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Hysteresis loop area of the Ising model

Han Zhul* Shuai Dond} and J.-M. Lid-2"
ILaboratory of Solid State Microstructures, Nanjing University, Nanjing 210093, China
2International Center for Materials Physics, Chinese Academy of Sciences, Shenyang, China
(Received 26 May 2004; revised manuscript received 14 July 2004; published 12 Octobgr 2004

The hysteresis of the Ising model in a spatially homogeneous ac field is studied using both mean-field
calculations and two-dimensional Monte Carlo simulations. The frequency dispersion and the temperature
dependence of the hysteresis loop area are studied in relation to the dynamic symmetry loss. The dynamic
mechanisms may be different when the hysteresis loops are symmetric or asymmetric, and they can lead to a
double-peak frequency dispersion and qualitatively different temperature dependence.

DOI: 10.1103/PhysRevB.70.132403 PACS nuniper75.60.Ej, 75.10.Hk, 75.40.Gb

When a cooperative many-body system, such as a magnehechanism. In the following, we shall see that the variance
is placed in an oscillating external perturbatisuch as a of the loop area with frequency, field amplitude, and tem-
magnetic field, it may also show oscillating dynamic re- perature strongly depends on the dynamic mechanism, which
sponse. This response usually lags in time, creating a hysteg determined by the loop symmetry.
esis loop with a nonzero area. This phenomenon exists The model Before the results are presented, we first de-
widely in, e.g., magnetic systems and ferroelectric systemsgcribe the model(1) The evolution of the magnetizatiov
and has been arousing great interest for its important technjp, the mean-field Ising model is determined by the following

cal application and intriguing physiés? equatiort
The recent theoretical*® and experimentét studies on '
the hysteresisalso, see Ref. 4 and references theréatus dMm M + H(t)
on two topics: the dynamic symmetry breaking and the area at M +tan : (1)

of the hysteresis loop. The first phenomenon is due to the

competing time scales in such nonequilibrium systéke  (2) In the MC simulation, the Hamiltonian of the two-

hysteresis loop loses its symmetry when the time period oflimensional Ising model in a spatially homogeneous field

the oscillating external perturbation becomes much smalleH(t) can be written as

than the typical relaxation time of the system. On the other

hand, the interesting variance of the hysteresis loop area with H{o}it) = =32 010y = HO 2 0;. (2

such parameters as temperature and oscillation frequency can apn i

s b atriuted te e e Scaiecompetion, For STPrhe magnetzaio i abtained 8= (). The MC simu

model, the frequencys,/ 27 giving the maximal area corre- lation goes as follows: The coupling constahtand the

sponds roughly to the point where a resonance occurs. Wh oltzmgnn constankB are both taken as 1. On a two-

an Ising system is placed in an ac field, the dynamics ma |_men5|9na_lIN><N (in the present work, m@ 100 Iatt|ce_
ith periodic boundary condition, at each time step a gpin

consist of domain nucleation and/or domain growtihe | - N .
nucleation rate of new domains can be predictged by a chaf® randomly chosen and the probability that it is flippett is

acteristic timer,, and the domain growth rate is also linked . 1 1 ~

with a characteristic timey. The resonance occurs when the W(oi — a7) = 6ex B }H({‘Tiv(’i#i}?t) ' 3)

time period of the external perturbation is comparable to

either one of these time scales or a combination of them. Awheres; =+ g; andQ is the normalization factor. Then, in the

is shown below, the details of this dynamic time scale com-next time step the field is updated and another spin is picked
petition necessarily rely on the dynamic phase of the systenat random. A MC step consists ®X N such unit proce-

In the present work, we hope to help clarify the relation-dures. The unit time is chosen to be one MC step, with the
ship of the two above-mentioned topics in the framework oftime resolution being IN2. The initial state is always 80%
the Ising model, with mean-fieldVIF) calculations and two- randomly chosen spins u@MC simulation or M=1 (MF
dimensional Monte Carl@MC) simulations.(The frequency calculation$. In both studies, the system evolves into equi-
range that receives the most attention here is within the didibrium after a zero-field relaxation. Then, an ac fietlt)
cussion of the previous works using the same methpds. =H, sinwt, is applied. The measurement of the hysteresis
When the loops are symmetric, the system dynamics is corleop always begins after a number of introductory cycles,
trolled by a domain nucleation-and-growth mechanism.and the symmetry of the loop can be characterized by the
When the loops are asymmettiespecially when the magne- order paramete@zfg”"”Mdt.
tization is well above or below zeyothroughout the system The phase diagram of the Ising model in an oscillating
evolution we can observe most spins being in the same dfield has been extensively studi&t161With regards to the
rection. The dynamics of the remaining spins in the oppositarea scaling of the hysteresis loops of the Ising model, there
direction may be described mainly by the domain nucleatiorare already MC and MF results, and a detailed review can be
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FIG. 2. (Color onling The illustrations of peak Il witi{a) MC
simulations aff=1.0 and(b) MF calculations aff=0.5.

ric loops. As the frequency is increased from peak | to peak
Il, a dynamic symmetry loss occurs.

