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Theory of vibrationally inelastic electron transport through molecular bridges
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Vibrationally inelastic electron transport through a molecular bridge that is connected to two leads is
investigated. The study is based on a generic model of vibrational excitation in resonant transmission of
electrons through a molecular junction. Employing methods from electron-molecule scattering theory, the
transmittance through the molecular bridge can be evaluated numerically exactly. The current through the
junction is obtained approximately using a Landauer-type formula. Considering different parameter regimes,
which include both the case of a molecular bridge that is weakly coupled to the leads, resulting in narrow
resonance structures, and the opposite case of a broad resonance caused by strong interaction with the leads, we
investigate the characteristic effects of coherent and dissipative vibrational motion on the electron transport.
Furthermore, the validity of widely used approximations such as the wideband approximation and the restric-
tion to elastic transport mechanisms is investigated in some detail.
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l. INTRODUCTION e.g., nearest-neighbor tight-binding mod&s** The effect
The experimental demonstration of the possibility to con-Of the center-of-mass motion on the current has been ex-
nect two electrodes by a single molecule and to measure Rored for transversal vibratioffsand for longitudinal vibra-
current through such a molecular juncfichhas stimulated  1ONS (Shl#t“n% mgchamsmfl ' Thesefstﬁdles Tavel demon-
increasing theoretical efforts to elucidate the basic mechatrated t at the v_|prat|or_1a motion of the molecular br|<_jge
nisms of electron transport in such systersse, for ex- M&Y result in additionajvibrationa) resonance structures in
ample, Refs. 4-8 and references thereMost of the theo- the transmission probability which can alter the current-
reticall work in recent years has been devoted to th oltage characteristic significantly. Furthermore, the excita-
determination of the electronic structure of molecular junc- lon of the vibrational degrees of freedom of the molecule

tions, employing a variety of methods that include extendergmv'des a mechanism for heating of the molecular junction

. 1 A ) . nd thus is a possible source of instabitfty®
Huckel approaches ab initio quantum-chemistry The effect of vibrationally inelastic processes on electron

transport has also been investigated for a variety of closely

QElated problems including the tunneling of electrons through
electron transport, where the current through the molecul%rlg polymer chaingmolecular wireg“**Ielectron transport

junction can be obtained from the single-electron transmistrough quantum dots and heterostructdfe® as well as
sion probability using the Landauer formdfa®®These stud-  the theoretical description of single-molecule vibrational
ies have demonstrated the importance of the electronic epectroscopy in scanning tunneling microscop§TM)
ergy level structure of the molecular bridge: the tunneling ofexperiment$/-54 The formally related process of electron
electrons through occupied and unoccupied levels of th@ansport in the presence of a laser field has also been
molecule results in resonance structures in the transmissicstudied®s-5¢
probability which in turn may cause strongly nonlinear  Another closely related process is vibrationally inelastic
current-voltage characteristics. electron-molecule scattering. Here, it is well established that
Much less is known about the effect of vibrationally in- the resonant scattering of a low-energy electron from a mol-
elastic processes, associated with the vibrational motion ofcule can result in strong vibrational excitation. This process
the molecular bridge, on the electron transport. In experihas been studied in great detail experimentéiby reviews,
ments on electron transport through kholecules between see e.g. Refs. 57 and p&-urthermore, efficient theoretical
two platinum electrodésas well as G, molecules connected methods have been developed to describe the interaction of
to gold electroded’ indications for an influence of the electronic and vibrational degrees of freedom in resonant
center-of-mass motion of the respective molecule on the coreollision processes of low-energy electrons with molecéfles.
ductivity have been found. Effects of the internal vibrational As a result, inelastic electron scattering from diatomic mol-
motion of the molecular bridge on the current through theecules is now well understood from first principféDue to
junction, on the other hand, hav® our knowledggnot yet  the close similarities between the process of vibrational ex-
been reported. Such effects have, however, been predicted éitation induced by electron scattering from a molecule and
a variety of theoretical studies. For example, the “static” in-vibrationally inelastic electron transmission trough a molecu-
fluence of the internal vibrational modes has been studied bhar junction, it is to be expected that the methods and con-
averaging the transmittance over the probability distributioncepts developed in the former field can advantageously be
of the vibrational degrees of freedd®r3° The dynamical used in the latter field. An example is the so-called wideband
impact of the vibrational degrees of freedom on the tunnelingapproximation, where the energy dependence of the coupling
current in molecular junctions has been investigated withinpbetween the molecule and the leads is neglected. This ap-
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proximation, which has been adopted in most of the theoretievels of theory are critically compared. Finally, Sec. IV
ical studies of vibrationally inelastic electron transport ingives a summary and concludes.

molecular junctiongfor exceptions, see Refs. 31, 41, 43, 44,

and 6) has been tested in detail for resonant electron-

molecule scatterin It has been shown that the wideband Il. THEORY

approximation breaks down at energies close to thresholds o

and often does not accurately describe vibrational excitation A. Model Hamiltonian

processes. To investigate the influence of vibrational motion on the

In this paper we study vibrationally inelastic effects ontransmission of electrons through a molecular bridge, we
electron transport through a molecular junction beyond thggnsider a situation where two metallic leads, which serve as

wideband approximation. To this end, we consider a generig reseryoir of electrons, are connected to a molecule through

model for vibrational excitation in resonant electron trans-yhich electrons can be transferred from one lead to the other.

mission processes trough a molecular junction. The modelg hag heen demonstrated in previous work on elastic elec-

includes the coupling of.an electronic resonance state, I.Ot'ron transportsee, for example, Ref. 63he transmission of
cated at the molecular bridge, to the continuum of eIeCtror"%Iectrons through molecular junctions is typically character-
lead states as well as the coupling of the electronic degrees 9 J ypically

of freedom to a vibrational reaction mode of the moIecuIe.'Zed. by resonances V\.’h'c.h correspond to the various Qlec-
Employing projection-operator techniq@s well-known tronic orbitals of the bridging molecule. From the theoretical

from electron-molecule scatterifigthe transmission prob- point of view, the situation is thus characterized by a set of

ability through the molecular junction can be evaluated nuf€sonance states which are embedded in the continuum of

merically exactly within this model. The current through the '?‘ad states. In this paper, we will con5|_der, for simplicity, a
bridge is obtained employing a generalized Landauefituation where only a single electronic resonance, corre-
formula®? Based on numerical results for models in different SPONding(in the limit of vanishing coupling to the lead®

parameter regimes, we study the importance of inelastic of molecular anion, contributes to the transmission process.

