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Superconductivity within the t-t’” Hubbard model of a bilayer
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Making use of a variational approach to Kohn-Luttinger superconductivity, we study the superconducting
state of two coupled Cuplanes. The bilayer is described in terms of-# Hubbard model with weak
interplane hopping. For parameters relevant to overdoped cuprates, we find a substantial increase of the mean
field transition temperaturé., when compared with the single layer model. This increase is driven by the
enhanced density of states of the bilayer.

DOI: 10.1103/PhysRevB.70.144529 PACS nuniger74.20.Mn, 74.72-h, 71.10.Li

High temperature superconductivity occurs in a largewe will study in this paper thd, of a bilayer system as a
class of layered compounds, whose common structural eldunction of the bilayer coupling. We have chosen to study
ments are the CuQlayers. The compounds differ in the overdoped systems, which have long been suspected to be-
chemical composition of the layers separating these basigave as Fermi liquids in their normal state. Recent experi-
structural elements. Materials with similar chemistry of thements put this hypothesis on a much more solid basis. In
separating layers are usually grouped into families. The comparticular, it has been shown that the Wiedemann-Franz law
pounds within a given family may be further classified ac-iS obeyed in the overdoped state of TI2Z0dnd also ther
cording to the numben of closely spaced CuQlayers. scaling of thg rESISt'IVIt)(bOth in plane and out of plapdas
Within a given family, the transition temperatufe for op- ~ Peen established in overdoped ,L$rCu0,.° Moreover,

timally chosen doping is an increasing function mffor ~ Very recently the angular dependence of thaxis magne-
n<3, the functionT,(n) acquires a maximum fon=3, and  toresistance has been shown to agree with the assumption of

for n>3 it decreases. coherentc-axis transport in overdoped TI12264 This latter

Recent experimertsindicate that forn=3 the doping conclusion is con'sis.tent with the recent _results of. angle-
levels of the Cu@ planes are not equal: the inner layers are'®Selved photoemission spectroscopy in Bi2212, which also
underdoped, while the outer layers are overdoped. Since tH¥OVide evidence for a coherent bilayer splittitg.
function To(n) for n=3 depends on the precise magnitude of On the theoretical side, the old prediction that the super-
the charge disproportionation, in this paper we do not confonducting instability is a generic property of Fermi liquids
sider this region and concentrate onlymwal and 2. We just &t low temperaturéd has been recently reformulated in a

note in passing that only phenomenological theories havid'@y enabling quantitative characteriz_ati_on of the properties
been proposed for differently doped Cuflanes: Kivelson of Kohr_1-Lu_tt|nger_superconductors Wl_thln a WeII_-controIIed
has predicted an increase Bfin such a situation, based on @PProximation which becomes essentially exact in the weak-
the picture that the overdoped layers provide an increasegPUP!ing limit* In the present paper we apply this technique
phase stiffness, while the underdoped layers exhibit an erf® the study of superconductivity in a bilayer system.

hanced pairing scafeOn the other hand, Chakravarey al. Based on the results of angle-resolved photoemission
have explained the observed shapeTgfn) within a phe- spectroscop¥t it is well established by now that the minimal

nomenological picturewith three assumptionsgi) different mode_l reprodu_cing the experimentally ot_)serve_d shape of the
doping levels of the Cu@planes,ii) competing order pa- Fermi surface in the cuprates is a two-dimensidaralHub-

rameters within a plane, an@i) the contribution of inter- bard model with the in-plane dispersiog=-2t(cosk,

layer tunneling to the energy is negligible in the normal state:t COSky) + 4" cosk, cosk,. As pointed out recently, the

The last assumption of Chakravaey al. which guaran- ra_tio t'/t is family dependg:n’t‘.1 A reas_onable_estimate for
tees the increase of, betweenn=1 and 2 is in fact the Bi-based cuprates we are interested in her/is=0.3.
basic assumption of Anderson’s interlayer tunneling théory, ~Th€ quantum chemistry of the cuprates dictates that
which stimulated a large body of experimental and theoretifh® hopping of electrons between the planes of a bilayer
cal work on the coupling between the Cu@lanes® In IS described in Treal space by the Hamiltortfan
its original formulation, Anderson’s theory described theH:=ti%is2 555, (8,Diss:70th.C), where &, and by,
superconducting transition as being driven by kinetic energ@nnihilate an electron at the lattice sitewith spin o
gain in thec axis direction. However, it has been shown later!n the upper and lower layer, respectively. The indices
that the interlayer contribution is only a small part of 6,7 denote nearest neighbor directions on the two-
the condensation energy in single layer compoufitisere- ~ dimensional square latticet1,0) and(0, 1), and the func-
fore interlayer tunneling cannot be regarded as the main drivion Si1,0==So.=1 respects thel,z_,» symmetry of the
ing force for T, but nevertheless it does contribute to anZhang-Rice orbital. Introducing bonding and antibonding
enhancement of . combinationsc’ =(a;,+b;,)/\v2 andc” =(a,~b;,)/12, and

