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We study the linear response spin Hall conductivity of a two-dimensional electrori2gdsG) in the
presence of the Rashba spin-orbit interaction in the diffusive transport regime. When defect scattering is
modeled by isotropic short-range potential scatterers the spin Hall conductivity vanishes due to the vertex
correction. A nonvanishing spin Hall effect may be recovered for dominantly forward defect scattering.
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Spintronics is the rapidly developing field of researchgime, in which the scattering rate is larger than either the
aimed at using not only the charge but also the spin degree dfequency or the inverse sample traversal time, but for weak
freedom of electrons in electronic circuits and devités. scattering. By taking into account the vertex correction we
order to be compatible with microelectronic technology, ef-find that the spin Hall effect vanishes identically for short-
fective spin injection into conventional semiconductors isrange impurity scattering.
necessary. Injection of spins via attached ferromagnets has \we model the disorder by randomly distributed isotropic
turned out to be quite difficut® This is one motivation to  ghort-range potentials and compute Iongitudinal and trans-
investigate the possibilities of making use of the spin-orbityese(Hall) conductivities for both charge and spin currents

(Sozj interac_tionl, V‘t’)hiCh ”;ay spin-polarizg a n&”g?ﬁnEt'cby the Kubo formalism in the Born approximation and in the
conductor simply by applying a source-drain bias.the o, emperature limit. The SO interaction is subject to a

two-dimensional electron g48DEG) is an ideal mode sys- significant conductivity vertex correctidhwhich we find

tem to investigate the physics of these effects. In sufﬁcientl;r1ere to be decisive for the spin Hall current. The vertex

asymmetric confinement potentials the so-called Rashba . .
correction appears in such a way that the current operator

tor concept! is based on the tunability of the Rashba inter-&long thex direction corresponding to the Rashba Hamil-
action by an external gate potential. torﬂan J=e{(hk/m)1-\o} is modified by substitutingy

Applying an electric field in thex direction of a Rashba —A=A+\’. Hereo; (i=x,y,2) are the Pauli spin matrices.
2DEG spanning thg,y plane induces a charge current in the The correction term\’ is not necessarily small compared
x direction, and also a homogeneous spin accumulation iith N and found to be X in the weak scattering regime.
they direction proportional to the field strendif.Recently,  Only without the vertex correction does the spin Hall con-
Sinovaet al. reported a persistent spin Hall curiéfor a  ductivity tend toe/8 as predicted by Sinovat al? Physi-
ballistic Rashba 2DEG. The acceleration of the electrons bba”y, the diffuse Scattering represented by the vertex correc-
the external electric fielalong thex direction) modifies the  tjon efficiently scrambles the precession of spins out of the
SO-induced pseudomagnetic field such that the spins argDEG plane induced by the applied electric field such that
tilted out of the 2DEG plane in directions that are oppositeng net spin Hall current remains. On the other hand, the
for positive and negative lateral momentuky) states. This  jnduced spin accumulation in the direction is much less
corresponds to a flow of,=+1/2 and —1/2spins in oppo-  sensitive to impurity scatteringThe spin Hall conductivity
site directions without a corresponding net charge trangportmay persist for long-range, anisotropic defect potentials that
Sinovaet al. suggest that the spin Hall current should becorrespond to predominantly forward scattering.

rather robust against disorder scattering, which implies that The Rashba Hamiltonian in the momentum representation
the effect is measurable in Hall bars of mesoscopic dimenand Pauli spin space reads

sions. Note that the ballistic spin Hall effect is quite different

from the spin Hall effect reported earlier for diffuse para- _(RA2m)ke ik
magnetic metals, which is caused essentially by impurity 07\ —inkk,  (BH2m)K?)’
scatteringt>* In the weak scatteringegime, in which the

broadening is smaller than the SO-induced splitting of thewvhere k=\e‘“k§+k§, k. =k.xik, with k=(k, k) the electron
energy bands, the lifetime broadening of the self-energy hasiomentum in the 2DEG plane, andparametrizes the tun-
recently been found to have small effects on the ballistic spirable spin-orbit coupling. The eigenfunctions and eigenvalues
Hall current>16 |n this Rapid Communication we study the of the Hamiltonian corresponding to periodic boundary con-
effect of disorder on the spin Hall effect in the diffuse re- ditions are given as

