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The spatial evolution of multi-peaked microwave magnetic envelope solitons in a thin yttrium iron garnet
(YIG) film has been measured and analyzed. The experiments were done on a long and narrow 5-mm-thick
single-crystal YIG film strip. Double-peaked and triple-peaked magnetostatic backward volume wave soliton
pulses were excited at a nominal carrier frequency of 7.0 GHz. The measurements utilized a movable inductive
magnetodynamic probe detection system. The formation of these multi-peaked soliton(MPS) pulses is a two
step process. First, an initial single large amplitude pulse gradually separates into two or more nonsolitonic
peaks. After a certain propagation time, these nonsolitonic peaks evolve, in sequence, into solitonic peaks with
constant phase(CP) and an overall stair-like profile. Typically, the larger amplitude peaks lead in time and
become solitonic first. As the MPS signals propagate and decay, the peaks lose their CP character in reverse
sequence. The region of existence for the “fully formed” MPS pulses for which all the individual peaks have
CP character is extremely narrow, typically on the order of a few tenths of a millimeter. The velocities of the
individual peaks scale linearly with the peak powers. A nonlinear response analysis of the peak velocity based
on the method of envelopes gives a reasonable match to the data.
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I. INTRODUCTION

Microwave magnetic envelope(MME) solitons were first
predicted in 1983 and observed shortly thereafter in yttrium
iron garnet(YIG) films.1,2 Since then, nonlinear MME mag-
netostatic wave pulses have been the subject of numerous
investigations. The MME pulse profiles in magnetic films
change significantly with the power of the input microwave
pulse signal.(a) For low input powers, one obtains linear
MME wave packets that decay and spread out due to the
combined effects of damping and dispersion.(b) For moder-
ate input powers, one obtains a single MME soliton pulse.
This nonlinear pulse is nondispersive and is formed because
of a fine balance between the competing effects of the dis-
persion and the nonlinear response.(c) For very high input
powers, one obtains MME solitons with multiple peaks.

As discussed in Ref. 3, the phase profile of the MME
pulse provides a critical signature for solitonic properties.
More specifically, Ref. 3 and later papers4–6 show that single
MME soliton pulses have aconstant phase(CP) profile
across the center part of the pulse. It is expected that multi-
peaked soliton(MPS) entities should also have peaks with a
CP character. Reference 3 has shown that this is indeed the
case for solitons with two peaks. Moreover, the data also
show that phase jump from one separated peak to the other is
180°.

As a matter of terminology, such a multi-peaked soliton
may also be termed ahigher order soliton(HOS). The node
in the first excited state soliton eigenfunction solution to the
nonlinear Schrödinger(NLS) equation corresponds a change
in sign of the wave function or, equivalently, a phase change
of p. In this context, the strict theoretical definition of a

higher order soliton relates to specific higher order eigen-
mode solutions to the NLS equation. As the data below will
show, the phase jump between peaks for MPS pulses is gen-
erally less than 180°. The distinction between MPS pulses
and HOS excitations will be considered below.

References 7 and 8 provide reviews of some of the basic
experimental work on multi-peaked soliton signals and mod-
eling based on the Korteweg-de Vries and NLS equations.
The early work on water wave systems illustrates the basic
properties. Here, an initial wave pulse of sufficiently large
amplitude evolves into a soliton with a small number of
peaks. The tallest peak is at the front of the evolving wave
profile followed by peaks of diminishing intensity behind. As
the multi-peaked wave profile propagates, the individual
maxima separate from each other. As discussed in Ref. 8,
these same types of responses are also found for electrical
signals in nonlinear transmission lines.

This work is concerned with the formation and evolution
properties of multi-peaked MME soliton pulses. The work
builds upon the previous work of Chenet al.,9 Nashet al.,3,10

and Slavin.11 These authors observed amplitude and phase
profiles for MPS signals and obtained useful correlations be-
tween the measured power thresholds and HOS theory.
These works, however, presented no data on the actual for-
mation, propagation, or decay processes for MPS signals as a
function of power or propagation distance. The results pre-
sented below demonstrate the complexity and intricacy of
MPS formation and propagation.

It was possible to study both double peaked and triple
peaked soliton signals. The formation of these MPS wave-
forms is found to be a two step process in which the initial
large amplitude forward propagating pulse first separates into
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two or more peaks with nonsolitonic character and these
peaks then evolve into soliton-type peaks one after another.
Once completely formed, the largest amplitude peak typi-
cally leads in time and travels faster than the smaller ampli-
tude peak(s). As these MPS signals propagate and decay, the
peaks lose their solitonic character, one-by-one.

