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The phonon dispersion relation of NiAl in the cubicB2 structure is calculated using first-principles density-
functional perturbation theory with pseudopotentials and a plane-wave basis set. Anomalies are present in
acoustic branches along three major symmetry directions:G-X, G-M, and G-R, with the positions being in
excellent agreement with experiment. Analysis of the Fermi surface and the generalized susceptibility shows
that these are Kohn anomalies. Overall, the computed phonon frequencies significantly decrease with increas-
ing lattice parameter. This unusual sensitivity is attributed to a two-dimensional van Hove singularity in the
electronic density of states near the Fermi level. The phonon dispersion is compared with that ofB2 NiTi, and
the origin of phonon anomalies in the high-temperature phase is found to be different in the two systems.
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I. INTRODUCTION

Active materials, such as piezoelectric oxides and shape-
memory alloys, have been the subject of intensive investiga-
tion due to their favorable electro- and thermo-mechanical
properties. Ni-based shape-memory alloys including NiTi,
NixAl1−x, and ferromagnetic Ni2MnGa have attracted particu-
lar attention because they have been shown to be quite useful
in the design of mechanical actuator devices.1 The “active”
character of these systems is connected to a reversible mar-
tensitic transformation. The phonon dispersion of the high-
symmetry high-temperature phase generally exhibits anoma-
lous softening, localized in reciprocal space, in one or more
acoustic phonon branches, and particular elastic constants
may in addition show strong temperature dependence. As the
temperature decreases, these can lead to instability of the
high-temperature structure, often observed to be preempted
before softening is complete by a first-order transition to the
lower symmetry martensite phase.

Two different mechanisms by which phonon anomalies
can develop in shape-memory alloys have been proposed.
The first is related to the geometry of the Fermi surface,
leading to a so-called Kohn anomaly.2 In this case, the per-
turbation potential due to atomic displacements at a particu-
lar wave vectorq is strongly screened by low-energy elec-
tronic transitions from occupied states atk to unoccupied
states atk +q. The strength of the anomaly depends on the
phase space for such transitions, which is large when sheets
of the Fermi surface are nested byq. Alternatively, an
anomaly may be produced by large values for the relevant
electron-phonon matrix elements.3 Gooding and Krumhansl
have argued that the coupling of the anomalous phonon to
strain is a key element in describing its relationship to the
low temperature phase.4 Using Laudau theory, they proposed
that phase transition can occur via incomplete softening of a
phonon branch(nonzero frequency or not even close to
zero), strong anharmonic interaction between this phonon
and strain can still lead to a first-order phase transition.

The extent to which these mechanisms are relevant can
only be determined by a detailed study of the material of
interest. Here, we consider stoichiometric NiAl. Theb-phase
structure of NixAl1−x alloys is well known to exhibit a mar-

tensitic transformation for x from 0.60 to 0.65(Ref. 5). Us-
ing inelastic neutron diffraction, the phonon dispersion of
alloys with 0.5,x,0.65 have been studied and an anomaly
in the transverse acoustic TA2 branch along the[110] direc-
tion has been observed. Close examination of phonon disper-
sion of stoichiometric NiAl reveals weaker anomalies also
exist in [100] and [111] directions.6 The position of the
anomaly shifts towardsG asx increases in this range. At the
same time, the elastic constantc8, associated with the long
wavelength sq,0d limit of the TA2 mode, is lowered
dramatically.7–9 In the range of 0.60øxø0.64, as the tem-
perature decreases the TA2 mode at p /as 1

3 , 1
3 ,0d softens.

