under the assumption that the diffu-
sion process driving the ortho molecules to form pairs is
complete. This will be the case several hours after the crystal

has been formed, and thus represents one extreme. However,
initially, just before the diffusion process sets in the random
distribution of ortho-pairs density is given by1 N=6N8X2s1
−Xd,18 whereN8 is the number density of sites in the crystal
and Xs=Northo/N8!1d is the a priori probability of occu-
pancy of an ortho-molecule at a random site. This value ofN
represents the other extreme of the experimental measure-
ment and should be used in Eq.(6). Experimentally, intensity
of only two such transitions, namely,Q1s1d+Q1s1d20 and
Q1s1d+Q2s1d,21 have been measured. It has been pointed out
by Mishraet al.29 in a recent paper that the ortho-H2 concen-
trations have been underestimated in Refs. 20 and 21 by a
factor 1.85; the experimental values given in the footnote of
Table III are therefore corrected for orthohydrogen concen-
tration by dividing the observed intensities of Refs. 20 and
21 by 1.85. As can be seen from this table, there is a reason-
ably good agreement between the theoretical and experimen-
tal intensity forQ1s1d+Q1s1d and Q1s1d+Q2s1d transitions.
One should note that the experimental intensity reported in
Refs. 20 and 21 is the sum of only two prominent FS com-
ponents of these two transitions. Agreement between experi-
mental observations and theory remains good if we sum the
theoretical intensities of only the two experimentally ob-
served FS componentsu2,1l±← u1,1l± and u1,1l±← u2,1l±.
The theoretical intensities(in units of per ortho-pair) of dif-
ferent FS components ofQv1

s1d+Qvk
s1d transitions, using

the formulas of Table II, are given in Table IV. The intensi-
ties of Table IV are calculated for a nearest-neighbor pair in
the rigid-lattice approximation by settingR1k=a=3.793Å.
The formulas given in Table II are valid for any pair sepa-
rated by R1k for the given initial and final states in each
formula. However, if higher-order neighbors are considered,
the intensities would be much smaller while the overall FS

TABLE II. Intensity formulas for different fine structure(FS) components ofQv1
s1d+Qvk

s1dsv1Þvkd
transitions in solid parahydrogen. Forv1=vk=v, division by 2 is required to get the intensity expressions.

FS component Integrated absorption coefficientã /cm3 s−1

(per ortho pair)

u1,1l±← u2,0l 32p3

9hR1k
8 fk01uQ2uv11ls 3

10k01uauvk1l+ 2
25k01uguvk1ldgf

+k01uQ2uvk1ls 3
10k01uauv11l+ 2

25k01uguv11ldg2

u2,1l±← u1,1l±
216p3

225hR1k
8 sk01uQ2uv11lk01uauvk1l+k01uQ2uvk1l

3k01uauv11ld2

u1,1l±← u2,1l± same as above

u2,0l← u1,1l±
32p3

9hR1k
8 fk01uQ2uv11ls 3

10k01uauvk1l+ 2
25k01uguvk1ld

+k01uQ2uvk1ls 3
10k01uauv11l+ 2

25k01uguv11ldg2

u1,1l±← u2,2l+
32p3

27hR1k
8 fk01uQ2uv11ls 3

10k01uauvk1l− 1
25k01uguvk1ldg

+k01uQ2uvk1ls 3
10k01uauv11l− 1

25k01uguv11ldg2

u1,1l±← u2,2l− same as above

u2,2l+← u1,1l± same as above

u2,2l−← u1,1l± same as above

u2,1l±← u0,0l , u1,0l 32p3

27hR1k
8 ffk01uQ2uv11ls 3

10k01uauvk1l− 4
25k01uguvk1ldg

+k01uQ2uvk1ls 3
10k01uauv11l− 4

25k01uguv11ldg2

+ 6
25fk01uQ2uv11lsk01uauvk1l+ 1

15k01uguvk1ld
+k01uQ2uvk1lsk01uauv11l+ 1

15k01uguv11ldg2g
u1,0l , u0,0l← u2,1l± same as above
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width would shrink. For example, the intensity of a FS com-
ponent due to a next-nearest-neighbor pairsR1k=1.414ad
would besa/1.414ad8,0.06 times that of the corresponding
nearest-neighbor pair. The FS splittings(which vary asR1k

