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Motivated by the intriguing properties of the vanadium spin tube\W@®;, we show that an effective
spin-chirality model similar to that of standard Heisenberg odd-legx}}eél spin tubes can be derived for
frustrated inter-ring couplings, but with a spin-chirality coupling constatitat can be arbitrarily small. Using
density matrix renormalization group and analytical arguments, we show that, while spontaneous dimerization
is always present, solitons becoim@undinto low-lying singlets asv is reduced. Experimental implications for
strongly frustrated tubes are discussed.
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Spin ladders, systems which consist of a finite number ofmeasures the strength of the coupling between spin and
coupled chains, have attracted considerable attentioohirality. For ordinary spin tubes, this coupling is always
recently! Spln-l ladders with an even number of legs are strong:« is equal to 4 for three-leg spin tubes and increases
expected to have a spin gap, while ladders with an odd nunwith the number of legé® Using bosonization arguments,
ber of legs behave like spin chains at low energy. Both preSchulz predicted that the ground state should be spontane-
dictions have been largely confirmed experimentally. Hereously dimerized and the spectrum gapped in all sectors, a
we have taken the ladders to have open boundary conditionwediction supported by further numerical and analytical
in the rung direction, which is the most natural definition. Inwork:#=® In addition, the excitations have been argued to be
comparison, spin ladders with periodic boundary conditionginbound solitons and the gap is always a significant fraction
in the rung directionsee Fig. 1, often referred to as spin of J'. All of this remarkable physics still awaits an experi-
tubes, have received much less attention, mostly because theental realization.
prospect for experimental realizations was remote. Nonethe- In this context, the recent synthesis of NgO;,” whose
less, it was noticed early on that spin tubes with an oddstructure may be regarded as aséin'me—leg spin tube, has
number of legs are not expected to behave in the same waypened up new perspectives. However, the properties re-
as their ladder counterparts. The crucial observation is thgtorted so fat do not match the properties predicted for stan-
the ground state of a ring with an odd number of sites is notlard odd-legged spin tubes. In particular, no spin gap could
just twofold degenerate, as for a rung in an odd-leg laddehe detected in zero external field. This might not be too
but is fourfold degenerate: In addition to the Kramers degensuprising, however: although the overall topology of
eracy of the spinﬁ- ground state, there is a degeneracy due to
the two possible signs of the ground-state momentum, lead
ing to an extra degree of freedom on top of the total spin,
often called the chirality by extension of the case of a tri-
angle. As a consequence, a standafiég spin tube[Fig.
1(a)], defined by the Hamiltonian

N,L N-1.L

— !
H=J E OO+ J E O | Oty
rl=1 rl=1

described in the strong-ring limit)’ <J) by an effective
model, valid to first order in the inter-ring couplingj,?™®
defined by the Hamiltonian

N-1

Her=K> S - Sl + (7 7,4 + H.c)]. (1)

r=1

/"
where oy is a spini operator on ring and legl, can be _./
r, 2 !

Here S, are the usual spiB-operators which describe the (a) (b)

total spin of ringr, while 7, are pseudo-spié-operators

acting on the chirality. The parameters of the model are an FIG. 1. Two models for N&/;0;. (a) Nonfrustrated, nine-leg
overall coupling constanK=J'/L and a parametet that spin tube.(b) Frustrated, three-leg spin tube.
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Na,V ;05 is indeed that of a nine-leg spin tube, the actual 06 !
geometry is quite different from that of Fig(d). Although *  [8%=0,1%=0]
ab-initio calculations have not yet reached a consehilis, 051 2 [0,1] ®
is likely that the inter-ring coupling exhibits some kind of © [0 @
frustration. Since the tubes in P;0; only have aCs-axis, < 041 - LU .
a frustrated model of the type of Fig(kd) might be more 2 03 g® Fit A oc O [
appropriate. S o 0.04

