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The control and dynamical properties of the valence-band hole spin in tetrahedral semiconductors subjected
to an ultrashortp-type electric field pulse are presented. Using a concept of the hole spin surface[Phys. Status
Solidi B 241, 145 (2004)], it is shown that the control of spin of a ballistic hole having a well-defined wave
vector and energy may be treated as the transitions between heavy, light, and split-off spin surfaces. Two types
of spin transitions that are closely related to interband and intraband transfers of holes are introduced to explain
the evolution of spin during excitation of holes by electricalp pulses. Numerical experiments using real
valence bands of silicon are presented which show that the intervalence transitions due to interband tunneling
give the largest contribution in the hole spin switching dynamics.
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I. INTRODUCTION

There is a growing interest in the spintronics where both
electron spin and charge are important in the operation of
solid-state devices.1–3 Most of the investigations performed
until now were devoted to conduction-band electrons, since
the lifetime of the electron spin is comparatively long: the
spin memory is lost after 100 or more electron collisions
with phonons or point impurities.4–6 In contrast, the relax-
ation time of the hole spin is short. Due to the large spin-
orbit coupling in the valence-band of elementary, III-V, and
other compound semiconductors, the hole lifetime was found
to be comparable to hole momentum scattering time.7–10

Nonetheless, as we shall see, a coherent control of the hole
spin degrees of freedom appears feasible, if the exciting
pulse duration is shorter than hole momentum scattering
time.

On the other hand, a richer spectrum of the spin states in
the valence-band, where both32 and 1

2 multiplets come into
play, is expected to yield a richer physics. The valence band
has three distinct spin surfaces related to three valence
subbands.11 It was found that in high-symmetry directions
the spin states of heavy-mass holes depend on a single pa-
rameter only and, therefore, all possible average spins lie on
a line rather than on a two-parameter spin surface. The spin
states of the heavy hole, thus, appear to be more degenerate
than those of other bands. At high hole energies the shape of
the spin surfaces depends on the hole propagation direction
and magnitude of the wave vector. By this reasoning the
switching between heavy-mass and light-mass spin states is
expected to be more complex than the switching of the con-
duction electron spin between ±1

2 spin states. The latter
switching, as known, occurs on the same spin surface.

Some preliminary results on hole spin switching dynam-
ics by electric field for an idealized case(spherical and para-
bolic energy bands) were considered recently in Refs. 12 and
13. Here, a more realistic situation is considered, where three
nonspherical and warped valence-bands—heavy-mass, light-
mass, and spin-orbit split-off—are taken into account simul-
taneously. Since in the numerical analysis of hole dynamics
the initial conditions for a wave function in the Schrödinger

equation should be known, in Sec. II the conditions appro-
priate to valence-band holes are discussed briefly at first. In
Secs. III and IV spin switching by relatively long and har-
monically varying p-type electric field pulses under reso-
nance and off-resonance conditions is considered. For this
purpose the Schrödinger equation was solved numerically
using the valence-band parameters of silicon. In Sec. V the
results on spin switching by ultrashort and optimized pulses
are described. In Sec. VI the differences between electron
and hole spin switching dynamics are discussed and conclu-
sions are drawn. The analysis is restricted to a single hole,
with the aim of capturing the physics of how a coherent
switching of the hole spin under low- and high-intensity ex-
citation takes place. By the same motive the spin relaxation
is not considered in this paper. In realistic situations, where
the relaxation is important, the simulation of transient spin
processes should be done using the hole density matrix.14

II. INITIAL CONDITIONS FOR HOLE SPIN
AND EQUATIONS SOLVED

In the angular momentum representation, the valence
band of elementary semiconductors is described by the
Luttinger-Kohn Hamiltonian.15,16Due to strong spin-orbit in-
teractions in the valence band, the total angular momentum
operatorJ, which for brevity will be referenced in this paper
as the hole spin operator, in general, does not commute with
the Luttinger-Kohn Hamiltonian. Physically this means that
the hole spin is not a good quantum number for a hole mov-
ing ballistically in a particular energy band. In the angular
momentum representation the operatorJ for heavy-mass,
light-mass, and split-off bands consists of a direct sum of3

2
and 1

2 spin operators. In the simulation it was assumed that
before application of the electric field, at the momentt=0,
the hole was in one of the bands and its wave functionfnst
=0,k0d was characterized by the wave vectork0 and the
band indexn. Thus, it is thought that att=0 the hole has a
well-defined energy«nsk0d.

