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Surface chemical potential and current-density maps during annealing
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A method is described to determine maps of surface chemical potential and current density on dynamic
surfaces directly from discrete kinetic Monte Carlo simulations. It can be applied everywhere on the surface
including the neighborhood of steps. The technique is used to investigate the decay of a bidirectional sinusoidal
profile below the roughening temperature. For diffusion-limited kinetics driven by atom detachment and
terrace diffusion, simulations indicate that the current density is proportional to the gradient of the chemical
potential even with a cusp in the surface free energy.
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I. INTRODUCTION cies. At equilibrium, the adatom density is constésite,).
Under nonequilibrium conditions, the adatom density varies

The morphology of a material evolves continuously tO'across the surface to reflect the local arrangement of steps.

ward its equilibrium shape in the absence of external forces]_he adatom chemical potential, (in excess of its equilib-
This change is driven by a reduction in the total surface-free. P q

ium valug at any point can be related to its density

energy. The approach to equilibrium can be speeded up b rough

annealing at high temperature. Surface diffusion is often th
dominant mechanism responsible for the change in surface N
morphology. Ma:ksﬂn( a ) (1)

An analytical description of the evolution of surface mor- Nega
phology during annealing was developed by Hertiagd ) i
Mullins.2 Mass flow is driven by variations in the chemical Heré ks is the Boltzmann constant afdis the temperature.
potential across the surface. The Herring-Mullins theory is! "US; & chemical potential map can be obtained by determin-
readily applicable to amorphous materials. For crystailindNd the adatom density at each point. However, the adatom

materials below the roughening temperatlige cusps in the density is extremely low in most sit'uation.s. In practig:e_, we
surface-free energy make it difficult to evaluate the chemicafvaluate the adatom density at a given site over a finite in-
potential. Cusps correspond to low-index orientatigias-  terval of time. Suppose a given site j) is occupied by an
ety of the material. adatqm_for an intervalit, over a periodAt. The adatom

Several techniques have been proposed for describing tfeNsity is
evolution of surface morphology of a crystalline material
below Tg. These include several continuum methbdsnd . = Aty ?)
step model§:1? For a given surface morphology, there are & (At-cy)’
substantial differences in the magnitude of the chemical po-
tential among these various methods. In addition, all thesélere,c, is the adatom occupancy factor and represents the
technigues use the standard irreversible thermodynamics réaction of time that the site is available to an adatom. In a
lation between surface current and chemical potential. Hownearest-neighbor model on a square lattice, the(sjfe is
ever, validity of this relation in the presence of a cusp in theconsidered availablé to an adatom when none of the four
surface-free energy has not been established. neighboring sitesi—1,j), (i+1,j), (i,j—1), and(i,j+1) are

In this paper, a method is described to calculate chemicaccupied, i.e., have height greater than or equal to(sjfé.
potential and current density maps directly from kinetic An analogous definition applies to vacancies.
Monte Carlo(KMC) simulations. For diffusion-limited ki- Surface current from sitéi,j) to (i+1,j) is determined
netics on a rough surface beldli, the simulations suggest from the number of hops between the two sites. In a given
that the current density is proportional to the gradient of thenterval At, supposep, andp_ represent the number of hops
chemical potential on plateaus as well as sloped regiongrom (i,j)— (i+1,j) and(i,j) < (i+1,j), respectively. Then,
These results support a continuum description of surfacéhe current ati,j)— (i+1,j) is
morphology evolution below based on a rounded cu3p.

. Py P-
j= T. (3)
II. OBTAINING MICROSCOPIC PARAMETERS

FROM MONTE CARLO SIMULATIONS . .
Note that the current includes all atoms and not just adatoms.

A rough surface morphology consists of steps separated KMC simulations are performed on a solid-on-solid
by terraces. Relaxation of the surface occurs through the formodel with a square lattice. The energy associated with an
mation and migration of defects, such as adatoms and vacaatom is -ne, wheren is the number of in-plane nearest

1098-0121/2004/10.2)/1254245)/$22.50 70125424-1 ©2004 The American Physical Society



M. V. RAMANA MURTY PHYSICAL REVIEW B 70, 125424(2004)

n /n
a eq.a
e mamamm SR
n/n B
\% eq,v
100 X 200
(d)
20 x 40
(e) allk
b
u A &
kBT kBT
0.2f . 0.3 FIG. 2. (Color onling (a) The starting surface of a bidirectional
sinusoidal profile with wavelength=60. The simulations are per-
a1 | ozr formed on a 30& 300 surface and a 120120 section is shown
’ here. In calculating the adatom and vacancy densities and the sur-
0.1 face current, all regions equivalent to the square ABCD are aver-
0 aged.(b) Snapshot of the.=60 surface atr=0.93.(c) Chemical
. 0 . potential map evaluated ét,A7)=(0.93,0.19. (d) A vector map of
0 20 x 40 0 30 r 60 the current density gt-, A7)=(0.93,0.19. The length of the arrows
(©) () indicates the magnitude of current. Mass flow is directed from the

o peaks(points A and G to the valleys(points B and D.
FIG. 1. (Color online (a) Snapshot of a vicinal surface at tem-