The organization of this paper is as follows: Section II
describes the experiment and provides a summary of key
parameters. Section III presents representative data on the
spatial evolution and the power dependent peak velocities for
the multi-peaked signals. For convenience, the initial condi-
tions and the pulse sequences that yield double peak solitons
is given the acronym “MPS2,” and “MPS3” is used to label
the corresponding conditions and pulse sequences that give
triple peak solitons. Section IV provides a nonlinear response
analysis based on the classical method of envelopes.

II. SOLITON EXPERIMENT

The experiments utilized a single crystal YIG film 1D
excitation structure with time and space resolved detection
through an inductive probe arrangement.12 The film was pre-
pared by standard liquid phase epitaxy techniques on a single
crystal gadolinium gallium garnet(GGG) substrate. The
nominal thickness was 5mm. The 5 GHz half power ferro-
magnetic resonance linewidth was about 0.5 Oe, and spin
wave resonance spectra indicated unpinned surface spins.

The measurements were carried out with a long and nar-
row film strip cut from the YIG wafer. Table I lists the di-
mensions of the strip and the magnetic parameters of the
YIG material. The 10:1 aspect ratio of the strip ensures
more-or-less 1D propagation for the excitation and detection
structure discussed below. The listed saturation induction
4pMs value is the nominal textbook value. The listed gyro-
magnetic ratiog corresponds to the free electron value, with
ugu /2p=2.8 GHz/kOe and a Landég-factor of 2.0.

Figure 1 shows a schematic diagram of the excitation and
detection structure. The film is positioned YIG side up, as
shown. Input microwave pulse power is applied to the nar-
row microstrip transducer positioned just above the film and
shown somewhat left of center in the diagram. This input
produces bi-directional propagating magnetostatic wave
(MSW) pulses in the film. The right traveling MSW pulse
signal is then detected by the inductive probe. The probe is
movable from point to point along the strip, as indicated.

This capability makes it possible to map temporal pulse sig-
nals at different spatial positions along the propagation path.
The modes propagate in the magnetostatic backward volume
wave (MSBVW) configuration with the magnetic field ap-
plied parallel to the strip and the signal propagation direc-
tion. “Backward” refers to the negative slope of the fre-
quency versus wave number dispersion response for
propagation parallel to the field, and the corresponding nega-
tive group velocity for the pulses.

For the data given below, the input transducer was posi-
tioned about 7 mm from the left end of the film strip. The
inductive probe could be positioned at different points on the
strip by a two axis stepper motor arrangement, with a reso-
lution of 1 mm. For the data shown below, the transducer to
probe distance was varied from 2 to 6 mm, with the probe
loop held at the strip center line. The distances from the
transducer to the left end of the strip and from the probe to
the right end was always about 7 mm or greater. Due to the
significant decay in signal amplitude with distance, typically
1.7 dB/mm or so, these large distances eliminated all prob-
lems with end reflections.

The probe consisted of a section of 0.5 mm diameter
semi-rigid coaxial cable terminated with an inductive loop.
The loop was fabricated from a small piece of 50mm diam-
eter copper wire that was carefully soldered to the center and
outer conductors of the open end of the semi-rigid cable. The
plane of the inductive loop was oriented perpendicular to the
long direction of the film and the static field. The details of
the inductive magnetodynamic probe measurement system
are given in Ref. 12.

Detailed information on the microwave excitation and de-
tection system, and for MSBVW calibration and character-
ization procedures, is given in Refs. 9, 12–14. Details that
are directly relevant to the MPS2 and MPS3 experiments and
analysis are provided below.

Prior to the high power measurements, low power cw and
pulse measurements were made to determine the MSBVW
band limit frequencies, the group velocity versus frequency
response, the frequency versus wave number dispersion char-
acteristics, and suitable operating frequency points for the
double and triple peaked pulse measurements. Measurements

TABLE I. Yttrium iron garnet(YIG) film parameters.

Parameter Value

Nominal film thicknessd 5.0 mm

YIG Strip width W 2 mm

YIG Strip lengthL 20 mm

Saturation induction 4pMs 1750 G

Gyromagnetic ratiog −1.763107 rad/Oe s

Ferromagnetic resonance
half power linewidth at
5 GHz, DH

0.5 Oe

FIG. 1. Schematic diagram of the yttrium iron garnet(YIG) film
strip, microstrip transducer for excitation, and movable inductive
probe for detection. The YIG strip is supported on a gadolinium
gallium garnet(GGG) substrate, as indicated. The microstrip trans-
ducer is mounted on the underside of a copper clad substrate, not
shown in the diagram. A static magnetic field is applied parallel to
the long direction of the YIG strip.
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of the propagation time versus distance at low power yielded
the group velocities. Further measurements of the group ve-
locity vg versus frequencyvk gave the dispersion coefficient
D=]2vk/]k2, wherek is the wave number. The fits of the
MSBVW upper cut-off frequencies and the low power group
velocities to Damon-Eshbach(DE) theory15 gave the operat-
ing point wave numbers. Note that these fits required small
adjustments to the static field as well as the film thickness.
The field correction is on the order of the known magneto-
crystalline anisotropy fields for YIG materials.