As known, the energy bands of elementary semiconduc-
tors due to the presence of inversion symmetry are doubly
degenerate. The degeneracy reflects two possible spin states.
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The doubly degenerate states can be described parametrically
by two variables, in this paper denoted asa and f. The
parameterf describes a relative phase, whilea describes a
contribution of one of the degenerate states in the superpo-
sition state. For example, if initially the hole is in the heavy-
mass band, then the corresponding six-component spinor in
the energy representation can be taken in the form

fh = sa,eifÎ1 − a2,0,0,0,0d, s1d

wheref=0, . . . ,2p anda=0, . . . ,1. The following order of
bands was assumed in this papersfh

s+d , fh
s−d , f l

s+d , f l
s−d , fs

s+d , fs
s−dd,

where the subscriptsh, l, and s denote heavy-mass, light-
mass, and split-off bands, and the superscriptss+d and s−d
correspond to two degenerate spin states. The function(1) is
normalized to unity. Similar superposition states can be writ-
ten if the hole finds itself in light-mass or split-off band. As
shown in Ref. 11 the parametersa and f at the same time
represent all possible spin states of holes on the spin surface
embedded in the three-dimensional spin space. As an ex-
ample, in Fig. 1 there are shown all possible states of total
angular momentum

kJlh,l = kfh,luJufh,ll s2d

of heavy and light holes that possess a vanishingly small
wave vectork which is parallel to thef001g crystallographic
axis. As shown in the Appendix, similar surfaces are found,
if one considers spherical and parabolic two-, heavy-mass,
and light-mass bands. The geodesic lines, which are tips of
the average spin vectorskJlh,l, correspond to fixed values of
a andf. Figure 1 shows that for light-mass holes the ends of
the average spin lie on the spheroid, whose rotation axis is
parallel tok. The spin surface of the heavy-mass hole, in this
approximation, has shrunk to a line. However, for real bands
the spin degeneracy will be lifted and the spin line will trans-

form to a cigar-shaped spin surface[cf. Fig. 5(b)]. Figure 1
corresponds to a hole wave vector pointing in thef001g crys-
tallographic direction. For other directions ofk the spin sur-
faces should be rotated in the same way ask, so that the
heavy-mass hole spin line and the minor axis of the spheroid
will remain parallel tok (for more details see the Appendix).
If bands are warped and nonparabolic, the shape of the spin
surface will also depend on the magnitude and direction of
k.11 Thus, apart from the band index, the shape of the spin
surface also, in a general case, will depend on hole propaga-
tion direction and velocity. The degree of distortion of spin
surfaces reflects the degree of deviation of the energy bands
from the spherical and parabolic model. Due to the small
spin-orbit splitting energyD, especially strong distortions of
the spin surfaces take place in silicon. The concept of a spin
surface is very convenient in practical calculations because it
allows one to determine the initial and final hole spin states
in intraband and interband hole transitions. Since the initial
wave function and the corresponding point on the spin sur-
face are mutually related, the assumption about spin direc-
tion and spin magnitude is equivalent to the selection of
concrete values of the parametersa andf in the initial wave
function for the Schrödinger equation—for example, in the
vector(1). For real nonparabolic and warped valence bands,
numerical precalculations are required to know the form of
the spin surface at a given initial and final wave vectork and
band indexn. If the magnitude ofk is not too large, formulas
(A11)–(A16) in the Appendix can be used for this purpose.

In this paper the spin dynamics and intervalence transi-
tions were simulated by the following Schrödinger system of
equations for the six-component spinorucl in the effective
mass approximation:

i"
] ucl
] t

= fHLKskd + HFskdgucl, s3d

where i =Î−1 and" is the Planck constant.HLKskd is the 6
36 Luttinger-Kohn Hamiltonian15 and HFskd is the field
term. Using the equation of motion for the wave vector,

dk/dt = se/"dFstd, s4d

where Fstd is the time-dependent electric field, the
Schrödinger equation(3) can be transformed from partial to
total derivatives. The correct form of the field Hamiltonian
HFskd was given recently by Foreman in Ref. 17, where he
has shown that inHFskd, along with the term that is propor-
tional to electric fieldFj, one must also include the terms
proportional tokiFj andFj

3, wherei , j =x,y,z. In the follow-
ing only the leading term proportional to the electric field
was retained:

HFskd <
eFstd

i

]

] k
, s5d

wheree is the elementary charge. Estimation of the higher-
order terms inHFskd shows that their contribution does not
change qualitatively the results presented below.

The time dependence of the average spin projections was
found from

FIG. 1. Spin surfaces of heavy and light holes in the spherical
and parabolic energy band approximation. For light holes the sur-
face is the spheroid with principal axeskJzlmax=

1
2 and kJxlmax

=kJylmax=1. For heavy holes the spin surface degenerates to a line
which is parallel to hole wave vector,kJlik. The extreme values of
spin in the latter case arekJzlmax= ± 3

2.
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kJjli = kciuJjucil, s6d

whereJj is the j th component of the total 636 angular mo-
mentum matrix. The subscriptj denotes the Cartesian com-
ponent(x, y, or z) and the subscripti denotes a particular
band(i =h, l, or s). The concrete forms of the matricesJj can
be found in Ref. 11. To conform with the matrix structure of
Refs. 15 and 16 in this paperJx andJy matrices were inter-
changed:Jx→−Jy, Jy→Jx. The numerical singular value de-
composition of the Luttinger-Kohn Hamiltonian at a given
wave vectork was used to connect the state vectorucl in the
spinor representation to its partner in the energy band repre-
sentationufl for example, given by expression(1).