Subsequently, there is a first-order transition to an interme-
diate monoclinic 7R “sevenfold” premartensitic structure,10

which at still lower temperature undergoes a further transi-
tion to the tetrogonal 3R structure.11

Eighteen years ago, Shapiroet al.5 proposed that the pho-
non anomaly in the[110] TA2 branch is of electronic origin.
Subsequently, it was suggested that the key ingredient is the
Fermi surface nesting at the wave vector of the anomaly.6

Theoretical analysis requires relating the elastic constants,
the phonon dispersion, the electronic structure, and the
strain. The electronic origin of the anomaly in cubic NiAl
was supported by the semiempirical analysis of Ref. 13,
which used the Varma and Weber3 approach to decompose
the dynamical matrix into short-range and band structure
contributions. The latter, fit to first-principles linear combi-
nation of atomic orbitals band structure results, were shown
to be responsible for the anomaly through nesting of portions
of the Fermi surface in the seventh band. This contribution
also produced anomalies in acoustic branches along other
directions including G-X and G-R. Naumov and
Velikokhatniy12 argued that the softening of the elastic con-
stantc8 also has an electronic origin related to the presence
of a two-dimension van Hove singularity in the electronic
density of states below the Fermi level. Using linear muffin-
tin orbital (LMTO) calculations of the density of states inB2
NiAl, they obtained the electronic contribution to the elastic
constantc8 and found that as the separationh=«F−«C be-
tween the Fermi level and the energy of the 2D van Hove
singularity decreases, the[110] TA2 phonon branch under-
goes an overall softening.
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It is worth noting that another shape-memory alloy, NiTi,
has the sameB2 structure in high temperature and also
shows a TA2 anomaly along[110] direction. The simularity
of the TA2 phonon anomalies in both alloys led many inves-
tigators to conjecture that these anomalies have the same
origin.13,14 It is of particular interest to clarify this from a
detailed first-principles study. In this paper, we report a fully
first-principles investigation, with calculations of the elastic
constants, the phonon dispersion, and the electronic structure
of B2 NiAl, and the coupling to strain. In Sec. II. we specify
the technique used in the first-principles calculations. In Sec.
III, we present the computed structure, elastic constants, and
phonon dispersion of NiAl. The nature of observed anoma-
lies are then investigated by analyzing the Fermi surface and
the generalized susceptibility. A comparison of the phonon
anomalies in NiAl with those in NiTi is made. A 2D van
Hove singularity is identified in the electronic density of
states, and this feature is proposed as the main origin of the
sensitivity of the computed phonon frequencies to the lattice
parameter. We conclude the paper in Sec. IV.

II. COMPUTATIONAL DETAILS

First-principles calculations of the structural energetics of
B2 NiAl were carried out within density-functional theory
with a plane-wave pseudopotential approach. Phonon eigen-
frequencies and eigenvectors throughout the Brillouin zone
(BZ) were obtained using density-functional perturbation
theory.15 The calculations were performed with thePWSCF

and PHONON codes,16 using the Perdew-Zunger17 parametri-
zation of the local-density approximation(LDA ). Ultrasoft
pseudopotentials18 for Ni and Al were generated according to
a modified Rappe-Rabe-Kaxiras-Joannopoulos scheme19

with three Bessel functions.20 The electronic wave functions
were expanded with a plane-wave basis set with a kinetic
energy cutoff of 30 Ry. The augmentation charges were ex-
panded up to 480 Ry. The BZ integrations were carried out
by the Hermite-Gaussian smearing technique21 using a 20
320320 Monkhorst-Pack(MP) k-point mesh(correspond-
ing to 220 k-points in the irreducible BZ). The value of the
smearing parameter wass=0.01 Ry. These parameters yield
phonon frequencies converged within 1%. The phonon fre-
quencies were calculated alongG-X, G-M, and G-R direc-
tions for theq-points that are commensurate with thek-point
mesh. This gives 11 points along each direction. A spline fit
was used to plot the phonon dispersion curves; the interpo-
lation method based on computation of real-space force con-
stants require a very denseq-mesh for metals with phonon
anomalies, which is numerically very expensive and there-
fore not used in this work.