As a first step towards a fully microscopic theoryTqtn), performing the in-plane Fourier transformation one finds that
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the bonding and antibonding energies aﬁssk—ﬂk and for a simple square lattice, if we identififka) as a three-

ex =g+, respectively, wherer:4tl(coskx—cosky)z. momentum.

Thus the splitting between the bonding and antibonding Since the method of Ref. 13 does not depend on the di-
bands ak =(,0) is 32, which should be compared with mensionality, we can directly translate its results to the
the experimental value, 88 meéV.If we taket~500 meV, present case. In particular, the model, ER, supports su-
this leads to the estimate /t~0.005, a value to be used in perconductivity, if a nontrivial order parametd’ can be
most of our calculations. More generally, within tiie¢’  found which solves the gap equation

Hubbard model witht’/t=0.3 andp=0.8, the correct topol-

B
ogy of the antibonding Fermi surface is obtained for A|‘Z=—£E VﬁBABM. 2
t, /t<0.0065. Lo 7 265

Before starting the full calculation, let us first present a ) L 2
simple argument for the condensation energy gain due t§ qu' (32) we introduced the quasiparticle enegy=[(&;)*
bilayer  spliting, AE.ong=Econdt,) ~Econd0),  Where +_|A§| 142, where &=g5-u. The effective interaction is
Econdt) =Es(ty, ma) =En(t., o)  and Egond0)=Eg0,13) given byV?5=U+U2Xa+ﬂ(k+p183_85)’ where
—-En(0,uq). Note that in general the chemical potentials 1 fo _ gaty
of the superconductingS) and normal(N) states with or X'(q,0) == Re, ary K - Kl (€)]
without bilayer coupling are different. For the sake of sim- L Ka&kig— ek —@~i0

plicity, let us for the moment cc.)ns[der a feqtgrelesaave can be effectively calculated making use of the Fast Fourier
superconductor with an isotropic bilayer splitting Let us  1y4nst0rm algorithnd? Note that the interaction matrix is
furthermore assume that the system is particle-hole symme. ; -

y P YMMEfaal and symmetricy£=VEe,

ric, i.e. the density of statdd(w) is an even function of the It is worth pointing out that, since we are constructing a

deviationw from the Fermi level. In that case all chemical theory for the weak coupling limit of Eq1), we have as-
potentials are equal;=u, andEcondt.) is given by sumed that Cooper pairing occurs only between states related
—~ ’ by time reversal symmetry. In particular, this means that no
(Vo' + A%~ |o]) pairing is allowed between bonding and antibonding states.
w2+ A2 A gap equation of the same form as E&) has been derived
previously by O’Donovan and Carbott®put these authors
Expanding to second order in, we find from here that used a phenomenologicsf; based on the spin fluctuation
AEcon=-N"(0)t> A%/2. This means that for a featureless exchange mechanism.
density of states, the bilayer coupling does not lead to a gain In Fig. 1 we plot the superconducting transition tempera-
of condensation energy aid. =0, as pointed out already ture T, (obtained numerically following Ref. 33as a func-
by Chakravarty(see Ref. 16 and references thejeidow-  tion of t,. In order to reduce the finite size effects, in Fig. 1
ever, for a nontrivial density of states, this is not true any-we also plot the fit tol(t,)=T,(0)+w(t, /t)2. This expres-
more. Remarkably, our weak-coupling result is consistention is obtained by noting thaf.(t,) should be an even
with the strong-coupling point of viehaccording to which it analytic function oft, . We find >0 and therefore we con-
is the normal state pseudogépompatible withN"(0)>0]  clude thatT, is an increasing function of , in qualitative
which leads to a suppression |&Ey| with respect tdAEJ.  agreement with experiment.

