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Enhancement of pairing in a boson-fermion model for coupled ladders
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Motivated by the presence of various charge inhomogeneities in strongly correlated systems of coupled
ladders, a model of spatially separated bosonic and fermionic degrees of freedom is numerically studied. In this
model, bosonic chains are connected to fermionic chains by two types of generalized Andreev couplings. It is
shown that for both types of couplings the long-distance pairing correlations are enhanced. Near quarter-filling,
this effect is much larger for the splitting of a pair in electrons which go to the two neighboring fermionic
chains than for a pair hopping process. It is argued that the pairing enhancement is a result of the nearest-
neighbor Coulomb repulsion which tunes the competition between pairing and charge ordering.
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I. INTRODUCTION stripes would be described by hard-core bosons while un-

Charge inhomogeneities are an ubiquitous feature ip@ired charge in the intervening regions would be described
strongly correlated electron systems. One of these inhomdy fermions. Although pairing on stripes is a controversial
geneities is the stripe phase present in some underdopé‘iﬁue}‘q it is still interesting to examine a possible enhance-
cuprates. In this phase, it has been recently suggested bynent of superconductivity due to the proximity effect within
theoretical and experimentélstudies that both stripes and @ simple lattice model. In the same way, the compounds with
intervening spin regions may be modeled as two-leg laddersstructural ladders could also be modeled by spatially sepa-
Charge inhomogeneity can also be originated by the structur@ted bosons and fermions. Bosons would describe pairs on
of the materials. In the layered compou@eNg, 33V ,0s, the  ladders and fermions unpaired electrons on the zigzag
V-O planes consist of two-leg ladders separated by zigzaghains. In both cases, a relatively simple boson-fermion
chains? This compound undergoes a transition from amodel could give qualitative features about, for example, the
charge-ordered stafte to a superconducting state under competition between superconductivity and CDW, the effect
pressuré. Within a purely electronic mechanism for super- of strong electron correlations, and the effect of applied pres-
conductivity in this material it is tempting to associate thesyre which leads to modification of the couplings and site
formation of pairs to the ladder unitsSimilarly, in the com- energieg?
pound Sy,-,CaC,,04y, the Cu-O planes consist of coupled |y "general, these effective models will contain fermion
ladders forming a trellis lattice. Thls_ material becomes also &4 poson hopping terms together with some additional
superconductor under presstignd it also presents a com- omg mixing bosons and fermions. One of the most impor-

pet{'%%r?hsrsg;?nrg?]raegr%?i%itudy these inhomogeneous Sytés}nt and interesting mixing term is a generalized Andreev
Iy . . oupling which describes the breaking of a pair into two
tems with Hubbard ot-J Hamiltonians defined on coupled .
ladders or quasi-one-dimensional structures, with in generaeflect.rons or the reverse process. In Sec. Il the model studied
In this paper, formulated on a system of alternating bosonic

different fillings. After all, single ladders contain pairing, T ) : ; ) .
pseudogap, and charge orderifigharge density waves and fermionic chains, is derived from microscopic models

(CDW's)]."1° However, these models are quite difficult to using a prpjection technique. Result; obtained by exact di-
analyze, by both analytical or numerical techniques. To mak@gonalization are shown in Sec. lll. Finally, the relevance of
this problem more manageable, effective models of bosonthese results to various physical systems is discussed in Sec.
and fermions can be derived and studied. These models may-
be obtained after a basis change from the site to the dimer
basid®-*?or to the plaquette basisand eventually projecting

out some states of the new basis.