Table II lists key experimental, fitted, and calculated
MSW parameters for both sets of measurements. The upper
section of the table lists experimental parameters. The
middle portion gives parameters based on the DE fits. The
last row gives the nonlinear response parameterN, the details
for which will be given in Sec. IV. TheD andN parameters
were evaluated at the indicated MPS2 and MPS3 operating
points.

From Table II, the operating point frequencies are
40–50 MHz below the band edge frequencies and the oper-
ating point wave numbers are in the 100 rad/cm range.
These frequency points are far enough from the band edges
to ensure that the power spectrum for the MSW pulses does
not extend above the cutoff. At the same time, the operating
point wave numbers are still small enough to ensure strong
coupling to the 50mm wide input transducer lines. Note that
the value of the applied static magnetic fieldH controls the
position in frequency of the MSBVW band and, in particular,
the upper limit frequency of the band. Note also from Table
II that the MPS2 and MPS3H-values and frequency-wave
numbersvk,k0d operating points are slightly different.

The thresholds for higher order MME soliton formation
were studied in detail in Refs. 10 and 11. Generally speaking,
MPS formation requires an input pulse with a somewhat
higher power and larger width, relative to those for single
peaked solitons. The MPS2 and MPS3 solitons were ob-

tained for the input pulse width and power values given in
Table II. These choices were based mainly on preliminary
observations of the MPS pulses and their evolution with in-
put pulse width and power. Note that the input powers cited
above correspond to the actual powers at the microstrip
transducer input.

III. FORMATION AND PROPERTIES OF DOUBLE
PEAKED AND TRIPLE PEAKED MME SOLITONS

Experimental results on the double peaked and triple
peaked solitons are given below. Section III A shows power
and phase versus time profiles for selected sequences of
propagation distances that demonstrate the formation and de-
cay processes for the MPS2 and MPS3 signals. These pro-
cesses, while somewhat complicated, demonstrate the spe-
cific ways in which the profiles evolve and the phase profiles
that accompany these effects. Section III B examines the
power dependent velocity responses for the MPS signals.

A. Spatial evolution

Figures 2 and 3 show typical results for the evolution of
the MPS2 and MPS3 signals, respectively. Both figures show
graphs of the instantaneous power and relative carrier phase
as a function of time for differentx-displacements of the
inductive probe detection point from the input line, as indi-
cated. These detection points range from aboutx
=2 mm to x=6 mm. These particular detection points have
been selected to show, in concert with the chosen input pulse
power and width values, the formation and evolution pro-
cesses for the multi-peaked solitons. Also keep in mind that
the leading edge of the pulses occurs on the left side, or for
shorter times.

Some of the power versus time profiles in the figures
show peaks with small solid circle markers. These markers

TABLE II. Experimental and fitted theoretical parameters for the double peaked(MPS2) and triple peaked
(MPS3) pulse signal measurements and analyses.

Parameter MPS2 regime MPS3 regime

Nominal applied static fieldH 1722 Oe 1724 Oe

MSBVW upper cutoff band
edge frequencyvB/2p

7.015 GHz 7.022 GHz

Operating point frequency
vk/2p

6.968 GHz 6.984 GHz

Input pulse widthT 18 ns 39 ns

Input powerP 493 mW 818 mW

Group velocityvg 2.603106 cm/s 2.743106 cm/s

Dispersion coefficientD 2.613103 rad cm2/s Not measured

Fitted applied static
magnetic field valueH*

1778 Oe 1780 Oe

Fitted film thicknessd* 4.9 mm 5.1mm

Operating point wave
numberk0

112 rad/cm 87 rad/cm

Calculated nonlinear
coefficientN

−10.73109 rad/s −10.83109 rad/s
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serve to identify those peaks with a solitonic character and
constant phase across the central peak region. In Figs. 2(c)
and 3(d), the main peaks are all solitonic. These have been
further labeled as I, II, and III for later reference. The vertical
dashed lines shown on the phase versus time graphs show
the time positions of the peaks for the power profiles. As a
rule, the phase response is relatively flat at the vertical
dashed line positions that match solitonic peaks with solid
circle markers. In the other cases, the phase response is not
so flat.

