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We study the properties of a spin-density-wave antiferromagnetic mean-field ground staté-watre
superconducting correlations. This ground state always gains energy by Cooper pairing. It would fail to
superconduct at half-filling due to the antiferromagnetic gap although its particle-like excitations would be
Bogolyubov-BCS quasiparticles consisting of coherent mixtures of electrons and holes. More interesting and
relevant to the superconducting cuprates is the case when antiferromagnetic order is turned on weakly on top
of the superconductivity. This would correspond to the onset of antiferromagnetism at a critical doping. In such
a case a small gap proportional to the weak antiferromagnetic gap opens up for nodal quasipatrticles, and the
quasiparticle peak would be discernible. We evaluate numerically the absorption by nodal quasiparticles and
the local density of states for several ground states with antiferromagnetid-arae superconducting
correlations.
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[. INTRODUCTION incommensurate electronic orderiffggither static or incipi-
ent. The evidence seems more consistent with charge-
Ever since the discovery of high temperaturedensity-wave or stripe order.
superconductivity, it was proposed that the superconducting In the present work we will study the physics of an anti-
correlations might already exist in the antiferromagneticferromagnet with a strong-wave Cooper pairing interac-
Mott insulator? The origin of the superconducting correla- tion. We do not speculate as to the origin of this supercon-
tions was ascribed to the large Coulombic interactions in th&ucting interaction except to point out that in such a model it

undoped materials. The only other large energy scale in th%on’rl]pe;]tes with thg Coulon:jbiﬁ antifferromagnetic phVSiSS'd
materials is phononiz. oth the superconductor and the antiferromagnet are studie

While the microscopic origin of superconductivity re- in the mean field approximation. While one can doubt the

. . ; . lidity of such an approximation at a phase transition point
mains a matter of debafe’ there is growing experimental .o o o :
evidence that the quasiparticles aregBo olgubof)/-BCS uasl'E will be qualitatively correct within the ordered phases.

q P goly q Cooper pairing leading to a BCS ground state is an insta-

pa_rtlcles. Bending back of photoemlsosmn bm quanti- bility of a Fermi liquid ground state. In this study we apply
tatively the BCS-Bogolyubov mo_dé'll. Scanning tunneling e 'Bcs approximation to a spin density wa&DW) insu-
microscopy finds coherent quasiparticles that disperse asgiing ground state as it exists in the cuprates at half filling.
coherent mixture of particles and hofés?The particle and  The resulting ground stateas Cooper pairing yet it fails to
hole amplitudes in these experiments and in inverse phOtosuperconductjue to the SDW insulating gap. Next we will
emission experiments'? fit accurately to the theoretical review some well known facts in order to understand how a
Bogolyubov-BCS values calculated from the dispersion andtate with Cooper pairs does not superconduct. Before doing
gap measured in the normal and superconducting materialsp we emphasize that this only happens as a consequence of
respectively. having acompletely fillednsulating band.

Regardless of whether the origin of superconducting cor- When an electric field is applied to a metal, it conducts
relations is exotic Coulombic physics or some more convendissipatively. The way this happens is that the center of mass
tional mechanism, it is clear that the cuprates are BCS pairedf the Fermi sea gets displaced upward in the unfilled metal-
superconductors. This does not mean that the Coulomb intelic band?® Ohmic dissipation occurs because newly filled
actions do not matter. Rather, the interesting and contradielectronic states at the top of the Fermi sea get scattered into
tory physics for underdoped materials is the result of Counewly empty electronic states at the bottom of the Fermi sea
lomb degradation of the superfluid density® and order due to the lack of rigidity of the Fermi liquid ground state
parameter competition between superconductivity and corrgsee Fig. 1. When there are Cooper correlations, the electron
lated electron ground stat&s!® The degradation of the su- liquid gets displaced upward in the band too, but as long as
perfluid density leads to suppresseddue to a phase insta- the displacement in energy within the band is less than the
bility of the superconducting order parameté?1° There  superconducting gap, Cooper pair correlations make the
are several Coulomb stabilized competing ground states suaectron liquid rigid, thus preventing scattering and dissipa-
as orbital antiferromagnetisii, stripe or charge density tion. For the case of a SDW ground state at half filling with
wave ground state®, and perhaps electronic liquid crystal Cooper pairing correlations there is no superconductivity as
phaseg! Regardless of which of these competing groundthe electron fluidcannotmove upward in the band for the
states are realized, there is strong experimental evidence foand is full andthere are no electronic state® be filled