_ Simplified models where the hard-core bosons describing The specific model studied in this paper is formulated on
triplet excitations have been eliminated have also been stug; system of alternating bosonic and fermionic chains as

ied recently:* These models were originally proposed to de-shown in Fig. 1a). The Hamiltonian is defined as
scribe bipolaronic superconductiviiand later used to study

the pseudogap phase in the cuprtftegere typically bosons 7 = —th (bi*bj +H.c) -t > (ci*gcl-g+ H.c) +U>, niyN;

Il. EFFECTIVE MODEL

represent preformed pairs. In the present work, as a differ- (), @iy i
ence with those earlier studies, a model in which bosonic and "
fermionic degrees of freedom argpatially separatedis * V% anign; + 2 &n; + AA”EK (bcj;o  +H.c), (1)

considered’
In the case of the stripe order, as suggested by one of thehere cJ-TU creates an electron with spior at site j, nj,
. R . . _t . _ : —h

main theories about this phaSepreformed pairs on the =¢j,Cjos Mj=n;;+n;; for fermions orn;=bjb; for hard-core
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bosons. The charge &=1 (2) for fermions(bosons. t, and
t; are the hopping integrals along the chains for bosons and
fermions, respectivelyt) is the on-site Coulomb repulsion
t ¢ on the fermion sitesy is the Coulomb repulsion on nearest-
f b neighbor(NN) sites, acting between paired and/or unpaired
———————————————————— F--- electrons;e; is the on-site energy at sifewhich we takee;
=€ on the bosonic chainsg;=0 on the fermionic chains.
Thus, € contains the binding energy.
@L_____ b ___ 1. ... | The last term of the boson-fermion Hamiltonian, €,
is a generalized Andreev coupling, transversal to the chains,
o wherei is a site on a bosonic chain apdk are the NN sites
'T\ of i on the fermionic chains. Two different processes will be
studied[Fig. 1(b)]. The one at the top corresponds to a split-
—\ ting of a pair into two electrons located in the two fermionic

neighboring chaing\, ) while the one at the bottom corre-
sponds just to a pair hopping to one of the two neighboring
fermionic chains(\ap). 2

— - fe—D- - §—D In order to understand the physical origin of these two
] ] types of Andreev coupling let us consider an extendéar
Hubbard model on the 12-site system of Figc)ltop with 2

- -&—H--&—D electrons. By performing a site-to-dimer change of basis and

projecting out the one-electrafiermionic) dimer states on

O G EEEEEED the two inner dimers and the double occupigzbsonig
te ty, states on the four outer dimers, one gets the effective 6-site
o e T r boson-fermion model of Fig. (&), bottom. The effective

Hamiltonian is given by the standard formula

1
Hett=PHoP— PHQ——————QH,P, 2
eff 0 OQQHOQ—EOQ 0 2

where P is the projection operator on the subspace of re-
tained statesQ is the projection operator on the subspace of
the eliminated stategy{, is the original Hamiltonian WV,
=Eg¥q, and H PV o=EyPV(.22 Variants of this procedure
were repeatedly perform&d!® to obtain effective models
from the Hubbard ott-J models, specially retaining triplet
( ) states and projecting out fermionic states. Similar studies but

@ o0 R s e retaining fermionic states, although using a different projec-
tion proceduré? have concluded that the most important in-
teractions not involving triplets are the ones contained in
‘_H_H—A——A—Ar—““f Hamiltonian(1). Although Eq.(2) is usually analytically cal-
culated using second-order perturbation theory, for the 12-
site cluster of Fig. (c) it could easily be numerically solved
using standard matrix inversion subroutifésn the map-
ping shown in Fig. {c), the projection step also leads to
second-neighbor fermion-fermion and three-site interactions
in the horizontal direction which are also negligible in first
approximation.

Let us consider first thelt{y is an extendedtJ model. Let
) us assume that we have the ustjal couplings and a NN
(e) inter Coulomb repulsionv, on the ladders, anter Jinter Vinter

FIG. 1. (@) Inhomogeneous system of coupled chains with between !adders, W'th‘Jimef/‘J:(timer/t)Z and antEF/VO
bosonic(thick lines or fermionic degrees of freedorthin lines. = tiner/t- It IS reasonable to assume that the main effect of
(b) Two different processes of creation or annihilation of pairs: @8PPlying pressure is to modify the interladder interactions,
splitting (top) and pair hoppingbottom). (c) Derivation of an ef- ~ Which are here related tf,. The values of the effective
fective model by changing to a dimer basis followed by projection.couplingsty, t;, Aas, @nd A, are shown in Fig. @) for
(d) Effective couplings(defined in the tejtas a function of the J/t=0.4,VJ/t=0, as a function ofj,,/t. The most impor-
interdimer hopping,J=0.4, V,=0, andt=1 in the original 12-site  tant feature is thak s is clearly larger tham , no It should
cluster.(e) Same agd) for Uy=-8, V=2, andt=1. be noticed that the sign of, 5 corresponding to the process