fects on molecular conductance as well as the validity of the .From the theory of res_onant electrop-mqlecule scgttermg,
wideband approximation. it is well known that the influence of vibrational motion on

Furthermore, we investigate how vibrationally inelasticthe electron transmission can be advantageously described

effects on electron transport are altered if the vibrational moPY €h00sing a basis of diabatic electronic states consisting of

tion has dissipative character. Dissipative vibrational pro2 discrete statgpg), which represents the resonarice., the

cessegsuch as, for example, vibrational dephasing and re_sit'uat.ion where the transmitting electron is sjtuated at the
laxation are expected to be of importance in larger bridging moleculean_d_a set of orthogonal continuum states,
molecules or in molecular bridges that are embedded in aifz’kc)’ a:L'R_' describing _the electron In the_ left and right
environment. To describe dissipative vibrational motion, we'€2d: respectively. Accordingly, the Hamiltonian reads
consider the coupling of the reaction mode to a vibrational _ ~ ~
bath. The various observables are then obtained employing Hs =|goHu(¢dl + kaE:L R{|¢k“>(€k“+ Ho)( el
an expansion with respect to the number of quanta in the T .
final state of the bath. This technique, which was proposed + [ o) Voo Prcal + | PcaVaral el } 1)
some years ago in the context of electron scattering from ~ ) ) o
large molecule&* allows us to describe the effect of vibra- whereH, denotes the vibrational Hamlltomrin of the neutral
tional relaxation in an approximate, yet controlled, way,molecule in the electronic ground state aHg the vibra-
without invoking Markov-type approximations. Moreover, it tional Hamiltonian in the discrete electronic sté#i). The
is shown that in the case of identical left and right leads anelectronic coupling between the leads and the molecule is
zero bias voltage a unitarity condition can be exploited specified by the coupling matrix elementg,.
which allows a numerically exact evaluation of the transmis- The electronic parameters of the model Hamiltonian
sion probability, including the effects of a dissipative vibra-can in principle be determined by electronic structure
tional bath. calculation$® In the model studies considered below, we
This paper is organized as follows: After an introductionhave adopted a parameterization which is based on a reso-
of the model and the observables of interest, Sec. 1l outlinegance description of the molecular bridge and a simple tight-
the theoretical methods used to describe the transmissidsinding model for the leads, schematically shown in Fig. 1.
probability and the current through the molecular bridge. InThe molecular resonance is described by the discrete state
particular, we discuss various levels of the theoretical treatl¢y and the state§l), I=+1,+2,... represent the atomic
ment: a theoretical description based on purely elastic transsites of the left—) and right(+) lead, respectively. It should
port mechanisms, the incorporation of vibrationally inelasticbe noted that in contrast to the lead states, the discrete state
processegcoherent and dissipatiyeas well as the wideband does not correspond to a single-site tight-binding description
approximation. Section lll presents model studies of vibra{e.g., a single atomic orbitalbut rather is a molecular reso-
tionally inelastic electron transport for different parameternance state, and thus comprises typically contributions from
regimes, comprising both the case of a molecular bridge thanany atomic orbitals. This molecular orbital can be con-
is weakly coupled to the leads, resulting in narrow resonancstructed for a molecule under bias resulting in voltage-
structures, and the opposite case of a broad resonance causpendentgy). For information on the construction of mo-
by strong interaction with the leads. Furthermore, the variousecular resonance states we refer the reader to Ref. 59. The
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FIG. 1. Schematic representation of the tight-binding model used to parameterize the Hamilton{@in, Hte circles depict the atomic
sites for the leads and the molecular orbital for the briggiéh energy written belowand the lines indicate the nonzero hopping amplitudes
(written above.

nearest-neighbor coupling constants between two lead sites 202

and between the leads and the molecule are specifief by 2,(2)= 2 2"
andv, respectively, angl ;r denotes the chemical potential Z= po+N(Z- pe)" = 4B
in the leads. The stationary continuum states in the right leaéiere, the width of the conduction band is given kg. Ana-

(8

are given by lytic continuation in the complex enerdy) plane gives the
in(ki) real part
sin p
po =2 ﬁ“% (2) v?
| VB sin 2—32(6—,ua) for |e— u,| <28

and similar for the left lead. The energyof the electron Ae)=9 v? L (9)
satisfies the dispersion relation 2_,82[(6_ Ma) F V(€= pa) = 467]

€= €, = o+ 23 COSK, (3) L for +(e-p,) >2p

d the i i t
in the left and right leada=L/R, respectively. Using this anc Ihe Imaginary par

particular model for the leads we obtain v2 ——
_2\418 _(E_lu'a) for |6_/*’La| <2:B
Snk F(e)=\B . (10
Vika = <¢d|He||¢ka>=U‘\/7T_B- (4) 0 for [e— u,| > 28
As will be demonstrated in Sec. lll, the inclusion of the

As we will see in Sec. Il C, the electronic structure of theenergy dependence of the width functibp(e) and thus of
leads enters the expressions for the observables of interet%t

only through the energy-dependent width function of the, € coupling matrix element¥y, which complicates the

4 . NS theoretical treatment significantly, is crucial in order to ac-
leads(atomic units withe=%=1 are used throughout the pa- count correctly for inelastic effects, in particular for energies
per unless stated otherwjse

close to the edge of the conduction band.