Figure 1b) shows a typical result of the MF calculations,
at temperaturd =0.5<T.. Similarly, a double-peak function
can be observed. However, there is a very important differ-
ence. Given relatively small values bff,, it is possible that
there is only peak Il in the MF calculation. This is because
the equilibrium magnetization can be obtained by solving the
following equation:

%M+H
- M +tan

With H small enough and <T.=1, there can be two stable
10* 10 solutions to Eq«(5), corresponding to two values of stable
) @ equilibrium magnetization(a positive and negative ope
This means that the hysteresis loops can be asymmetric even
in the quasistatic limit. By contrast, according to Ref. 4, in
MC simulations the hysteresis loop is always symmetric in
the quasistatic limit, as a result of fluctuation.

In the above discussions we provide evidence of two
peaks | and Il, which corresponds to the resonance of sym-
metric and asymmetric hysteresis loops, respectively. In the
following, we give a general explanation of the physics ori-
gin of this observation. The existence of two peaks clearly
indicates two time scales, corresponding to two different dy-

Agin ~ HSTPg[@(w,Ho, T)]. (4)  hamic mechanisms. When the loops are symmetric, both the
initial domain nucleation and the late stage domain growth
Here, g(w) has been believed to be a single-peak functiorgre at work. As suggested by Lat al.89 the observation of
and w(w,Hy,T) has been supposed to have the form ofpeak | means that a third time scatecan be defined as a
o/ (HYT%).2° There have been extensive theoretical efforts tacombination of 7,, and 7 and the resonance occurs as
determine the exact form af(w), and the values and the 2u/w,~ 7. Since for the asymmetric loops the magnetiza-
physical meaning of the exponents. As we shall see belowjon can be always well above or below zero, at any time
the dynamic phase transition may lead to a double-peak freduring the system evolution we can observe most spins hav-
guency dispersion and a piecewise analytic function of teming the same direction. The late stage domain growth is rela-
perature dependence. tively inhibited, and thus, the time scatg corresponding to

The frequency dispersion of the hysteresis loop afég-  peak Il shall be mainly determined by
ure 1(@) shows a typical result of the two-dimensional MC ~ Compared with peak Il, the resonance at peak | has been
simulations, at temperatue=1.0<T.. (WhenT<T, ady- relatively well studied in the previous works. Some illustra-
namic symmetry loss can be observed-hsdecreases from tions of the resonance at peak | can be found in, e.g., Refs. 9
4 to 0% As is clearly shown in the curve withl;<2, two  and 11. In the following we focus on peak Il, as illustrated in
distinct peaks can be observed. We name the left-hand sidggs. 2a) and 2b). Actually, the existence of peak Il can be
one as peak | and the right-hand side one as peak Il. It isasily understood in the MF Ising model. As is mentioned
found that peak | occurs in the range where the hysteresigbove, whenH is small enough, there can be two stable
loops are symmetric and peak Il is in the range of asymmetsolutions of Eq.(5). Thus, withw— 0, the hysteresis loop

):o. (5)

FIG. 1. (Color onling The frequency dispersion of the loop area
A(w). (a) The MC results with ac field at temperatufe1.0; (b)
The MF results with ac field a=0.5. The dashed line, correspond-
ing to w™, serves as a guide to eye.

found in Ref. 4. Generally, the area can be writtenAas
=Agat Ain, WhereAg, is the possible nonzero static contri-
bution existing even in the quasistatic limit, aiAg,, is the
kinetic contribution assuming the form of
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FIG. 3. (a) Some typical hysteresis loops at peak I, wityg @) 6 . . . . .

=3,6,...,30 from the innermost to the outermost logp) Some
typical hysteresis loops at peak Il, witf,=0.05,0.15,..,0.25. All
the results are obtained from MF calculationsTat0.5.

reduces to a curvighe stable solution of E¢5), as shownin A MC result:

Fig. 2b)]. In the other limit, withw— o, the system cannot H=20, 20020 | @
respond to the external field and the hysteresis loop become —0—A

a horizontal line. Thus, it is straightforward to predict the —— 0 Lo2
existence of a peak in the intermediate region, where the

phase lag between the external field and the system respon: @ . B e 00
creates a hysteresis loop with a nonzero area. Note that th 05 0 15 20 25
observation of peak Il requires temperatures lower than the(b) T

static critical point and small enough values té§. When
Hp<T<1, we can give a quantitative description of the sys-
tem behavior by solving the MF equatidft) analytically.
We suppose 1M — 0, and obtain

d 2 2 which indicates an exponentially decaying function of
{-2)(1-2uqsmn)

FIG. 4. (Color onling The temperature dependence of the loop
areaA and the order paramet€ obtained from(a MF and(b) MC
calculations, with the ac field.