term dominates the SO interacti&hThe Datta spin transis-
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1 . (isk/k N
b= | 1 ) @ e| bl + (kxaz k) |, (10)
722 with N=A+\". The vertex correction’ is the solution of
Eys= — + SNk, 3
2m n\2 +_
N = 4L22[bklnk + (N +N)(ITg + T + 1L,

respectively, withs=+, andL? is the area of the 2DEG. The
corresponding(free) Green function is denoted ag{(2) (12)
=1/(z-Ey¢) with an energyz on the complex-energy plane.

The disorder is modeled as randomly distributed, identicafith TT;=11;"+sIT,~ and Hk =G Gys.-
defects with point scattering potentials that are neither spin The generalized spin conductivity tensor in Pauli spin

dependent nor flip spins space reads
= - . T T h T
V(r) Vl; 8r-Ry), (4) 0% = ZWLzTr‘Ja'<G‘JXG>av - LzTr‘J K, (12)

which gives rise to an isotropis-wave) scattering of elec- where the vertex function is the same as before. Symmetry
trons. The configurational averaged Green function reads tells us that

~ 1 efib ~
Gkt)=—————. 5 TrI%K, = —Tr[bIeIT" + AKIT oy, 13
(kx) Z-Ep - 30(2) (5 X TN 8 [ Joy (13
In the Born approximation the self-ener@yz) is a state- ohib 5
independent constant: TrIvK, = ?Tr[bkler +(N+ MK
3(2)= 2L22 92, (6) AT = I = 117 ]y, (14)
wheren is the impurity concentration ard denotes the lin- TravK, = eﬁ—bTr[bk2H+ +Xk1'[‘]az, (15)

ear dimensions of the sample. The self-energy at the Fermi
energy is related to the scattering lifetimevia |Im 3|

=h/27eg. enb_ ~
The charge current operator in spin space r€ads TrJ§XKx:?Tr[)\k(ﬂ"'—ﬂ'*)—)\kﬂ‘
=edHo/ Ip,=e(bkl-Nay) andJ,=edH,/ dp,=e(bk,1+\ay)
W|_th b=#/m. The spin currents are represented by the Her- — T =TT = 1170, (16)
mitian operatory
s h h) dH, . efibx R
.= Z{vm ot = Z{&—pa,m} , (7) TrIpvK, = - TTr kIT* =117 0y, 17

where «=x,y, and z Thus J*=(f/2)bkoy, J3¥
=(h12)(-\1+bkwoy) and Jj?=(h/2)bkwo, whereas J;‘x
=(h12)(N1+bkjoy), Iy=(%/2)bkjoy, andIjz=(f/2)bko.

The Kubo formula for the longitudinal electrical conduc-
tivity can be written

ehbx
TR === T kAT =TT )1, (18)

Because the Green functions depend onlykpthe angular
averages oki andkf, arek?/2, and odd terms with respect to
h Re A ky andk, in the trace of the equations above vanish by sym-

2wL2Tr<JXG 1GNav: (8 metry. Without the SO interaction, all matrix elements of

J7IK, vanish except foldp*K,, J¥K,, and J7?K,. But also
where the superscrip® and A stand forretardedandad-  these terms become zero after taking the trace. This means
vanced respectively(omitted below for brevity, and the that no spin current flows along the external electric field.
trace is taken over wave vectors and band index. We evaluat®nly the spin Hall conductivityrJz proportional to T3JzK,
(1,G48)a=I(GIG)a=JK, in the ladder approximation is nonzero, indicating that a spin Hall current along ;he
that obeys the Ward relation with the self-energy in the Borrdirection and polarized in thedirection may exist when an
approximation. This leads to the Bethe-Salpeter equation external electric field is applied along as predicted for the
ballistic limit.°