In this Communication, we use extensive density matrix 02 a f s
renormalization grougDMRG) simulationd! supported by ®, 002
several analytical arguments to show that inter-ring frustra- o1l o ¥e
tion can have dramatic consequences for the properties of e 0.00
odd-legged spin tubes. In particular, we show that it can o,oﬁ : — 000 0.05 0.10
reduce the spin gap and bind solitons in low-lying singlets. 0.0 0.5 1.0 o 15 2.0 2.5

This picture might resolve some of the puzzles o WzD;.
. Our Sta!”'”g point is to notice that,_as long as the inter- FIG. 2. Extrapolated excitation gaps in the fd&, 7] sectors
ring coupling does not break the rotational symmetry of theas a function ofa. Inset: Power-law fits of the smadt results.
tube, the effective Hamiltonian is still given by E@.), but
with a parametew that can take on arbitrarily small values if ~ The gaps corresponding to these excitations are plotted in
frustration is allowed. For instance, for the three-leg spinFig. 2. In extracting the gaps, some care had to be taken
tube of Fig. 1b), K=(J'+23")/3 and a=4]|J'-J'|/(J’  regarding finite-size effects. The results were fitted with
+2J"), leading toa=2 if each site is coupled to two neigh- polynomials in 1N, whereN is the length of the tube. Good
bors(i.e., J’=0),12 and toa=0 if each site is coupled to all fits could be obtained with third-order polynomials. The ex-
sites of neighboring ringel’ =J"). trapolated values lie between those obtained with quadratic
Therefore, we concentrate on the model of ED. with and quartic polynomials. The differences between these fits
K=1 and consider all values @f=0 in the following. In a  were used to define the error bars shown in the inset of Fig.
previous DMRG study of the effective modgl), Kawano 2.
and Takahashireported the finite-size scaling of the spingap  That these gaps correspond to very different excitations is
for the triangular tube witha=4. Using White's DMRG  confirmed by theiw dependences. As shown in the inset, the
algorithnt! as well, we extend their numerical analysis to theresults fora<0.1 can be fitted with power laws of the form
range O< < 20. For this purpose, we classify the lowest- Axa” with exponents b=1.54+0.06, 1.36+0.07, and
lying excitations according to the quantum numbigs ] 1.11+0.12 for the singlet excitations in the sectd@sl],
and study the sectof®,0], [0,1], [1,0], and[1,1] for open [0,0], and for the first spin excitation, respectively. These
chains with up td\=200 sites. From an analysis of the trun- €xponents are consistent with the simple fractioms3/2,
cation dependence of the gaps, we find that convergence #§3, and 1. The large error bar and the value significantly
reached by keeping 250 states and thus perform the calcultarger thanb=1 for the spin excitation is very probably a
tions up to that limit within six finite-system sweeps. The finite-size effect. Since the spin gap follows a linear finite-
sum of the discarded density-matrix eigenvalues is smallegize scaling for spin tubes with up to 200 rings wherns
than 10°% in all cases. very small, the extrapolations underestimate the gap, result-
Above a = 1.4, a range that includes all nonfrustrated spining in an exponent larger than the actual one.
tubes, we found that a gap is indeed present, in agreement The nature of the excitations can be further explored by
with Kawano and Takahashi’s analysis of the caset, but ~ €xamining the nearest-neighbor expectation values of the
interestingly enough, we find that the first excitation appearspin and pseudo-spin interaction§ -S.;) and (7 7,
in all sectors. In other words, spin and chirality gaps aretH.c). In Fig. 3 these quantities are shown for the lowest-
equal abover=1.4. lying states in the importants, 7] sectors. The spin and
The situation changes dramatically upon reducin@e-  chirality degrees of freedom alternate synchronously. As ex-
low a=1.4, the first excitation is no longer degenerate butpected, the ground state, shown in Figa)3is uniformly
appears only in the sectp&=0,7°=1]. The first excitation dimerized in both the spin and the chirality channels.
is thus a chirality excitation, and the spin gag and the Excitations in a dimerized spin chain can be described in
chirality gap A, are no longer equal. To examine this point terms of solitons, which can be viewed as domain walls be-
further, we have performed a systematic analysisoferl.4  tween two dimer covering®'® In a chain with an even
in all sectors[0,0], [0,1], [1,0], and[1,1], including careful number of sites, solitons always appear in pairs, which can
finite-size scaling. The first excitation is always in the sectoreither be bound or unbound. The bound states can also be
[$*=0,7=1] and is nondegenerate. Belaw=0.5, the sec- interpreted as excited bonds, i.e., as spin-triplet states in a
ond excitation is also nondegenerate and appears in the sdzackground of dimers, and would therefore leave the dimer
tor [0,0]. In this parameter range, the first excitation that hagattern unchanged. In an open chain, a bound soliton state is
a nonzero spin quantum number is the third excited statdocated with maximum probability at the center of the sys-
This excitation manifests itself in all sectors. By following tem, whereas its unbound counterpart tries to maximize both
this excitation asx is increased, one can determine that itthe distance between the solitons and the distance to the ends
becomes the second excitationceat=0.5, and then the first of the chain.
excitation ata=1.4. The nearest-neighbor expectation values of excited states
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(a) [S%=0, 1*=0], ground state (b) [S%=0, 1%=0], excited state
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-0.4 1 0.4 4 FIG. 3. Nearest-neighbor expectation values