For band fillings slightly above the Van Hove dengitiye In Fig. 1 we also plot the zero temperature condensation
latter corresponding to the chemical potentigl;), we have  energy per lattice siteE on=-L 'Sy (EF—|&)2/2EL. It is
N(0) < In[A/(u=eyp)] from where it follows thatN"(0)>0  worth pointing out that in the presence of a finite the
and the bilayer should gain condensation energy. Unfortusuperconducting state gains more energy with respect to the
nately, sinceN’(0)#0, the above argument cannot be di- normal state, in agreement with the result foft, ). Note
rectly applied. However, we will see that the complete solu-that the contribution of the antibonding band [, is
tion does lead to a stabilization of the superconducting statRarger than that of the bonding band and that its relative
on a bilayer. weight grows witht . This raises the question whether the

Let us proceed now with the full calculation. When writ- gaps in the two bands are equal or not. In Fig. 2 we plot the
ten in momentum space, the Hubbard model on a bilayegensity of states,

with L=IX1X2 sites, assuming periodic boundary condi-
tions, reads as N(w) = L™ [(u®)28(w - ED) + (v)28(w + EY)],
ka

—f do[N(w+t,)+N(w-t,)]

T T T where (ud)?, (vi)?=(1+&/EY) are the usual coherence fac-
H=Han * Lklagﬁky Oyt Gt Cegrt Sl @ tors. Figure 2 shows that the gaps in the bonding and anti-
bonding bands are of a very similar magnitude. This means
where Hkin=2kws‘k"clwckw and the indicesy, 8, vy, take  that the difference of the contributions of the two bands to
on the values 0 andr. The prime in the sum means that E.,,qis caused dominantly by the different normal state den-
momentak, and § are determined by momentum conserva-sities of stategsee the inset in Fig.)Lin accord with the fact
tion, ky+k,=k3+k, anda+B=y+§ (where we take 2=0).  that the antibonding Fermi surface is closer to the saddle
Note that the Hamiltonian equatig) has the same form as point at(,0). The fact thaEZ J/E2  grows faster with
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26 in the bonding band. From these facts it follows that regions
24| S tr=0005)14 with large values ofA have a larger relative weight in the
e §=0477 |y, : . ) ! . .
22 : ) antibonding than in the bonding band, in agreement with the
= 3’;3,?57 P P’ inset in Fig. 1.
< A The small difference between the gaps in the bonding and
r‘:a 187 4 3 2 /f antibonding bands demonstrated by Fig. 2 is in qualitative
16 ™t l agreement with recent ARPES experiments. In view of the
14l _p ot 7 T,(0) = 0.00139 1 large increasesT./T,, this weak dependence on the band
. ©=19.9t a index « is a surprising feature, which can however be under-
0 stood within the following simple model. Consider two fea-
b turelesss-wave superconductors on a bilayer. A0, the
08y l gap equation can be written as
= 1 1 Q
q:c_’ NN, —— 124 A== QaplplIn —, (4)
S 15 ExEg — /1 22 2 Ag
W 1;2 where Aq , are the gaps in the bonding and antibonding
25 ]:‘2‘ bands and the coupling constagts; are estimated as
' 1
50 0002 0004 0006 Joo=No(0O)Vo=(1 +€+ 8))g,
O 0001 0002 0003 0004 0005 0.006
+ Jor = NW(O)VW: (1 —et 52)91
FIG. 1. (a) Superconducting transition temperatdrg and (b) _ B
condensation energy per lattice site as functionis ¢f. The data is gm0 =No(O)V-= (1 + e+ &5)g,
calculated forp=0.8,t'/t=0.3, andU/t=4 on special latticegRef.
13) with L=512x512. The error bars are estimated from the dif- Orr=NLO0)Vo=(1 - €+ d))g,

ference with respect to the 25&256 data. The dotted line if@) is
afitto Te(t,)=T.(0)+w(t, /t)2 The inset in(@) shows the maximal
eigenvalue\(T) and its fit togIn(Q2/T) for t, /t=0 and 0.005. In

whereV°=V77=V, andV°"=V™=V_ are the intraband and
interband interactions, respectively. Now we assume that in
the inset in(b) we plot the relative contributions of the bonding and the absence of bilayer splitting the coupling constant reads as

antibonding bands to the condensation energy and to the norm&~ N(O)V and that in the presence of a finttpthe deviation
density of states. of the interactionsd/, andV,, from V is O(t?), whereas the

deviation ofNj ,(0) from N(0) also contains linear terms in
than N_(0)/Ng(0) can be explained as follows. The t, (of opposite sign for the bonding and antibonding bands
condensation energy can be written as a Fermi surfacBrom here the last equatlons fop; follow immediately,
average EZ ~-(1672h)"¢dk(A%)2/v¢, whereas the with e=O(t,) and §=0(t?).
density of statedN,(0)« ¢dk/vg. Therefore for equal and A straightforward calculation shows that under such con-
isotropic bonding and antibonding gaps we should havelitions the maximal eigenvalue of the matgy,/2 changes