Both figures show the same MPS evolutionary process.
(1) The strongest peak always appears first, or for shorter
times; (2) this main peak also develops a CP response early

in the spatial evolution;(3) after some distance, weak non-
solitonic peaks develop;(4) after some additional propaga-
tion distance, these peaks also develop a CP character;(5) as
the propagation continues and the signals decay, the smaller
lag peaks lose their CP character first;(6) finally, at long
distances, all peaks lose their solitonic character and become
dispersive.

The double peaked profiles in Fig. 2 show the above evo-
lutionary process quite clearly. The MPS3 results in Fig. 3
are a bit more complicated. First, there are actually four
peaks that appear during the spatial evolution sequence

FIG. 2. Representative output power and phase versus time pro-
files for double peaked pulses. The pairs of graphs are for different
inductive probex-positions along the magnetic film strip relative to
the input line, as indicated. The nominal static magnetic field along
the strip length was 1722 Oe, the carrier frequency was 6.968 GHz,
the input pulse width was 18 ns, and the input power to the 50V
microstrip line was 493 mW. The solid circle markers on the vari-
ous peaks in the left side graphs indicate that these peaks have a
constant phase solitonic character. In(c), the two solitonic peaks are
indexed as I and II. The vertical dashed lines in the right side graphs
indicate the positions of the corresponding peaks in the left side
graphs.

FIG. 3. Representative output power and phase versus time pro-
files for triple peaked pulses. The pairs of graphs are for different
inductive probex-positions along the magnetic film strip relative to
the input line, as indicated. The nominal static magnetic field along
the strip length was 1724 Oe, the carrier frequency was 6.984 GHz,
the input pulse width was 39 ns, and the input power to the 50V
microstrip line was 818 mW. The solid circle markers on the vari-
ous peaks in the left side graphs indicate that these peaks have a
constant phase solitonic character. In(d), the three solitonic peaks
are indexed as I, II, and III. The vertical dashed lines in the right
side graphs indicate the positions of the corresponding peaks from
the left side graphs.
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shown. Second, the small peak that appears third in the de-
velopment is actually between the first two strong peaks in
time, and this third small peak develops a CP profile before
the second peak. Finally, note that the fourth and last peak in
the sequence stays small and never takes on a CP character.

The power and phase profiles for the complicated and
evolving soliton structures in Figs. 2 and 3 mirror and extend
previous results for single peaked solitons.3–6 These studies
have shown that, when there is appropriate compensation
between the dispersion and the nonlinear response, one can
form a robust and non-dispersive bright MME soliton with a
CP profile across the peak. Constant phase, therefore, pro-
vides a simple unambiguous criterion for bright MME soli-
ton formation.

The key result from Figs. 2 and 3 is that this CP criterion
carries over from single peaked solitons to the MPS case.
From Fig. 2, for example, one can see that the main peak first
takes on a CP character, as in Fig. 2(b). At the point where
the MPS2 formation is complete, as in Fig. 2(c), the second-
ary peak has also taken this CP character. Then, as the soliton
decays, the secondary peak is the first one to lose this char-
acter, as in Fig. 2(d). In Fig. 2(e), the main peak has also lost
its CP character and the MPS2 pulse has completely decayed
back to a non-solitonic double peaked signal.

Figure 3 shows the same trend, but with some small dif-
ferences. The small third peak that is first in evidence in Fig.
3(b) is actually the second peak to take on a CP character, as
in Fig. 3(c). In contrast, the second peak to form, already in
evidence in Fig. 3(a), takes on a CP character in Fig. 3(d).
The loss of CP character upon decay does follow the ex-
pected trend, with the weakest peak changing first, as in Fig.
3(e) followed by the largest secondary peak in Fig. 3(f).

Considered as a whole, the above data demonstrate,
among other things, the ambiguous nature of the multi-
peaked soliton concept from an experimental point of view.
One might, for example, define a double peaked soliton as a
pulse profile with two peaks, both of which have CP charac-
ter. The current data show, however, that such a profile only
occurs over a relatively small range of propagation distances.
For the particular situation in Fig. 2, detailed measurements
for a much finer increment in probe position show that the
MPS2 existence region spans a distance of only about
0.4 mm or so. For the MPS3 response in Fig. 3, this exis-
tence region is even shorter.