peratureT=0.4 Tg. The average terrace width is 8 lattice units. The _ 14 . - "
stripe of widthdx indicates the lattice sites over which the adatom Tr=0.62/ks."" Appropriate periodic boundary conditions

and vacancy densities are averagéy. Snapshot of an island in a}re applied in the trqnsverse d'reCt'onS',There '$ no addi-

equilibrium with adatoms and vacancies Bt0.4 T, There are tional step-edge(Ehrlich-Schwoebgl barrier leading to

nominally 3600 atoms in the islancc) Chemical potential on the ~ diffusion-limited kinetics. - _ o

vicinal surface as a function of position evaluated wdtk=1. (d) We first consider two simple geometries, a vicinal surface

The adatom and vacancy densities across the surface in equilibriugnd a two-dimensional island in equilibrium with adatoms

with the two-dimensional island, evaluated with stripe width ~ and vacancies. Figure(d shows a snapshot of a vicinal

=1. (e) Surface current on the vicinal surface evaluated vdth ~ surface with an average terrace width of 8 lattice units. The

=1. (f) The variation of chemical potential with island size follows simulation was performed on a #®000 surface afT

the Gibbs-Thompson expression, E§). =0.4Tg [a 40X 100 section is shown in Fig(4)]. The ada-
tom chemical potential across the surface evaluated over

neighbors. Only nearest neighbor hops are allowed. Th&t=2X10" and averaged over stripe widiix=1 (lattice
jump frequencyf from site 1 with energyE; to site 2 with  Unit) is shown in Fig. {c). As expectedyu,=0 within statis-

energyEk, is tical error. Likewise, Fig. (e) shows that the current density
jx vanishes across the surface. The equilibrium adatom and
f=vexd— (E,—E; +eg)/kgT], E; <E, vacancy densitygga="Neq,=3.17X 1074 (per lattice sitg is
_ in agreement with the expected value exX@e/kgT)
= vexp(- egksT), E; = E,. (4) :3.1$>< iy P B

Here, v is the attempt frequency. The activation barrier for  Figure Xb) shows a snapshot of a two-dimensional island
terrace diffusion of adatom@nd vacanciesis 4. The for-  at T=0.4Tg. The use of periodic boundary conditions pre-

mation energy of an adatogand vacancyis 2¢. Timetis  vents evaporation of the island by allowing the adatom and
measured in units of Monte Carlo stegMCS) where vacancy density to build up to equilibrium valu€sThe

1 MCS=vtexpeq/ksT). The roughening temperature is simulation was performed on a 2800 surface and there
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FIG. 3. (Color onling (a) Evolution of the Fourier amplitude
Z(q), q=(27/L,2=7/L), for bidirectional sinusoidal profiles with
wavelengthd. =60 and 120(b) Average surface height along the
line AB (see Fig. 2at 7=0 and 0.93 folL=60. (c) Variation of the
island size as a function of reduced time (d) Variation of

ulkeT=(ma—u,) kgT along the line AB for L=60 at (7,A7)

=(0.93,0.19. (e)«(h) Comparison of current density obtained di-
rectly from the KMC simulations with Eq7) at different times and
for different wavelengths. The reduced time and intefvalA7) are
(e) (1.85, 0.19, (f) (0.93, 0.19, (g) (0.19, 0.19, and (h) (0.12,
0.35), respectively. The simulations far=60 andL=120 were per-

formed on 300 300 and 36 360 surfaces, respectively.
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are nominally 3600 atoms in the island. Figur@)lshows

the adatom and vacancy density in equilibrium with the is-
land evaluated oveAt=4x 10° and dx=1.6 Both are uni-
form across the surface within statistical error. The adatom
density increases whereas the vacancy density decreases
from its equilibrium value, in accordance with the Le
Chatelier-Braun principlé’ Since the free energy of forma-
tion of an adatom and a vacancy is the same in the KMC
model, the magnitude of change is the same for both defects.
Figure Xf) shows the variation oft/kgT=(u,—u,)/KsT @s a
function of the island size. We observe the expected Gibbs-
Thomson relation

_ G
= h o

(5

Here, G, is the step-free energy per unit lengthjs the
island sizeh is the step height} is the atomic volume, and

a is a geometry factor. Taking=\N/2 whereN is the nomi-

nal number of atoms in the islandG;=0.82.8 The Gibbs-
Thomson relation has also been observed in previous Monte
Carlo simulations® Note that the Gibbs-Thomson phenom-
enon only expresses a relation between vapor pressure and
interface free energy, and is not restricted to circular islands.

IIl. EVOLUTION OF BIDIRECTIONAL
SINUSOIDAL PROFILE

We now consider the decay of a bidirectional sinusoidal
profile belowTg. The starting surface(x,y) is a discretized

form of
_ 2mX 27Ty)
Z(X,y) —zocos<—L )cos(—l_ .