1098-0121/2004/104)/1445137)/$22.50 70144513-1 ©2004 The American Physical Society



Z. NAZARIO AND D. I. SANTIAGO PHYSICAL REVIEW B 70, 144513(2004)

E 25 T T T T T T T
f=4
jus ]
> 2} -
g
§
< 15 -
2]
/| 5 1+ J
/| 7
> 05f -
3
§ 0 1 1 LIJ 1 1
8 6 4 2 0 2 4 6 8
(a) Energy/Hopping
E 2 1 I 1 I 1 1 1
5 18} -
/ = 16 e
£ 1.4 | ]
FIG. 1. In the upper left side we draw two bands separated by a g 12} 4
gap, with the lower band partially filled appropriate to a metal or E 1+ .
superconductor. In the upper right side we draw the situation en- & 08 .
countered for the electron fluid under the action of an electric field. % 0.6 [ s
The lower sketch illustrates the situation appropriate to an insulator, > 04Ff .
where the lower band is completely filled, making conduction im- g 02 1
possible regardless of Cooper correlations. =] 0 L L L L
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unless one excites across the insulating gap and into the con-
duction bandsee '_:'g' 1 . . . FIG. 2. Spectral function for the SDW ground state with@)t
) That the. SDW insulating gr.o.undl state withwave pair- and with(b) superconducting correlations built in.

ing interactions has Cooper pairing in the ground state can be

seen from Fig. 2. In Fig. (@) we plot the spectral function the previous paragraph are nonexistent. A slow turning on of
for the SDW ground state with no superconducting correlaspw order on top of the superconductivity will show up as
tions. In Fig. 2b) we plot the spectral function for the SDW 4 ghift of the antinodal gap and a gapping of the nodal qua-
ground state with superconducting correlations. In thesiparticles. The latter should be a signal much easier to pick
gro_und state with b_oth superconductivity and antlferrpmggbut than the gap shift. The gapping of the nodal quasiparti-
netism, the separation between the coherence peaks is bigggs is not a unique prediction of antiferromagnetic ordering
as it gets contributions from both the SDW and supercongp, top of the superconductivity, as such a gapping can be
ducting gap. A prediction of this model is that the quasiparproduced by disorder. On the other hand, the coherence of
Ficles will be coh_erent with an electron and a hole componenge gapped “nodal” quasiparticles would be nonexistent for a
in agreement with the BCS-Bogolyubov model. . disordered gap and is thus a unique signature of antiferro-
The SDW ground state wittd-wave Cooper pairing magnetic ordering developing on top of the superconductiv-
(SDW-DSQ will become superconducting when doped. Aty Therefore, if a quasiparticle peak is discernible, and the
the mean-field level, without worrying about self- proadening is less than the disorder-induced broadening
consistency, the chemical potential will jump to the appro-(=4#2/2mAx2=350 meV for Ax~ 1 nm, appropriate to the
priate band and there will be a low superfluid density Supereypratey, then the gap is a long range ordered gap and not a

conductor. Whether this physics is correct for the cuprates igjsordered gap. Another unique signature of a SDW gap is
controversial. There is experimental evidence for the chemi-

cal potential staying pinned at midgap due to spectral redis- 70 . . T .

tribution of states toward midgap statésThere is also ex- 60 | 07 SBW gap
perimental evidence for chemical potential shifts in the R —
cuprates, in the same way as in regular semiconductor 50 7
materials?® Independently of whether the SDW-DSC ground 40| 4

state has chemical potential shifts or not, the physics of an

insulator with Cooper pairing correlations is interesting. For

our study we have the cuprates in mind. For these materials, 20 |

some phenomenology of this form seems to appbyt it

would be interesting if this physics were to be realized in LG Sl

nature irrespective of the cuprate problem. 0 -ol.e -dl.4 35 6 P 0"4 ol.e
In the present work we will flip the problem around. We Ereroy/Hopging

will start with a d-wave superconductafDSC) and begin

turning on SDW antiferromagnetic order on top of the super- FIG. 3. Gapping of the nodal quasiparticles pole as the SDW

conductivity. In this limit, the complications mentioned in order develops.