0.6 NGRIE of spin and chirality along a chain with 50 sites in
g ' ' ' - the sector§$=0,7=0], [0, 1] and[1, Q] for a
0 10 20 30 40 50 0 10 20 30 40 50 =0.1. The ground stat@) is dimerized. The un-
Z_~ 7 z_ _ altered dimer patterns and the constrictions at the
() [$7=0, T=1] (d) [$™=1, *=0] center of the chain iib) and (c) indicate bound
0.4 - 04 soliton states, whereas the two domain walls in
02| 02 1 (d) suggest the presence of two unbound solitons.
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in_ the sector$S*=0, 7=0] and|[0, 1] for_ a=0.1 are shown in (St ST T+ S - ST 7)) = (S - STy

Figs. 3b) and 3c). The unaltered dimer patterns and the . . )

constrictions at the center of the chain indicate the presencaince, according to our numerical results, the ground state is

of bound soliton states. The very pronounced constriction irfPontaneously dimerized, we look for a dimerized solution

Fig. 3b) suggests that the excitation in the ground state sed?y starting with alternating expectation valuéS;-S;.)

tor is close to unbinding, which we find to occur in the pa-=Cs~(-1)"ds and (7 7,1+ 7, 77,,)=C,—(-1)"6,, where &g,

rameter range 08 «<0.6. For larger values of, all ex- is the alternation parameter in the corresponding channel.

pectation values have a structure similar to that shown in FigThe mean-field Hamiltonian then describes Heisenberg and

3(d), representing the lowest-lying spin excitation. Here oneXY chains with alternating bond strengths. Now, for Heisen-

can clearly identify two domain walls at arouédand% of  berg andXY chains with alternating exchanggl+(-1)"e],

the chain length, suggesting the presence of two unbounthe scalings of the gap and of the alternation parameters as a

solitons. function of € are well knowr?1~24Up to logarithmic correc-
We have checked that these features are independent téns, they are given byAgxJ(€)?3, 55 €, A, xJe, and

the chain length by studying systems of up to 200 sites. Frond,« e. The mean-field decoupling then leads td af order

a complete analysis of the expectation values throughout thene andex «S, for the spin part, and td« « and ex 5 for

whole range ofa, we conclude that lowest-lying bound the chirality. Self-consistency then requires tidgts, = '/

states only exist in the sectof§=0, 7#=0] and[0, 1], for ~ and A,=«*2 This last scaling is in very good agreement

which the unbinding can be observed at €.5<0.6 and with our DMRG result for the chirality gap, for which no