Comments are also appropriate here on the connection
between well known and extensively discussed higher order
soliton(HOS) eigenmode solutions to the NLS equation8,16,17

and the experimental multi-peaked soliton signals examined
here. Analytic and numerical solutions to the NLS equation
demonstrate both the simple eigenmode physics and the
complexity of these entities. At the basic level, these higher
order eigenmodes have nodes that correspond to a phase
change inp from peak to peak. Such a change was demon-
strated experimentally in Fig. 7(d) of Ref. 3. The complexity
of these HOS eigenmodes is made clear from the breathing
properties of the modes and the periodic evolution between
wave forms with different shapes and different numbers of
peaks shown in Refs. 7, 8, 16, and 17.

The data presented in Figs. 2 and 3 make it clear that the
experimental situation for higher order MME solitons is even

more complicated than one might expect from the eigen-
mode solutions to the NLS equation. For bonafide eigen-
modes, one expects to see ap phase jump associated with
each node in the soliton envelope function. The data in Figs.
2 and 3 show jumps, but these are different fromp. The p
jump in Fig. 7(d) of Ref. 3 occurs for well separated peaks.
The solitonic peaks in Figs. 2(c) and 3(d) above are not
separated at all. In cases where the MPS signal can evolve to
a limit of well separated solitonic peaks, it may well be that
the phase jumps move top values. However, the data show
that the multi-peaked solitons decay into nonsolitonic entities
before this can happen. The books cited above discuss am-
plitude profiles for HOS signals, but generally make no com-
ments about phase. This is a ripe subject for further study,
both experimentally and theoretically.

One can see from the time and distance scales in Figs. 2
and 3 that the pulse velocities are on the order of 3
3106 cm/s. Such velocities are about the same as for single
soliton pulses. A full analysis of the MPS data show, how-
ever, that the individual peaks have different velocities that
scale with amplitude. This new feature is considered below.

B. Power dependent peak velocities

Work by Xia et al.18 has shown that the average velocity
of MME soliton wave packets is, in general, power depen-
dent, and one would expect that these individual peak veloci-
ties should also change with amplitude. In order to examine
these responses experimentally, peak position versus time
data were obtained for the two solitonic peaks indicated in
Fig. 2(c) and the three corresponding peaks in Fig. 3(d).
These data were obtained over the full range ofx-positions
for which all of the peaks remain solitonic, as defined by the
CP condition. As noted above, the range inx-values for such
a full solitonic response was small, about 0.4 mm for the
MPS2 case and only 0.1 mm for the MPS3 data.

Figure 4 shows the results of these measurements. Figure
4(a) is for the MPS2 signals. These data extend fromx
=3.69 mm tox=4.09 mm, the range that matches in Fig.
2(c). The labels I and II correspond to the same labels used
for the peaks in Fig. 2(c). Figure 2(b) is for the MPS3 sig-
nals. These data extend fromx=4.23 mm tox=4.35 mm, the
range that matches in Fig. 3(d). The labels I, III, and II are
for the main peak, the weak middle peak, and the stronger
lag peak identified in Fig. 3(d) profile. The solid lines in both
graphs represent linear best fits to the data.

The data and fits in Fig. 4 show that the solitonic peak
displacements are all linear in time and give velocities in the
33106 cm/s range. By careful inspection, however, one can
also see that there are small changes in the peak velocities as
one goes from peak to peak. The actual fits show, for ex-
ample, that the peak I velocity in Fig. 4(a) is about 5%
greater than the peak II velocity. For Fig. 4(b), the peak I
velocity is about 7% greater than the peak III velocity. These
increases, moreover, correlate with the peak amplitudes.

Figure 5 shows the velocities and standard errors from the
fitted slopes of the lines in Fig. 4 for the different peaks. The
solid circle points in Fig. 5(a) and 5(b) show these velocities
plotted against the corresponding peak powers from the
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graphs in Figs. 2(c) and 3(d), respectively. The Roman nu-
meral indices correspond to those in Figs. 2–4. The data
points at zero power indicate the measured group velocities
for the pulse signals at low power. The solid lines indicate
linear fits to the data. Note that the low power velocities for
the MPS2 and MPS3 configurations are slightly different.
This is because of the slightly different operating points.

Three important results are evident from Fig. 5. First, the
data show that all of the solitonic peaks travel faster than the

low power pulse signals. Second, it is clear that each peak
travels with its own distinct velocity. Third, one can see
that the change in velocity with power is roughly linear
in each case. From Fig. 5(a), the MPS2 peak velocity in-
creases with power at a rate of about 1.43104 cm/ss·mWd.
From Fig. 5(b), the corresponding MPS3 change is about
4.53104 cm/ss·mWd. These increases in peak velocity with
power are not unexpected. In Ref. 18, Xiaet al. provided
data on the average MPS velocity and showed that this ve-
locity increases with power. The current results extend these
previous results to show that theindividual peaks that make
up the multi-peaked solitonsalso move with power depen-
dent velocities. Note also that one finds similar responses for
multi-peaked surface water wave solitons and electromag-
netic wave solitons in nonlinear transmission lines.7,8 These
power dependent soliton peak velocities are a direct effect of
the nonlinear interactions that drive the soliton formation in
the first place.