30
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FIG. 4. Shift of the antinodal gap as the SDW order F|G. 6. Spectral density of states fordavave superconductor
develops. as the SDW gap increases.

that the gap will open exactly at the doping where the antihave a true gap because of dsvave symmetry. This is seen
ferromagnetism starts. _ _ ~ in the familiar V-shaped collapse at zero energy. As the SDW
There are experimental suggestions of antiferromagnetisiap is turned on, we see the V-shape flatten and expand as a

competing with superconductivity in the deep underdopedignature of the opening of the antiferromagnetic gap.
regime in the cuprates. For example, measurements show the
nodal quasiparticle peaks surviving right up to the doping
where antiferromagnetism starts. The spectral weight of such |I. HUBBARD MODEL WITH d-WAVE ATTRACTIVE
peaks diminishes with decreasing doping, consistent with INTERACTIONS
spectral weight being robbeq from the superconducting long For the cuprate problem, the two large effects are the
range order by a competing long range order such as .. . . .

; . o6 : . . antiferromagnetic, or Coulombic, physics, and the strong su-
antiferromagnetisr®® If one looks in the antiferromagneti-

cally ordered dopings, there are experimental suggestions gferconductlwty. Hence we will start from a phenomenologi-

a competing order parameter that conducts efficiently. Mosglaelcﬂimlcl:tﬂﬂltaerr]a\évt?(ly%h l'IS'h?S Hiﬁ?:rigigoﬁwnicgbvﬁf o
strikingly, there are measurements of metallic CondUCtiond-wave su erconduct.ivit when we make tr?e mean-field
even below the Neel ordering temperattife. P y

The gapping of the nodal quasiparticles pole as the SD\/\?CS approximation. The Hamiltonian is
order develops on top of the superconductivity is shown in U

i T to
Fig. 3 for different values of the SDW gap. The reason we M =2 (&- ®C; ot N E Cic, 1Okt 1O og Gl

only have a quasiparticle sharp pole is that we have not mod- ko kp ko,

eled the realistic electronic self energies relevant to the - -yt o

cuprates as they are irrelevant to the point of principle we are * 2 V(kl'kZ)C;Zl,TC—El, 1Ck, iy 1 (1)
making. Their only effect will be to broaden the quasiparticle ky ko

peaks gnd add an mcohgrent background W'.th ihe phenqm}\?here c’ ,Ck, are the electronic creation and destruction
enological features. In Fig. 4 we plot the shift of the anti- kio? T R

nodal gap as the SDW gap turns on. In Fig. 5 we plot the gagperators with momenturk and spina, € is the kinetic

shift versus the SDW gap. In Fig. 6 we plot the spectralenergy,u the chemical potential, and is the Hubbard re-

density of states in d-wave superconductor as the SDW gap pulsion. We are working in a spatial lattice withsites. The

is turned on. The superconductor with no SDW gap does ndast term is an electronic interaction chosen in the reduced
BCS form? which will be used to stabilize superconductiv-

05 ity. In order to haved-wave superconductivity we choose

045 1 V(Ky, kp) =Vo(Ccosky—CcOskyy)(COsky,—COSky). This phe-

041 nomenological Hamiltonian can have a mean-field SDW
e °03§ ground state and a mean-field DSC ground state. It can be
5 0'2'5 | used to study the turning on of DSC correlations on top of an
& 02 b SDW ground state, or the turning on of SDW order on top of

015 | the superconductivity.

