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A method is described to determine maps of surface chemical potential and current density on dynamic
surfaces directly from discrete kinetic Monte Carlo simulations. It can be applied everywhere on the surface
including the neighborhood of steps. The technique is used to investigate the decay of a bidirectional sinusoidal
profile below the roughening temperature. For diffusion-limited kinetics driven by atom detachment and
terrace diffusion, simulations indicate that the current density is proportional to the gradient of the chemical
potential even with a cusp in the surface free energy.
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I. INTRODUCTION

The morphology of a material evolves continuously to-
ward its equilibrium shape in the absence of external forces.
This change is driven by a reduction in the total surface-free
energy. The approach to equilibrium can be speeded up by
annealing at high temperature. Surface diffusion is often the
dominant mechanism responsible for the change in surface
morphology.

An analytical description of the evolution of surface mor-
phology during annealing was developed by Herring1 and
Mullins.2 Mass flow is driven by variations in the chemical
potential across the surface. The Herring-Mullins theory is
readily applicable to amorphous materials. For crystalline
materials below the roughening temperatureTR, cusps in the
surface-free energy make it difficult to evaluate the chemical
potential. Cusps correspond to low-index orientations(fac-
ets) of the material.

Several techniques have been proposed for describing the
evolution of surface morphology of a crystalline material
below TR. These include several continuum methods3–7 and
step models.8–12 For a given surface morphology, there are
substantial differences in the magnitude of the chemical po-
tential among these various methods. In addition, all these
techniques use the standard irreversible thermodynamics re-
lation between surface current and chemical potential. How-
ever, validity of this relation in the presence of a cusp in the
surface-free energy has not been established.

In this paper, a method is described to calculate chemical
potential and current density maps directly from kinetic
Monte Carlo (KMC) simulations. For diffusion-limited ki-
netics on a rough surface belowTR, the simulations suggest
that the current density is proportional to the gradient of the
chemical potential on plateaus as well as sloped regions.
These results support a continuum description of surface
morphology evolution belowTR based on a rounded cusp.3

II. OBTAINING MICROSCOPIC PARAMETERS
FROM MONTE CARLO SIMULATIONS

A rough surface morphology consists of steps separated
by terraces. Relaxation of the surface occurs through the for-
mation and migration of defects, such as adatoms and vacan-

cies. At equilibrium, the adatom density is constants=neq,ad.
Under nonequilibrium conditions, the adatom density varies
across the surface to reflect the local arrangement of steps.
The adatom chemical potentialma (in excess of its equilib-
rium value) at any point can be related to its densityna
through

ma = kBTlnS na

neq,a
D . s1d

Here,kB is the Boltzmann constant andT is the temperature.
Thus, a chemical potential map can be obtained by determin-
ing the adatom density at each point. However, the adatom
density is extremely low in most situations. In practice, we
evaluate the adatom density at a given site over a finite in-
terval of time. Suppose a given sitesi , jd is occupied by an
adatom for an intervalDta over a periodDt. The adatom
density is

na =
Dta

sDt ·cad
. s2d

Here,ca is the adatom occupancy factor and represents the
fraction of time that the site is available to an adatom. In a
nearest-neighbor model on a square lattice, the sitesi , jd is
considered available13 to an adatom when none of the four
neighboring sitessi −1,jd, si +1,jd, si , j −1d, andsi , j +1d are
occupied, i.e., have height greater than or equal to sitesi , jd.
An analogous definition applies to vacancies.

Surface current from sitesi , jd to si +1,jd is determined
from the number of hops between the two sites. In a given
interval Dt, supposep+ andp− represent the number of hops
from si , jd→ si +1,jd andsi , jd← si +1,jd, respectively. Then,
the current atsi , jd→ si +1,jd is

j =
p+ − p−

Dt
. s3d

Note that the current includes all atoms and not just adatoms.
KMC simulations are performed on a solid-on-solid

model with a square lattice. The energy associated with an
atom is −n«, where n is the number of in-plane nearest
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neighbors. Only nearest neighbor hops are allowed. The
jump frequencyf from site 1 with energyE1 to site 2 with
energyE2 is

f = nexpf− sE2 − E1 + «dd/kBTg, E1 , E2

= n exps− «d/kBTd, E1 ù E2. s4d

Here, n is the attempt frequency. The activation barrier for
terrace diffusion of adatoms(and vacancies) is «d. The for-
mation energy of an adatom(and vacancy) is 2«. Time t is
measured in units of Monte Carlo steps(MCS) where
1 MCS=n−1 exps«d/kBTd. The roughening temperature is

TR=0.62« /kB.14 Appropriate periodic boundary conditions
are applied in the transverse directions. There is no addi-
tional step-edge(Ehrlich-Schwoebel) barrier leading to
diffusion-limited kinetics.

