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Analytical approach to the single-domain-to-vortex transition in small magnetic disks
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An analytical model to determine the stable configuration of thin ferromagnetic disks as a function of their
thickness and diameter is presented. The vortex core energy is fully taken into account. The model includes
materials with nonvanishing anisotropy. We find very good agreement with micromagnetic simulations pro-
vided that the energy of the finite difference calculation is corrected for the dipolar contribution arising from
the discreetness at the edge.
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[. INTRODUCTION diameter and thickness. Compared to previous analytical
approache$>~1" the present model fully takes into account
Magnetic nanostructures have received considerable intethe vortex energy and is able to adequately describe vortex
est in recent years. Different magnetic configurations arisenergy and width even for disk thicknesses smaller than the
depending on size and shape of the element. In the smalleskchange length. The analytical approach is compared to mi-
magnetic elements a single domain uniform configuratiorcromagnetic simulations and we show that, depending on the
prevails. With increasing element size, deviations from uni-anisotropy, this shifts the SM-boundary towards a smaller
formity arise and for small and intermediate anisotropy aor larger diameter. Finally we emphasize that inaccuracies
transition from a single domain to a flux-closure configura-appear in finite difference micromagnetic simulations in the
tion occurs. A thorough understanding of the single domairevaluation of the energy because of the cell discretization
to flux-closure transitions is essential particularly for fore-which causes an intrinsic effective edge roughness. This ef-
seen applications which aim to use single domain or vortefect has to be taken into account to correctly predict the
magnetic elements in high density magnetic data storage ar8D-V boundary.
spin-electronic devices3
In a given magnetic element, the configuration obtained at Il. PRESENTATION OF THE ANALYTICAL MODEL

remanence is driven by the minimization of its magnetic en- | et us first determine the analytical expressions of the
ergy. We neglect the magnetic history and focus on the lowmagnetic energy for the SD state. When the magnetization is
est energy state without an applied magnetic field. This statgniform and aligned along the in-plane easy axis of the thin

can be reached for instance after appropriate demagnetizgisk its total magnetic energy equals the demagnetization
tion. Various experimental evidences of such transition exisgnergy

in the literature, particularly in the case of magnetic disks.
These are based on hysteresis loop stddiesr magnetic

imaging’® on series of patterned elements. Theoretical com-
parison is usually given by a series of micromagnetic nu- ) L ) )
merical simulation&*1 a technique that has proven to be anMs IS the saturation magnetization aby is the demagneti-

essential tool in this field. It has been used, for example, tgation factor which is given By

1
ed= 5 oD M2 X (7S2t/4). (1)

show that the transition from a single domain to a vortex 1 s| 4 o J,()\2 ot
state can be rather complex in thin square elements with Dy=-11-— ——f dx| —— | exp = =X]| | (>
weak anisotropy, following a sequence of different

configurationg? Analytical solutions of this micromagnetic (2
problem are rare mainly due to the difficulty in treating the , .
magnetostatic contribution of nonuniform configurations.Where‘]l(x) denotes the f|r§t order Bessel function. ko8
They are, however, desirable as they allow trends to be pres 1+ Ed.(2) can be approximated by
dicted without the need to repeat the numerical simulation t S
many times. Dy —{|n<4I> - 0-5] Q)

In this paper thin magnetic disks of thickndésand diam-
eter S are considered that have variable in-plane magneto- Let us now express the total magnetic energy when the
crystalline anisotropy. The ratid S is kept smaller than 0.9 magnetic configuration in the disk is a vortex. Wheis
to avoid out-of-plane magnetization configuratidhspr  small compared to the exchange length, the vortex magneti-
more complicated three-dimensional vortex configuratidns. zation distribution is essentially constant throughout the
The possible magnetic states are then either the in-plarthickness'® Typically, this is expected fot< 10\, With
single domair(SD) or the vortex(V) configurations. We pro-  \¢,,=v2Ae,cf noM2 and A, the exchange constant. Then,
vide an analytical model to calculate which of these twothe magnetization normalized byl can be expressed in
magnetic states has the lower energy as a function of the distylindrical coordinates
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(4)

m,=0, m,=[1-m,p)*]"%, m,=my(p).

The exchange energy density, the uniaxial anisotropy and tr\:;

cubic fourfold anisotropy energy densities are then given
respectively, by

1

€exch™ Aexch (& mz/& P)21 _ mg + (1 - mg)/Pz ) (5)
&, = Ku{sir(@)[1 - my(p)?]}, (6)

e, = Kccos(e + Ag)sin(e + Ap)[1 —my(p)’T?
+myp)1 -myp)??, (7)

whereK, andK; are the uniaxial and cubic anisotropy con-
stant, respectively, anlilg is the angle between the easy axes
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first approximation, 8= \/1 +(Ky+5Ko/8)/ (uoM2) 1 (2N exep)
which is exact in the limit of an infinitely thin dis¥ The
alidity of this approximation for determining the SD-
boundary is demonstrated below. Within these approxima-
tions the total magnetic energy of a disk, being either in a
perfect uniform or vortex configuration, is expressed analyti-
cally as a function of the material parameters and of the
dimensions of the disk.