In the calculations, the valence-band parameters of silicon
were used:g1=4.22,g2=0.53,g3=1.38,D=0.0426 eV. The
representative wave vector waskz0=0.378 nm−1, which gives
the following energies:«h=17.2 meV, «l =27.1 meV, and
«s=67.29 meV. The nonsphericity parameter18 of the silicon
valence band is relatively large:d=sg3−g2d /g1=0.2. This
set gives relatively strong energy band anisotropy and non-
parabolicity, which is reflected in hole spin properties too
(see Sec. V).

III. RESONANCE EXCITATION

Figures 2 and 3 show time dependence of the probabilities
pn, wheren=h, l, or s, to find the hole in all three valence
bands and the evolution of Cartesian spin components under
pulsed and circularly polarizedp-type excitation having
Gaussian envelope. Initially the hole was placed in the
heavy-mass band with wave vectork0 parallel tof001g axis.
The frequencyv of the exciting pulse was set to resonance:
"v=D«hlsk0d=«lsk0d−«hsk0d=9.89 meV for the heavy-light
transition in Fig. 2 and "v=D«hssk0d=«ssk0d−«hsk0d
=50.1 meV for the heavy–split-off transition in Fig. 3. As
seen from the figures, thep pulse transfers the hole from
heavy-mass to either light-mass or split-off band with the
probabilitypl or ps equal 1. The hole transfer and the switch-
ing of kJzl component fromkJzl=−3/2 to −1/2 is smooth
when the fieldF is rotating counterclockwise, fromFx to Fy
in the kx-ky plane. If instead of circular polarization a linear
polarization was used, the time dependence ofkJzl and pn

assumed stepped character with periodp /v. Stronger elec-
tric fields were required in the latter case to reachpl =1 or
ps=1 at the end of the pulse. For the opposite sense—that is,
a clockwise rotation of the field—the excitation tol and s
bands and the spin switching did not occur. Thus, Figs. 2 and
3 are examples of allowed and optimized spin intervalence
transitions that were realized by selecting particular values of
the parametersa andf in the initial wave function(1). In the
experiment, the initial spin is determined by a spin injector
that establishes a nonequilibrium spin population. The prop-
erties of the injector here are played by the parametersa and
f.

Figures 2 and 3 represent the elementary spin control pro-
cess between the two eigenstates of the system, where one of
the spin components experiences smooth passage between
−3

2 and −1
2 spin states, while the remaining components ex-

perience transient oscillations. In the numerical experiment

this was achieved in two steps. At first, the electric pulse was
optimized to obtain maximum interband transition probabil-
ity pl or ps, and then the parametersa andf in the spinor(1)
were optimized to get the largest initial value ofkJzl on the
spin line or surface.

In Fig. 4 there is shown the evolution of the spin projec-
tions when k0if111g and the electric field is linearly
[sFx max:Fy max:Fz maxd=s−4.5:1.15:3.3dkV/cm] polarized.
The field is perpendicular to the wave vector,Fstd'k0ikJl.
The initial projections ofkJl in this case were(0.866, 0.866,
0.866); i.e., the parameters a andf were selected so that the
average spin vector was pointing in thef111g direction and
its length wasÎkJl2=1.5. The exciting field was optimized
to get the final populationpl .1. In comparing the results of
Fig. 4 with those in Figs. 2 and 3 one should pay attention to
the following points. After the excitationt.4 ps, there is
small precession ofkJl due to beating between light-hole and
small residual heavy-mass hole wave functions. It was found
that f111g spin is more sensitive to a small admixture of the
wave functions of other bands. Second, in Figs. 2 and 3 the
final and initial spins are parallel and point in the same di-
rection. In Fig 4, however, the final spin is pointing in a
different direction and makes the angle of 120° withk0. This

FIG. 2. (a) Fx and Fy components of the circularly polarized
p-type electric pulse and time dependence of the probability to find
the hole in the heavy- and light-mass bands. The frequency is tuned
to the heavy-light resonance transition,"v=9.89 meV. (b) Time
dependence of spin components excited by field shown in(a). The
initial hole spin iskJl=s0,0,−3/2d. k0if001g.
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demonstrates that, in principle, one can control the direction
of the spin by an electric field if intervalence excitation is
induced by linearly polarized and specially tailored pulses.

Figure 5 illustrates the spin evolution of the hole that was
propagating in an arbitrary direction,k0=s0.19,0.28,
0.38d nm−1, and was excited to the split-off band by a field
circularly polarized in thekx-ky plane. The initial spin surface

of a such hole has a cigar form, Fig. 5(b). The electric field
amplitude and the initial projections of the heavy-mass hole
spin, kJlini =s−0.63,−0.8,−0.95d, were selected so as to get
maximal transfer of the hole to the split-off band,ps max
=0.994. The reader should pay attention that nowk0 and
kJlini are not parallel, more exactly, antiparallel, as one
would expect for parabolic and spherical bands. They inter-
sect at an angle of 174°. As is seen from Fig. 5, the magni-
tude of the final spin has reduced fromukJliniu.1.5 to
ukJlfinu.0.36. The small value of the final spin is associated
with a small radius of the spin surface of the split-off band
for real semiconductors. For spherical and parabolic bands
the spin surface of the split-off band is a sphere of radius1

2.11

From this and the previous figures it can be concluded
that the precession is not observed if a hole is transferred to
either light-mass or split-off band with the probability equal
or very close to 1. In such cases the final spin is determined
by a point on the final spin surface of the respective band.
However, if pl ,1, the figures show that the precession fre-
quency is equal or close toD«hlsk0d /" or D«hssk0d /". Noting
also that at the electric field intensities used the amplitudeDk
of the time-dependent wave vector, according to Eq.(4), sat-

FIG. 3. The same as in Fig. 2 except that the laser was tuned to
the heavy-mass–split-off resonance transition,"v=50.1 meV.

