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We study the temperature dependence of vertical transport through the chiral sheath of surface states that
exists near the sidewalls of GaAs/Al0.01Ga0.09As multilayer structures in the regime of the integer quantum
Hall effect. Because variable-range hopping through the bulk provides a parallel conduction channel, we
design our experiment to extend the temperature range of sheath-dominated transport. To do so, we increase
device perimeter by using fractal-perimeter mesas. We report on the nearly linear increase of the sheath
conductivity with temperature, a result not predicted by existing theories for the edge state sheath.
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A two-dimensional(2D), chiral sheath of surface states
exists near the sidewalls of multilayer semiconductor mesas
in the regime of the integer quantum Hall effect.1 Fermi-level
states within the bulk of the multilayer are localized at low
temperatures, so transport perpendicular to the plane of the
layers occurs primarily via the edge states of the quantum
wells. As electrons tunnel between layers, the edge states
couple weakly to form the surface sheath[Fig. 1(a)]. Trans-
port on the sheath is ballistic in the plane of the quantum
wells, diffusive in the perpendicular direction,2 and chiral
because electrons circle the mesa in one direction only. An
electron circling the mesa cannot backscatter, so if the mesa
perimeter is large enough to preclude coherent transport
around the perimeter, the system will not localize.3 This sup-
pression of localization makes the chiral sheath an interest-
ing experimental test bed for understanding the different fac-
tors that influence electrical transport in low-dimensional
systems.

Here, we use an MBE-grown GaAs/AlGaAs multilayer
structure that we patterned into optimized geometries to
study the temperaturesTd dependence of the vertical conduc-
tivity, ssheath, of this unusual 2D system.4 Because the mesas
we study have large perimeters, the observed temperature
dependence should not exhibit localization physics, but in-
stead will reflect disorder, inelastic, and interaction effects in
this chiral tunneling system.5,6 Although edge states in the
integer quantum Hall effect are well-studied and are thought
to have simple physics,7–10 the behavior we observe in
ssheathsTd is unexpected and points to inelastic or interaction
effects that have not been considered previously. Our results
are of general interest as a complementary probe of transport
physics to the more heavily studied isotropic 2D systems.

Early work on GaAs/A1GaAs multilayers established
that in-plane transport measurements in the quantum Hall
(QH) regime yield results qualitatively similar to the QH
effect in a single 2D system: plateaus in the Hall resistance
sRHd accompany vanishing longitudinal resistance.11 Quan-
tum Hall states in vertical transport measurements are char-
acterized by minima in the vertical conductance,Gzz, that
correspond to the in-plane plateaus inRH.1 Size scaling ex-
periments on vertical transport mesas showed that at lowT in
QH states,Gzz is proportional to the mesa perimeter,P. At

higher temperatures, transport through the bulk dominates
andGzz is proportional to the sample area,A.1

At any nonzero temperature, parallel transport through the
bulk contributes to the total vertical conductance. We there-
fore model the measured conductance,Gzz, as the sum of a
sheath conductance,Gsheath=sP/Hdssheath, and a bulk con-
ductance,Gbulk=sA/Hdsbulk, where H is the height of the
multilayer. Because the sheath conductivity,ssheath, has a
weak temperature dependence compared to the bulk conduc-
tivity, sbulk, we must take care to distinguish the temperature
dependence ofssheathfrom that of sbulk. We design our ex-
periment to maximize the temperature range of sheath-
dominated transport, while remaining in the incoherent limit
so that localization effects are negligible.

FIG. 1. (a) Schematic of samples used to study sheath transport.
(b)–(f) Top-view micrographs of samples show roughly 1/4 of the
sample area. Light areas are the gold-covered mesas. Dark areas are
the etched wafer. In sample 3, light-colored features are fractal-
shaped holes where the contact metal did not lift off before the
mesa was etched. These areas are therefore not etched and do not
affect the total sample perimeter or area. Dark, square-shaped fea-
tures in samples 2 and 4 are holes etched into the fractal-shaped
mesas. These regions decrease overall sample area and increase
perimeter. In all samples, there are areas(darker) where the mesa
etch removed some of the contact gold near the sample edges.(g)
All samples have 1-mm minimum features.
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Earlier work used a different approach to estimate
ssheathsTd in a similar multilayer structure, and did not ana-
lyze the low-T limit that is the focus of this work.4 This
group fabricated two mesas with the same area, but different
perimeters. They assumed the high-T bulk contributions
would be identical, and thus interpreted the difference of the
two data sets asssheathsTd. This work assumed negligible
variation in materials properties across the semiconductor
wafers. We do not make this assumption, and instead exploit
the geometry of our mesas to maximize sensitivity tossheath,
for temperatures between 50 and 300 mK. This method al-
lows us to characterizeGzz in the sheath-dominated transport
regime without complicating the analysis with a subtraction
procedure. A preliminary report on part of the data has ap-
peared elsewhere.12