1.3<a< 1.4, respectively. The lowest-lying pure spin andlogarithmic correction could be extracted within our numeri-

combined spin-chirality excitations are always unbound anatal accuracy. As a further check, we have also extraéted

are therefore degenerate in the thermodynamic limit. and 6, as a function ofw. They are not strictly proportional,
Interestingly, the same hierarchy of states for the boundbut we believe this is due to logarithmic corrections. Indeed,

and unbound soliton excitations as a functioneotan be the ground-state energy for smallreads

obtained analytically by the variational approach of Wang ME 3 N

for the model that includes a next-nearest-neighbor coupling €t = Aad&(1 +BIn 89 + C(as,)*3(In Das,) ™ - adss,

along the legs with relative strengip=0.51° Since it was + const. (2)

shown by Kawano and Takaha$that Wang’s model re-

mains in the same phase as the additional interagfiaga A, B, C, andD are constant§ independent ofx. The alter-

turned off fora=4, we conjecture that the two models are in nation parameterss minimizing the ground-state energy

the same phase over the whole rangerolin the same spirit, obey the relationd,« ds(log ds+consj, leading to a very

we note that the effective Hamiltonian of EG) can also be good fit of our numerical resultot shown.

seen as a special case of the recently investigated spin-orbital In order to illustrate the influence of the chirality degrees

models!’~2° with great similarities in the roles of chirality of freedom, we have calculated the specific heat derwsity

and orbital degrees of freedom. a function of temperature using exact diagonalization of
Next, we show that the scaling of the chirality gap  small systems. We have used weighted means between sys-

= %2 can be recovered by a simple mean-field decoupling ofems with an even and odd number of sife® extrapolate

the interaction terms, - S;,,7 7,7, into the curves to the bulk limit. Extrapolations for systems with

060405-3



RAPID COMMUNICATIONS

LUSCHERet al. PHYSICAL REVIEW B 70, 06040%R) (2004
TS in Raman spectroscopy. Both predictions are expected to ap-
0.6 - / ey ; ply to NaV30; if the absence of any detectable zero-field
S spin gap in that compound is indeed a consequence of frus-
tration.

0.4 In conclusion, we have shown that the low-energy prop-
erties of odd-legged spin tubes change dramatically if the

coupling between spin and chirality degrees of freedom is

021 ——— 4and5 reduced, as would be the case for frustrated spin tubes. While
5and 6 our results confirm that excitations in nonfrustrated or
~ Gand7 weakly frustrated spin tubes are unbound solitons, they show

7 and 8 sites . i . i
: that solitons are bound into singlet bound states if the cou-

00 02 04 06 08 1.0 pling between spin and chirality is sufficiently reduced by
T frustration. As a consequence, spin and chirality gaps are no

FIG. 4. Specific heat per site as a function of the temperature '0nger equal, and the low-lying chirality excitations, which
for «=0.2 and 1.0 calculated by exact diagonalization of systemdi€ below the spin gap, are expected to lead to a number of
with up to eight sites. interesting consequences, such as an additional low-

temperature peak in the specific heat. We hope that these
up to eight sites and two particular valuescofire shown in - conclusions will encourage further experimental investiga-

Fig. 4. The double-peak structure for smallis due to the tions of NgV;0, and of other odd-legged spin tubés.
well-separated low-lying chirality excitations. The distinct

low-temperature peak progressively disappears as the chiral- It is a pleasure to thank J. Gavilano, H. R. Ott, J. Sirker,
ity excitations get closer to the spin excitations and is comand O. Sushkov for valuable discussions. G. M. acknowl-
pletely absent av=1. We also note that these low-lying edges the hospitality of IRRMALausanng and V. K. and

chirality excitations, which are singlets, should be detectabld. M. acknowledge the support of the Swiss National Fund.
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