EZond Eoons=NA(0)/No(0). Now let us notice two factsti) ~ from g to g+dg with 6g/g=(8+5,)/2 and therefore from

the Fermi velocity{ is small in the antinodal region, ari)  the scalingT, ocexp( 1/g) we find that the relative change of
vy is more strongly modulated in the antibonding band thanTc is oT¢/Tc~ 59/ g% Moreover, from Eq(4) it follows that

the bondmg and antibonding gaps change with respect to the

0.8 T _in=0005 gap of isolated layers), but they remain equal to each other,
0.7 ¢ t A0 i 1 Ap=A,=(1+6g9/g?)A. The renormalization of, (or, equiva-
06 | < \ lently, of the gap can be large even for small relative
__05¢ changesig/g, sinceg<1 at weak coupling. In fact, from the
2% 04| fits in Fig. 1 we findg=0.157 fort, =0 andg~0.177 for
= 03f t,/t=0.005, implying &6T./T,~0.8, in an order-of-
02 - | magnitude agreement with the main panel in Fig® 1.
0‘1 ............... & F Before proceeding it is worth pointing out that, within the

present weak-coupling theory, the magnitude of the relative
increasedT./ T, due to finite interlayer coupling depends on
the interaction strengtbl, the effect being most pronounced
at weak coupling, since bothg and g scale withU?. The
FIG. 2. Density of states per lattice sitn units of t™%) at ~ Present weak coupling theory cannot be directly compared
T=0. The bonding and antibonding contributiong att=0.005 are ~ With experiments, since fdd=4t the single layer transition
denoted O andm, respectively. The curves are calculated for temperature is onlff,~7 K. As an order-of- magnitude es-
p=0.8, t'/t=0.3, andU/t=4, linearly interpolating theL=512  timate, in Ref. 13 we have applied our theory outside its
X 512 data toL=8192x8192. The delta functions were given a well-controlled range of applicability and we found that for
finite width y/t=1x 1074, U=6t the gap is=~9x 1074, slightly larger than the experi-

0 L n n " L L
8 6 4 2 0 2 4 6 8
©(10%)
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(left pane) and\(biﬂ (right panel, magnified by a factop &s func-
FIG. 3. Even(y=0) and odd (y=m) static susceptibilities tions of the vectoi—j. The parameters are the same as in Fig. 2.
x(q,0) along the symmetry lines of the Brillouin zone. The param-
eters are the same as in Fig. 2. The odd component/&t0.005 is

. . _ tent with a model calculation for d-wave superconductor
very close to the single layer susceptibilityot shown for clarity.

with a circular Fermi surface with radidg, Fermi velocity
vE, density of state®N(0), BCS cut-off wg, and a gap func-
mental  value. ~ From the scaling (6Tc/ToJy=et  tion A,=A cos 2. In fact, the model calculation predicts
=~ (6Te/Te)y=4/ 1.5 and from the data in Fig. 1 we thus ob- that at intermediate distancdg!<r<vg/A the pairing
tain the estimatésT,./T.)y- = 0.16. This estimate compares function reads as
well with the experimental data for the ,Ba,C3g,-1CU,05+4
and HgBaCag,_1Cu,05,42+5 families (for a compilation, see
Ref. 20, where Tg=1=90 K, Tenez=110 K, 6T /T,=0.22 o S<k . I)
andTgn=1)=95 K, T¢(n=2=114 K, 6T/ T;=0.2, respectively. \/§ F £,