B ) To study vibrationally inelastic effects on the transmission

I (€) =272 8e- €| Vakal*- ©) through the molecular bridge, we consider a single vibra-
k tional (reaction mode, along which the equilibrium geom-

etry of the discrete electronic state is shifted with respect to

the continuum states due to the presence of the additional

electron at the molecule. Within the harmonic approxima-

The width functionl" ,(¢) is the imaginary part of the self-
energy function

Vg2 i tipn, this situation is described by the vibrational Hamilto-
S (6=> — —=Ae) I (e), (6) nians
Kk € ~ €Eka 2
Ho=ws a'a,
where €' =e+iy, y being a positive infinitesimal. The real
part of the self-energy function, the level-shift function _ A2
A,(e), is related to the width function via Hilbert transfor- Hy= wga'a+\(a+a’) + e;= wg alag+ eg— —. (11)
mation, i.e., ws
Here, wg is the vibrational frequency of the reaction mode,
A(e)= LPJ 1ﬂa(f’)de, R anda’ anda denote the creation and annihilation operators
@ 2 e—¢€ ' for the reaction mode which are related to the corresponding
operators in the discrete electronic state by the shift in equi-
whereP denotes the principal value of the integral. librium geometry\/(\2wg), i.e.,ag=a+\/ ws.

For the nearest-neighbor tight-binding model of the leads Most of the experimental studies of electron transport
introduced above, the self-energy functiBiz) is given by  through molecular bridges conducted so far have considered
the Hubbard Green’s functidif;¢ multiplied by the coupling  relatively large molecules with many vibrational degrees of
strengthv between the last atomic site in the leads and théreedom. In large molecules the coupling of reaction coordi-
bridge, nategwhich are strongly coupled to the electronic degrees of
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freedom) to the remaininginactive) vibrational modes of the the probability for scattering of an electron with the eneggy
molecule results in the process of intramolecular vibrationafrom lead «; into a state with energy; in the leada;, ac-
redistribution, which is well known from the spectroscopy of companied by a vibrational transition from state)|v;) to
large molecule&?-"5To study the effect of vibrational relax- state [v¢)|v;) (we denote the bath vibrations with boldface
ation on the electron transmission, we adopt a linear reletters and the system mode vibrations with italic leiteis
sponse model for vibrational relaxatfdnin the discrete given by? 7’8

state, where the reaction mode is coupled to a bath of har-

monic oscillators. Thus the Hamiltonian of the overall sys- tage o (€101, V1 €01, V1)

tem is given by =8¢ +E, +E, —~E, —E,)

H=Hs+Hg* Hs, (12 XL ()T o ()|l wil(gel(e = H) Y blwpvdl2,
where the “system” HamiltoniaRlg is given by Eq.(1), the 17)

bath Hamiltonian reads
whereEVi, E, and E/. E, are the initial and final vibrational

Hg = E wj bijj, (13 energies of the bath and system modes, respectively. Writing
] the transition probability in the forrfll7), we have assumed,
and the coupling between the reaction coordinate and thér simplicity, that the coupling elementy,, does not de-

bath is given by the bilinear interaction pend on the vibrational degrees of freedom. The generaliza-
tion of the formula to include such effects is straightforward

Hsg= )2 cj(agb] +alb) (. (14)  (see, for example, Ref. 59
j While Eq.(17) describes the most detailed information on
the scattering process, in experiments typically more aver-
aged observables are measured. It is thus expedient to intro-
uce the integral transmission probability from legdinto
ead «; (summed over all possible final vibrational states

Here,b! andb; denote creation and annihilation operators for
the bath mode with frequenay;, andc; is the corresponding
system-bath coupling constant. Because we work with th
normal modes of the neutral moleculef. Egs. (11) and
(13)], there is no bilinear coupling between the system and
the bath modes if the molecule is in the neutral stated
thus the electron in the lead statel reality there is, of
course, Coup"ng due to anharmonic effects in the neutra@nd the total transmission probablllty, integrated over the fi-
state of the molecular bridge, describing, for example, vibranal energy of the electrorg;,

tional relaxation processes after an electron has been trans-

mitted through the bridge. The study of these effects, which t,. (€)= f t, . (€, €)de;. (19)

for the process of resonant electron-molecule scattering were o o

found to be small compared to the relaxation mechanism in - the most important observable for the study of electron
the discrete molecular statéwill be the subject of future transport trough a molecular bridge is, of course, the current
work. which is induced when a finite voltage is applied to the mo-

i 76,77 i i i X X .
As is well known;"“all properties of the vibrational bath |gcyjar junction. To calculate the current through the bridge,
which influence the dynamics of the system are characterizeg employ the generalized Landauer forniula

by the bath spectral density

tagea (€6 6) = 2 tapea(€n0p V60V, (18)

v, V¢

1
Jw)=2 o= w). (15) )= f de J deritrL(er, €)fL(€)[1 — frler)]
j
In the numerical calculations reported below, it will be mod- ~tirlen ) fr(€)[1 —fi(e) ]}, (20
eled by a continuous ohmic bath with exponential cufoff where f (E), =L,R, denotes the Fermi-Dirac distribution
Iw) = goe e, (16) for the left and right lead, respectively.

In principle the basis statégyg), |¢y.), and therefore also

Here, the characteristic frequenay defines the maximum the functionsl',,(¢) and vibrational Hamiltoniamy, depend
of the spectral density and the overall strength of the systenbn the bias voltag¥ across the bridge. Here, we assume for
bath coupling is measured by. simplicity that the bias voltage/ enters Eq.(20) only
through the Fermi distribution of the leads and the width
functionI’(¢) [cf. Egs.(3) and(5)] via the chemical poten-
tials of the leadsu, ,gr=%V/2. Moreover, in this paper we

Various observables are of interest when investigating thevill not consider thermal effects on the electron transport,
influence of vibrational motion on the electron transporti.e., in all numerical calculations reported below we have
trough a molecular bridge. The most detailed information ortakenT=0 K. Thus the initial state of the vibrational degrees
the transmission process of a single electron is comprised iof freedom is the ground state of the system and bath modes,
the initial- and final-state resolved scattering probability. Em-respectively/v;=0)|v;=0g) and the Fermi-Dirac distribution
ploying scattering theory, it is straightforward to show thatf,(E) in Eq. (20) reduces to the Heaviside step function.

