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Motivated by the presence of various charge inhomogeneities in strongly correlated systems of coupled
ladders, a model of spatially separated bosonic and fermionic degrees of freedom is numerically studied. In this
model, bosonic chains are connected to fermionic chains by two types of generalized Andreev couplings. It is
shown that for both types of couplings the long-distance pairing correlations are enhanced. Near quarter-filling,
this effect is much larger for the splitting of a pair in electrons which go to the two neighboring fermionic
chains than for a pair hopping process. It is argued that the pairing enhancement is a result of the nearest-
neighbor Coulomb repulsion which tunes the competition between pairing and charge ordering.
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I. INTRODUCTION

Charge inhomogeneities are an ubiquitous feature in
strongly correlated electron systems. One of these inhomo-
geneities is the stripe phase present in some underdoped
cuprates.1 In this phase, it has been recently suggested by
theoretical2 and experimental3 studies that both stripes and
intervening spin regions may be modeled as two-leg ladders.
Charge inhomogeneity can also be originated by the structure
of the materials. In the layered compoundb-Na0.33V2O5, the
V-O planes consist of two-leg ladders separated by zigzag
chains.4 This compound undergoes a transition from a
charge-ordered state4,5 to a superconducting state under
pressure.6 Within a purely electronic mechanism for super-
conductivity in this material it is tempting to associate the
formation of pairs to the ladder units.7 Similarly, in the com-
pound Sr14−xCaxCu24O41, the Cu-O planes consist of coupled
ladders forming a trellis lattice. This material becomes also a
superconductor under pressure8 and it also presents a com-
peting charge-ordered phase.9

Then, it seems natural to study these inhomogeneous sys-
tems with Hubbard ort-J Hamiltonians defined on coupled
ladders or quasi-one-dimensional structures, with in general
different fillings. After all, single ladders contain pairing,
pseudogap, and charge ordering[charge density waves
(CDW’s)].7,10 However, these models are quite difficult to
analyze, by both analytical or numerical techniques. To make
this problem more manageable, effective models of bosons
and fermions can be derived and studied. These models may
be obtained after a basis change from the site to the dimer
basis11,12or to the plaquette basis13 and eventually projecting
out some states of the new basis.

Simplified models where the hard-core bosons describing
triplet excitations have been eliminated have also been stud-
ied recently.14 These models were originally proposed to de-
scribe bipolaronic superconductivity15 and later used to study
the pseudogap phase in the cuprates16 where typically bosons
represent preformed pairs. In the present work, as a differ-
ence with those earlier studies, a model in which bosonic and
fermionic degrees of freedom arespatially separatedis
considered.17

In the case of the stripe order, as suggested by one of the
main theories about this phase,18 preformed pairs on the

stripes would be described by hard-core bosons while un-
paired charge in the intervening regions would be described
by fermions. Although pairing on stripes is a controversial
issue,19 it is still interesting to examine a possible enhance-
ment of superconductivity due to the proximity effect within
a simple lattice model. In the same way, the compounds with
structural ladders could also be modeled by spatially sepa-
rated bosons and fermions. Bosons would describe pairs on
ladders and fermions unpaired electrons on the zigzag
chains. In both cases, a relatively simple boson-fermion
model could give qualitative features about, for example, the
competition between superconductivity and CDW, the effect
of strong electron correlations, and the effect of applied pres-
sure which leads to modification of the couplings and site
energies.20

In general, these effective models will contain fermion
and boson hopping terms together with some additional
terms mixing bosons and fermions. One of the most impor-
tant and interesting mixing term is a generalized Andreev
coupling which describes the breaking of a pair into two
electrons or the reverse process. In Sec. II the model studied
in this paper, formulated on a system of alternating bosonic
and fermionic chains, is derived from microscopic models
using a projection technique. Results obtained by exact di-
agonalization are shown in Sec. III. Finally, the relevance of
these results to various physical systems is discussed in Sec.
IV.