We first consider two simple geometries, a vicinal surface
and a two-dimensional island in equilibrium with adatoms
and vacancies. Figure 1(a) shows a snapshot of a vicinal
surface with an average terrace width of 8 lattice units. The
simulation was performed on a 4032000 surface atT
=0.4 TR [a 403100 section is shown in Fig. 1(a)]. The ada-
tom chemical potential across the surface evaluated over
Dt=23107 and averaged over stripe widthdx=1 (lattice
unit) is shown in Fig. 1(c). As expected,ma=0 within statis-
tical error. Likewise, Fig. 1(e) shows that the current density
jx vanishes across the surface. The equilibrium adatom and
vacancy densityneq,a=neq,v=3.17310−4 (per lattice site) is
in agreement with the expected value exps−2« /kBTd
=3.17310−4.

Figure 1(b) shows a snapshot of a two-dimensional island
at T=0.4 TR. The use of periodic boundary conditions pre-
vents evaporation of the island by allowing the adatom and
vacancy density to build up to equilibrium values.15 The
simulation was performed on a 2003200 surface and there

FIG. 1. (Color online) (a) Snapshot of a vicinal surface at tem-
peratureT=0.4 TR. The average terrace width is 8 lattice units. The
stripe of widthdx indicates the lattice sites over which the adatom
and vacancy densities are averaged.(b) Snapshot of an island in
equilibrium with adatoms and vacancies atT=0.4 TR. There are
nominally 3600 atoms in the island.(c) Chemical potential on the
vicinal surface as a function of position evaluated withdx=1. (d)
The adatom and vacancy densities across the surface in equilibrium
with the two-dimensional island, evaluated with stripe widthdx
=1. (e) Surface current on the vicinal surface evaluated withdx
=1. (f) The variation of chemical potential with island size follows
the Gibbs-Thompson expression, Eq.(5).

FIG. 2. (Color online) (a) The starting surface of a bidirectional
sinusoidal profile with wavelengthL=60. The simulations are per-
formed on a 3003300 surface and a 1203120 section is shown
here. In calculating the adatom and vacancy densities and the sur-
face current, all regions equivalent to the square ABCD are aver-
aged.(b) Snapshot of theL=60 surface att=0.93. (c) Chemical
potential map evaluated atst ,Dtd=s0.93,0.19d. (d) A vector map of
the current density atst ,Dtd=s0.93,0.19d. The length of the arrows
indicates the magnitude of current. Mass flow is directed from the
peaks(points A and C) to the valleys(points B and D).
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are nominally 3600 atoms in the island. Figure 1(d) shows
the adatom and vacancy density in equilibrium with the is-
land evaluated overDt=43108 and dx=1.16 Both are uni-
form across the surface within statistical error. The adatom
density increases whereas the vacancy density decreases
from its equilibrium value, in accordance with the Le
Chatelier-Braun principle.17 Since the free energy of forma-
tion of an adatom and a vacancy is the same in the KMC
model, the magnitude of change is the same for both defects.
Figure 1(f) shows the variation ofm /kBT=sma−mvd /kBT as a
function of the island size. We observe the expected Gibbs-
Thomson relation

m =
aV

h

G1

r
. s5d

Here, G1 is the step-free energy per unit length,r is the
island size,h is the step height,V is the atomic volume, and
a is a geometry factor. Takingr =ÎN/2 whereN is the nomi-
nal number of atoms in the island,aG1=0.82«.18 The Gibbs-
Thomson relation has also been observed in previous Monte
Carlo simulations.15 Note that the Gibbs-Thomson phenom-
enon only expresses a relation between vapor pressure and
interface free energy, and is not restricted to circular islands.

III. EVOLUTION OF BIDIRECTIONAL
SINUSOIDAL PROFILE

We now consider the decay of a bidirectional sinusoidal
profile belowTR. The starting surfacezsx,yd is a discretized
form of

zsx,yd = z0 cosS2px

L
DcosS2py

L
D . s6d

Previous KMC simulations with this model have shown that
in the limit of long wavelength, the amplitude decays lin-
early with time witht /L3 scaling.3,19

Snapshots of the surface during the decay of a bidirec-
tional sinusoidal profile withz0=4 andL=60 are shown in
panels(a) and (b) of Fig. 2 at scaled timet= t /L3=0 and
1.85, respectively. The simulations were performed on a
3003300 surface atT=0.54TR. Chemical potential and cur-
rent density are evaluated by averaging over all regions
equivalent to the square ABCD indicated in Fig. 2(a). The
chemical potentialm=ma−mv map evaluated att=0.93 and
Dt=Dt /L3=0.19 is shown in Fig. 2(c). The chemical poten-
tial is highest at the peaks A and C and lowest at valleys B
and D. A vector map of the current density is shown in Fig.
2(d). The length of the arrows indicates the magnitude of the
current. Mass flow is directed from the peaks A and C toward
the valleys B and D. Both the chemical potential and current
density were obtained by averaging over 50 simulations.