The generalized susceptibility of noninteracting electrons

xsqd =
2V

s2pd3 o
n,n8,k

fs«n,kd
f1 − fs«n8,k+qdg

«n8,k+q − «n,k
, s1d

was chosen to quantify the nesting features of Fermi surface,
whereV is the volume of the unit cell,fs«d is the Fermi-
Dirac distribution function and«n,k is thenth band energy at
k. This function was calculated using the highly precise ana-

lytic tetrahedron method,22 with no artificial broadening
technique involved. The whole BZ is divide by 50350
350 regular mesh along thekx, ky, andkz axes, correspond-
ing to 15 625 tetrahedra in the irreducible BZ.

Two different approaches were used to calculate the elas-
tic constants of NiAl. Elastic constants obtained by calculat-
ing the energy change associated with small deformations of
the unit cell are refered to as “static” elastic constants. A
20320320 Monkhorst-Pack(MP) k-point mesh and tetra-
hedron method were used in the total energy calculations.
The following deformation matrices are constructed to evalu-
ateB, c8, andc44, respectively,

11 + e 0 0

0 1 + e 0

0 0 1 + e
2 , s2d

1s1 + ed1/3 0 0

0 s1 + ed1/3 0

0 0 s1 + ed−2/32 , s3d

11 e e

e 1 e

e e 1
2 . s4d

Particularly, we havedE= 9
2Be2, dE= 2

3c8e2 and dE
=6c44e

2 corresponding to the above three matrices.
Alternatively, elastic constants can be obtained from the

slopes of the acoustic phonon branches in the long wave-
length limit, refered to as “dynamical elastic constants” in
this paper. In the cubic structure, all three elastic constants
can be determined from the slopes of the three acoustic
branches alongG-M:23 c44=rvT1

2 /k2, c8=rvT2
2 /k2, and cL

=rvL
2 /k2, wherec8=sc11−c12d /2, cL=sc11+c12+2c44d /2, and

TABLE I. Lattice parameter(in a.u.) and elastic constants
s31012 dyn/cm2d of B2 NiAl. The computed values are denoted by
PW. The PW value of lattice parameter isa0=5.328 a.u., comparing
to the experimental value of 5.455 a.u.(Ref. 24); the corresponding
elastic constants were computed at both theoretical and experimen-
tal lattice constants using Eqs.(2)–(4) or slopes of three acoustic
phonon frequencies(in parentheses). The (USPE) values of elastic
constants were determined by ultrasonic pulse-echo method at
298 K (Ref. 8) while the (NS) values of elastic constants were
determined by the slopes of measured acoustic phonon frequencies
from Ref. 6 at 296 K. Only three of the elastic constants are
independent.

PW PW USPE NS

a0 5.328 5.455

B 1.87 1.50 1.58 1.451

c11 2.36 1.89 1.99 1.968

c12 1.67 1.31 1.37 1.192

c44 1.40 (1.36) 1.07 1.16 1.1

cL 3.42 (3.31) 2.94 2.84 2.68

c8 0.35 (0.43) 0.29 0.31 0.388
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r is the mass density. Under harmonic approximation, the
two approaches will give the same elastic constants.

III. RESULTS AND DISCUSSION

The first-principles lattice parameter ofB2 NiAl is
5.328 a.u., which is 2.4% less than the experimental(at
298 K) value of 5.455 a.u.(Ref. 24) To understand the origin
of this rather large discrepancy, we performed full-potential
linearized-augmented-plane-wave calculations(FLAPW)
with both the LDA and the generalized gradient approxima-
tion (GGA).25 Our LDA pseudopotential result is only
slightly smaller than the FLAPW LDA result of 5.359 a.u.
The lattice parameter given by FLAPW GGA is 5.476 a.u.,
which is larger than the experimental value by about 0.4%.
The underestimation of the equilibrium lattice parameter is
therefore mainly attributable to the local-density
approximation.26 Unless otherwise mentioned, the first-
principles lattice parameter is used throughout this paper.