II. EFFECTIVE MODEL

The specific model studied in this paper is formulated on
a system of alternating bosonic and fermionic chains as
shown in Fig. 1(a). The Hamiltonian is defined as

H = − tbo
ki,jl

sbi
†bj + H.c.d − tf o

ki,jl,s
scis

† cjs + H.c.d + Uo
i

ni↑ni↓

+ Vo
ki,jl

einiejnj + o
i

eini + lAo
i,j ,k

sbi
†cj↑ck↓ + H.c.d, s1d

where cjs
† creates an electron with spins at site j , njs

=cjs
† cjs; nj =nj↑+nj↓ for fermions ornj =bj

†bj for hard-core
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bosons. The charge isei =1 (2) for fermions(bosons). tb and
tf are the hopping integrals along the chains for bosons and
fermions, respectively;U is the on-site Coulomb repulsion
on the fermion sites;V is the Coulomb repulsion on nearest-
neighbor(NN) sites, acting between paired and/or unpaired
electrons;ei is the on-site energy at sitei which we takeei
=e on the bosonic chains,ei =0 on the fermionic chains.
Thus,e contains the binding energy.

The last term of the boson-fermion Hamiltonian, Eq.(1),
is a generalized Andreev coupling, transversal to the chains,
wherei is a site on a bosonic chain andj , k are the NN sites
of i on the fermionic chains. Two different processes will be
studied[Fig. 1(b)]. The one at the top corresponds to a split-
ting of a pair into two electrons located in the two fermionic
neighboring chainsslA,sd while the one at the bottom corre-
sponds just to a pair hopping to one of the two neighboring
fermionic chainsslA,hd.21

In order to understand the physical origin of these two
types of Andreev coupling let us consider an extendedt-J or
Hubbard model on the 12-site system of Fig. 1(c) top with 2
electrons. By performing a site-to-dimer change of basis and
projecting out the one-electron(fermionic) dimer states on
the two inner dimers and the double occupied(bosonic)
states on the four outer dimers, one gets the effective 6-site
boson-fermion model of Fig. 1(c), bottom. The effective
Hamiltonian is given by the standard formula

Hef f = PH0P − PH0Q
1

QH0Q − E0

QH0P, s2d

where P is the projection operator on the subspace of re-
tained states,Q is the projection operator on the subspace of
the eliminated states,H0 is the original Hamiltonian,H0C0
=E0C0, andHef fPC0=E0PC0.

22 Variants of this procedure
were repeatedly performed11–13 to obtain effective models
from the Hubbard ort-J models, specially retaining triplet
states and projecting out fermionic states. Similar studies but
retaining fermionic states, although using a different projec-
tion procedure,13 have concluded that the most important in-
teractions not involving triplets are the ones contained in
Hamiltonian(1). Although Eq.(2) is usually analytically cal-
culated using second-order perturbation theory, for the 12-
site cluster of Fig. 1(c) it could easily be numerically solved
using standard matrix inversion subroutines.23 In the map-
ping shown in Fig. 1(c), the projection step also leads to
second-neighbor fermion-fermion and three-site interactions
in the horizontal direction which are also negligible in first
approximation.

Let us consider first thatH0 is an extendedt-J model. Let
us assume that we have the usualt, J couplings and a NN
Coulomb repulsionV0 on the ladders, andtinter, Jinter, Vinter
between ladders, withJinter/J=stinter/ td2 and Vinter/V0

= tinter/ t. It is reasonable to assume that the main effect of
applying pressure is to modify the interladder interactions,
which are here related totinter. The values of the effective
couplings tb, tf, lA,s, and lA,h are shown in Fig. 1(d) for
J/ t=0.4, V0J/ t=0, as a function oftinter/ t. The most impor-
tant feature is thatlA,s is clearly larger thanlA,hop. It should
be noticed that the sign oflA,s corresponding to the process

FIG. 1. (a) Inhomogeneous system of coupled chains with
bosonic(thick lines) or fermionic degrees of freedom(thin lines).
(b) Two different processes of creation or annihilation of pairs:
splitting (top) and pair hopping(bottom). (c) Derivation of an ef-
fective model by changing to a dimer basis followed by projection.
(d) Effective couplings(defined in the text) as a function of the
interdimer hopping,J=0.4, V0=0, andt=1 in the original 12-site
cluster.(e) Same as(d) for U0=−8, V0=2, andt=1.
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in Fig. 1(b) is opposite to the process in which the up-spin
electron goes to the left chain and the down-spin electron
goes to the right chain. This is related to the fact that the
electron pair on a ladder rung form a singlet. One should also
notice thattb and tf take values close to each other.