FIG. 4. Resonant heavy-light excitation of hole with
k0ikJlif111g by linearly polarizedp-type pulse."v=18.5 meV.

FIG. 5. (a) Resonant heavy-mass–split-off band excitation by
p-type pulse,"v=97.95 meV, at randomly selected wave vector
k0=s0.19,0.28,0.38d nm−1. Note that in the figure the sign ofkJxl
is opposite.(b) The corresponding heavy-hole spin surface repre-
sented by dotted geodesic lines. The direction ofk0 and initial spin
kJlini =s−0.63,−0.8,−0.95d on the spin surface are shown by the
open dots.
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isfies the conditionDk! uk0u, it should be clear that the ob-
served spin precession during intervalence transitions is due
to the beating between band wave functions that have been
coupled by field. This is also confirmed by the magnitude of
residual precession frequency, which multiplied by" coin-
cides with the energy difference between the bands at the
initial hole wave vectork0. Thus, the spin transients shown
in Figs. 2–5 correspond to wave function beating during ver-
tical interband hole transitions. A more complicated preces-
sion pattern may be observed if all three bands are coupled
simultaneously by an electric field. This, for example, may
happen at intermediate times during excitation of the split-off
band by an ultrashort pulse. Due to the stronger coupling
coefficient between heavy- and light-mass bands, at interme-
diate times all bands may appear to be excited simulta-
neously as Fig. 3 shows[also cf. Fig. 11(a), where the effect
is more pronounced].

In describing the Figs. 1 and 2 it was noted that allowed
and forbidden transitions may be observed by just changing
the sense of rotation of the electric field. However, the clas-
sification of the transitions to allowed and forbidden ones is
meaningful only if the Hamiltonian and spin operators
commute—i.e., when, in the energy-band representation,
both the energy and spin are good quantum numbers. This
may happen when the spin-orbit interaction is absent or weak
as it is for conduction-band electrons. Since in the valence-
band case this is not satisfied, in fact, the intermediate tran-
sitions are possible too as shown in Fig. 6(a), where the time
evolution of thekJzl component from the initial to final value
as a function of the band mixing parametera in Eq. (1) is
shown. Here the hole is excited by the samep pulse shown
in Fig. 2(a). From Fig. 6(a) it is clear that ata=0 the transi-
tions are allowed(in this case the hole initially was in the
“first” of the two degenerate bands) and ata=1 they are
forbidden(in this case the hole initially was in the “second”
of the degenerate bands). For intermediate values ofa one
also gets intermediatekJzl values. In Fig. 6(b) there is plotted
the dependence of the initial(at t=0) and final(at t=5 ps) z
projections of the spin as a function ofa as well as the
dependence of the final probabilityplfin to excite the light-
mass band. The points represent calculations similar to those
in Fig. 6(a) while the curves represent the empirical formulas

kJzlini . −
3

2
s1 − 2a2d, s7d

kJzlfin . −
1

2
s1 − 4a2d, s8d

plfin . 1 − a2. s9d

Equations(7)–(9) are dependent only on a single parameter
a, since the spin projections inf001g-type directions are
nearly degenerate; i. e., allkJl’s lie on the spin line parallel
to kz axis, Fig. 1. The same relationships were found when
the hole was excited from heavy to split-off band byp pulse.
As shown in the Appendix, Eqs.(7)–(9) also follow from a
simple spherical and parabolic valence-band model. This is

not surprising, since in thef001g direction of Si the parabo-
licity of the bands is satisfied to relatively largek ’s.

IV. OFF-RESONANCE EXCITATION

In the previous section the exciting frequency satisfied the
condition for vertical and resonant transitions betweeni and
j bands:"v=D«i jsk0d. Figure 7 shows the time dependence
of the probabilitypl and spin components, when the initial
wave vector was increased by 5% from its resonance value
kz0=0.378 nm−1 or equivalently the excitation frequency was
detuned by 7.3%. The transients in this figure are to be com-
pared with those in Fig. 2 where the initial conditions are
identical and only the frequency of the electric field is dif-
ferent. It seen that now the final probabilities to find the hole
in the heavy- and light-mass bands after the excitation are
close to 0.5. As a result, the precession amplitude ofkJl
around thez direction, due to the strong beating of the
heavy- and light-mass band wave functions, has very large
amplitude. Also, it should be noted that the final value of the
z component is smaller:kJzl<−1 rather thankJzl=−1/2 at
the exact resonance.