In Table I, we present the structure and elastic constants
of B2 NiAl as computed from first principles, with corre-
sponding experimental values. The calculated values are gen-
erally in good agreement with experiment. Systematic over-
estimation of elastic constants is expected from the use of the
theoretical lattice parameter, so that the near exact agreement
of c8 should be considered fortuitous. A better agreement of
elastic constants is obtained when experimental lattice con-
stant is used. It should be noted thatc8 is much less thanc44,
which lowers the accuracy to which it can be determined,
and reflects the large elastic anisotropy of this system. Both
calculated and experimental results show that the elastic con-
stants computed with the two approaches are reasonably con-
sistent.

The full phonon dispersion ofB2 NiAl has six branches:
three acoustic and three optic. The calculated phonon disper-
sion curves of NiAl along three high-symmetry lines of the
simple cubic BZ,G-X, G-M, and G-R, are shown in Fig. 1
along with that experimentally measured by neutron scatter-
ing. The calculated result is in excellent agreement with the
experiment for the acoustic branches, while the optic
branches appear to be uniformly slightly shifted in fre-
quency. All phonons havev2ù0 which is consistent with the
fact that NiAl in theB2 structure is experimentally observed
to be stable down to low temperature.

Close examination of Fig. 1 shows the presence of
anomalous dips in the transverse acousticsTAd branch along
G-M and G-R directions and in the longitudinal acoustic
(LA ) branch along theG-X direction. The positions are con-
sistent with the anomalously low values for experimental
phonon frequencies in those branches. To find out whether
the anomalies have an electronic origin, we need to know the
electronic band structure of NiAl. The band structure of cu-
bic NiAl along high symmetry lines in the simple cubic BZ
is shown in Fig. 2. NiAl contains 13 valence electrons per
unit cell with only the sixth and seventh bands being par-
tially occupied. The band structure is characterized by a wide
Al s−p band, intersected by narrowd bands associated with
Ni and located about 2 eV below the Fermi level. This result
is very similar to that of the full-potential LMTO result in
Ref. 12.

The calculated generalized susceptibility[Eq. (1)] along
G-X, G-M, andG-R is shown in Fig. 3. A peak is observed in
each of the three directions. Detailed analysis of the partial
contributions indicates that the peaks are due to seventh to
seventh electron transitions(intraband transitions), shown as
dotted lines in Fig. 3; the remaining contribution to the sus-
ceptibility, shown as dashed lines is fairly wave vector inde-
pendent. The nesting vectors are determined to be
p /as0.3,0,0d, p /as0.27,0.27,0d, andp /as0.25,0.25,0.25d,
which correspond well to the positions of the anomalies. The
portions of the calculated Fermi surface due to the seventh
band in the planes parallel toGXM with 0.1s2p /ad,

FIG. 1. Phonon dispersion for NiAl in theB2
structure witha0=5.328 a.u.(solid lines) anda0

=5.455 a.u.(dotted lines) along three high sym-
metry lines in the simple cubic BZ. Filled
diamonds indicate neutron scattering data from
Ref. 6. Insetted figure is phonon dispersion for
NiTi in the B2 structure along[110] direction,
which is feathered by a dominant lattice instabil-
ity at M point.

FIG. 2. Calculated band structure for NiAl in the simple cubic
BZ, with a0=5.328 a.u.
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0.3s2p /ad, and 0.5s2p /ad, are shown in Fig. 4. The nesting
feature can be clearly seen in the Fermi surface withkz
=0.3s2p /ad. The phonon anomalies under discussion are
therefore identified to be of the Kohn type. Our results con-
firmed the validity of the previous semiempirical analysis of
the dynamical matrix by Zhao and Harmon.13 The positions
of the anomalies are in good agreement with their results.

It can be seen that the calculated phonon frequencies in
Fig. 1 are systematically larger than experiment, the effect
being especially pronounced for the optic branches. As for
the elastic constants, at least part of this difference might be
attributed to the underestimated theoretical lattice constant.
We recomputed the phonon dispersion using the experimen-
tal lattice parameter of 5.455 a.u.(shown as dotted lines in
Fig. 1). This change in the lattice parameter of 2.4% results
in reduction of about 15% in the phonon frequencies(see
Table II). In fact, the effect is so large as to result in an
underestimate of the phonon frequencies. Since the elastic
constants,c44, c8, andcL, are proportional to squares of the
slopes of acoustic phonons alongG-M in the long wave-
length limit, it is clear that the elastic constants are sensitive
to the lattice parameter in this alloy.