On the other hand, let us assume that we have an extended
Hubbard model withU0,0, V0.0, on the 12-site cluster of
Fig. 1(c). This attractive U0 could describe a phonon-
mediated pairing. In this case, one obtains the effective pa-
rameters shown in Fig. 1(e). It is now apparent that the pair
hopping type of Andreev coupling dominates over the pair
splitting type. It should also be noticed that in this casetb is
much smaller thantf and hence it could be neglected which
is precisely what has been done in the earlier literature14,15

although it was included in studies related to the pseudogap
phase in cuprates.16 It is possible to think then that the case
considered in Fig. 1(d), with a dominance oflA,s, corre-
sponds to a strongly correlated electron physics with a likely
d-wave pairing, while the situation of Fig. 1(e) would corre-
spond to a more conventional,s-wave type of superconduc-
tivity.

In order to support this interpretation, the probability of
double occupancy and the probability of having a singlet on
a rung, properly normalized(i.e., the sum of all the possible
configurations on a rung equal to 1) was computed. In the
case of the extendedt-J model, the probability of electrons
forming a rung singlet is much larger than the probability of
electrons going to double-occupied sites. The reverse situa-
tion occurs for the attractive Hubbard model. It is instructive
to consider also a model which interpolates between the
Hubbard and thet-J model, the so-calledt-J-U model, ob-
tained from the t-J model by relaxing the no double-
occupancy constraint but including an on-site Hubbard repul-
sion. For an intermediate situation—for example,J=1, t=1,
U=0.5, V=0—there is a crossover from the splitting to the
pair hopping types of Andreev coupling astinter is increased
consistent with a crossing from singlet to double-occupancy
order. That is, applied pressure can change ans-wave pairing
into a d-wave pairing.

The proposed model(1) is far more general than the
simple “derivation” schematically shown in Fig. 1(c). In the

first place, a boson does not necessarily represent a pair on a
ladder rung. In fact, it has been shown that on ladders, pairs
are located along plaquette diagonals or on more distant sites
depending on coupling values.24 In general, this boson-
fermion model is applicable to any compound containing
quasi-one-dimensional(quasi-1D) units bearing some kind
of pairing. The site energyei would be in general determined
by the binding energy of electrons on these quasi-1D units as
well as by a potential coming from the whole structure of the
material, which can be modified by external applied pressure
or by internal chemical substitution, as in Sr14−xCaxCu24O41,
where Ca doping leads to a transfer of holes from the chain
to the ladder planes. The boson-fermion model could provide
insights to predict the effects produced by these kinds of
perturbations on a given compound.

III. NUMERICAL RESULTS

A. 3ÃL cluster, quarter-filling

The model, Eq.(1), was studied by exact diagonalization
(Lanczos algorithm) on 33LsL=6,8d clusters with periodic
(open) boundary conditions(BC’s) along (across) the L-site
chains. The centralL-site chain has bosonic operators while
the two external chains contain the fermionic ones.tf is
adopted as the unit of energy. In the above-mentioned basis
change, the effective parametersU and V result in roughly
half the NN Coulomb repulsion of the original modelsV0d,
for both the limits of infinite and zero values of the Hubbard
on-site repulsion of the original modelsU0d. HenceU=V in
the following. Various properties, especially those related to
superconductivity, were computed as a function oftb, e and
lA.

Figure 2 shows results for the 338 cluster,e=0, U=V
=2, at quarter-fillingsn=0.5d. The first feature to notice is
that the relative occupation of the fermionic and bosonic
chains depends on the parameters of the model. In Figs. 2(a)
and 2(b), the boson density in the central chain,db=knbl /L
(L=8 in this case), is shown forlA,s andlA,h, respectively. In
both cases,db increases astb is increased. This is expected
since electrons would move to the central chain to gain ki-

FIG. 2. Results for the 338 cluster, U=V
=2, e=0, n=0.5, as a function oftb andlA. Bo-
son density in the central chain:(a) pair splitting,
(b) pair hopping. Pair-pair correlations at the
maximum distance along the central chain:(c)
pair splitting,(d) pair hopping.
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netic energy. Fortb=1 there is a level crossing with a sudden
increase ofdb. On the other hand,db slowly decreases with
lA,h in the interval shown, while its behavior withlA,s is
nonmonotonic.