M
ot =1-M-2ex glo(w,Hgy, T)]in Eqg.(4).] (2) Independent oH, and T, peak
Il is always observed to be &br very close tp w,; =1. With
This equation can be exactly solved, and the loop area igegards to peak I, in both MC simulations and MF calcula-
obtained as tions we find that asly— >, w, also approaches 1, which is
2mle different from the previous predictions. According to Refs.
A= _f Md(Hg sin wt), 4,17 thew, will also tend to infinity asHy— . But it is not
0 what we observe in Fig. 1, which shows that, as the field
already far exceeds the spin-spin interaction, the time scale
1 2 , of the system is no longer sensitive to the valueHgf
=4ar| —exp| - T 02+1 (6) In the following, we turn to studyhe temperature depen-
dence of the loop areawith fixed field amplitude and
In the following, we report some important differences frequency:31”Here, our motivation is quite similar to that of
and similarities of peak | and Il, as summarized from &). the above discussions of the frequency dispersion. When
and the numerical results in Fig. 1. Differencés: The tem-  H,<4 (MC) or Hy<1 (MF), a dynamic symmetry loss can
perature dependence of the height of peak Il in the MF Isinghe observed a§ decreasegas can be predicted from the
model is obtained in Eq$6), and is different from the previ- phase diagram previously obtainéd?1617Thus, a simple
ous T2 prediction of peak I (2) In the MF Ising model,  scaling function is not likely to exist for the loop area, since
the maximal ared, . at peak Il grows wittH, asHj, while  there are different dynamic mechanisms of the symmetric
the maximal are#\,, at peak | has been predicted to grow and asymmetric loops, and different time scale competition.
with Hg linearly in the previous studiéd.This difference is  This is supported by the MF and MC resullts.
explained by observing the variance of the loop shape with A typical MF result is shown in Fig. @). The order pa-
Ho, as illustrated in Figs. (@) and 3b): At peak I, only the  rameter|Q| >0 for lower temperature an@|=0 for higher
width of the loop increases witH, (that is whyA[ ., grows  temperature, and at the dynamic critical point, a dynamic
linearly with Hp), while at peak Il, the loop is expanding in symmetry loss occurs. In Ref. 13, using the same methods as
two directions withA[ . growing asH3. the present work, Acharyya found that the area becomes
Similarities: (1) In both MF calculations and MC simula- maximum above the dynamic transition point. Here, it is
tions, it is found that, a®— o, the area decays as™. [With  clear that the temperature dependence of the loop area as-
respect to peak |, this is in accordance with the previous MFsumes different functions for thg|>0 states andQ|=0
result and the work of Raet al'®'90on the(®?)? and (9?)®  states. These different functions are separated by the dy-
model, but not the previous MC result of the Ising motfl, namic critical point and the first-order derivativaéd/JT, is
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not continuous at the dynamic critical point. Thus, the tem-domain nucleation. This framework is part of basic current
perature dependence is a piecewise analytic function. A typiknowledge of hysteresis phenomena, and the observed fre-
cal MC result is shown in Fig.(®), and it is roughly similar  quency and temperature dependence of the loop area is con-
to the MF result. Although we do not observe a notable dissjstent with it. Double peaks can be observed in the fre-

continuity of the first-order derivative)A/JT, it is very ob- ; ; ;
. ) b ) ) quency dispersion, and the temperature dependence is
vious that the second-order derivativéA/JT% changes sign possibly a piecewise analytic function. Interestingly, the shift

at the dynamic critical point. WheHo>4 (MC) orHo>1 % dynamic mechanism with the symmetry loss is also

(MF), the field amplitude exceeds the spin-spin interactiorlf . : ! - -
and the hysteresis loops are always symméé3e6-17In this ound in the mean-field calculation, and some striking simi-

case, we observe that the loop area decreases monotonicalffities are observedor example, the same position of peak
as the temperature grows. II. Although the present work deals with a model spin sys-

To summarize, the hysteresis of the Ising model in an aéem, the topics discussed have general meaning. Surely some
field, H(t)=H, sin(wt) is studied using both mean-field cal- quantitative details, like the position of the peaks, rely on the
culations and two-dimensional Monte Carlo simulations. Themodel setting, but we believe that the physics of the conclu-
frequency dispersion and the temperature dependence of théns is not limited to the specific system studied here, and
loop area are studied in relation to the dynamic symmetrycan be predicted for more general systems.
loss. The dynamic mechanisms are different when the hys-
teresis loops are symmetric or asymmetric. For symmetric We thank Hao Yu for helpful discussions. This work is
loops, the dynamics is a combined domain nucleation-andsupported by the Natural Science Foundation of China

growth process. By contrast, for asymmetric loops well(50332 020, 1002100%nd National Key Projects for Basic

above or below thé=0 line, the dynamics may be mainly
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