The anomalies present at the theoretical lattice parameter
are essentially unchanged in wave vector and strength by the
expansion. This is consistent with a Kohn character of the
anomaly, as the Fermi surface is not expected to change sig-
nificantly. The overall phonon softening can be shown to
have an electronic origin associated with features in the oc-
cupied electronic density of states(DOS). In Fig. 5, we show
the total electronic DOS in the vicinity of the Fermi level for
the two different lattice parameters. The DOS is character-
ized by a peak below the Fermi level, which can be identified
as a 2D van Hove singularity, as explain below. Since the
XM line is the intersection of two symmetry planes, i.e.,
XMRM and XMXG, transverse(perpendicular toXM) elec-
tron velocities are zero. The fact also holds for theXR line,
which is the intersection of another two symmetry planes,
i.e., XRMG and XMRM. Due to the hybridization of Als
−p and Nid electrons, the bands along, theXM andXR lines
are rather flat below the Fermi level, therefore, the corre-
sponding van Hove singularity gains 2D character(for more
details see Ref. 12).

It is well known that usual 3D van Hove singularity in
DOS effects the phonon frequencies for long wavelength
limit. It was shown in many works27 that as the Fermi level

approaches the 3D van Hove singularity the phonon fre-
quency squared gains the nonanalytical partdv2sqd, which
exists at one side of the Fermi surface topology changes.
From a physical point of view, it is clear that 2D singularity
effects inv2sqd are much stronger than the 3D one. As was
shown by Vaks and Trefilov,28 in the case of 2D singularity
the long wavelength behavior of the singular part becomes
dv2sqd, lnuhu, whereh is the separation between the Fermi
level and the energy of the 2D van Hove singularity. More-
over, the entire phonon dispersion curves gain the critical
contribution dv2sqd,dnseFd along the q-lines parallel to
those along which electron bands have no dispersion. In the
NiAl alloy there are two lines of this kind:[100] and [110].
One may expect especial softening ofv2sqd along these lines
as the parameteruhu approaches to zero. It is easily seen from
Fig. 5 that as the lattice parameter increases the Fermi level
approaches the peak in the DOS. However, this effect is
rather weak in NixAl1−x with different Ni concentration since
the change of lattice constants is less than 1% asx increases
from 0.5 to 0.625. What happens in reality is that the sub-
sitution of the Ni for Al leads to a change in the number of
conduction electrons and therefore the Fermi level(for more
details see Ref. 12). As x increases, the Fermi level ap-
proaches the van Hove peak and all elastic constants soften.
But among the others the constantc8sxd softens
dramatically—by a factor of 2.2, 10, and 14 from different
authors.7–9 This is due to the fact that the elastic constantc8
is directly related with the transverse acoustic mode TA2
along [110] direction.

When uniaxial-stress is applied to NiAl along the[001]
direction, the initial van Hove peak in DOS splits into two
peaks,12 one of which moves away from the Fermi level
while the other approaches it. Analysis shows that this will
lead to overall softening in the TA2 along[110] but not along
[011]. Therefore, one may expect significant softening in
elastic constantc'8 associated with the TA2 [110], but not
with ci8 associated with the TA2 [101] (or [011]). To check
the validity of this analysis, we performed the calculations
on tetragonal-distorted structure with volume being con-
strained to the cubic one. Our results show that whenc/a is
changed to 0.98, the “dynamic” elastic constantc'8 decreases
20% (!) while ci8 has almost no change, which is in agree-
ment with the experiment.29

Figure 6 shows TA2 phonon branch is dramatically af-
fected by tetragonal distortion while the position of anomaly

FIG. 3. Calculated generalized susceptibility
of B2 NiAl along G-X, G-M, andG-R directions.
Solid lines, dotted lines, and dashed lines
represent total, the contribution from intraband
(Seventh to seventh) electron transition, and re-
maining contribution, respectively.
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is almost unchanged. This suggests the interaction between
the c8 (uniaxial strain) and TA2 phonon is large in this sys-
tem.