In Fig. 8 the open points and the curve show, respectively,
computed data and fitting by the Lorentzian curve that rep-

FIG. 6. (a) Switching dynamics ofkJzl at various heavy-mass
band mixing parametera values under byp pulse excitation,"v
=9.89 meV. The curve ata=0 coincides with thekJzl curve in Fig.
2(b). (b) Initial, at t=0, and final, att=5 ps, spin projectionskJzl
and the probability to excite the hole in the light-mass band as a
function of parametera.

HOLE SPIN DYNAMICS UNDERp PULSE EXCITATION PHYSICAL REVIEW B70, 125207(2004)

125207-5



resents the dependence of the finalkJzl on the exciting en-
ergy"v. Also, in the same figure the finalpl as a function of
"v was plotted for comparison. The width at half maximum
is about 1.6 meV for both curves. Strong correlation between

bandwidths of the spin and probability resonance curves con-
firms once more that there exists strong correlation between
the spin precession and the heavy- and light-mass band mix-
ing during and after the transition.

V. ULTRASHORT EXCITATION

The conditionDk !k0 for vertical excitation is satisfied if
the field amplitude is small. In addition, the field must vary
harmonically for excitation to be effective. If ultrashort,
shorter than about 1 ps,p-type pulses are used, thenDk
becomes comparable tok0. In this case the interband transi-
tions, strictly speaking, are no longer vertical. Since the in-
terband coupling depends onk—for example, for spherical
and parabolic bands it is proportional tok' / uk u, wherek' is
the component perpendicular to the field19—the coupling
strength between valence bands may change during excita-
tion by the ultrashort pulse. In addition, at largeDk ’s the spin
surface during excitation may not preserve its shape. Since,
in general, the shape depends on thek length, the spin sur-
face will be pulsating synchronously withkstd in this case.

As a measure of the sensitivity of spin to the wave vector
length in Fig. 9 the dependence of the square of spinkJ2l on
k pointing in thek111l direction, where the deviation from
the parabolicity is the strongest, is plotted. Atk =0 the
valence-band Hamiltonian and the operatorJ commute, and
one has thatkJ2l=JsJ+1d in this limiting case, which gives
kJ2l=15/4 for the heavy- and light-mass bands andkJ2l
=3/4 for thesplit-off band. Due to strong band nonparabo-
licity and warping in Si, however, atuk u<0.365 nm−1 (this
value corresponds to thermal energy 25 meV for the heavy-
mass hole), the curves ofkJ2l for light-mass and split-off
bands intersect. For other directions ofk, effect of nonpara-
bolicity was found to be weaker, especially in thef001g di-
rection. As a consequence of the deformation of spin surfaces
at largeDk ’s, control of spin becomes possible even if inter-
band transitions are forbidden.

To make the control of spin more flexible in the case of
ultrashort pulses, the electric fieldFstd in Eq. (4) was ap-
proximated by more general formula

FIG. 7. (a) Fx and Fy components of the circularly polarized
electric field and time dependence of the probability to find the hole
in heavy- and light-mass bands. The exciting field frequency was
detuned by 7.3% from the resonance frequency"v=9.89 meV.(b)
Time dependence of spin components. The initial spin iskJl
=s0,0,−3/2d and k0if001g. This figure should be compared with
Fig. 2.

FIG. 8. The final spin projectionkJzl and the probabilitypl to
excite the light-mass band byp-type pulse versus photon energy.

FIG. 9. Dependence of the square of hole spin on the magnitude
of wave vector in thek111l direction for heavy-mass, light-mass,
and split-off bands of Si.
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Fstd = o
i=1

2

F0eisinfvst − tdd + ast − tdd2 + wig

3
exps− on=2

4
antnd

1 + sgnst − tdda1tm , s10d

wheree1 ande2 are mutually orthogonal unit vectors andt
=st− tdd / tf. Here,td is the delay time andtf is the final simu-
lation time. In present calculations, the valuetd= tf /2 was
used. In formula(10), nine parameters—amplitudeF0, angu-
lar frequencyv, chirping coefficienta, initial phasesw1 and
w2, and four parametersan that control the shape of an en-
velope function of the field—were varied within some fixed
ranges to get an optimalp pulse.

Figures 10(a) and 11(a) show such optimal(or close to
optimal) electric field pulses and the resulting time depen-
dence of the probabilitiesplstd andpsstd to detect the hole in
the light-mass and split-off bands at the momentt. The field
is “circularly” polarized,w2−w1=p /2. At t=0 the hole was
in the heavy-mass band and possessed the wave vectork0
=0.3783 s0,0,1d nm−1. The spin projections[(b) panels]
and the interband probabilities[(a) panels] now are less cor-
related due to thek dependence of spin surfaces. The spin
switching time for heavy-light transitions now is about 3 ps,

while that for heavy-mass–split-off transitions is about
0.1 ps. Probably, it is possible to achieve shorter switching
times if, instead of variable polarity control pulses, monopo-
lar pulses were used in the optimization. In Ref. 20 it was
shown that with optimized monopolar electric field pulses
the shortest interband population switching timeDtij between
i and j bands is limited by the energy uncertainty relation
DtijD«i j <". For silicon at uk0u=0.378 nm−1 one hasD«hl
=9.89 meV andD«hs=50.1 meV, which givesDthl<0.4 ps
andDths<0.08 ps.