7\’A,S’Q\'A,h ’tb’tf

}\’A,S’X'A,h’tb’tf
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in Fig. 1(b) is opposite to the process in which the up-spinfirst place, a boson does not necessarily represent a pair on a
electron goes to the left chain and the down-spin electrofadder rung. In fact, it has been shown that on ladders, pairs
goes to the right chain. This is related to the fact that theare located along plaquette diagonals or on more distant sites
electron pair on a ladder rung form a singlet. One should als@epending on coupling valué$.In general, this boson-
notice thatt, andt; take values close to each other. fermion model is applicable to any compound containing
On the other ha:nd, let us assume that we h-a.Ve an eXtendaqasi_one_dimensionqhuasi_lD units bearing some k|nd
Hubbard model withJy<<0, Vo> 0, on the 12-site cluster of of pairing. The site energy; would be in general determined
Fig. 1(c). This attractive Uy could describe a phonon-  ihe hinding energy of electrons on these quasi-1D units as
mediated pairing. In this case, one obtains the effective Pgge| a5 by a potential coming from the whole structure of the

L%?Sitr?éstjggvgf] K]ngige.é?.clé&?)l?nogv d%%ﬁgtgtstgiteih;g%;irmaterial, which can be modified by external applied pressure
splitting type. It should also be noticed that in this cgsis  ©. by internal chemical substitution, as inKCa,CtpOuy,

much smaller tham, and hence it could be neglected which where Ca doping leads to a transfer of holes from the chain

is precisely what has been done in the earlier literafuife to the ladder planes. The boson-fermion model could provide

although it was included in studies related to the pseudogaInslghts to predict the effects produced by these kinds of

phase in cupraté’$.lt is possible to think then that the case Berturbauons on a given compound.
considered in Fig. @), with a dominance of\,, corre-
sponds to a strongly correlated electron physics with a likely ll. NUMERICAL RESULTS

d-wave pairing, while the situation of Fig(€) would corre- A. 3XL cluster, quarter-filling

spond to a more conventionakwave type of superconduc- _ . L
tivity. The model, Eq(1), was studied by exact diagonalization

In order to support this interpretation, the probability of (Lanczos algorithmon 3x L(LZ,G'S) clusters with periodic
double occupancy and the probability of having a singlet orfOP€N boundary conditiongBC's) along (acros$ the L-site
a rung, properly normalized.e., the sum of all the possible chains. The centrdl-site chain has bosonic operators while