These new data expand significantly on the results of Ref.
18. Those data showed that the averaged soliton center point
travels with an average velocity between launch and detec-
tion antennas thatincreaseswith the input pulse peak power,
and that there are distinctplateausin this velocity response
at discretevelocity values. Based on connections with modu-
lational instability considerations, Ref. 18 also presented a
simple theoretical connection between MME soliton velocity
and soliton order. Note, however, that the Ref. 18 measure-
ments were based on time of flight between widely spaced
antenna elements, and not the small increment instantaneous
position versus time determinations used here.

The entirely local, rather than averaged velocity results
obtained here show quite clearly that the velocity of the in-
dividual peaks for multi-peaked solitons also scales with the
peak power. The scaling applies to both double peaked and
triple peaked solitons. This velocity response is related to the
nonlinear shift in the MSW dispersion curve with power.
Section IV will give a simple but quantitative analysis of the
power dependent velocity for nonlinear MSW signals that
makes a direct connection with the data given above.

The power dependent MPS peak velocity, now quantified,
provides an easy explanation for the evolution of the peaks
with propagation distance shown in Figs. 2 and 3. The fact
that the higher peaks travel faster causes the individual MPS
peaks to move apart as the average propagation distance in-
creases. This gradual separation is clearly evident in both
figures. In Fig. 2, for example, as one moves from Figs. 2(b)
and 2(d) in sequence, MPS2 peaks I and II become more and
more separated. In Fig. 3, a close examination shows that
MPS3 peaks I and III overlap somewhat in Fig. 3(c) and
become more separated in Figs. 3(d) and 3(e).

IV. THEORETICAL CONNECTIONS

The above data reveal a number of previously unrealized
features of multi-peaked solitons. The individual peaks that
make up a MPS waveform, for example, form and take on
their individual CP characters in sequence, and then lose the
same CP character in reverse sequence. The spatial interval
over which all of the peaks maintain the CP character taken

FIG. 4. Graphs(a) and(b) show positionx versus time for the I
and II MPS2 peaks in Fig. 2(c) and the I, II, and III MPS3 peaks in
Fig. 3(d), respectively. The data correspond to the ranges of dis-
tances for which all of the peaks were solitonic. The solid lines
indicate linear best fits to the data.

FIG. 5. Graphs(a) and (b) show velocities and standard errors
from the fitted slopes of the lines in Fig. 4 as a function of the peak
power Ppeak for the indicated MPS2 and MPS3 peaks. The data
points atPpeak=0 show group velocities for the corresponding low
power MSW signals. The solid lines indicate linear fits to the data.
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to define a soliton in the first place is rather narrow. For the
data presented above for MPS2 and MPS3 signals, these ex-
istence regions amounted to only a few tenths of a millimeter
of the overall propagation path. The individual peaks, more-
over, exhibit power dependent velocities.

The purpose of this section is to provide some brief con-
nections between the above effects and soliton theory. Work
is in progress on a full theoretical analysis of the MPS re-
sponse based on the NLS equation. The discussion below
provides(a) qualitative considerations on MPS peak forma-
tion times and lifetimes, and(b) a simple quantitative analy-
sis of peak velocity.

The formation of envelope solitons in general occurs as a
result of a nonlinear phase shift at large amplitude that com-
pensates for the usual dispersive phase shift that causes the
wave packet to spread out and lose amplitude. Two analyses
of soliton formation times based on numerical solutions to
the NLS equation have been reported recently. For the case
without dissipation, Staudingeret al.defines a soliton forma-
tion time Ts as the time after launch when the amplitude of
the propagating pulse stops changing and holds constant.19

For the more realistic case with dissipation included, Slavin
and Benner defineTs as the time at which the amplitude
decay rate becomes equal to twice the linear decay rate.20

This definition is based on the theoretical solution to the
NLS equation with small damping. In this limit of small
damping, the NLS analysis gives an amplitude decay rate of
twice the linear decay rate.