At t, =0.00% the total density of states of a bilayer in- F(¢®)~ ;N(O)A<P Jer In Ve ,
creases with respect to its; =0 value by SN(0)/N(0) F ma><2—,r>
~0.07, which is of the same order of magnitude as “o
59/g=~0.131° Moreover, Fig. 3 shows explicitly thain the
most important static Iim)'tthe intraband and interband in- Wheref‘p:UF”A‘A is an ang|e_reso|\/ed coherence |ength_
teractions change only little with respecttto=0. The largest Note also the large peaks gfj at the four nearest neigh-
change occurs in the even channel in the vicinity of the  por sjtes. This is a generic result close to half filling, valid
point, again due to an increase of the density of states. Sumjso for a single plane. Both our numerical data and the
marizing the above evidence, we conclude that the couplingnodel calculation for a-wave superconductor show that the
constant increase is driven by the increased density of statggta| weight of the pairing functiox;|F;;[>=2N(0)A is dis-
of the bilayer. This is in agreement with our qualitative ar-ribyted in a radius~vg/A. It is remarkable, however, that
gument that condensation energy is gained\0) > 0. Let <0 .18 of this weight is localized at the four nearest neighbor
us also emphasize that the increaseTpfunder interlayer sjtes, which is definitely an unexpected result at weak cou-
coupling is a nonuniversal feature of B¢) and of the mi- pling.
croscopic model Eq(l), which are therefore different from — The out-of-plane pairing functiof; exhibits the same
the case discussed previously by O’'Donovan and CarBbtte. gyerall shape ab}, but all features are smeared with respect

. . . . ij
In order to gain further insight into the nature of the pair-tg the in-plane pairing function. In particular, the four sharp

ing state, let us finally consider the pairing functichs: nearest-neighbor peaks are replaced by a checkerboard pat-
2 A® tern ofF”+ at small distances. These features can be qualita-
Fﬁfﬂ: > o{ct Ucﬁ) =8,5- >, —'; cosk - Ryj, (5) tively explained within perturbation theory with respect to

o L k B t,. In fact, consider first-order corrections to the wavefunc-
o ) ) ) tion. One of the electrons forming an in-plane Cooper pair
wherei, | are lattice sites of a single plane connected bycan hop into the neighboring plane of the bilayer. Since the
the vector R;;, and a, B distinguish the bonding and nierlayer hopping is nonlocahopping occurs between sites
antibonding bands. Going back to the representation iRy;ith jn-plane coordinateisandi+ &+ 7), the delocalized form
terms of the upper and lower layers, let us defineqf £+ follows. Moreover, sincé andi+ &+ belong to the
Fi'=20(a-,8,), Fii"=20(8-,bj,), and similarly alsoF®  same sublattice, the checkerboard pattern of the inter-plane

and F°. If we define in-plane and interplane pairing func- pairing function follows from the four nearest neighbor
tions F“lj and FIJ]', respectively, then from Eq5) it follows peaks of the in_p|ane pairing function.

that Fj=Ff*=FP*=(Fi°+F7™/2 and Fj=Ff’=F=(F}° Let us estimate the region of applicability of perturbation
—Ffj”’)/Z. Figure 4 shows the normalized in-plane and intertheory in t,. Assuming that the inter-plane coupling is
plane pairing functions®}:* =Fi*/V3|Fi*[2 Let us dis-  16t, co$ 2¢ and neglecting the difference betweafj and
cuss first the in-plane pairing Hunction. Its tails are locatedAy, the ratio of the total weights of the inter-plane and in-
close to the nodal directions and this is qualitatively consisplane pairing functions can be estimated within the model
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calculation for ad-wave superconductor &|F;j[?/Z|Fj |2 In conclusion, we have studied the pairing transition
:§(8tL/A)2. This shows that perturbation theory is quantita-within the Hubbard model on a bilayer. For parameters rel-
tively accurate fot, <A. Let us note in passing that in the evant to overdoped cuprates, we have found a substantial
opposite limitt, >t, only the bonding band is occupied and increase of the mean field transition temperatiigewhen
Fij"=0. Therefore our weak coupling formalism predicts compared with the single layer model. Within our weak cou-
"{:ij t:h':ij in that case. Ths daZa przsi?t?d in FAQ- 4 Corlr)f[-‘SPO”BIing formalism, this increase is due to the enhanced total
0 M€ Crossover regioh, ~A and that IS why we oblain  jensity of states in the presence of bilayer splitting.
3;|FL[?=0.00634 ands; [F;! [2=0.00462. y P yer spiting
Before concluding let us recall that the increased density RH thanks S. Sorella for discussions and the Italian Min-
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on a hilayer which will not be addressed here.
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