B. Observables of interest
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The validity of the formula(20) for calculating currents tr (e, €)= > O — € — E, )F (ef)I‘L(e,)|<vf|G(S)(e,)|O>|2
including inelastic effects has been discussed controversially o
in the literature. The current formula is sometimes used with-
out the Pauli exclusion principle factof& —f(e)] (see, for
example, the discussion in Refs. 26, 79, angl &nploying
nonequilibrium Greens function theory and the second quan
tized version of the Hamiltoniafl), it can be shown that Eq. s ~
(20) gives the correct description of the current in the limit G4(E) = (¢l (E" — Hg) ¥ g (23
where many-electron processes are negligible for the
dynamics® This limit is sometimes called the single particle denotes the Green's function projected on the resonance
approximation. For the study of the tunneling through a vi-state. The exact one-particle transmission probab{&)
brating single-molecule junction beyond this approximationcan be obtained from the solution of both time-depertdénht
(but within the wide-band limjtsee Ref. 82 and references and time-independent Schrddinger equatigase for ex-
therein. It should also be mentioned that the use of(2g. ~ ample, Refs. 43, 44, 80, and )84 he Green'’s functiori23)
implicitly assumes that the bridge relaxes into the groundcan also be written in closed form. Employing projection
vibrational statév;=0)|v;=0g) before each subsequent trans- operator techniques well known from the theory of resonant
mission event. In view of the low currents observed experi-€lectron-molecule scatteringsee Ref. 59 and references
mentally, this should be a reasonable assumgfimna simi-  therein), GS(E) can be recast in the form
lar discussion in the case of STM currents, see, for example,
Ref. 50.

(22)

where

G3(E) =[E"~Hq =3 (E~Ho) - Sp(E-Ho ™. (24
C. Method of solution This form has the advantage that the electronic continuum

In this section, we introduce the method of solution of thehas been formally eliminated and only vibrational dynamics
problem. We discuss different levels of theory, includingin the discrete electronic space has to be evaluated. We
purely electronic(elastio transmission, as well as vibra- would like to stress that we do not assume the wideband
tionally inelastic transmission with and without dissipation. approximation(see the following sectigrin Eq.(24) and the

Hamiltonian operatoH, enters the energy dependenceof
1. Elastic transmission Efficient techniques have been develdédto evaluate the
matrix elements of the Green'’s functié®@4). In the present

brational degrees of freedofne., A= =0 in Egs.(11) and case, whereHo and Hd describe harmonic oscillators, the

(16)]. In this case, only elastic processes contribute to théEreens function(24) can be obtained, e. 9 by |nvert|ng a
electron transport, and the total transmission probability iasis representation of the operatfr - Ha—SL(E-Ho)

given by -2R(E- HO) for each energyE, employing efficient algo-
rithms for the inversion of tridiagonal matric&s.

Let us first consider the case without coupling to the vi-

tr_L(€) =t _r(&)
(&)l (€) 3. Wideband approximation
e — N 12 _ 2a
[ei = €a= Aule) =~ Ar(e)]"+ [T (e) + Tr(e) 74 While the expressions discussed so far take full account
(21)  of the energy dependence of the width functidfe), in the

majority of previous work on the effect of vibrational motion
on electron transmission, the so-called wideb&\B) ap-

which is the well-known result for elastic resonant tunneling
transmission. The Landauer formul20) for the current is e X : o
exact in this casesee, for example, Ref. 82nd the evalu- proximation has been invoked, where the width function is
ation of the current reduces to a simple numerical integra@SSumed to be constant, i.d(e)=const (for recent ex-
tion. amples see Refs. 86 and)3m this approximation, the level-
shift function vanishegcf. Eq.(7)], A(e)=0. Introducing the

2. Inelastic transmission without dissipation eigenstaten) and eigenenergiei,, for the operatoH, the

Let us next consider the influence of the coupling to the fransmission probability, Eq22), can be written as

vibrational degrees of freedom on the transmission of the

electron, i.e., vibrationally inelastic transmission through the ' (er,€) = TRl Y 86— & — i~ E)

molecular bridge. If we exclude dissipative processes in- vf

duced by the coupling to the bath, the dynamics is described (v¢|n)(n|0) 2

by the system Hamiltoniahls, Eq. (1). The probability for > , , (29
transmitting an electron with energyfrom the left lead into " &-E,+ IE(FR+ r)

a state with energy; in the right lead, accompanied by a

vibrational transition from the state;=0) (which is the ini-

tial vibrational state at temperatufe=0) to the statdv;), is ~ which yields after integration over the final energy of the
given by?0-84 electron the total transmission probability
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0 2
(&) =FRFLE |<n|1>|

" (6-Ep?+ Z(FR+ r)?

=TR[> (

1
" (&-En)?+ Z(FR+ I)?

te) (er.€) = 2 J(&— e~ E, ) Tr(e)TL(€)

vf

X |(vi|Goles + E, Jag Go()|0), (28D

WB)
t;@—L

)\2

2
2wg

1

n
2/ 2
il e—)\ IZwS
n!

with the Green’s function

(26)

Gq(E) = <¢dl(E* - Hs— | ¢pal(dd

In Sec. lll, we will study the validity of the wideband ap-
proximation based on the comparison of Eg6) with the
full inelastic transmission probability given by E@2).

J(w -t
Xde#s)_w|¢d>ad<¢d|> |da)

:<¢d|<E+ -Hs—|pgal

4. Inelastic transmission including vibrational
relaxation

Finally, we consider the case of inelastic transmission of
an electron through the molecular bridge in the presence of
vibrational relaxation. The theoretical treatment of this prob-
lem is considerably more complicated than the cases considthe expressions for higher order terms> 1) can be found
ered above because we have to deal with two qualitatively, Ref. 64. The Green's functioB4(E) can be evaluated

different continua: the electronic scattering continuum deijther as the unique solution of the Lippmann-Schwinger
scribing the leads and the dissipative vibrational mode CONgquation

tinuum of the bath. In principle, it is possible to start from
the general formula for the transition probabilit¥7) and
derive formal expressions as in E¢22) and (24) with the

bath modes included iH, andHy. However, with increasing
number of bath modes it becomes difficult to perform the
matrix inversion in Eq(24) and, therefore, such an approach
is limited to very few bath modes.

To circumvent this problem, we adopt an approach thaysing the iterative Schwinger-Lanczos metHdl (which

has been proposed to describe the effect of vibrational relaxsonyerges with only few iteratiop®r employing matrix in-
ation in the context of resonant electron scattering from larggersjon techniques as described in Ref. 64.