Both of the above references consider only the formation
of single, or order one, solitons. Both approaches give a soli-
ton formation time that is on the order of the well established
nonlinear response time

TN =
p

uNuuuu2
. s1d

The nonlinear response parameterN gives the change in the
MSW frequency with the MSW power and may be written as
N=]vk/]uuu2, wherevksk, uuud is the power dependent MSW
frequency for a specific wave numberk, and uuu2 represents
the MSW power. As used below for the analysis of the power
dependent soliton velocity, the parameteru is a scalar com-
plex amplitude defined throughu=m/ s21/2Msd, wherem is
the rms dynamic magnetization andMs is the saturation mag-
netization of the material. The frequencyvksk, uuud may be
obtained operationally by replacing the 4pMs terms in the
DE MSBVW dispersion relation with 4pMss1−uuu2d. The
]vk/]uuu2 derivative is evaluated at the operating point wave
numberk0 and frequencyv0, and atuuu=0. The correspond-
ing MPS2 and MPS3N-values are shown in Table II.

Equation(1) has a simple physical interpretation as the
time for a cw signal of amplitudeuuu to experience a nonlin-
ear phase change ofp radians. The connection with the soli-
ton formation time is also clear. A large amplitude peak will
have ashorter nonlinear response time than a small peak
and, hence, will acquire soliton characteristics earlier. While
the work in Refs. 19 and 20 and applies this connection to
single solitons, by simple extension, one may also apply this
principle to the individual peaks for MPS pulses.

In light of the above nonlinear phase shift considerations
and the data of the previous section, it is reasonable to con-
sider the formation of multi-peaked solitons as a two step
process. In the first step, a single pulse of sufficient ampli-
tude breaks into one or more nonsolitonic peaks. In the sec-
ond step, these nonsolitonic peaks evolve into solitonic peaks
in sequence, based on their starting amplitudes.

In terms of this two step process, the MPS2 data in Fig. 2
indicate that step one occurs over a span ofx-distances from
the launch antenna of 0–3.35 mm. This is followed by the
sequential solitonic peak formation processes for the two
peaks from about 3.35 mm to 3.89 mm. The MPS3 data in
Fig. 3 indicate a step one process over a distance fromx=0
to x<3.55 mm and a step two process forx
<3.55–4.3 mm. The fact that the weaker MPS3 peak III
achieves a CP character before the stronger MPS3 peak II is
attributed to its proximity to the very strong MPS3 peak I
and a possible phase dragging response.

Consider now the lifetime of the CP peaks in the MPS2
and MPS3 experiments. In line with the above formation
time argument in whichTs scales withTN, and hence with
the initial amplitude, one may also argue that the lifetime of
the solitonic peaks, once formed, should also scale with the
peak amplitude. This argument is supported by the estab-
lished condition for soliton formation. Slavin and Benner
write this condition as20

uNuuth
2 =

1

4
uDuF s2n − 1dp

uvguTin
G2

, s2d

whereuth is the amplitude of the initial dynamic magnetiza-
tion pulse at input, in reducedu-units defined above, andvg
andTin are the low power group velocity and temporal width
of the MSW input pulse, respectively. The parametern de-
notes the soliton order. The above is subject to the additional
constraint imposed by the Lighthill criterion,ND,0. These
considerations are reviewed in Ref. 21.

Equation(2) gives the threshold amplitudeuth for a square
input pulse of widthTin in order to form a soliton of ordern
at some later time. The actual input amplitudeuin must be
greaterthanuth for the soliton to form in a finite time. Just as
the formation time will decrease assuin−uthd. increases, it
stands to reason that the lifetime of this soliton, once formed,
will also scale withsuin−uthd. The observation from the ex-
periments that the larger peaks maintain their solitonic char-
acter longer and the smaller peaks lose their CP character
quicker is consistent with the above. One cannot, of course,
use Eq.(2) to obtain threshold amplitudes for individual
MPS peaks. This expression only applies to pure HOS non-
linear eigenmodes. Further numerical analysis is underway
to model these systems and elucidate the MPS peak forma-
tion times and lifetimes.

Turn now to the MPS peak velocities. The data in Figs. 4
and 5 show that the MPS2 and MPS3 peaks have velocities
that scale linearly with the peak power and extrapolate to the
measured group velocities in the low power limit. The
method of envelopes that forms the basis of the NLS equa-
tion model can be used to model this response and give
velocities that are in the same range as the data above. The
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calculation and results for MPS2 parameters are given below.
The first step in the method of envelopes NLS analysis

involves a series expansion of the frequencyvk of a cw
signal that takes the form21

vk = v0 + vgsk − k0d + 1
2Dsk − k0d2 + Nuuu2, s3d

wherev0 and k0 denote the operating point frequency and
wave number parameters, respectively, anduuu represents the
carrier amplitude. Differentiation with respect tok leads to a
power dependent group velocity that may be identified with
the soliton velocityvs,