−5)
would fall within a span of,5.83 sa/1.414ad5,1.0 cm−1 in
this case.6 As can be noticed, the sum of the intensities of all
ten components of transitions forv1Þvk in Table IV is
slightly smaller [3.5% for Q1s1d+Q2s1d and 8.3% for

Q1s1d+Q3s1d] compared to the intensity of the correspond-
ing unsplit transition in Table III. This is because, as pointed
out in Sec. II, forv1Þvk, 18 additional weak FS compo-
nents, which involve negative interference due to two nearly
equal terms, also contribute.

Finally, one can make use of the intensity formulas given
in Tables I and II to calculate the intensity of double transi-
tions involving a pair of dopant molecules(such as N2) in
para-H2 or ortho-D2 crystal, where both the dopant mol-
ecules are in theJ=1 rotational state and do not possess a
permanent dipole moment. Furthermore, the formulas given
in Table I can easily be extended to provide an order-of-
magnitude estimate of the intensity of double transitions in a
nearly pure ortho-H2 crystal (or for that matter even an
n-H2 crystal). The net absorption coefficient,ã per molecule,
in this case is obtained by summing the pair absorption co-
efficient ãs1,kd overk. The resulting formulas are similar to
those in Table I with 1/R1k

s2,+4d replaced byS,+2j,+2/2as2,+4d.
Here,S,+2=okÞ1sa/R1kd2,+4 s<12d are positive definite lat-
tice sums andj,+2s,1d are the phonon renormalization fac-
tors which correct the rigid-lattice sums to allow for zero-
point motions.22–24The exact values ofS,+2 can be found in
Table I of Ref. 23 for a hexagonal close-packed lattice. Note
also that a division by 2 of the expressions is required to
allow for overcounting since, here, we need the absorption
coefficientã per molecule rather than for an isolated pair. No
more than order-of-magnitude agreement with the observa-
tions can be expected. Higher-order clustering of orthomol-
ecules and strong mixing of rotational states of different mol-
ecules in the anisotropic environment that exists in a nearly
pure ortho-H2 crystal can lead to considerable line broaden-
ing. Nevertheless, the comparison of observed and estimated
intensity may be useful to gain insight into the strength of the
interaction in the ortho-H2 crystal. In Table V, we show a
comparison of the experimental and theoretical intensities of
some of the double transitions involving a pair of ortho-H2
molecules in normal-H2 crystal (75% ortho-H2). The agree-
ment between experimental and estimated theoretical inten-
sities varies from a few percent to a factor of,2.

TABLE III. Predicted intensities of some of the ortho-H2-ortho-
H2 double transitions in parahydrogen crystal containing traces of
ortho-H2.

Transition
ã /cm3 s−1

(per ortho pair) Transition
ã /cm3 s−1

(per ortho pair)