The central quantity of the present study is the boson
correlation at the maximum distance,Prmax

=kbrmax

† b0l along
the central chain. This correlation, which in the current
model has the meaning of pairing correlation, is a measure of
quasi-long-range superconducting order on the bosonic
chain. The results forPrmax

are shown in Figs. 2(c) and 2(d)
for lA,s andlA,h, respectively. In both cases, for a fixed value
of tb, Prmax

shows an enhancement as the Andreev coupling
increases. The curves ofPrmax

vs lA are shifted upward astb
increases, as expected. The most important feature of these
results is that the enhancement withlA is much stronger for
the case of pair splitting than for the case of pair hopping.
Notice also that for pair splitting, fortb fixed, the behavior of
Prmax

and the one ofdb are unrelated. It should be empha-
sized that in the region wherePrmax

is enhanced, the pairing
correlations as a function of distance,kbr

†b0l, have a mono-
tonically decreasing behavior corresponding to true long-
distance pairing. A nonmonotonic behavior would be indica-
tive of phase separation or CDW.

For U=V=0, energy, boson occupancy, and pairing corre-
lations are identical forlA,s and lA,h. This comes from the
fact that the respective Hamiltonians are related by the trans-
formationH0

shd=T−1H0
ssdT, whereT relates the two processes

depicted in Fig. 1(b) asHh=T−1HsT, andT−1=TT. Quantities
defined solely in terms of bosonic operators are preserved by
this transformation. The important result is that in this case,
Prmax

is not enhanced bylA, although it is considerably larger
than forU=V=2.

In order to characterize the physics of this model more
completely, the static charge structure factorCsqd and the
current-current correlations at the maximum distance along
one of the fermionic chains were computed. The first quan-
tity is indicative of CDW’s while the second one is related to
the conduction of the fermionic chains.25 For the same pa-
rameters as beforesU=V=2, e=0, n=0.5d, Csqd presents a

maximum atqmax=s3p /4 , 2p /3d in the whole range oftb
and lA examined. Figures 3(a) and 3(b) show Cmax
=Csqmaxd for lA,s and lA,h, respectively. It can be seen that
this quantity is suppressed, particularly bylA,s. The charge
structure factor for the whole cluster behaves in a similar
way as the one computed from the charge-charge correla-
tions along a single fermionic chain. Now, forU=V=0,
Csqd, as was found forPrmax

, is roughly independent oflA.
The same behavior is also found for other clusters and den-
sities considered below. It is possible then to sum up these
features by suggesting thatlA,s works against the tendency to
CDW’s, favored byV, thus leading to an enhancement of
long-distance pairing.

The current operator between sitesi andi + ŷ is defined as
usual asj ŷ,i = ietossci+ŷs

† cis− H.c.d, and current-current cor-
relations at the maximum distance assrmax

=k j ŷ,rmax
j ŷ,0l. Re-

sults forsrmax
along a fermionic chain are shown in Figs. 3(c)

and 3(d) for lA,s and lA,h, respectively. It can be seen that
srmax

is suppressed in both cases although this effect is much
larger forlA,s than forlA,h. This behavior indicates that the
effect of lA is to favor the conduction mainly through the
bosonic chain.

B. Other clusters and fillings

It is also important to determine if the behavior shown in
Figs. 2 and 3 is also present at larger electron fillings, espe-
cially because some possible applications of the present
model—for example, Sr14−xCaxCu24O41—correspond to sys-
tems close to half-filling. As electron filling increases from
n=0.5, the dimension of the Hilbert space increases rapidly
and it soon makes this problem very hard for exact diagonal-
ization. Hence we have to limit the study to the smaller 3
36 cluster.

Results for the 336 cluster with 12 electronssn=0.67d
and 16 electronssn=0.89d are shown in Fig. 4. ForU=V
=1, e=−0.5, andtb=0.8, the boson density varies slowly
with lA [Fig. 4(a)]. At n=0.67,db,0.35, which implies an
identical charge density on fermionic and bosonic chains. At

FIG. 3. Results for the 338 cluster, U=V
=2, e=0, n=0.5, as a function oftb andlA. Maxi-
mum charge structure factor:(a) pair splitting,(b)
pair hopping. Current-current correlations at the
maximum distance along the fermionic chains:
(c) pair splitting,(d) pair hopping.
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n=0.89, db,0.5, implying a larger charge density on the
bosonic than on the fermionic chains. The overall behavior
of the pairing correlation at the maximum distance along the
central chain, shown in Fig. 4(b), is the same as in Fig. 2;
i.e., there is an enhancement ofPrmax

with lA which is more
pronounced for pair splitting processes. For these values of
the parameters,Cmax, peaked atqmax=sp ,pd is monotoni-
cally suppressed bylA.