configurations on a rung equal tg was computed. In the the two external c_;hains contain the fermionic qnesis .
case of the extendesJ model, the probability of electrons adopted as the un!t of energy. In the above-m_entloned basis
forming a rung singlet is much larger than the probability ofchange, the effective parametéysand V result in roughly
electrons going to double-occupied sites. The reverse situd@!f the NN Coulomb repulsion of the original mod@ly),
tion occurs for the attractive Hubbard model. It is instructivefor both the limits of infinite and zero values of the Hubbard
to consider also a model which interpolates between th@n-site repulsion of the original modély). HenceU=V in
Hubbard and thé-J model, the so-calle¢-J-U model, ob-  the following. Various properties, especially those related to
tained from thet-J model by relaxing the no double- Superconductivity, were computed as a functiortofe and
occupancy constraint but including an on-site Hubbard repula-
sion. For an intermediate situation—for example 1, t=1, Figure 2 shows results for thex38 cluster,e=0, U=V
U=0.5, V=0—there is a crossover from the splitting to the =2, at quarter-filing(n=0.5). The first feature to notice is
pair hopping types of Andreev coupling &g, is increased that the relative occupation of the fermionic and bosonic
consistent with a crossing from singlet to double-occupancyghains depends on the parameters of the model. In Figp. 2
order. That is, applied pressure can changs-aave pairing and 2b), the boson density in the central chaii=(n,)/L
into ad-wave pairing. (L=8 in this casg is shown forA 4 s andX 5 ,, respectively. In
The proposed modefl) is far more general than the both casesg, increases a, is increased. This is expected
simple “derivation” schematically shown in Fig(c). In the  since electrons would move to the central chain to gain ki-
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FIG. 3. Results for the &8 cluster,U=V
=2,€=0,n=0.5, as a function df, and\ 5. Maxi-
mum charge structure factdia) pair splitting,(b)
pair hopping. Current-current correlations at the
maximum distance along the fermionic chains:
(c) pair splitting, (d) pair hopping.
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netic energy. Fot,=1 there is a level crossing with a sudden maximum atq,,,=(37#/4, 27/3) in the whole range ofj,
increase of8,. On the other handj, slowly decreases with and A\, examined. Figures (8 and 3b) show Cpax
Aap in the interval shown, while its behavior withas is  =C(Qna0 for Aas and\ap, respectively. It can be seen that
nonmonotonic. this quantity is suppressed, particularly by, The charge
The central quantity of the present study is the bosorstructure factor for the whole cluster behaves in a similar
correlation at the maximum diStanClé,.maf(b:maxbo) along way as the one computed from the charge-charge correla-
the central chain. This correlation, which in the currenttions along a single fermionic chain. Now, fd/=V=0,
model has the meaning of pairing correlation, is a measure d(q), as was found foP,maX, is roughly independent of,.
guasi-long-range superconducting order on the bosoniThe same behavior is also found for other clusters and den-
chain. The results foP, are shown in Figs.(2) and 2d)  sities considered below. It is possible then to sum up these
for )\AS andap, respectlvely In both cases, for a fixed value features by suggesting theg s works against the tendency to
of t,, P e shows an enhancement as the Andreev couplingcDW's, favored byV, thus leading to an enhancement of
increases. The curves B __ vs\, are shifted upward ag ~ long-distance pairing.
increases, as expected. The most important feature of these The current operator between siteandi +y is defined as
results is that the enhancement with is much stronger for ~usual asjy;=ietz, (C|+yg-CI0' H.c), and current-current cor-
the case of pair splitting than for the case of pair hoppingrelations at the maximum distance a@s <Jyrma)y o- Re-
Notice also that for pair splitting, fdy, fixed, the behavior of  sults forg, aXalong a fermionic chain are shown in FigscB
P, _ and the one ofs, are unrelated. It should be empha- and 3d) for Ass and s, respectively. It can be seen that
sized that in the region wherlér . is enhanced, the pairing or is suppressed in both cases although this effect is much
correlations as a function of dlstandb by), have a mono- Iarger forhss than forh, . This behavior indicates that the
tonically decreasing behavior corresponding to true longeffect of A4 is to favor the conduction mainly through the
distance pairing. A nonmonotonic behavior would be indica-bosonic chain.
tive of phase separation or CDW.
ForU=V=0, energy, boson occupancy, and pairing corre-
lations are identical foh, s and Aap. This comes from the
fact that the respect|ve Hamiltonians are related by the trans- It is also important to determine if the behavior shown in
formation,, 71y S)T where7 relates the two processes Figs. 2 and 3 is also present at larger electron fillings, espe-
depicted in F|g ) asHh TYHT, andT1=7". Quantities cially because some possible applications of the present
defined solely in terms of bosonic operators are preserved hypodel—for example, $5-,CaCu,,0,,—correspond to sys-
this transformation. The important result is that in this casetems close to half-filling. As electron filling increases from
Pr. |s notenhanced by, although it is considerably larger n=0.5, the dimension of the Hilbert space increases rapidly
than foru=v=2. and it soon makes this problem very hard for exact diagonal-
In order to characterize the physics of this model moreization. Hence we have to limit the study to the smaller 3
completely, the static charge structure fac@{q) and the <6 cluster.
current-current correlations at the maximum distance along Results for the ¥ 6 cluster with 12 electrongn=0.67)
one of the fermionic chains were computed. The first quanand 16 electrongn=0.89 are shown in Fig. 4. FoJ=V
tity is indicative of CDW's while the second one is related to=1, €=-0.5, andt,=0.8, the boson density varies slowly
the conduction of the fermionic chaifsFor the same pa- Wwith s [Fig. 4@)]. At n=0.67, §,~0.35, which implies an
rameters as beforg@J=V=2, e=0, n=0.5), C(q) presents a identical charge density on fermionic and bosonic chains. At