Our strategy for optimizing sensitivity to sheath proper-
ties is to increaseP by using mesas with fractal perimeters.
Figures 1(b)–1(f) show a top-view photograph of one quad-
rant of each of the five mesas studied. Fractals 1, 2, and 3
have identical outer perimeters of fractal dimensiond=1.5.
Samples 2 and 3 have holes removed from their interiors,
resulting in larger total perimeters and smaller areas than
sample 1. Samples 4 and 5 have identical outer perimeters
with d=1.67, but different totalP andA. Table I gives totalP
andA for the five samples. The minimum feature size for all
of the fractals is 1mm [Fig. 1(g), a blow-up of one region,
displays the quality of the lithography].

A different way to maximizeP relative toA is to make
samples with smallP. The problem with this approach is that
localization effects are expected in samples small enough
that electrons can circumnavigate the perimeter phase
coherently.13,14 Our fractals have large enoughP (to
,2 mm) that such circumnavigation is highly unlikely. Since
we observe similar behavior in samples withP spanning a
factor of 4, localization effects from phase-coherent wrap-
ping paths appear negligible at the size scales studied.

We fabricated all samples from a multilayer structure with
160 periods of 150 Å GaAs quantum wells alternating with
150 Å Al0.1Ga0.9As barriers. Thus the multilayer height,H,
of all mesas is 4.79mm. The barriers are Si-doped at their
centers to give the quantum wells a sheet density of 3.4
31011 cm−2, as extracted from in-plane transport experi-
ments on a companion structure. In the vertical transport
samples, there is a layer of degenerately dopedn+GaAs
above and below the top and bottom Al0.1Ga0.9As layers, to
which we made Ohmic electrical contacts using alloyed

NiAuGe. We defined the fractal mesas with e-beam lithogra-
phy and deposited the contact metal to act as both an etch
mask and Ohmic top contacts. To give the mesas vertical
walls we dry etched the sample in a reactive ion etcher, using
SiCl4. We used photolithography to define the bottom con-
tacts for lift-off, and deposited NiAuGe. We alloyed the top
and bottom contacts for 1 min at 430°C in a rapid thermal
annealer. Finally, we deposited a thick layer of Ti/Au to
allow wire bonding. We relied on the Schottky barrier in
GaAs not to short the layers together.

We conducted our experiment twice, thermally cycling
the samples between runs. We measured samples 1, 3, and 5
over a temperature range from 50 mK to 2 K during the first
run, and 2, 4, and 5 from 50 mK to 1.3 K during the second.
We repeated measurements of sample 5 to observe the effects
of thermal cycling on our results. We used small excitation
currents to measure the vertical conductance,Gzz, of the me-
sas at dilution refrigerator temperatures, taking care to ensure
linear IV characteristics at 50 mK. Measurement signals cor-
responded to,10−15 W at 50 mK. We applied a magnetic
field perpendicular to the layers and swept it slowly from
0–17.9 T to locate the quantum Hall states. At low tempera-
tures, we foundGzz~ P within QH states; at high tempera-
tures, Gzz~A for all fields. The temperature scale for the
crossover from bulk-dominatedsGzz~Ad to sheath-
dominatedsGzz~ Pd transport depends on the sample geom-
etry, but is on the order of 500 mK at the center of thev
=2 per layer quantum Hall state, which was well-defined for
all of the mesas. We set the magnet to the center of this state,
B=6.75 T, and proceeded to sweep the temperature from
50 mK to 2 K. See Fig. 1 of Ref. 12 for a magnetic field
sweep between 0 and 17 T that shows the center of thev
=2 QH state. Here, we usev to denote the number of filled
Landau bands below the Fermi energy rather than the filling
factor.