Finally, in connection with the wave vector equation(4)
the following point should be noted. At largeDk ’s the finalk
may or may not coincide with the initial one. In Figs. 10 and
Fig. 11, the optimized pulse has nearly equal positive and
negative areas under the electric field curve; as a result, at the
end of the pulse the wave vector returns back to its initial
position. Such transitions may be called quasivertical. If the
dissipation and wave function dephasing mechanisms come
into play, the vertical, whenDk !k0, and quasivertical, when
Dk ,k0, transitions may experience different perturbations,
due to thek dependence of spin relaxation and dephasing
times.

VI. DISCUSSION AND CONCLUSIONS

In this section, differences between electron and hole spin
properties that follow from this study are discussed briefly.

FIG. 10. (a) Ultrashort and optimizedp-type electric field pulse
fsFx,Fydg and the probabilities to find the hole in the heavy-mass,
light-mass, and split-off bands vs time.(b) Time dependence of the
spin components. The initial spin iskJl=s0,0,−3/2d, k0if001g.

FIG. 11. The same as in Fig. 10, but after optimization of the
heavy- split-off transition.
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Spin degeneracy.Complex valence-band structure entails
a much richer spectrum of the hole spin transitions. In the
case of electrons, the control of spin usually takes place on a
single spin surface of spherical symmetry where an electron
“spintronics theater” is played.21 The valence band for this
purpose has three “stages” or spin surfaces of different form.
From the practical point of view the most important are the
transitions of the ballistic holes between the spin surfaces of
heavy- and light-mass bands. For these holes, due to the
large density of states in the heavy-mass band, the dominant
contribution will come from the spin surfaces that have cigar
form in the direction of the hole movement. In particular, in
f001g-type directions, where spin surfaces are characteristic
of parabolic bands for relatively largek ’s (cf. Fig. 9), the
degeneracy of spin states will be the largest. This means that
the ensemble of the ballistic holes moving in thef001g-type
direction may have a very small deviation from the ideal
case, where all spins are pointing in the same or nearly the
same direction.22 This relaxes the stringent matching condi-
tions that should be satisfied between three-dimensional spin
surfaces in real spin devices. By the same reason, a strong
spin degeneracy off001g-type holes will favor an efficient
injection of ballistic holes, the spins of which are perpen-
dicular tos001d-type injection plane. If the spins are aligned
in the injection plane, free propagation of the hole in a di-
rection perpendicular to the injection plane will be forbidden,
since the heavy-hole states should satisfy the condition
kJlik, at least at not too largek ’s. This may explain why it
was possible experimentally to achieve high spin injection
efficiency usingf100g oriented holes23 and to observe large
anisotropy in electrical spin injection efficiency between
spins parallel and perpendicular to the injection plane in fer-
romagnetic semiconductor heterostructures.24

Hole spin precession.In the presence of a magnetic field
the quantum mechanical origin of spin precession is the beat-
ing between wave functions of two nearly degenerate energy
levels. Since the beating frequency is proportional to the dif-
ference between energies of levels in atoms or bands in sol-
ids, the precession frequency can be controlled by a mag-
netic field. In the spin transistor25 the splitting between
nearly degenerate levels is controlled by an electric field,
which in conjunction with electron ballistic movement al-
lows us to create a spatial screw of the electron spin, the
pitch of which depends on the strength of the electric field.
In the valence band of elemental semiconductors the preces-
sion is caused by beating between heavy-mass, light-mass,
and split-off bands. Therefore, the precession mechanism is
different from the mentioned precession between two nearly
spin-degenerate levels or bands. The degeneracy of heavy-
mass, light-mass, or split-off bands, in principle, may also
give an additional, low-frequency beating and the resulting
precession. However, during ultrafast interband transitions,
where the switching time is close to the reciprocal interband
uncertainty energy, the low-frequency precession caused by
degenerate bands will be of minor importance.

As mentioned, in case of nearly degenerate electron levels
the vectorkJl rotates(precesses) on a single spin surface. In
the case of valence bands the precession takes place between
different spin surfaces. In a sense, hole precession in the

tetrahedral semiconductors is more akin to the beating be-
tween heavy- and light-mass band excitons found in the lu-
minescence experiments on III-V compounds.26 Because of a
different mechanism, the hole precession trajectory should
not necessarily be a circle on the spin surface as it is in
electron case. This is the reason why very complicated hole
spin precession trajectories could be observed for some di-
rections ofk0 and arbitrary values of the parametersa andf
that determine the initial spin, especially when all three
valence-bands are excited simultaneously by an ultrashort
pulse. Due to complex valence-band structure, additional nu-
merical experiments are required to gain a better understand-
ing of the optimal initial conditions and how to perform a
smooth switching of an ensemble of spins between initial
and final states.

Spin control.As follows from this investigation coherent
control of hole spins in Si is associated with both the inter-
valence and intravalence hole transitions. The first mecha-
nism is due to the coupling between different spin surfaces at
some fixedk, while the second one is due to the dependence
of the shape of the spin surface on the length ofk. For
spherical and parabolic bands the spin is independent of the
magnitude ofk. Nonetheless, the control of spin is possible
in this case if the electric field changes the direction of the
hole wave vector. The latter mechanism should be very ef-
fective for heavy holes, the spin of which is very close to the
direction of the hole movement. However, in real semicon-
ductors, because of band warping and nonsphericity, in ad-
dition, the intravalence spin control method based on defor-
mation of spin surfaces as the magnitude ofk is changed is
possible too.