We will analyze this Hamiltonian by imposing a SDW
mean-field condition, which is stabilized by the Hubbard
term. This will be followed by a DSC mean-field condition,
which is stabilized by the reduced BGBwave interaction.
While the use of two mean-field conditions is hot common, it

FIG. 5. Shift in the antinodal gap as a function of the SDW has important precedents. It was used by P. W. Andéfson
gap. his study of the role of plasmons in restoring gauge invari-
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ance to the BCS ground state. In this work he invented the HIE’{(J—M)(CT c

Anderson-Higgs mechanisff.He solved for the properties K Ko 5
of the electron system imposing a mean-field condition on
the electron density, as in the study of electron correlations

T Lo - .
- * G600k Q0) + §(Cy Cko
k,o
2

t t
= i Cke00) ~ 20USG 5 € ot + UNS - =0

by Sawadaet al2® and a BCS electron pairing mean-field Vo
condition? . do
The Hubbard interaction stabilizes the mean-field order + E'AE(CQ’TC_Q’ 1 T Ck1Ck1 T Ch61 ko,
K
:
oSN= D (C. - Ci,), 2 o
~ \Yk+Q,0 7K - C—k—Q,le+Q,T)' (6)

k
whereS s a measure of the magnetic moment per site conWhere the prime on the summation sign means that the sum

tributing to the antiferromagnetism ar‘@—(w,a-r) is the is restricted to the wave vectors in the magnetic Z(me
commensurate ordering wave vector ads the average = (&+e€.g)/2 and e, =(e—€.g)/2. The last term in the
magnetic moment per site. Other ordering wave vectors arguperconducting nteract|on is negative becaliges=—-Ay.

possible for spin and/or charge, i.e., stripe, order parameters order to diagonalize the magnetic part we define the
but we do not consider them in our study. When we impos&ogolyubov operators
this condition on the Hamiltonian and neglect fluctuation

terms, the Hamiltonian becomes b o = Al o~ TBKCk+ Q.0 (7)
H= E (€&~ ,u)C kot UNS - USE UCk+é Cko b+G,0 = AUCks0,0 + OBKCk - (8)
ka' ka'
- -t If we choose
+ 2 V(kl'kZ)Clzl,TC—lzl,lC_IZZVlCIZZ'T . (3) e 6_
kq 1 K 1 "
N _ . ag:—(l —k.> Bf—( ——k_), (9)
We see that by ordering antiferromagnetically we gain varia- 2 Ex 2 Ex
tional energy YNS’ if self-consistency can be achieved. We
next impose the mean-fieldtwave Cooper pairing EE: (EE)2+ U2 (10)
. Tt
Ay, = (cosky,~ cos k2y)V02 (cosky, - cos kly)(clll,TC—El, ) the Hamiltonian becomes
Ky
— ’ T . Th- R
= Ag(COoSkyy, — COSKyy) = Vix(cosky, — cosky),  (4) H= 2 (e — by, b+ Bi6.o k+Q o) * Ek(b oPho
k,o
where x is a measure of the electrons contributing to the 2
superconductivity and hence proportional to the superfluid - bE - Brsge)} + UNS - 4% +> ’A,;(bt
density. Then the Hamiltonian becomes Qo 0
Aj +bog b —bl - b - —big beg 11
H=3 (6~ W G+ UNS - UST 0t 5 Ciom 1Bk B 06 P P ) (11)
k(r k(r 0

Our last step to diagonalize the full Hamiltonian is the
+> A‘(ct c- +crccr ) (5) Bogolyubov diagonalization of the leftover superconducting
kWG, Co —k, | Ck,1) - . .
c part by defining the canonical operators

We see that if the phenomenologiawave interaction is Bk, = uEbgU+ ovaE;, (12
attractive, i.e.Vy<<0, we gain variational energ&%/Vo by '
Cooper pairingegardlessof whether we have ordered anti-
ferromagnetically or not. Of course, if we are at half filling,
the material will be insulatingrespectiveof the presence of

If we choose
Cooper pairs, as we would have to excite quasiparticles
across the SDW insulating gap in order for conduction to

take place. u)?==(1 +k—+ , (14

Biido = uEbg@ - O'Ukblz+é — (13

IIl. BOGOLYUBOV DIAGONALIZATION OF THE
MEAN-FIELD HAMILTONIAN

We now diagonalize the Hamiltonian by the Bogolyubov (UE 2= 1- < , (15)
method'® We will do this in two steps. First we diagonalize 2 .
the SDW part. In order to do this more conveniently, we will
split the momentum sums into sums over the reduced mag- ot N2, A2
netic zone. The Hamiltonian is then (Ek) - (Ek mEE) +A; k' (16)