For any given diameter and thickness the energetically
preferred configuration can be calculated, leading to
the phase diagram of the equilibrium domain configurations.
The curve separating the single domain from the vortex
state is finally determined from numerically solving
ea(S,t) =g (S,1).

Ill. DETAILS OF THE MICROMAGNETIC SIMULATIONS

given by the uniaxial and the cubic anisotropy. Integration

over the volume of the disk leads to the exchatgg.) and
the anisotropy contributioneBKu,eKc) of the total magnetic
energy szgt:sexcm ek, tex tEdem The evaluation of the
magnetostatic energyeniS complex and numerical evalua-
tion is usually required. For an ideal vortex configuration in
a disk it is, however, possible to derive an analytical expres
sion for the magnetostatic eneffy

J
(8

Both energy and magnetization profile of the vortex
configuration are found by minimizing}{)t:eexch+.sKu+aKC
+e4em With the adequatem,(p) function. For this varia-

o 2
Edem™= wquﬁf (1- e_at)l pmz(p)Jo(ap)dp} da.
0

The analytic model is compared to micromagnetic simu-
lations performed using theommvF package? The material
parametersvig= 1424 kA/m andAq,=30X 1012 J/m used
here correspond to those of Co small elements epitaxially
grown on vicinal C@00Y) crystals that we investigate experi-
mentally. However, both analytical and simulation results are
scaled by\,.=4.85 nm so that the results are independent
of the choice of material parameters. The disks are dis-
cretized into cubic cells 2.5 nm in size, corresponding to half
the exchange length. For simplicity we consider only
uniaxial anisotropy contributions although uniaxial and cubic
anisotropy could be taken into account in the model if re-
quired. The results are very similar in terms of configuration
energy with cubic anisotropy becaugsSs1: An almost
constant energy adds to the vortex energy which takes the
role of an additional uniaxial anisotrom)j“:KCM [see Eqgs.

tional problem, Feldtkeller and Thomas chose the ansatg) ) and(11)].

m,=exp(—2p?B%), with the minimization parameter B/cor-
responding to the width of the vortékWe will compare this
approach to other recent choié2$' for my(p) below.

The different energy terms are then given by

772
€exch™ 7TAexcht(E + In('yﬁzsz)) ) 9

K, [S)\? 1 2
SKu:?Wt<§> |:l_,82_82(1_eﬁ32)] (10
Ke [S)? 6 7
er = S| 2 _O a_apA _ om2p%
<~ g t(z) [1+ﬁ2§(1 e el e )]

(11)

and, assuming a small vortex width compared to the dis
diameter(8S>1),

3/2 2
_ o ,LLoM s
€dem™

164°
with Erf(x) the error function, and [n)=0.5772.., the Eu-

{1-exgBMA[1-Erf(B)] (12

K

IV. RESULTS AND DISCUSSION

Figure 1 compares the SB-boundary determined from
the analytical model and from a set of micromagnetic simu-
lations. Very good agreement is found with different aniso-
tropy values which demonstrates the accuracy of our analyti-
cal approach.

The SD state is lower in energy as long as the magneto-
static energy caused by the lack of flux closure is less than
the vortex energy. For thinner elements the SD/ttransi-
tion arises at larger element sizes since the magnetostatic
energy is less dominant. A peculiar reentrant behavior is
found for large anisotropy constants and thicknesses in the
order of the exchange length: The lower energy configuration
changes from SD t& and eventually back to SD at large
disk diameters. The first transition results from the competi-
tion between the exchange energy in tfiestate and the
dipolar energy of the SD state. The second transition occurs
at large disk dimensions when thestate energy, then domi-
nated by anisotropﬂgtzsamsoc &, becomes larger than the
SD state energﬁf‘o't3 proportional toS In(S) [see Eqs(1)—<3)

ler constant. The vortex configuration profile and its relatedand (10)].