4 ici i i L :
molecules’* The basic idea of this method is to express the |, general situations where the left and right lead are not

transmission probability, Eq18), as a sum identical, e.g., due to a nonzero bias voltage, the expansion
in Eq. (27) has to be terminated for practical reasons at a
certain ordem and is thus only applicable in the case of a

weakly damped system mode. We would like to emphasize,
though, that the electronic coupling of the molecule to the

leads is treated exactly in the approach outlined above and it
can thus be arbitrarily strong. Furthermore, the treatment of

-1
dew J(w)GZ(E_w)ad<¢d|) |pa). (29

Gqy(E) = G§(E) + Gﬁ(E){aﬁ f ded(w)GJ(E - w)ay [Gy(E)

(30)

o

trL(€r,6) = 2t (er,€), (27)
m=0

wheretg'zL(ef,ei) describes transmission processes with
quanta of excitation in the final state of the ba#ds was

the dissipation described by Eq28) does not invoke
Markov-type approximations and is, therefore, not limited to

mentioned above, we assume that the initial state of the batituations where the bath-correlation time is short compared

at temperaturd=0 is given by|v;=0g)). In the parameter

regime where the vibrational relaxation rate is small com-

to the system dynamics.
In the case of identical left and right leads and zero bias,

pared to the electronic decay rate of the resonance, only thgowever, one can exploit the unitarity condition to express
first few terms in the expansion will contribute to the overall the sum of all higher order corrections, itg”.) _ with m>0,

transmission probability. The first two terms in the expan-in terms of the elasti¢with respect to the bajitermst'

. . . R—L
sion, which correspond to processes where the final state %fndtﬁolL- To see this, it is noted that in the symmetric case

the bath contains zero or one quantum of excitation, respec- (M) _(m) _
tively, read Gve havet,” =t ", for all m>0. Form=0, the total trans-

mission probabilities are given by

te L (er,€) = 2 8 — &~ E, )Tr(e)TL(€)[(0f| Gq(€)|O)?,

vf

te, () = 2 Tr(6~E,)I'(6)[(v|Gu(€)|O)P, (31

UfZO

(282
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TABLE I. Parameters for the different models considered. We - L B o L L
have sef3=1 eV in all cases, ang=0.1, wc= ws if the coupling to [ Model Lopstie
the dissipative bath is taken into account. Furthermore, the center of w [ i i inelast. in WB-approx, ———-—
the conduction band is equal to Fermi energyr=+ 1/2V= ¢ for ey S ’::inelast- with dissipation ———
the left and right lead, respectively. ;:

S ]
Model € v ws N 2
=)
A 0.5 0.2 05 0.3 7 ]
B -0.5 0.2 05 0.3 E
C 0.5 0.2 0.4 0.7 8
D 16 1 0.4 0.7 a 1
E -0.7 1 0.4 0.7
2
t(LOiL(fi) = |1 - iFL(Ei)<O|Gd(€i)|O>|2 Electron energy (eV)

o0

+ 2 T'i(6 = E, )T (6)[(v1|Gq(&)[0)].

Uf=1

FIG. 2. Transmission probabilities for model A at zero bias volt-
age. The results shown have been obtained at different levels of
theory: purely elastic transmittan¢gotted ling, numerically exact

(31b) inelastic transmittancéthick dashed ling and inelastic transmit-

The difference between the transmissions probabilities fronf’c€ In the wide band approximatigthin dashed ling The full
line depicts the inelastic transmission probability including vibra-

the left to the right lead and from the left back to the left Ieadtional elaxation
is due to the special role of the transition amplitude with the '
same initial and final state which only contributes in the

latter case. Together with the unitarity condition ing facton. The characteristic frequency of the bath is chosen
to coincide with the frequency of the system mode, g,
9 (+ 2t (+t9 (9+ 2t (=1, (32) =ws and we will consider a relatively weak coupling be-
m>0 m>0 tween the system mode and the ba#t,0.1.
this yields

A. Tunneling through a narrow resonance

1
_ ) o)
J==(1+ ) — A ) ) .
tr-L(e) 2(1 tr(&) ~tio () First, we consider the resonant transmission of electrons

in the tunneling regime, which is characterized by a rela-
=~ T(&)IM(0[Gy(&)|0)- (33 tively weak coupling of the electronic state localized at the
Equation(33) is an exact formula for the total transmission bridge to those in the leads. We have chosen a coupling
of the electron through the molecular bridge, including thestrength ofv=0.2 eV, which corresponds to a fifth of the
bath to all orders in the system-bath coupling. Moreover, ithearest-neighbor hopping amplitugein the leads. We will,
can easily be evaluated numerically. Although it is limited tofurthermore, consider a localized state that is situated well
symmetric leads, and thus cannot be applied directly to calinside the conduction band with an energyegf 0.5 eV (for
culate the current, it is very helpful for checking the conver-zero voltage, the conduction band extends over the range
gence properties of the expansi@Y) for zero bias or inthe [-2 €V,2 eV).

linear response regime. We start with model A, which is characterized by a rela-
tively weak coupling between the electronic degrees of free-
IIl. RESULTS AND DISCUSSION dom and the vibrational motion of the system mode,

=0.3 eV. Figure 2 depicts the transmission probability for

In this section we present the results of a model study ofnodel A obtained for zero voltage using the different levels
the influence of vibrational motion and vibrational dissipa-of theory introduced in Sec. Il C: the elastic transmission
tion on the transmission probability and the current-voltageprobability, Eq.(21), the vibrationally inelastic transmission
characteristics of a molecular bridge. To obtain a compreherprobability integrated over the final electron energy, 9),
sive picture of the various mechanisms, we shall considethe wide-band approximation of the vibrationally inelastic
models in different parameter regimes. In particular, we willtransmission probability, E¢26), and the transmission prob-
consider both the case of a molecular bridge that is weaklwbility in the presence of vibrational relaxation, Eg3). The
coupled to the leads, resulting in narrow resonance strucelastic transmission probabilifglotted ling exhibits a rather
tures, and the opposite case of a broad resonance, causedrarrow peak at the position of the discrete electronic state.
strong interaction with the leads. The parameters specific tincluding the coupling of the electronic degrees of freedom
the different models are collected in Table |. The nearestto the vibrational motion of system modeibrationally in-
neighbor coupling strength in the leads =1 eV in all  elastic transmission, thick dashed lin¢éhis peak is seen to
models consideregthis parameter is an overall energy scal- become split into several subpeaks which correspond to the
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Model A No Bath ----- F Model A e e