To obtain a larger charge density on the bosonic chain, the
couplingsU=V=0.5 ande=−2 were studied;tb=0.8 as be-
fore. It can be seen in Fig. 4(c) that atn=0.67,db becomes
slightly larger than 0.5, and atn=0.89, db,0.6. For both
global fillings, the charge density on the bosonic chain is
approximately twice the one on the fermionic chains. Notice
that nowPrmax

[Fig. 4(d)] is larger than the one shown in Fig.
4(b). This larger value, forn=0.89, could be related to the
behavior of simple hard-core boson(or spinless fermion)
chain with NN repulsion, where superconductivity is sup-
pressed at half-fillingsdb=0.5d, which is the case forU=V
=1 ande=−0.5 [Fig. 4(a)]. On the other hand, the opposite
happens for the case ofn=0.67, indicating that the Andreev
coupling changes the physics of an isolated bosonic chain.
However, atlAø0.2, the pairing correlations as a function
of distance have a nonmonotonic behavior, signaling CDW’s.
It should also be noticed that for all cases in Fig. 4(d), there
is a saturation and further decreasing ofPrmax

for larger lA.
This may indicate that the behavior shown in Figs. 2(c) and
4(b) is mostly a property oflow bosonic densitysdb,0.5d. It
should be stressed that by going frome=−0.5 to −2, with
U=V=1 fixed, the changes are smoother than by going from
U=V=1 to U=V=0.5, keepinge=−2 fixed. In this param-
eter space, results interpolate smoothly between those of
Figs. 4(a) and 4(b) and those of Figs. 4(c) and 4(d).

It is tempting to relate the relatively small effect of pair
hopping on pairing correlations to its possible suppression by
the on-site Coulomb repulsion on the fermionic chains. This
is actually not the case. One should notice first that pair
splitting is also affected by such repulsion since an electron
could be already present in one or both of the final sites on

the fermionic chains. For noninteracting electrons simple
combinatorics lead to the result that double occupancy is
more likely on the splitting than on the pair processes for
electron densities larger than,0.6. A similar effect caused
by the NN repulsionV is more difficult to predict. Alterna-
tively, it is possible to compute the contribution of the An-
dreev term to the total energy,EA, as a measure of how much
this term is actually “working.” It may be convenient then to
plot Prmax

as a function ofEA, rather than as a function of the
bare parameterlA. This is done in Fig. 5 for some typical
cases of Figs. 2 and 4. It can be seen that the qualitative
behavior of these figures is not modified. Only in Fig. 5(d),
corresponding to a densityx=0.89, is there a jump inPrmax
for the pair hopping case but this occurs at a rather large
value of the bare coupling,lA,h=1.2. Figures 5(a) and 5(b)
allow a comparison between two different values ofe. For
both types of Andreev couplings, a smaller(negative) value
of e gives a smaller enhancement ofPrmax

and even a sup-
pression in the case of the pair type of Andreev coupling.

Computer limitations make it difficult to go to larger clus-
ters in order to assess finite-size effects but it is possible to
study clusters with different geometry. The 2312 cluster
was considered to estimate finite-size effects on the pair hop-
ping between the fermionic and bosonic chains. Results for
the same parameters as in Fig. 2 show thatPmax takes values
very close to those found for the 338 cluster with a very
similar (small) dependence withlA,h. This asymmetric two-
chain system is essentially the same studied by Le Hur17 by
bosonization techniques, although in this work the boson-
mediated pairing of unpaired electrons is mainly investi-
gated. Finally, a cluster with 4 coupled chains of length 6,
with periodic BC’s also in the transversal direction, with 12
and 14 electrons, and the same couplings as in Figs. 2 and 3
was considered. The overall behavior is the same as that
depicted in those figures—in particular,Prmax