energy can finally be determined by minimizira;@{,t as a
function of 8. For thin disks we can use a constghias a
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Small discrepancies in the position of the boundary are
observed between the analytical approach and the simula-
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FIG. 1. (Color online SD-V boundary for disks of diameter
S and thicknesg with varying uniaxial anisotropyK,=0 kJ/n?,
K,=10 kd/n¥, K,=20 kJ/n¥, and K,=30 kJ/n¥). Lines corre-
spond to the analytical model, dots to micromagnetic simulations. |  »»>>>>>>> | | e
The error bars estimate the inaccuracy of the simulation resutts 7
introduced by the fact that the simulations were done on a finite grid  FIG. 2. Calculated single domaifa), (c) and vortex(b), (d)
in the (S,t) parameter space. The gray area shows the region igonfigurations for a disk 500 nm in diameter and 1 nm in thickness.
which the out-of-plane SD state prevails over the in-plane SD states), (b) K,=0 and(c), (d) K,=30 kJ/n¥. The easy magnetization
(Ref. 13. axis lies along the horizontal. Gray levels correspond to the abso-

lute magnetization component along the vertical.

tions, particularly in the large disk diameters. These occur as
the model does not take possible local deviations in the maga staircase of straight-line segments. This artificial edge
netization into account. The single domain configuration issoughness introduces surface charges which increase the de-
assumed to be a homogenous, uniform state. However, mmagnetization energy. Figure 3 shows this contribution from
cromagnetic simulations reveal that local deviations can behe outer boundary of the disk for the vortex configuration
introduced for large diameters, see Fig. 2. While such deviawith K,=0.
tions come with a cost in exchange and anisotropy energy, This additional dipolar energy is determined by extracting
demagnetization energy is gained. Similarly the vortex magthe demagnetization energy of the disk edges in the case of a
netization is assumed to have a perfect cylindrical symmetryperfect cylindrical vortex. It is proportional to the disk pe-
This is entirely correct in the case of weak anisotropy sysrimeter length and rapidly increases with cell size as illus-
tems but with larger anisotropy and with larger diameterstrated in Fig. 8c). For the small cell size of 2.5 nm and
deviations occu(see Fig. 2 Such local deviations lower the S=300 nm,t=2 nm, it already amounts to 15% of the total
vortex energy as soon as the gain in anisotropy and exchangsergy and exceeds the intrinsic demagnetization energy by a
energy exceeds the cost of demagnetization energy. For bothctor of 1.6. This systematic overestimation of the demag-
the SD state and th¥ state, the importance of these devia- netization energy in th&/ state is particularly problematic
tions depends on the strength of the anisotropy but in oppdsecause it leads to a shift in the SDboundary, as shown in
site directions. For weak anisotropy, the vortex configuratiorFig. 4 for K,=0. Thus it is crucial to determine numerical
deviates weakly from a cylindrical distribution. The analyti- edge-roughness effects when using finite difference micro-
cal approach then leads to a lower boundary of the\6D- magnetic simulations for calculating the energy of nonrect-
transition as clearly observed in Fig. 1. In contrast, for largeangular systems.
anisotropy the uniform SD configuration is stabilized by the
anisotropy while strong deviations to the cylindrical distribu- VI. COMPARISON WITH OTHER MODELS AND
tion appear in the vortex state: The analytical model then EXPERIMENTAL VALUES
tends to be an upper bound of the $Oransition.

Figure 5 compares the calculated $Dboundary for
V. THE INACCURACY OF MICROMAGNETIC r_<u=0 witlrg_itye results from other models re_ported in the
SIMULATIONS CAUSED BY DISCRETIZATION I|t9rature. _ In Ref. 15 the vortex energy is calculated
without taking the vortex core into account. This leads to a
The relevance of the analytical model is tested by a comsystematic overestimation of the energy of the vortex state
parison to micromagnetic simulations using a finite differ-which shifts the SDv¥ boundary towards larger disk diam-
ence method. The simulations precisely determine the equeéters, see Fig. 5. Although the vortex core is small compared
librium configuration, which is not necessarily the perfectwith the disk diameter, it significantly reduces the vortex-
SD or perfectV state. However, the discreetness of thestate energy: It leads to a large reduction in the exchange
method and the use of a cubic mesh is the origin of systemenergy of the disk center at the expense of a small dipolar
atic errors for nonrectangular systems. This is particularlyenergy increase. Note that this model was also compared to
true for disks since the circular boundary is approximated byfinite difference micromagnetic simulatiotshowever, as
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FIG. 3. (a) Magnetization distribution calculated for thestate configuration in a disk witk,=0, S=300 nm, and=2 nm. The zoom
shows the numerical edge roughness of the diskDipolar field distribution calculated for the same dig&) Ratio of edge-roughness
dipolar energyseqqeto demagnetizatiosyem and total energy:;(’Jt as a function of cell size for the same disk dimensions.

the edge roughness was not taken into account the simulahere the calculated vortex core width is compared to a set
tions overestimated the vortex state energy and hence led tf micromagnetic simulations. As a result, the $Ozound-

a fortuitous agreement between analytical model and simwary calculated by this approaét’is shifted towards larger
lations. disk diameters of small thickness, see Fig. 5.