To display the quality of size scaling at low temperatures,
Fig. 2(a) shows a log-log plot ofGzz versus sample perim-
eter,P, for samples 1–5 atT=100 mK. The line with slope
1 on this log-log plot shows good overall agreement with
Gzz~ P. For comparison, the inset in Fig. 2(a) shows Gzz
versus sample area,A, at 100 mK. Comparison to the line
with slope 1 in the inset shows thatGzz does not scale withA
in the limit of low temperatures. To display the quality of
size scaling at high temperatures, Fig. 2(b) shows a log-log
plot of Gzz versus sample area,A, for the five samples atT
=1.34 K. The line with slope 1 on this log-log plot shows
good overall agreement withGzz~A at 1.34 K. The inset in
Fig. 2(b) shows a log-log plot ofGzz versusP at 1.34 K. The
line with slope 1 in the inset shows that at this high tempera-
ture,Gzz is not proportional toP.

Figures 3(a) and 3(b) showGzz as a function of tempera-
ture for samples 1, 3 and 5(2 and 4). For all five samplesGzz
is weakly temperature dependent below,500 mK and rises
rapidly at higher temperatures, where bulk transport domi-
nates. Figure 4 plots the low-T sheath conductivity,ssheath,
estimated from the low-T Gzz using ssheath=HGzz/P, where
H is the sample height andP is the perimeter.

As shown in Fig. 4, for all samplesssheathrises roughly
linearly at lowT, with similar slopes. The standard deviation
of the intercept is,4%. We believe that this spread is due to

TABLE I. Total perimeters, areas, anda for the samples
studies.

Sample number Perimetersmmd Area smm2d a

1 16 384±650 65 536 1.21±0.14

2 18 000±720 40 000 0.89±0.42

3 22 272±890 59 648 1.26±0.32

4 4 146±170 4 046 0.99±0.10

5 4 096±170 4 096 1.01±0.38

5 (second time) 4 096±170 4 096 1.31±0.21
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a combination of factors, including an approximately 4%
uncertainty in the sample perimeters, based upon high-
magnification photographs of our samples. These images
show slight rounding at the sample corners that accounts for
,1% uncertainty. In addition, the long mesa etch removed
the contact metal from some regions of the sample edges, as
shown by the small, darker gray areas at the mesa edges in

Fig. 1(b). This likely caused some degree of sample erosion
in the affected regions. We estimate that this effect adds a
maximum of 4% uncertainty inP. Uncertainty in the sample
area due to such perimeter imperfections or to errors in field
stitching during electron-beam lithography is negligible.
Gradients over the wafer during MBE growth that slightly
change barrier and well thicknesses provide an additional
source of variability between samples. Because the align-
ment of edge states between layers affects the strength of
tunneling, mesa sidewalls that are not perfectly flat will pro-
duce stronger tunneling at points where the edge states over-
lap. Thus, variations in flatness of the sidewall profile be-
tween mesas may also contribute to the spread inssheath.

To be sure that the observed weak temperature depen-
dence inGzz below ,500 mK was not the result of poor
thermal contact between the sample and the mixing chamber
of the dilution refrigerator, we used the mesa with the largest
areaA to P ratio sA/P=4 mmd, sample 1, as a thermometer.
Because then=4 QH state becomes developed at lower tem-
peratures than forn=2, we expected transport to be domi-
nated by the bulk in then=4 quantum Hall states3.55 Td at

FIG. 2. (a) Log-log plot of Gzz versus sample perimetersPd for
samples 1–5 atT=100 mK. The line with slope=1 indicates that
Gzz~ P at low temperatures. The inset shows a log-log plot of
Gzzversus sample area atT=100 mK. The solid line with slope=1
shows that at low temperatures,Gzz is not proportional toA. (b)
Log-log plot of Gzz versus sample areasAd for samples 1–5 atT
=1.34 K. The solid line with slope=1 shows that at high tempera-
tures,Gzz~A. The inset shows a log-log plot ofGzz versus sample
perimeter atT=1.34 K. The solid line with slope=1 shows that at
high temperatures,Gzz is not proportional toP.

FIG. 3. (a) Gzz versus temperature at 6.75 T
for fractals 1, 3, and 5.(b) Gzzversus temperature
at 6.75 T for fractals 2 and 4.Gzz is weakly T
dependent below,500 mK and then rises rap-
idly with temperature.