B. Other clusters and fillings
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n=0.89, §,~0.5, implying a larger charge density on the the fermionic chains. For noninteracting electrons simple
bosonic than on the fermionic chains. The overall behaviocombinatorics lead to the result that double occupancy is
of the pairing correlation at the maximum distance along thenore likely on the splitting than on the pair processes for
central chain, shown in Fig.(8), is the same as in Fig. 2; electron densities larger than0.6. A similar effect caused
i.e., there is an enhancementRf _ with A, which is more by the NN repulsiorV is more difficult to predict. Alterna-
pronounced for pair splitting processes. For these values dively, it is possible to compute the contribution of the An-
the parametersC,,, peaked atg,,=(m,7) is monotoni- dreev term to the total enerdy,, as a measure of how much
cally suppressed by,. this term is actually “working.” It may be convenient then to
To obtain a larger charge density on the bosonic chain, thplot P, as a function of,, rather than as a function of the
couplingsU=V=0.5 ande=-2 were studiedt,=0.8 as be- bare parametex,. This is done in Fig. 5 for some typical
fore. It can be seen in Fig(@ that atn=0.67, §, becomes cases of Figs. 2 and 4. It can be seen that the qualitative
slightly larger than 0.5, and at=0.89, §,~0.6. For both  behavior of these figures is not modified. Only in Figd)s
global fillings, the charge density on the bosonic chain iscorresponding to a density=0.89, is there a jump i,
approximately twice the one on the fermionic chains. Noticefor the pair hopping case but this occurs at a rather large
that nowP max[Flg 4(d)] is larger than the one shown in Fig. value of the bare couplingya,=1.2. Figures &) and §b)
4(b). This larger value, fon=0.89, could be related to the allow a comparison between two different valueseof~or
behavior of simple hard-core bosdor spinless fermion  both types of Andreev couplings, a smalleegative value
chain with NN repulsion, where superconductivity is sup-of e gives a smaller enhancement D,f and even a sup-
pressed at half-filling 8,=0.5), which is the case fo=V  pression in the case of the pair type of Andreev coupling.
=1 ande=-0.5[Fig. 4@&)]. On the other hand, the opposite  Computer limitations make it difficult to go to larger clus-
happens for the case of=0.67, indicating that the Andreev ters in order to assess finite-size effects but it is possible to
coupling changes the physics of an isolated bosonic chairstudy clusters with different geometry. Thex42 cluster
However, at\p=<0.2, the pairing correlations as a function was considered to estimate finite-size effects on the pair hop-
of distance have a nonmonotonic behavior, signaling CDW’sping between the fermionic and bosonic chains. Results for
It should also be noticed that for all cases in Figl)4there  the same parameters as in Fig. 2 show g}, takes values
is a saturation and further decreasngpf for larger \a. very close to those found for thex38 cluster with a very
This may indicate that the behavior shown in Fige)and  similar (small) dependence with, . This asymmetric two-
4(b) is mostly a property ofow bosonic density8,<0.5. It  chain system is essentially the same studied by Le'Hy
should be stressed that by going fram—-0.5 to -2, with  bosonization techniques, although in this work the boson-
U=V=1 fixed, the changes are smoother than by going froninediated pairing of unpaired electrons is mainly investi-
U=V=1 to U=V=0.5, keepinge=-2 fixed. In this param- gated. Finally, a cluster with 4 coupled chains of length 6,
eter space, results interpolate smoothly between those ®fith periodic BC’s also in the transversal direction, with 12
Figs. 4a) and 4b) and those of Figs.(4) and 4d). and 14 electrons, and the same couplings as in Figs. 2 and 3
It is tempting to relate the relatively small effect of pair was considered. The overall behavior is the same as that
hopping on pairing correlations to its possible suppression bylepicted in those figures—in particuld, is much more
the on-site Coulomb repulsion on the fermionic chains. Thigobust fork, s than for A, —with the additional feature of
is actually not the case. One should notice first that paian enhancement of pairing correlations also in the direction
splitting is also affected by such repulsion since an electroperpendicular to the chaii8.For U=V=0, as for the X L
could be already present in one or both of the final sites omlusters studied aboveéZ(q) and IongitudinaIPrmalx are al-
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0.06