Q1s1d+Q1s1d 1.20310−16a Q1s1d+U1s1d 1.74310−19

Q1s1d+Q2s1d 3.10310−18b Q2s1d+U0s1d 1.48310−20

Q1s1d+Q3s1d 6.42310−20 S0s1d+S0s1d 2.22310−15

Q2s1d+Q2s1d 1.78310−20 S0s1d+S1s1d 2.53310−16

Q1s1d+S0s1d 5.63310−15 S0s1d+S2s1d 2.11310−18

Q1s1d+S1s1d 1.25310−16 S0s1d+S3s1d 1.48310−19

Q1s1d+S2s1d 3.33310−18 S1s1d+S1s1d 3.45310−18

Q1s1d+S3s1d 1.11310−19 S1s1d+S2s1d 1.70310−19

Q2s1d+S0s1d 5.16310−17 S1s1d+S3s1d 9.03310−21

Q2s1d+S1s1d 1.21310−18 S0s1d+U0s1d 1.64310−18

Q2s1d+S2s1d 2.98310−20 S1s1d+U0s1d 1.16310−19

Q3s1d+S0s1d 1.06310−18 S0s1d+U1s1d 1.68310−19

Q3s1d+S1s1d 2.58310−20 S1s1d+U1s1d 1.19310−20

Q1s1d+U0s1d 1.69310−18

aExperimental value=s1.0±0.2d310−16 cm3 s−1 from Ref. 20, after
incorporating correction to ortho-H2 concentration. The experimen-
tal value is sum of the absorption coefficient of two major compo-
nents only.
bExperimental value=s3±1d310−18 cm3 s−1 from Ref. 21, after in-
corporating correction to ortho-H2 concentration. The experimental
value is sum of the absorption coefficient of two major components
only.

TABLE IV. Predicted intensities of different fine structure components of some of theQv1
s1d+Qvk

s1d
transitions in parahydrogen crystal containing traces of ortho-H2

FS component

ã /cm3 s−1 (per ortho pair)

Q1s1d+Q1s1d Q1s1d+Q2s1d Q1s1d+Q3s1d Q2s1d+Q2s1d

u1,1l±← u2,0l 1.75310−17 3.87310−19 6.59310−21 1.95310−21

u2,1l±← u1,1l± 3.53310−17 8.84310−19 1.75310−20 5.32310−21

u1,1l±← u2,1l± 3.53310−17 8.84310−19 1.75310−20 5.32310−21

u2,0l← u1,1l± 1.75310−17 3.87310−19 6.59310−21 1.95310−21

u1,1l±← u2,2l+ 3.10310−18 8.44310−20 1.82310−21 5.64310−22

u1,1l±← u2,2l− 3.10310−18 8.44310−20 1.82310−21 5.64310−22

u2,2l+← u1,1l± 3.10310−18 8.44310−20 1.82310−21 5.64310−22

u2,2l−← u1,1l± 3.10310−18 8.44310−20 1.82310−21 5.64310−22

u2,1l±← u0,0l , u1,0l 1.22310−18 5.65310−20 1.70310−21 4.85310−22

u0,0l , u1,0l← u2,1l± 1.22310−18 5.65310−20 1.70310−21 4.85310−22
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IV. CONCLUSION

Closed form theoretical expressions are derived for the
integrated absorption coefficients of various multipole-field-
induced zero-phonon double transitions in an isolated pair of
ortho-H2 molecules embedded in para-H2 crystal. These for-
mulas can be applied to double transitions of dopant mol-
ecules, with zero permanent dipole moment and both mol-
ecules in J=1 initial rotational state, embedded in solid
parahydrogen matrix. The intensity of different FS compo-
nents have been calculated forQv1

s1d+Qvk
s1d transition. Fol-

lowing the same method one can calculate the intensities of

FS components of other transitions. Intensity formulas given
for an isolated pair, with minor modifications, can be used to
estimate the intensities of double transitions in nearly pure
ortho-H2 crystal, which would provide useful information
about the mixing of rotational states of different molecules
due to strong anisotropic interaction present inside the ortho-
H2 crystal.

The detailed calculations of theoretical absorption coeffi-
cients presented here can help advance one’s understanding
of the absorption phenomena in solid hydrogen by stimulat-
ing new experiments on transitions that are relatively strong
such asQ1s1d+S0s1d and S0s1d+S0s1d. The related matrix
elements that go into the calculations for these transitions are
also known quite accurately.27 The discrepancies that are ob-
served between experimental results and theoretical predic-
tions can be attributed to:(a) the experiments are usually
performed at times intermediate between the two extreme
cases, either just when the crystal is formed, or when the
diffusion process is complete, so much so, there is an inher-
ent uncertainty in the ortho-pair concentrationN that should
be used in Eq.(6) and(b) the phonon renormalization factors
are not easily amenable for calculation,a priori and it is
customary to set them equal to unity(rigid lattice approxi-
mation). Once the experimental uncertainties are reduced,
the result presented here can, in fact, be used to deduce mag-
nitudes of the renormalization factors involved in the various
transitions which would lead to significant new results in the
field of molecular quantum solids.
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