144513-4
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FIG. 7. Electrons contributing to the “superfluid density” as a  F|G. 9. Electrons contributing to the “superfluid density” as a

function of the chemical potential. function of the spin moment per site.
the Hamiltonian then becomes + .t -
N_g - mTEC §-u-E 18
N — - —
S E'B! Lt AS Soe\ BE S
H=2"[E-B; Bi,+EB’ - Brg,]+UNS—-—
o K oko KTkrQuokeQ Vo from the antiferromagnetic self-consistency conditi¢)
' and
+ constants. (17)

2 1 1
VA => (cos Kk, — cosky)2<—+ + —_) (19
We see that we have two separate superconducting bands 0 ¥ B E

with dispersionsEE and EE. This happens because the SDW

ordering has split the noninteracting band, i.e., the systerf[O™ the superconducting self-consistency or gap &
with U=0. Of course, if the SDW gap were to collapse, the | € Negative sign on the left is consistent with<0 as is
two bands would merge into one superconducting band. |pecelss§1ry to _stablfhze hDSC' We saee that these a][e ItWO
we look at it from the opposite perspective, we see that wheffOUP/€d equations for the superconducting number of elec-
we turn on the SDW order, there will be an insulating gap.trons X, a measure of the superfluid density, and the spin

We have shown in Fig. 1 how this gap opens up at the noggoment magnitudé in the antiferromagnet. Their solution
as calculated in the Ia'éer section on Green’s functions will contain information about how the two orders compete

and how they rob spectral weight from each other as one
dopes the material, i.e., as one changes the chemical poten-
tial.

In Fig. 7 we plot the self-consistent numerical determina-
tion of x versus chemical potentiakt. Figure 8 shows the
spin moment versusu, and Fig. 9 is a graph of versusS.

The Bogolyubov transformations can of course be in—rpage three figures were plotted for interactions leading to
verted to yield the electron creation and destruction operatorsg, doping antiferromagnetic gap of 0.6 in units of the hop-

in term of the Bogolyubov eigenoperatdi) of the SYstém.  ping strength and zero doping superconducting gap of 0.3 in
From this we can evaluate the self-consistency or “9ap” EQsihe same units. These values were chosen because they were

IV. SELF-CONSISTENT DETERMINATION OF THE
SUPERFLUID DENSITY

(2) and(4). We obtain the same values we used for illustrations in the previous
graphs.

g 0 T T T ' ' From the figures of superfluid density versus chemical
g potential and spin moment versus chemical potential, we see
§ L 1 that the superfluid density grows as the material is doped
E o4l + l away from half filling. At the same time, the spin moment
2 * decreases ag increases. We remind the reader that this is
2 ol ¥ . i the exact behavior seen in the cuprates. Despite the pairing
3 interaction at half filling, the material is an insulating anti-
g o3l o ferromagnet due to the SDW gap. As one dopes it, the DSC
2 + starts stealing spectral weight from the SDW as evidenced
& o5 L L L I 1 by the figures in this section. In this way we see that near

0 005 041 015 02 025 03
Chemical Potential/Hopping

half filling the DSC can be very tenuous becoming more
robust away from half filling. This is strikingly similar to the

FIG. 8. Spin moment per site as a function of the chemicalgossamer superconductivity ideas of Laughlin and
potential. collaborators:®
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V. GREEN’'S FUNCTION FOR THE SDW-DSC From this formula we calculate the absorption strength ver-
HAMILTONIAN sus energy for the nodal quasiparticles. We do this by simply

In the present section we will write down the expressiondiXing k to be at the node and plotting the spectral defisity
for the Green'’s functions for a system with SDW order and

- 1 -
d-wave Cooper pairing in each of the SDW bands. The ex- A(k,E) =——Im G(k,E) (26)
pression for the retarded Green’s function or the propagator m
is3t versus energy. Energy units, values and uncertainties are

chosen as described for the local density of states.