Transmission probability
Current (10 2¢/h)
4
1
L

elagtic ereereeee |

inelastic =====

inelastic in WB-approx. ——----

inelastic with dissipation
1 1

2 0 0.5 1 1.5 2
Electron energy (V) Voltage (V)

FIG. 3. Transmission probability for model A as in Fig. 2. The  FIG. 4. Current-voltage characteristic for model A obtained at
different levels of approximation for the treatment of the bath aredifferent level of theory.
shown together with exact resyfolid line) and the result obtained

without coupling to the batkthick dashed ling The result includ-  peen obtained employing ERO). As has been discussed in
ing up to one quantum in the final state of the bafi+t¥) is  getail by other author®:*Ieach resonance peak in the trans-
indistinguishable from the exact resdull 1) mission probability has its counterpart in a step in the

different vibrational levels in the discrete electronic state.current-voltage curve. Thereby, the steps occur in the order
This effect is well known from previous studié’® The as they appear in the_transmlss_|on. probability counted from
comparison between the elastic and inelastic transmissiofiie zero-voltage Fermi energwhich is set to zerp Accord-
probability in Fig. 2 demonstrates that even in the case ofngly, the current based on the elastic treatment of the trans-
relatively weak electronic-vibrational coupling a theoreticalmission(dotted ling exhibits only a single broad maximum
treatment which only includes elastic processes provides @orresponding to the position of the discrete electronic state.
rather poor description. The wide-band approximafitiin ~ The inelastic currengthick dashed ling on the other hand,
dashed ling on the other hand, which takes the vibrational exhibits several steps which belong to the different vibra-
excitation into account but neglects the energy dependena#nal peaks in the transmission probability. The wide-band
of the width function, is seen to give an excellent descriptionapproximation(thin dashed lingis seen to give very good
of the transmission probability. This is due to the fact that inresults except at high voltages, where the resonances are
model A the resonance is situated well inside the conductiorloser to the edge of the conduction band and, therefore, the
band and, therefore, threshold effects are negligible. energy dependence of the width function becomes important.
The inclusion of the coupling to the vibrational batolid Although there is a pronounced effect of the vibrational
line) causes a further broadening and slight shift of the peakmotion on the current in model A, the influence of the cou-
belonging to the first and second excited vibrational level inpling to the bath(thick solid line is rather small. This is a
the discrete electronic state. The main peak, which correeonsequence of the location of the discrete electronic state,

sponds to tunneling trough the ground vibrational state f ~ Which is situated 0.5 eV above the Fermi energy in this
on the other hand, remains almost unaffected. This is due t@odel. As a result, the current for low voltagésto 1 V) is
the fact that(in a zero-order picture without electronic cou- almost exclusively due to tunneling of electrons via the reso-

pling) the ground vibrational state f is a stationary state, nance corresponding to the ground stateHyf which is
while all excited vibrational states decay into the groundhardly affected by dissipatiofcf. the discussion aboye
state. If we change the discrete state energy ¢g=—0.5 eV
The result for the inelastic electron transmission includingtmodel B), the transmission functions, depicted in Fig. 5,
vibrational relaxation depicted in Fig. 2 has been obtainedemain virtually unchanged except for a shift in energy by
employing Eq.(33) which is only valid for zero bias. For 1 €V.In contrast, the current-voltage characteristic for model
situations with nonzero biaén particular, to evaluate the B, shown in Fig. 6, is qualitatively different from that of
current through the bridgewe will use the expansion of the model A(cf. Fig. 4. The reason is that the order of the peaks
total transmission probability in terms of the number of ex-as counted from the Fermi energy is reversed and therefore
citations in the final states of the bath, E27). It is therefore  the low-voltage region of the current is influenced by tunnel-
important to study the validity of this expansion. The resultsing through excited vibrational states kf; which are more
in Fig. 3 demonstrate that for the present example the exparstrongly affected by the presence of the bath. The current
sion (27) is well converged if bath states with zero and onewith and without vibrational relaxation thus differs by
guantum of excitatiofm=0,1) are taken into account. 30-50% for voltages in the range 0.5-1 V.
Figure 4 shows the current through the bridge as a func- The differences between the various levels of the theoret-
tion of the applied voltage for model A. The results haveical treatment become more significant if we consider a

125406-8



THEORY OF VIBRATIONALLY INELASTIC ELECTRON... PHYSICAL REVIEW B 70, 125406(2004)
— —— 77T L LA B | N T T T
£ elastic =serereen 4 - H 1
Model B inclastic ——mmen- | Model C i
: inelast. in WB-approx. —---- ] s e |
2 = inelast. with dissipation T i 2 msigzgz ______ ]
= J i - inel.in WB-approx. ——--— 1
: | 3 e |
E S 1 & :
: : |
a L ] 2 + L H ]
g ° g < i ]
2 g i ]
ol ] E ol Aooi ]
° S oo
Ao j' Y, .
AN A ]
o . o Albald
-1.5 -1 -0.5 0 0.5 1 -15 -1 -0.5 0 0.5 1 15 2
Electron energy (eV) Electron energy (eV)

FIG. 5. Transmission probabilities for model B at zero bias volt-  FIG. 7. Transmission probabilities for model C at zero bias volt-
age. Shown are results obtained at different levels of theory agge. Shown are results obtained at different levels of theory.
explained in the caption of Fig. 2.