vs = vg + Dsk − k0d +
]N

]k
uuu2. s4d

The sk−k0d factor is obtained from Eq.(3) and the condition
vk=v0. Nashet al.3 have shown that the CP condition for
solitons corresponds to a zero frequency shift as well. One
then obtains a relatively simple expression for the soliton
velocity,

vs = Îvg
2 − 2DNuuu2 +

]N

]k
uuu2. s5d

From a straightforward analysis based on the nonlinear
dispersionvksk, uuu2d response, the second term on the right
side of Eq.(5) is less than 2% of the square root term over
the range ofvs and u-values applicable in the experiment,
and can be neglected. Moreover, the positive −2DNuuu2 term
inside the square root is also small enough to give anearly
linear vs versusuuu2 response over the range ofvs values that
match experiment.

Figure 6 shows a plot of the soliton velocityvs as a func-
tion of uuu2 based on the above analysis with the second term
on the right hand side of Eq.(5) neglected. The plot was
obtained for the MPS2 parameters in Table II. The 0–0.02
range for the horizontal axis was selected to givevs values
that match the same range of values as in Fig. 5(a). The solid
points in the figure are transferred from Fig. 5(a), based on
an ad hocuuu2/Ppeak ratio of 8.2310−4 mW−1. Based on this
ratio, one obtainsuuu values for the MPS2 peaks I and II of
about 0.11 and 0.08, respectively. These values are right at
the high end of the 0.01–0.10 range that is typical for MME

solitons.14 The uuu values for multi-peaked solitons should be
at the high end of this range, of course, because the higher
powers are needed to produce MPS pulses in the first place.

In closing this velocity discussion, it is useful to consider
the implications of these peak velocity results for average
velocities. In Ref. 18, averaged center of mass velocities
were obtained from amplitude weighted positions in time at
specificx-positions. For multi-peaked solitons, this same av-
erage velocity can be approximated from a weighted average
of the individual peak velocities according to

vav = o
i=1

n

1 uuiu

o
i=1

n

uuiu2vi . s6d

The uuiu andvi denote the peak amplitudes and velocities of
the individual MPS peaks and the sum is over the number of
peaks present, typically the same as the soliton ordern.

Based on the definition in Eq.(6), the data and analyses
above can be used to obtainvav values for the MPS2 and
MPS3 soliton profiles shown in Figs. 2 and 3. In the MPS2
case, one obtainsvav=2.713106 cm/s, which is about 4.2%
higher than the corresponding low power group velocityvg.
For the MPS3 case, one obtainsvav=2.983106 cm/s, which
is about 8.8% higher than the correspondingvg. These
simple evaluations show the basis of the empirical conclu-
sion obtained in Ref. 18 from rather tedious weighted aver-
ages over complicated profiles. These results show that the
increase in the average soliton velocity with soliton order is
a direct result of the peak power dependent velocities of the
individual peaks and the increase in the weighted average of
these velocities with soliton order.

V. SUMMARY AND CONCLUSION

The spatial formation and propagation properties of
double peaked and triple peaked MME solitons have been
studied experimentally. The formation of a multi-peaked
MME soliton takes place in two steps. First, the initial large
amplitude forward propagating pulse gradually breaks into
two or more separate but non-solitonic peaks. After some
propagation time, these non-solitonic peaks evolve into
soliton-type peaks in sequence. Typically, the larger ampli-
tude peaks become solitonic first. A completely formed
multi-peaked soliton is taken to occur when all of the peaks
have attained a CP profile across the central portion of the
peak region. The largest amplitude peak is usually ahead of
and travels faster than the smaller amplitude peaks. As the
MPS signals propagate and decay, the peaks lose their soli-
tonic character one-by-one and revert into nonsolitonic
peaks, typically in reverse sequence.

The data indicate that the individual MPS peak formation
is faster and the lifetime of the solitonic peak is longer for a
higher amplitude. This can be qualitatively explained in
terms of the amplitude driven nonlinear response time. The
higher the amplitude, the more rapid the nonlinear frequency
shift. A model for the power dependent soliton peak velocity
was developed, based on the method of envelopes frequency
expansion approach. The model gives good agreement with
experiment.

FIG. 6. Soliton velocity versus the reduced power parameter
uuu2. The solid line shows the computed result from Eq.(5) for
applicable MPS2 parameters. The solid points show the MPS2 data
points from Fig. 5(a), based on auuu2 to peak power calibration
factor of 8.2310−4 mW−1.
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