The calculation of thé/-state energy requires a correct  In contrast, the Feldtkeller and Thomas ansatz gives a
description of the vortex core. Decades after the work byery good approximation of the vortex core width at all
Feldtkeller and Thom&8 an alternative description of the thicknesses. Therefore it allows a better estimation than the
vortex core based on a variational principle was proposed bgther models for the SI-boundary of magnetic disks, par-
Usov and Pescharfy.For m,(p) they propose a noncontinu- ticularly at small thicknesses. Since we are interested in ul-
ous functionm,(p)=(a?-p?/(a?+p? for p<a and m,p) trathin disks, we have omitted the variational determination
=0 for p=a. The variational parametex takes the role of of the core width at each thickness and approximated the
the core width and has to be determined from a minimizatiorfore width by the zero-thickness limit. Figure 6 shows that
of the demagnetizing and the exchange energy. The autho$ich an approximation correctly describes the core width for
of Ref. 21 restrict the calculation to the caset, such that t<2\excn Although the core width at larger thicknesses is
the part of the magnetostatic energy term which correspondglightly underestimated with the zero-thickness approxima-
to the interaction of the poles of the opposite surfaces can béon, the SDV boundary is not significantly affected. It
neglected. The analytical formula of Ref. 21 is a good apdives, for instance, an energy difference of 2.5% for the vor-
proximation of the vortex core width far>2\g,., but un-  tex state fork,=0 with S=200 nm andt=20 nm =4\¢,cp

derestimates it at small thickness. This is confirmed in Fig. 6 his is similar to the ~2% energy difference found between
the analytical model and both our finite difference calcula-
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FIG. 4. Lower energy configurations as a function of disk diam-
eter and thickness determined from micromagnetic simulations with FIG. 5. Comparison of the SM-boundary for disks without
Ky=0. Squares: the SD state is more stable; Open circlesVthe anisotropy determined with our analytical modsblid line), the
state is more stable. Filled circles: thestate is the lower energy model of Ref. 15(dotted ling, and the model using the vortex
state, only when th&/-state energy is corrected from the artificial description of Ref. 21dashed ling Experimental stable configura-
edge-roughness dipolar contribution. The 8Dboundary deter- tions observed for FgNigg disks(Ref. 12 are also displayed with
mined from the analytical model is given by the line. The gray areasquares corresponding to the single-domain state and circles to the
shows the disk dimensions where the out-of-plane SD state prevailgortex states. The gray area shows the region in which the out-of-
over the in-plane SD stai@&ef. 13. plane SD state prevails over the in-plane SD stRef. 13.
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2.0

the micromagnetic simulations are found to have a lower
limit for the SD-V boundary when compared with the experi-
mental results. A possible additional weak anisotropy does
not explain this discrepancy. Following the analysis of the
micromagnetic simulations presented above, a more likely
explanation could be experimental edge roughness. Alterna-
tively, the configuration observed at zero field is not neces-
sarily the true equilibrium configuration, as it may depend on
the way the remanence state has been reached.
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Disk thickness (Aexch) VIl. CONCLUSION
FIG. 6. Vortex core width atn,=0.5 as a function of disk thick- In this paper, an analytical model is described that allows

nesst determined from the variational approach by Feldtkeller andthe lower energy co_nflguratlon ff?r thin magnetic d_'SkS to be
Thomas(Ref. 20 (solid line) and from the analytical formula by Calculated at zero field. For a given set of material param-
Usov and PeschaniRef. 21) (dashed ling The limiting value of ~ ©ters, the transition from SD ¥ configurations is deter-
Feldtkeller and Thomas at zero thickness is the approximation usedlined analytically as a function of the disk diameter and
in this paper(dotted ling. The results of the micromagnetic simu- thickness. The result of this analytical approach is compared
lations are given by squares, with a disk diameter of 400 nm. with micromagnetic simulations. The model is shown to pro-

vide a very good estimate of the SDtransition without the
tion (corrected from numerical edge roughnessd the finite need of long and numerous micromagnetic calculations.
element calculation results of Ref. 17. The correspondingsmall discrepancies are found at large disk diameters as de-
shift of the SDV boundary at large thickness is too small to viations from a purely uniform or cylindrical configuration
be discerned in Fig. 5. may arise. Depending on the material anisotropy, the\SD-

Figure 5 also compares the SDboundary with experi- boundary is slightly moved towards the SD or ¥eghase.

mental results on patterned Jlig, disks with negligible Inaccuracies in the vortex energy calculation of a disk were
anisotropy? The evolution of the lower energy configuration identified in micromagnetic simulations. They are due to in-
with disk thickness and diameter is in good agreement witlrinsic numerical edge roughness that needs to be carefully
the model. However, as already stated in the original Work, taken into account in micromagnetic problems.
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