The decay of the Fourier amplitudeZsqd, q
=s2p /L ,2p /Ld, with time is shown in Fig. 3(a) for two dif-
ferent wavelengthsL=60 andL=120. While a linear decay
with time is observed forL=120, a faster-than-linear decay
is observed at short times forL=60. The average surface
profile along line AB[see Fig. 2(a)] is shown in Fig. 3(b) for
L=60 att=0 and 0.93. A plateau is observed near the peak

FIG. 3. (Color online) (a) Evolution of the Fourier amplitude
Zsqd, q=s2p /L ,2p /Ld, for bidirectional sinusoidal profiles with
wavelengthsL=60 and 120.(b) Average surface height along the
line AB (see Fig. 2) at t=0 and 0.93 forL=60. (c) Variation of the
island size as a function of reduced timet. (d) Variation of
m /kBT=sma−mvd /kBT along the line AB for L=60 at st ,Dtd
=s0.93,0.19d. (e)–(h) Comparison of current density obtained di-
rectly from the KMC simulations with Eq.(7) at different times and
for different wavelengths. The reduced time and intervalst ,Dtd are
(e) (1.85, 0.19), (f) (0.93, 0.19), (g) (0.19, 0.19), and (h) (0.12,
0.35), respectively. The simulations forL=60 andL=120 were per-
formed on 3003300 and 3603360 surfaces, respectively.
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(and valley) at t=0.93 and is due to the lower free energy of
the facet compared to sloped regions. The evolution of the
averagesize of an island with time is shown in Fig. 3(c). The
island sizern=ÎNn/2, whereNn is the number of atoms in
layer n. The chemical potential along the line AB evaluated
at st ,Dtd=s0.93,0.19d is shown in Fig. 3(d). The chemical
potential varies everywhere including the plateau.

In continuum theory, one uses the irreversible thermody-
namics relation between current density and the chemcial
potential.1,2 With mass flow driven by adatoms and vacan-
cies, the surface current is given by

j =
Dvneq,v

kBT
¹ mv −

Daneq,a

kBT
¹ ma. s7d

The adatom diffusion coefficientDa=fna2 exps−«d/kBTdg /4
wherea is the lateral lattice constant. A similar expression
holds forDv.

We now compare the surface current density calculated
using Eq. (7) with that obtained directly from the KMC
simulations. The chemical potentialsma andmv in Eq. (7) are
determined from the KMC simulations. Panels(e)–(g) of
Fig. 3 show the comparison at three different times for wave-
lengthL=60. The current density is evaluated along the line
AB [see Fig. 2(a)]. The agreement is good at all locations at
late timest=1.85 and 0.93. Even att=0.19, the agreement is
better in the flat regions compared to regions of high slope.
With L=60 andz0=4, the starting surface has regions where
the step separation is only one lattice unit[see Fig. 3(b)]. In
such situations, atoms can move from one terrace to another
without diffusion across the terrace. This current is not cap-
tured by Eq.(7). As the amplitude decreases, the step sepa-
ration increases and decay proceeds more by atom detach-
ment from steps and diffusion on the terrace. If we start with
a longer wavelengthL=120 and the same starting amplitude
z0=4, decay largely occurs by atom detachment and diffu-
sion. Good agreement with Eq.(7) is then found even at
short times as shown in Fig. 3(h). These results indicate that
the irreversible thermodynamics relation between current
density and chemical potential is valid even in the presence
of a cusp in the surface free energy.

IV. DISCUSSION

The results of the KMC simulations support a continuum
theory of surface relaxation based on a rounded cusp.3 In this
approach, the first step involves evaluating the chemical po-
tential for a given surface morphology. The chemical poten-
tial is evaluated at each location assuming that it is in local
equilibrium. Since the surface-free energy with the rounded
cusp produces the correct equilibrium shape(in the limit of a
small-rounded region), it also yields the correct chemical po-
tential on the nonequilibrium surface. In particular, the con-
tinuum theory predicts a varying chemical potential on the
plateaus as well as sloped regions of the surface.3 The simu-
lations above indeed show that the chemical potential varies
over the plateaus. On the other hand, step models predict a
constant chemical potential in flat regions,8–11 which is in-
consistent with the KMC results. Specifically, the chemical
potential for the average surfacemskzsrdld is different from
the one evaluated using the average position of steps
mszkrnld3. Once the chemical potential is known, mass flow
is given by Eq.(7) in the continuum theory. The KMC simu-
lations indicatequantitativeagreement with this expression
(for small slopes). The final step in the continuum theory is
mass conservation, a feature also present in the KMC model.

V. CONCLUSION

Chemical potential and current density maps on nonequi-
librium surfaces have been determined directly from kinetic
Monte Carlo simulations. On a bidirectional sinusoidal pro-
file belowTR, chemical potential is found to vary on both the
plateaus and sloped regions of the surface. For diffusion-
limited kinetics, the simulations indicate that the irreversible
thermodynamics relation between current density and chemi-
cal potential is valid even when a low-index orientation
forms part of the surface. These results support a continuum
theory of surface morphology evolution based on a rounded
cusp.3
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