Of the above-mentioned spin control methods, the most
promising one is associated with hole intervalence transi-
tions. In this case spin switching byp pulses can be achieved
on heavy- light or heavy-split-off band transitions excited
either by harmonic or wideband ultrashort pulses. If the en-
ergy of the hole is smaller than the optical phonon energy, as
shown in Ref. 27, the free-of-flight length of the injected
hole may be as long as 0.3mm. In this case long harmonicp
pulses can be used to control the hole spin during its flight.
In the opposite case, due to a strong hole coupling to optical
phonons, the hole spin lifetime may be very short, about
0.1 ps.10 Coherent control of hole spin in this case may be
achieved by ultrashort and specially tailored electric pulses.
The use of such pulses may be advantageous from different
considerations too. As Fig. 8 shows the excitation of spins by
long p pulses is selective, and at high lattice temperature the
coherence of such an excitation will be destroyed by phonon-
or impurity-related spin relaxation mechanisms. However,
the coherence properties will be preserved under ultrashortp
pulse excitation. In addition, due to the wide bandwidth of
such pulses, a larger number of spins may be excited simul-
taneously. To have an ultrafast and smooth—i.e.,
precessionless—spin switching, the shape of the ultrashort
pulse must be optimized beforehand.

In conclusion, the paper shows that the most important
properties of the hole spin may be explained by hole spin
surfaces for individual bands. The dynamics of hole spin in
time-dependent electric fields may be viewed and analyzed
as transitions on or between such surfaces. Using this ap-
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proach, various intraband and interband spin control mecha-
nisms were proposed which can be applied in the semicon-
ductor spintronics. The coherent switching time of hole spin
in Si was found to be shorter than a picosecond for heavy-
light transitions and a hundred of femtoseconds for heavy-
split-off transitions.

APPENDIX: HOLE SPIN IN THE SPHERICAL AND
PARABOLIC TWO-BAND MODEL

In the limiting case of a strong spin-orbit interaction,
when the split-off band does not participate in the interval-
ence transitions, spherical and parabolic heavy- and light-
mass bands can be described by the following two-band
Hamiltonian:16

HLK =
k2

2
Sg1 +

5

2
gD − gsJkd2, sA1d

whereg and g1 are two constants related to the heavy and
light masses of the hole:

ml = sg1 + 2gd−1, sA2d

mh = sg1 − 2gd−1. sA3d

In this approximation the matrices of the total angular mo-
mentum have the form

Jx =*
0

iÎ3

2
0 0

−
iÎ3

2
0 i 0

0 − i 0
iÎ3

2

0 0 −
iÎ3

2
0

* , sA4d

Jy =*
0

Î3

2
0 0

Î3

2
0 1 0

0 1 0
Î3

2

0 0
Î3

2
0

* , sA5d

Jz =*
3

2
0 0 0

0
1

2
0 0

0 0 −
1

2
0

0 0 0 −
3

2

* . sA6d

The unitary transformation matrix

T =
sin u

2Î2 *
− ce−iw c*e−iw Î3e−iw − Î3e−iw

− Î3 −Î3 − c* − c

Î3eiw − Î3eiw c*eiw − ceiw

cei2w c*ei2w − Î3ei2w − Î3ei2w
* ,

sA7d

wherec=1+i2 cot u, brings the Hamiltonian(A1) to a diag-
onal form. The anglesu andw are polar angles of the wave
vector k =sk sin u cosw ,k sin u sin w ,k cosud. After the
transformationJi =T†JiT, the matrices(A4)–(A6) in the en-
ergy representation become

Jx =*
0

3

2
Secosw

Î3

2
sin w i

Î3

2
Cecosw

3

2
Se

*cosw 0 − i
Î3

2
Ce

*cosw −
Î3

2
sin w

Î3

2
sin w i

Î3

2
Cecosw sin w − i

1

2
s1 + Cedcosw

− i
Î3

2
Ce

*cosw −
Î3

2
sin w i

1

2
s1 + Ce

*dcosw − sin w

* , sA8d
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Jy =*
0

3

2
Sesin w −

Î3

2
cosw i

Î3

2
Cesin w

3

2
Se

*sin w 0 − i
Î3

2
Ce

*sin w
Î3

2
cosw

−
Î3

2
cosw i

Î3

2
Cesin w − cosw − i

1

2
s1 + Cedsin w

− i
Î3

2
Ce

*sin w
Î3

2
cosw i

1

2
s1 + Ce

*dsin w cosw

* , sA9d

Jz =*
0

3

2
Ce 0 − i

Î3

2
Se

3

2
Ce

* 0 i
Î3

2
Se

* 0

0 − i
Î3

2
Se 0 −

1

2
s1 − iSed

i
Î3

2
Se

* 0 −
1

2
s1 + iSe

*d 0

* , sA10d

whereSe=sin u expsiud and Ce=cosu expsiud. The Hamil-
tonian (A1) after the transformation is diagonal in the order
s«h,«h,«l ,«ld, where«h,l =k2/2mh,l.