0.04

FIG. 5. Pair-pair correlations at the maximum
distance along the central chain versus the abso-
lute value of the energy of the Andreev term. Re-
sults for the 3<8 cluster,U=V=2, n=0.5, t,
=0.6 (@) €=0, (b) e=-0.5. Results for the 86
cluster,U=V=1,1,=0.8,e=-0.5,(c) n=0.67,(d)
n=0.89.

most independent of, although transversal pairing correla- this study the variable is the site energy at the stripes,
tions are trivially enhanced by,. which may also depend of various mechanisms such as struc-
tural details, phonon¥. Results are shown in Fig. 6. The
main conclusion is that pairing is enhanced in both longitu-
dinal and transversal directions, even though doped holes are
With respect to the application of the present model to théncreasingly localized at the “stripes.”
stripe phase in the cuprates, one should take into account that
thet-J model considered as a microscopic model from which
the couplings in Fig. @) were derived was meant to be the
strong-coupling limit of the one-band Hubbard model. In In summary, a model of coupled bosonic and fermionic
these models pairs involveectronswith opposite spins. In  chains was proposed to describe the physics of compounds in
thet-J model, as applied to cuprates, pairing involves dopedvhich pairing takes place in quasi-1D structures such as two-
holes which are described by singlésAlthough a deriva-  leg ladders. Starting from a microscopic model, an exact pro-
tion of an effective model from this version of titdd model  jection procedure on a small cluster suggests that a pair split-
is possible, it is instructive to use the already obtained resultsng kind of Andreev process is related to the physics of
to study a “toy” model of stripes. To do this, a fermion repulsiveU systems, characterized lywave pairing, while
should have the meaning of a doped hole, and the half-filleé pair hopping Andreev process is more related to a negative
state of the cuprates should be the “vacuum” of madgl U kind of physics leading ts-wave pairing. This elementary
From Fig. 1d), the approximate values of the couplings areprojection also gives indication of how the effective cou-
ty=t;=1, Aps=0.33, Ay ,=0.06, andU=V=0. On the 4x6 plings are changed with pressure. The values of these cou-
cluster described above, in order that the stripes be at a lineatings for a specific compound should be obtained from a
filling of one-quarter, there should be six doped holes, corsealistic, in general complex, microscopic model, and in this
responding to a doping on the original cluster of 0.125. Incase an exact-diagonalization procedure dealing with much

C. “Toy” model of stripes

IV. CONCLUSIONS

0.5

020 ' ' '

04

FIG. 6. Results for the %4 6 cluster,n=0.25,
u=v=0, tb:tf:l, )\A’SZO.SS,)\A‘hZO.O6.(a) Bo-
son density andb) pair-pair correlations at the
maximum distance along a bosonic ch&olid
diamond$ and perpendicular to the chaifspen
circles versus the absolute value bosonic site
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larger clusters than the ones of Figcilshould be used. More detailed predictions would require to determine the

Although in principle both types of Andreev couplings are effective couplings more precisely as discussed above. In
going to be present in the effective model irrespective of theany case, even at this general level, more predictions, for
nature of the pairing, the purpose of the present study was texample, for angle-resolved photoemission spectroscopy
determine the more general and important properties of thoS@ARPES experiments could be obtained by studying dy-

processes takeseparately The conclusion was that, close to namical propertie%®

quarter-filling, a pair splitting process is more efficient to

enhance long-distance pairing than pair hopping from the

superconducting to the nonsuperconducting chains. So far, ACKNOWLEDGMENT
this result would suggest that if the effect of pressure trans-
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