FIG. 4. Vertical sheath conductivity,ssheath=HGzz/P, for all
samples, in units ofe2/h. The sheath conductivity initially rises
approximately linearly with temperature. The solid lines are fits to
Gzz=G0+K1T

a between 50–200 mK. Thea values are given in
Table I and the text.
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all but the lowest temperatures, with corresponding strong
temperature dependence inGzz due to the dominance of hop-
ping transport through the bulk. This was the case from 2 K
to ,100 mK:Gzz followed a variable-range hopping(VRH)
temperature dependence. At lower temperaturesGzz fell more
slowly, and showed a crossover in size scaling fromGzz~A
to Gzz~ P, indicating that the bulk contribution had become
negligible. To illustrate this bulk-to-sheath crossover, Fig. 5
shows the ratio ofGzz for sample 1 toGzz for sample 3 in the
center of then=4 QH states3.55 Td. We expected this ratio
to equal the ratio of the two samples’ perimeters only at very
low temperatures. The solid horizontal line shows the ratio of
the area of sample 1 to the area of sample 3, and the dashed
horizontal line shows the ratio of the perimeter of sample 1
to the perimeter of sample 3. The data approach the solid line
at high temperatures and the dashed line at low temperatures,
indicating a crossover to sheath-dominated transport at tem-
peratures less than 100 mK. We therefore concluded that the
electrons reached temperatures below 100 mK. Thus, we are
confident that the data’s behavior at low temperatures is not
a result of poor equilibration with the mixing chamber.

As an initial investigation of the temperature dependence
of sheath conduction, we fit the data toGzz=Gsheath+Gbulk
with Gsheath=G0+K1T

a, where G0 is the zero-temperature
sheath conductance. To account for parallel transport through
the bulk, we used a VRH form that fits the bulk well at high
T, Gbulk=K2T

b expf−sT0/Tdgg, with g=1/2 for thebulk hop-
ping exponent.

Figure 6 shows that the observed weakly temperature-
dependent behavior that we find at low temperatures is char-
acteristic of the edge state sheath and not a remnant contri-
bution from bulk hopping. The low-T data points are for
sample 1 and the dashed line isG0+Gbulk, with Gbulk the
VRH form fitted to the high-T data. As shown, the variation

in Gbulk is negligible relative to the observed temperature
dependence for temperatures below,300 mK. We have
tested that the value of the bulk hopping exponentg does not
strongly affect fits to the bulk conductance: values ofg
=1,1/3, and 1/4 allgive a fittedGbulk that makes negligible
contribution toGzz below ,300 mK.

After we characterized the bulk and determined that the
data’s weak temperature dependence at low temperatures
was not simply a remnant bulk contribution, we assumed
Gzz>Gsheath and fit the low-T data for all five fractals to
Gzz=G0+K1T

a. Fits from 50–200 mK, a range over which
the bulk contribution is negligible, givea=1.11±0.17 as the
average and standard deviation over all samples. Table I lists
the values ofa for each sample and the corresponding fit
uncertainties.

The fits to the low-T data show thatssheathrises roughly
linearly with temperature. Because the fitted exponenta is
slightly greater than 1, and because the data have an upward
curvature at temperatures at which we expect negligible bulk
contribution, the sheath conductance is perhaps a power se-
ries with the linear term dominating at the lowest tempera-
tures accessed by our experiment.

To observe the effects of thermal cycling on our measure-
ments, we comparedGzzsTd for fractal 5 for both data sets.
We found good agreement at low temperatures. Fitting the
low-T data(to 300 mK) to a straight line yields slopes and
0-K intercepts that agree within 2%, indicating a high de-
gree of reproducibility of sheath conductivity with thermal
cycling. High-T transport exhibits larger changes with ther-
mal cycling, with bulk hopping slightly stronger for the sec-
ond data set than the first. The boundaries of the QH states
change slightly between thermal cycles, so this sensitivity of
bulk transport to thermal cycling may reflect corresponding
changes in the bulk localization length,15 to which hopping
transport is quite sensitive.