Using the parametric form of the state vector,fh

=sah,Î1−ah
2expsifhd ,0 ,0d, the following average values of

the angular momentum for heavy-mass hole,kJlh

=skJxlh,kJylh,kJzlhd, are found with the help of Eqs.
(A8)–(A10)

kJxlh =
3

2
sin 2qhcossu − fhdsin u cosw, sA11d

kJylh =
3

2
sin 2qhcossu − fhdsin u sin w, sA12d

kJzlh =
3

2
sin 2qhcossu − fhdcosu, sA13d

where the parameterah was replaced by new parameter
cosqh. From Eqs.(A11)–(A13) it should be clear that the
vector kJlh is parallel tok in spherical and parabolic band
approximation. The magnitude ofkJlh depends on the polar
angleu of k and degenerate band mixing through parameters
ah (or q) and fh. All values of ukJlhu are possible between
± 3

2. Therefore, for simple valence bands the total angular
momentum of the heavy hole is either parallel or antiparallel
to k, or equal to zero. This property may be responsible for
the anisotropy in the injection efficiency of the ballistic spins
into intrinsic semiconductors from a planar contact fabri-
cated from, for example, a diluted magnetic semiconductor.
For real bands the spin surfaces will be cigar shaped;11,22 as
a result, the anisotropy will be smaller.

Similar calculations for light-mass holes withf l

=s0,0,al ,Î1−al
2expsifldd yield the following projections of

kJll:

kJxll =
1

4
cos 2qlh− 4 sinw + ssins2u − fld

− 3 sinfldtan 2ql coswj, sA14d

kJyll =
1

4
cos 2qlh4 cosw + fsins2u − fld

− 3 sinflgtan 2ql sin wj, sA15d

kJzll =
1

4
sin 2qlfcoss2u − fld − 3 cosflg, sA16d

whereal was replaced by cosql. Eqs.(A14)–(A16) describe
the ellipsoid of revolution(spheroid), the minor axis of
which is parallel tok and equals1

2. The other two principal
axes are equal 1. Thus, the injection of light-hole ballistic
spin should be anisotropic too, although the anisotropy is
expected to be smaller in this case and have an opposite sign.

If, as Fig. 1 shows, Eqs.(A11)–(A16) are plotted para-
metrically in three-dimensional spin space as a function of
sqh,fhd or sql ,fld, one will obtain geodesic lines, the family
of which will represent the corresponding spin surface. For
different parametrizations of the heavy- and light-hole states
one will have different families of geodesic lines. However,
all families will lie on the same spin surface, the overall
shape of which in this simple model depends only on polar
anglesu and w of the wave vector. If the bands are nonpa-
rabolic and nonspherical or the split-off band is included, the
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shape of the surface, in addition, will depend on the modulus
of k and the direction with respect to the crystallographic
axes. For these more complex bands the spin surfaces could
be found only numerically. From the practical point of view
it should be noted that for thosek ’s that are pointing in the
high-symmetry directions the numerical results, depending
on the numerical algorithm used to find the transformation
matrix between the energy and spin representations, may be
unstable, in a sense that the spin surface may align along one
of the high-symmetry wave vectors within the star to which
a givenk belongs. The instability is associated with the high
symmetry of the problem and the nonuniqueness of the trans-
formation matrix that diagonalizes the Hamiltonian. On this
occasion I would like to point out that the wave vector in the
tables and figures of the Ref. 11 should be interpreted as
belonging to a corresponding wave vector star. The exact
correspondence betweenk and the spin surfaces presented in
this article can be obtained after interchange:Jx→−Jy, Jy
→Jx, or kx→−ky, ky→kx.

In addition, it was found that, depending on the algorithm
used, the numerical transformation may also effect the shape
of the trajectories of geodesic lines on the spin surface, al-
though the overall form of the spin surface densely covered
by the geodesic lines was found to be uninfluenced in all
cases. For example, the Cartesian coordinates of the initial
and final spins in Eqs.(A13) and (A16) which follow from

the analytical calculations and in Eqs.(7) and(8) which fol-
low from numerical calculations, in fact, represent different
parametrizations on the same spin surface. Eqs.(A13) and
(A16) can be transformed into Eqs.(7) and (8) by changing
the parametrization in the following way: ah,l
→ s1±2aÎ1−a2 cosfd1/2/Î2. Although the parametrization
of the band states is not unique, however, it should be
stressed once more that the spin surfaces calculated by pa-
rametrized wave functions were found to be very useful ob-
jects in all cases in understanding of and in modeling very
complicated spin transitions within the valence subband.

Finally, it should be noted that, if the analysis is restricted
to a simple 434 two-band valence Hamiltonian, the matrix
of total angular momentumJ and spinS, apart from the
factor of 3, will have the same structure.28 This means that
the results of this appendix are applicable to hole intrinsic
spinS as well. However, in a more general case the dynami-
cal properties ofJ andS will be different.
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