is much more
robust forlA,s than for lA,h—with the additional feature of
an enhancement of pairing correlations also in the direction
perpendicular to the chains.25 For U=V=0, as for the 33L
clusters studied above,Csqd and longitudinalPrmax

are al-

FIG. 4. Results for the 336 cluster,tb=0.8,
n=0.67, and 0.89.(a) Boson density and(b) pair-
pair correlations at the maximum distance along
the central chain forU=V=1, e=−0.5, as a func-
tion of lA. Results for pair splitting(hopping) are
indicated with circles(triangles). In (c) and (d),
the same quantities as in(a) and(b), respectively,
are shown forU=V=0.5, e=−2.
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most independent oflA although transversal pairing correla-
tions are trivially enhanced bylA.

C. “Toy” model of stripes

With respect to the application of the present model to the
stripe phase in the cuprates, one should take into account that
the t-J model considered as a microscopic model from which
the couplings in Fig. 1(d) were derived was meant to be the
strong-coupling limit of the one-band Hubbard model. In
these models pairs involveelectronswith opposite spins. In
the t-J model, as applied to cuprates, pairing involves doped
holes which are described by singlets.26 Although a deriva-
tion of an effective model from this version of thet-J model
is possible, it is instructive to use the already obtained results
to study a “toy” model of stripes. To do this, a fermion
should have the meaning of a doped hole, and the half-filled
state of the cuprates should be the “vacuum” of model(1).
From Fig. 1(d), the approximate values of the couplings are
tb= tf =1, lA,s=0.33, lA,h=0.06, andU=V=0. On the 436
cluster described above, in order that the stripes be at a linear
filling of one-quarter, there should be six doped holes, cor-
responding to a doping on the original cluster of 0.125. In

this study the variable is the site energy at the stripes,e,
which may also depend of various mechanisms such as struc-
tural details, phonons.19 Results are shown in Fig. 6. The
main conclusion is that pairing is enhanced in both longitu-
dinal and transversal directions, even though doped holes are
increasingly localized at the “stripes.”

IV. CONCLUSIONS

In summary, a model of coupled bosonic and fermionic
chains was proposed to describe the physics of compounds in
which pairing takes place in quasi-1D structures such as two-
leg ladders. Starting from a microscopic model, an exact pro-
jection procedure on a small cluster suggests that a pair split-
ting kind of Andreev process is related to the physics of
repulsiveU systems, characterized byd-wave pairing, while
a pair hopping Andreev process is more related to a negative
U kind of physics leading tos-wave pairing. This elementary
projection also gives indication of how the effective cou-
plings are changed with pressure. The values of these cou-
plings for a specific compound should be obtained from a
realistic, in general complex, microscopic model, and in this
case an exact-diagonalization procedure dealing with much

FIG. 5. Pair-pair correlations at the maximum
distance along the central chain versus the abso-
lute value of the energy of the Andreev term. Re-
sults for the 338 cluster, U=V=2, n=0.5, tb
=0.6 (a) e=0, (b) e=−0.5. Results for the 336
cluster,U=V=1, tb=0.8,e=−0.5,(c) n=0.67,(d)
n=0.89.

FIG. 6. Results for the 436 cluster,n=0.25,
U=V=0, tb= tf =1, lA,s=0.33,lA,h=0.06.(a) Bo-
son density and(b) pair-pair correlations at the
maximum distance along a bosonic chain(solid
diamonds) and perpendicular to the chains(open
circles) versus the absolute value bosonic site
energy.
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larger clusters than the ones of Fig. 1(c) should be used.
Although in principle both types of Andreev couplings are
going to be present in the effective model irrespective of the
nature of the pairing, the purpose of the present study was to
determine the more general and important properties of those
processes takenseparately. The conclusion was that, close to
quarter-filling, a pair splitting process is more efficient to
enhance long-distance pairing than pair hopping from the
superconducting to the nonsuperconducting chains. So far,
this result would suggest that if the effect of pressure trans-
lates in an increasing oflA in, for example,b-Na0.33V2O5,
then the presence of pairing would be more likely the result
of strongly correlated electron physics in these compounds.

More detailed predictions would require to determine the
effective couplings more precisely as discussed above. In
any case, even at this general level, more predictions, for
example, for angle-resolved photoemission spectroscopy
(ARPES) experiments could be obtained by studying dy-
namical properties.25
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