G(X,X',t) = =i 2 {60 E |z o| )ty C;,(J o)

+ 6= D=y

G ol U WrlCiolvo},  (20) VI. CONCLUSIONS

Since early in the high temperature superconductivity
. game the coexistence of antiferromagnetism and the putative
et =0, (21)  resonating valence bon(RVB) superconducting state has
been the object of theoretical consideratiéf? As men-
tioned in the Introduction, there is growing but not strictly
direct evidence that the low energy quasiparticles in the su-
_ 1 L kg perconducting cuprates are coherent BCS-Bogolyubov qua-
Cio = \_NZ Cio® 7 (22 siparticles. This suggests a BCS Cooper pair ground state. In
K the present work, as opposed to earlier work, we have con-
centrated on the coexistence and competition of BCS and

1 (¥ do
o) =--—— :
27 ) _,wtin

where

n labels the eigenstates of the system with energieand

the ground state enerds, has been chosen to be 0. SDW order. _ L .
From the time Fourier transform of the Green’s function e studied a mean-field Hamiltonian with two mean-field

above we obtain the local retarded propagator in the energ§fder parameters. The Hamiltonian contains a spin-density-
representation wave a_ntlferromagnetlc mean field §§ablllzed by'a Hubbard
interaction and al-wave Cooper pairing mean field stabi-
1 (UE)Z (UE)Z lized by a phenomenological-wave interaction. The two
n + - order parameters can coexist and the SDW ground atate
aN" | E- E,+in E-E +ip waysgains energy by Cooper pairing when thevave inter-
N _ action is attractive and nonzero. The SDW ground state with
(UE)Z (v,;)2 Cooper pairindails to superconduct at half-filling due to the
- . . (23 antiferromagnetic gap. Its particle-like excitations are
E+E —ln E+E -iy Bogolyubov-BCS quasiparticles consisting of coherent mix-
tures of electrons and holes.
Of greater interest and relevance to the superconducting
1 cuprates is the case when antiferromagnetic order is turned
A(X,E) ==—Im G(X,X,E). (24)  on weakly on top of the superconductivity. This would cor-
™ respond to the onset of antiferromagnetism at a critical dop-

All of our density of states are calculated from these expresind. In such a case a small gap proportional to the weak
sions in a 100 1000 momentum lattice with an energy antiferromagnetic gap opens up for nodal quasiparticles, and
resolution of 0.01. We choose the hopping energy scale to b&€ quasiparticle peak would be discernible. While the gap-
1, so all energies are measured in hopping units. When wging of the nodal quasiparticle could be caused by a large
have superconductivity we choose the gap to be 0.3. Thenough disorder, such a disorder would broaden the quasi-
antiferromagnetic gap is chosen anywhere between 0 arfrticle peak so much as to make it invisible. A unique sig-
0.6, usually with jumps of 0.1. We have nearest neighboiature of antiferromagnetic gapping of the nodal quasiparti-
hopping only. These values need not be realistic; they aréles is that it will turn on always at the doping when
just chosen to illustrate the effect. antiferromagnetism starts while disorder gapping will turn on
Similarly, if we Fourier transform the Green’s function at different sample dependent dopings. Such an effect has
(20) in both time and space, we obtain the retarded propaga{ecently been observed in photoemission studies of the high

tor in the wave-vector energy representation. temperature superconducting cuprates. .
We solved the superconducting and antiferromagnetic gap

R 1 (UE)Z (UE)Z (UE)Z equations self-consistently and found the number of super-
G(kE) == —+ — - — conducting electrong and the spin magnetic moment per
T|E-E tip E-E t+in E+E -ip site S. The superfluid density increases with doping steal-
B ing spectral weight from the antiferromagnetism, which
(vi;)2 leads to a corresponding decrease in spin mor8efmhis is
I (25 the same behavior observed in the cuprate superconductors.
E+E iy Finally, we wrote down the exact expressions for the

The local spectral density function follows fré

144513-6
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