It is of particular interest to compare phonon dispersion of
NiAl with that of NiTi, which likewise has aB2 structure in
high temperature and also shows a TA2 anomaly along[110].
Moreover, under cooling the TA2 phonon condenses atp /3a
[110] bringing into existence the so-calledR-phase, which is

analogous to the 7R-phase in the NixAl1−x system. This simi-
lar behavior of the TA2 phonon modes in these two alloys
led many investigators to think that their experimentally ob-
served anomalies are of the same nature, i.e., the Kohn type.
Our calculations suggest, however, the phonon anomaly in
the NiAl system is related to the local geometry of the Fermi
surface and the strong interaction between strainsc8d and
TA2 phonon will not change the position of anomalies. But it
is not necessarily to be true in the NiTi system. Indeed, our
previous investigation on NiTi shows phonon dispersion is
feathered by a dominant lattice instability at theM point,30

shown as the inset in Fig. 1. The distorted structure produced
by freezing a particular choice of the unstableM58 eigenvec-
tor into the reference cubic structure yields an excellent ap-
proximation to the observed ground-stateB198 structure. The
stability of high-temperatureB2 structure is due to anhar-
monic phonon-phonon interactions and the phonons in the

TABLE II. Computed phonon frequencies(in THz) of B2 NiAl
with a0=5.328 a.u. anda0

1=5.455 a.u. at the high symmetry points,
comparing with the experimental results from Ref. 6.

Label a0 a0
1 exp.

G15 0 0 0

G15 9.353 8.074 8.60

X58 5.317 4.699 4.78

X18 6.472 5.648 6.05

X5 8.345 7.354 7.72

X1 11.599 10.181 -

M58 4.052 3.554 4.00

M18 6.014 5.270 5.60

M48 8.118 7.173 7.82

M58 11.059 9.566 10.50

R15 5.290 4.439 4.96

R25 10.479 9.239 9.80

FIG. 4. Portions of the Fermi surface of the seventh band forB2
NiAl: (a)–(c) in the planes parallel toGXM with 0.1s2p /ad,
0.3s2p /ad, and 0.5s2p /ad in the extended BZ, respectively, and(d)
3D BZ with a cutting plane. The shaded regions correspond to
occupied states and the arrow lines denote nesting vectors.

FIG. 5. Total DOS ofB2 NiAl in the vicinity of the Fermi level
with lattice parameters 5.328 a.u.(solid line) and 5.455 a.u.(dotted
line). The Fermi levelEF is taken as the zero of energy in each case.
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B2 phase are strongly renormalized by these interactions.
Zhao and Harmon31 showed that the Fermi surface nesting
effect also contributes the anomalies in NiTi. This makes
identification of the origin of the dip in the TA2 phonon

branch in NiTi a bit different than that in NiAl. However, our
work suggests that this effect is rather weak in NiTi. The dip
in the TA2 phonon modes forms atp /3a [110], which is the
case proposed by Gooding and Krumhansl.32

IV. CONCLUSIONS

In conclusion, we performed first-principles calculations
of the structure, elastic constants, and phonon dispersion of
NiAl in the cubicB2 structure. Anomalies observed in one of
the acoustic branches along three major symmetry directions
are found to be due to Fermi surface nesting, and thus can be
classified as Kohn anomalies. The high sensitivity of the
phonon dispersion to the Ni concentrations(due to number
of conduction electrons) can been explained by a corre-
sponding sensitivity of the electronic density of states due to
a 2D van Hove singularity near the Fermi level. The phonon
dispersion of NiAl is further compared with that ofB2 NiTi,
and the different origin of phonon anomalies in two systems
is revealed.
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