Previous KMC simulations with this model have shown that
in the limit of long wavelength, the amplitude decays lin-
early with time witht/L2 scaling®1°

Snapshots of the surface during the decay of a bidirec-
tional sinusoidal profile witleg=4 andL=60 are shown in
panels(a) and (b) of Fig. 2 at scaled timer=t/L3=0 and
1.85, respectively. The simulations were performed on a
300x% 300 surface al=0.54Tr. Chemical potential and cur-
rent density are evaluated by averaging over all regions
equivalent to the square ABCD indicated in FigaR The
chemical potentiaje=pu,—u, map evaluated at=0.93 and
A7=At/L3=0.19 is shown in Fig. @). The chemical poten-
tial is highest at the peaks A and C and lowest at valleys B
and D. A vector map of the current density is shown in Fig.
2(d). The length of the arrows indicates the magnitude of the
current. Mass flow is directed from the peaks A and C toward
the valleys B and D. Both the chemical potential and current
density were obtained by averaging over 50 simulations.

The decay of the Fourier amplitudeZ(q), q
=(2#w/L,27/L), with time is shown in Fig. @&) for two dif-
ferent wavelength& =60 andL=120. While a linear decay
with time is observed foL. =120, a faster-than-linear decay
is observed at short times far=60. The average surface
profile along line AB[see Fig. 2a)] is shown in Fig. 8) for
L=60 at7=0 and 0.93. A plateau is observed near the peak

(6)
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(and valley at 7=0.93 and is due to the lower free energy of IV. DISCUSSION
the facet compared to sloped regions. The evolution of the
averagesize of an island with time is shown in Fig(c3. The
island sizer,=\N,/2, whereN, is the number of atoms in
layer n. The chemical potential along the line AB evaluated
at (7,A7)=(0.93,0.19 is shown in Fig. &). The chemical
potential varies everywhere including the plateau.

In continuum theory, one uses the irreversible thermody
namics relation between current density and the chemci
potentiall? With mass flow driven by adatoms and vacan-
cies, the surface current is given by

The results of the KMC simulations support a continuum
theory of surface relaxation based on a rounded éusghis
approach, the first step involves evaluating the chemical po-
tential for a given surface morphology. The chemical poten-
tial is evaluated at each location assuming that it is in local
equilibrium. Since the surface-free energy with the rounded
cusp produces the correct equilibrium shépethe limit of a
mall-rounded regionit also yields the correct chemical po-

tential on the nonequilibrium surface. In particular, the con-
tinuum theory predicts a varying chemical potential on the

Dn D.n plateaus as well as sloped regions of the surfaliee simu-
j=—= ey - 228y (7) lations above indeed show that the chemical potential varies
keT keT over the plateaus. On the other hand, step models predict a

constant chemical potential in flat regidtd! which is in-
consistent with the KMC results. Specifically, the chemical
potential for the average surfagg(z(r))) is different from
Hwe one evaluated using the average position of steps
w(z(r»)3. Once the chemical potential is known, mass flow
simulations. The chemical potentiglg andw, in Eq.(7) are IS given by_ Eq(7) in t_he continuum theor_y. Th? KMC simu-
determined from the KMC simulations. Pang—g) of lations |nd|catequant|ta_t|veagree_ment with .thIS expression
eQ‘or small slopes The final step in the continuum theory is

Fig. 3 show the comparison at three different times for wav g ¢ | in the KMC model
lengthL=60. The current density is evaluated along the linegMass conservation, a feature also present in the model.

AB [see Fig. Pa)]. The agreement is good at all locations at
late timesr=1.85 and 0.93. Even at0.19, the agreement is V. CONCLUSION

bgtter in the flat regions compared to regions of.high slope.  chemical potential and current density maps on nonequi-
With L =60 andz,=4, the starting surface has regions wherejjriym surfaces have been determined directly from kinetic
the step separation is only one lattice ysie Fig. 8)]. N ponte Carlo simulations. On a bidirectional sinusoidal pro-
such situations, atoms can move from one terrace to anothgfe pejow T,, chemical potential is found to vary on both the
without diffusion across the terrace. This current is not Cap'plateaus and sloped regions of the surface. For diffusion-
tured by Eq.(7). As the amplitude decreases, the step sepajniieq kinetics, the simulations indicate that the irreversible
ration increases and decay proceeds more by atom detacfiermodynamics relation between current density and chemi-
ment from steps and diffusion on the terrace. !f we start with.g potential is valid even when a low-index orientation
a longer wavelength =120 and the same starting amplitude ¢, g part of the surface. These results support a continuum

Zp=4, decay largely occurs by atom detachment and diffutheory of surface morphology evolution based on a rounded
sion. Good agreement with E@7) is then found even at usp?

short times as shown in Fig(l®. These results indicate that

the irreversible thermodynamics relation between current M.V.R.M would like to thank J. Villain for a useful dis-
density and chemical potential is valid even in the presenceussion on the various issues regarding diffusion on crystal-
of a cusp in the surface free energy. line surfaces.

The adatom diffusion coefficierd,=[vaZ exp(—g4/kgT)]/4
wherea is the lateral lattice constant. A similar expression
holds forD,,.

We now compare the surface current density calculate
using Eq.(7) with that obtained directly from the KMC
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