Although we concentrated our studies on the center of the
n=2 QH states6.75 Td, we also studiedssheathsTd at off-
center magnetic field values, atB=6.25 T andB=7.0 T. At
7.0 T, GzzsTd closely resemblesGzzsTd at 6.75 T, but has a
slightly smaller low-T slope. The 6.25-T data show that at
this field the bulk contribution grows much faster than at

FIG. 5. Symbols show the ratio ofGzz for sample 1 toGzz for
sample 3. At high temperatures this ratio approaches the solid hori-
zontal line, which shows the ratio of the area of sample 1 to the area
of sample 3. At temperatures below 100 mK, the data approach the
dashed horizontal line, which shows the ratio of the perimeter of
sample 1 to the perimeter of sample 3. This crossover in size scaling
indicates a crossover to sheath-dominated transport at low
temperatures.

FIG. 6. Variable-range hopping form as a function of tempera-
ture compared to experimental data(symbols). The dashed line has
g=1/2. The VRHform has a much weaker temperature dependence
at low temperatures than the data.
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6.75 and 7 T, presumably reflecting an enhancement of the
bulk localization length at fields closer to the transition be-
tween QH states. We note that other groups16,17 have studied
the breakdown of the QHE in the regime of nonlinear, in-
plane transport in single 2-dimensional electron gas. Because
we take measurements well within the regime of linear re-
sponse, and because our vertical transport experiments do
not give rise to a transverse Hall voltage, we believe that the
more rapid rise in conductance that we observe away from
integerv is not related to the breakdown of the QHE that
these groups studied.

The nearly linear increase inssheathwith temperature is
surprising. Barely metallic, three-dimensional systems have
shown similar temperature dependence in the vicinity of a
metal-insulator transition;18 however, the nature of electron
trajectories in such systems is quite different from chiral flow
on the sheath, and we see no reason to expect similar depen-
dence on temperature. Theory for the chiral sheath predicts
that interactions in weakly coupled quantum wells give
ssheath=s0+KT2, with K negative.14 Apparently factors not
included in present theory are important in transport on the
surface sheath.

To attempt to understand our results, we used a simple,
noninteracting model to investigate the temperature depen-
dence of the tunneling conductance,G, through a barrier
with energy-dependent transmissionTsEd. In such a system
G~eTsEdgsEds−]f /]EddE, wheref is the Fermi-Dirac func-
tion. We assumedgsEd, the density of states, to be energy
independent, and approximatedTsEd using the WKB method
for our quantum-well barriers to calculate the integral. The
result was a calculated increase inGzz of 7310−4 % between
50 and 300 mK. Our experimentally observedGzz increases
by ,10% over the same temperature range. We conclude
that thermal broadening effects on tunneling are too weak to
explain our much stronger observed temperature depen-
dence.

We also considered inelastic effects that disorder could
produce in interlayer tunneling in our system. Impurity po-
tentials will cause the edge states to meander relative to one
another, producing maxima in the tunneling rate in regions

where edge states overlie. This meandering of edges pro-
duces a shift in the dispersion relations in adjacent layers. If
we consider two straight sections where the edges of adja-
cent layers are separated bys, their dispersion relations ac-
quire a relative momentum shiftqssd=s/,m2, where,m is
the magnetic length. As a result, momentum and energy can-
not be conserved simultaneously. To tunnel between layers
and conserve momentum, electrons must gain energy from
some source: scattering from phonons or from other elec-
trons. Qualitatively, we expect this inelastic scattering would
causessheathto rise with increasing temperature, though we
do not know its functional form. We note that electron-
phonon interactions are predicted to destroy the Fermi-liquid
state at integer filling in single 2DEG systems,19 and thus
may have important effects here.

Alternatively, electron-electron interaction effects, such as
scattering from collective excitations or energy-dependent
density of states(DOS) at EF, could perhaps result in a linear
increase inssheathwith temperature over the range observed
in the data. Energy-dependent DOS commonly arises in dif-
fusive systems, though no estimates of similar effects on the
conductivity of chiral systems are available.

In summary, low-temperature transport perpendicular to
the layers of a multilayer quantum Hall system showed an
unexpected temperature dependence. In the absence of in-
elastic and interaction effects, the vertical conductivity of the
sheath,ssheath, would be independent of temperature. Theory
that assumes a constant density of states predicts interaction
effects to produce a quadratic fall inssheathwith temperature.
Instead, we observe a linear increase inssheathat low tem-
peratures, with a slope that is too large to explain by thermal
broadening.
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