The effect of vibrational relaxation on the transmission
model with larger coupling between the electronic and vibraprobability, illustrated in Fig. 8, also is much more pro-
tional degrees of freedom. Such a situation is described bgounced in this model than in model A. Except for the lowest
model C, where the vibrational frequency is chosernwgs two peaks, the vibrational resonances are smeared into a
=0.4 eV and the vibronic coupling strength &s0.7 eV.  broad hump, when vibrational dissipation is included. This is
The location of the discrete state is the same as in model Aue to the fact that the vibrational relaxation process be-
€4=0.5 eV. The transmission probability for model C is comes more effective for higher excited vibrational states.
shown in Fig. 7. It is seen that the stronger vibronic couplingAlso shown in Fig. 8 is the expansion of the total transmis-
results in a pronounced vibrational progression in the transsion probability in terms of the number of excitations in the
mission probability. In contrast to the cases consideredinal state of the bath, E¢27). As a result of the importance
above, the wideband approximation essentially fails to deef higher vibrational states and the relatively small electronic
scribe the transmission probability. It predicts an amplitudecoupling to the leads, the expansion is seen to converge
which is too small by about a factor of 2. Furthermore, themuch slower than in the models considered above.
position of the peaks is not correctly described in the wide- Let us next consider the current-voltage characteristic for
band approximation due to the neglect of the level-shift funcimodel C, depicted in Fig. 9. It is seen that the coupling to the
tion A(E), and the individual peaks in the numerically exactvibrational motion has a rather strong effect on the current
results are narrower than in the wideband approximationthrough the bridge. In particular, the current-voltage charac-
This effect of “vibrational narrowing” is well-known from

resonant electron-molecule scatteffhgnd results from the T e Rt —emms
interference between overlapping resonances. a Model C
L) -——TrTr-r-r-r-r-r-r-r--r-r-|T-rrrr|Trr- 2
= <
Model B T o
-~ - <
]
@]
o, =S,
et ex i
R .2
% | Paaiy i 2
NN = 2
@ <= g 2
o 2]
= < r . S
- K i
=] ’ = 4
£ o F / 7 <
= /
@] /4
S r //" T "
,‘l elastic sreeemeseen o =
e inelastic ====~ -1 0.5 0 0.5 1 15 2
- T 2 ~Tnelast. in WB-approx. ——---- T Electron ener vV
25 inelast. with dissipation ectron energy (eV)
o i I R S S [ T T S [ T W W'Y
0 0.5 1 L5 2 FIG. 8. Transmission probabilities for model C at zero bias volt-
Voltage (V) age. Shown are the numerically exact results for the inelastic trans-

mittance with(thick dashed linpand without(full line) vibrational
FIG. 6. Current-voltage characteristic for model B. Shown arerelaxation, as well as the convergence of the expansion with respect
results obtained at different levels of theory. to the number of quanta in the final state of the h@tin lines.
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inelastic ==mm= . 15t. in WB-appre
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1
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T

FIG. 9. Current-voltage characteristic for model C. Shown are  F|G, 11. Transmission probabilities for the case of a bridge

results obtained at different levels of theory as explained in thestrongly coupled to the leadsnodel D) at zero bias voltage.
legend.

L o ) . . B. Transmission through a bridge strongly coupled to the
teristic exhibits steplike structures corresponding to the dif- leads
ferent vibrational levels in the discrete electronic state. As All model idered so f h ved b |
expected from the discussion of the transmission probability. MOUEIS CoNSIGered So far were ¢ aracte_nze yareia-
above, both the elastic treatment and the wideband appro>§'—VEIy wea_k coupling _Of the discrete electronic state to the_
mation fail severely in the description of the current. Figure'€2dS: which results in narrow resonance structures. In this

10 demonstrates that the coupling to the bath has a stro ction we shall consider the oppasite limit of a Ipcali_zed_
effect on the current-voltage characteristic in model C. [nStte that is strongly coupled to the leads. Such a situation is

particular, the steplike structure is washed-out and the ma _eahzgd in model D,_where the coupling strgngth between
nitude of the current decreases by more than a factor of _he discrete elgqtronlc State and the quds s chosen as
Also shown in Fig. 10 is the contribution of the different =1¢eV. The position of the discrete state is in the upper part
terms in the expansiof27) to the total current. In contrast to of the conduc_t|on bandy=1.6 eV. A" ather parameters are
the transmission probability, the expansion for the currenfhe same as in mod.el C. We mention that it t_he coupl_lng to
converges relatively fast for this model. The reason for thisthe bath is not c.onS|dered, model (Pl 1S essentially equ!valent
at first sight surprising, finding is that, due to the Pauli prin—tO a model studied by Gelfaret al>"in the context of in-

ciple exclusion factors in the formula for the current, termselastic tunneling in heterostr_uc?ures. . . .
with a higher number of excitations in the final state of the _. The results for the transmission probability are d_eplcted n
bath are suppressed at lower voltage Fig. 11. The strong coupling to the leads results in a rather

broad transmission probability, which is qualitatively well
—— —————————————— described taking into account only elastic processes. Vibra-
Model C o] tionally inelastic contributions to the transmission probabil-
I S ] ity manifest themselves in various cusp structures. Thereby,
<+ | NoBath ----- / ] each cusp indicates the opening of a new vibrational channel.
[ B 03] - ~ ] It is well-known from the theory of electron-molecule scat-
- Bath 0+142 === ---- s | tering that the wideband approximation is not at all appli-
- ] cable in this case. The effect of the coupling to the bath,
/ which is well described including the two lowest terms in the
o L ¥ RS expansion(27), is very small. This is a consequence of the
i ‘ ] strong electronic coupling which results in a very short resi-
I /s Pt ] dence time of the electron on the bridge.
- I - e . Figure 12 displays the current-voltage characteristic for
[ i ] model D. As to be expected from the transmission probabili-
e 1 ties, the differences among the various levels of theory are
0 05 1 15 5 small with the exception of higher bias voltages. For higher
Voltage (V) voltages, the elastic current vanishes due to the empty over-
lap of the left and right conduction bands. Inelastic transmis-
FIG. 10. Current-voltage characteristic for model C. Shown areSion processes, however, which are accompanied by an en-
results that illustrate the convergence of the expansion with respe€rgy loss of the electron, are still allowed.
to the number of quanta in the final state of the bath, as well as the Although there are no structures in the transmission prob-
result without vibrational relaxatio(thick dashed ling ability in Fig. 11 which are obviously related to the position

gl

Current (10~ 2¢/h)
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FIG. 12. Current-voltage characteristic for model D. FIG. 14. Potential-energy curves for the interpretation of the

. . . . vibrational structures in model E@&s explained in the text
of the discrete electronic state, the location of this state does & P %

play an important role. This is demonstrated in Fig. 13,h_ her i . 1D th il
which shows the transmission probability for model E, which |g~er. n e.nerg)(as in model D), the potentla~ene.rgy curve
differs from model D only in a lower energy of the discrete Of Hq is shifted up. Then, the ground state téf still has a

electronic stategy=-0.7 eV. This different location of the small overlap with the ground state Bf, but the decay into
discrete state results in pronounced peaks and minima in theigher vibrational states becomes energetically possible. The
transmission function, which are somewhat smoothed, busharp resonances thus “dissolve” in the continuum. As is
not destroyed, by the coupling to the bath. To facilitate thedemonstrated in Fig. 15, the sharp structures close to the
interpretation of these structures, Fig. 14 shows the potentiabottom of the conduction band have no significant effect on
energy curve of the discrete statorresponding t0~'|d) to- the current, and the overall appearance of the current-voltage
gether with the energies of the vibrational states. In additiongharacteristic is similar as in model D.

the potential energy of, is shown, shifted by £2 eV, re-

spectively, to indicate the energy which electrons coming
from the conduction band may carry into the bridging mol- . . I . .
ecule. Though the localized state is strongly coupled to th?e In this paper we have studied vibrationally inelastic ef-

continuum, due to the shift of the two potential curves, the cts on electron transport through a molecular bridge that is

) ) ~ ’ connected to two metal leads. The study was based on a
ground vibrational state iy has only a small overlap with - yeneric model for vibrational excitation in resonant electron

the respective ground statelity. Consequently the coupling transmission processes through a molecular junction. Em-
between the two states is effectively small and sharp resgloying projection-operator methods well-known from reso-

IV. CONCLUSIONS

nances may be observed. If the discrete state is localizegant electron-molecule scattering, we have outlined how the
- transmission probability can be evaluated numerically ex-
_: LI LI B LN L NN BN N LN BN LI BN N B B N B
elastic sereserenn b
Model E inelastic ===m=m' ] o [T T T
- inelastic with dissipation ] L Model E Inelastic with dissipation E
) 1 I Inelastic ===== .
E0OF R a2 oo, 1 B — Elastic rererseeeen 9
E o [ R Bem e e e, T " .- X
—g S i o -. _ B
o] i ,a L
= o o« F
o 1 (o] L
5§ 3T ] D !
87 [\ ] 2 I
2 W ] C o« F
g8 < [ v ] b= I
2 o 1 5] -
g [F : E oL
= oL l!i ] © [
< ] 4 3
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1] 4 -
1 i L
o M P I EPUME ENPEPE EIFIPE BN I ENIPIPE I
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FIG. 13. Transmission probabilities for the case of a bridge
strongly coupled to the leadsnodel B at zero bias voltage.
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actly within this model, without invoking the wideband ap- parameter regime. The comparison of the results obtained at
proximation or perturbation theory with respect to the cou-different levels of theory shows that methods which only
pling between the bridging molecule and the leadsinclude elastic processes can give a rather good qualitative
Furthermore, the influence of dissipative vibrational pro-description of the electron transport in this case, although
cesses was investigated by considering the coupling of a vihey miss the detailed cusp and resonance structures. The
brational reaction mode to a dissipative bath. , wideband approximation, on the other hand, is not valid in
The results of the model study can be summarized agjs parameter regime; due to the strong molecule-lead cou-
follows: In the case of tunneling through a molecular bndgep"ng’ threshold effects become important which are ne-
which is weakly.coupled to the_leads, thge tr.ansfer pf an ele,cglected in the wideband approximation.
tron may result in strong vibrational excitation, which mani- To study the basic mechanisms of vibrationally inelastic

IﬁSt‘:’ itself n pronour;c%c_il_;nbrago_nal retsor|1_ince structures I%Iectron transport, we have focused in this work on relatively
€ transmission probabiiity and in a Steplike appearance q imple models with a single harmonic reaction coordinate

the current-voltage characteristic. Since in this case the restd a single electronic resonance state. It should be noted

dence time of the electron on the molecular bridge is relahowever that the methods employed in this work are not
tively long, dissipative processes such as vibrational relaxﬁmited t(,) these models. The extension of the theory to an

a“of‘ can have a S|gn|f|cant eff_ect on the dynamics. Inanharmonic reaction coordinate, several reaction coordinates,
particular, they result in a broadening of the resonance pea

i the t it d of the steplike struct . th'?ﬁqd several resonance states is relatively straightforward.
In the transmittance and of the Steplike structures in ey, it should be emphasized that the potential-energy sur-
current-voltage characteristic. Furthermore, vibrational relaxfaces of such models can in principle be determiakdnitio

ation lrlnay restul(tjln tplti casein ? Egnlftlca;?lt reduction Ofdth?by electronic structure calculations. In this way, for example,
overall magnitude ot the current. Due 1o the pronounced €ty possibility of dissociation of the molecular bridge in-
fects of the vibrational degrees of freedom, a theoretica uced by a strong current can be studied

treatment which only includes elastic processes is not appro- Finally, it is noted that in the present work the current

priate in this parameter regime. Our studies also show th%rough the molecular junction was obtained with the gener-

the \_/videband approximation can only be applied if the ehfjc'alized Landauer formula, Eq20). Although this formula

rﬂ;ives the correct description in the limit of weak coupling

band and the e_Iectron-VIbratlonaI couplln_g IS Weal_<. between molecule and leads as well as in the situation when
In the opposite case of a molecular bridge that is strongly

S Lo ) only single-electron processes are important, it needs to be
coupled to the leads, the transmission probability is typ'cal.lyextended for applications where these assumptions are not

characterized by a broad distribution, which in tum _results Mulfilled. A theoretical treatment of inelastic processes with-
a rather structureless current-voltage characteristic. NeveBut these limitations is possible within the framework of
theless, the vibrational motion may manifest itself in cus:pnonequilibrium Green's function theo?.The combination

structures in the transmittance. Furthermore, sharp resonange.ic ¢ormalism with the methods employed in this paper is

structures may occur in the transmission probability, if thea challenging subject for future research.
energy of the discrete electronic state is low enough and the

electronic-vibrational coupling sufficiently strong, such that
the vibrational ground state dfi; has some overlap with

lower-lying vibrational states oﬁo. Except for the latter Support of M.C. by a fellowship of the Alexander von
case, the effect of vibrational relaxation is very small in thisHumboldt Stiftung is gratefully acknowledged.
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