Oxx=

K, ~ GG + G(VK,\V),.,G. 9) The magnitude of the spin Hall effect can be calculated
. o easily by adopting the following approximation for the prod-
K,=GJ,G has the same structure &8,G, and uct of Green functions at the Fermi energy
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~ ~ 20T We made the rather crucial approximation that the scatter-
Glks)Glks) ~ ——dler ~ By, (190 ing potential is short-ranged, thus isotropic in momentum
space. As mentioned above, Sinaitaal? explain the ballis-
which holds when the energy dependence of the self-energyt spin Hall current in terms of the precession of spins out of
is weak and the broadening is small compared to the SGhe 2DEG plane when accelerated by the electric field. The
energy splitting at the Fermi energym 3| <27i\k. Equa-  extra momentum change is only meaningful for electrons
tion (19) implies that in the weak scattering limit only elec- near the Fermi surface, viz., the spin Hall current in the
trons at the Fermi energy contribute to the spin Hall currentRashba 2DEG is carried only by electron spins near the

Then Fermi surface. In the presence of isotropic impurity scatter-
- ing, electrons with momenturk are scattered into all other

072= — g2 = en (20) momentek’ at the Fermi energy with equal rate, and the spin

Tyx= " Txy = 8\ Hall current disappears with the average spin tilting. This

picture is not appropriate anymore when the impurity poten-

for e=>0. This agrees with the ballistic reswtf;=e/8m by  tjals are long-ranged, scattering predominantly in the for-
Sinovaet al® except for a facton/A=1+\'/\ due to the ward direction. In that case the short-range model misrepre-
vertex correction, but is identical to it when the vertex cor-sents the “skew scattering” corresponding to a nonzero Hall
rection\’ is neglected. anglel® We argue below that the spin Hall conductance re-

By substituting Eq(19) into Eq. (11), the vertex correc- acts more sensitive to randomization than the diagonal con-
tion \’ is evaluated a&’=-\, i.e., the spin Hall conductivity ~ductanceo,,.2°
vanishes. Equatiofl9) is equivalent to the weak scattering  For long-range anisotropic scatterers the longitudinal con-
or strong SO interaction limit. As far as the spin Hall currentductivity is governed not by the energy lifetimebut the
is concerned, the effect of the impurity vertex correction istransportmomentun lifetime 7, because the momentum in-
thus found to be much more important than that of the im-tegration in the vertex function over’k, (x is the current
purity self-energy in the Green function treated by Schli-direction) does not vanisk Physically this means that the

emann and Lod$8 and by Sinitsyret al® forward (small angle scattering does not contribute to the
The ballistic result can be recovered by considering theesistivity. Without SO interaction, the vertex correction due
frequency dependent conductivity to anisotropic scattering reads
Q) — Q5,0 :
= Jim ~n < 21 ,_(hVvH1 ,
S (20 b= 22 =S (b+ b)Y, (27)
2L K kg 1

in terms of the correlation function
whereb=#A/m, 1/k=7/7, and(n\?) is an average of the
Q Sive) = ETI’[JgG(Iwm+IV€)J Glioy)] (22 scattering potential over the Fermi surface. The transport
lifetime is given by 1h=1/7—1/m.
When the SO interaction is incorporated into this vertex
correction, the expression of the longitudinal charge conduc-
L2TrJ Ky(ive), (23) tivity and spin accumulation obtained befbere modified as

with 2
Oy = 2{ ?Ttno + eZDT[AZ} (28)

waa=%§xeawm+wa¢50wagw (24)

and
The vertex correction is calculated as before resulting in

1 ~ . (sy) = 27€ED, (29
Kive) = 22 Gliwom +iv) 3G wn), (25)
B respectively. Here we have used the following relations:
1/7=2mnV?D/h=nV2m/#3, with D=m/2%2, whereD is
the densny of states of 2DEG. Note that the relatig)
h A holds for arbitrary values db’ and\’.
N(w) = - r—ihw+hlT (26) The spin Hall effect may survive when small angle scat-
tering dominates because only states close to each other in
and lettingiv,—fw+i0. Here we assumed that<ez and  momentum space are scrambled. The anisotropy may affect
[as in Eq.(19)] weak scatterind® This result generalizes Eq. the effective current operator in E¢L1): the first term in
(20). When ther— e limit is taken first,\'(w) —0, thus  parenthesis on the right-hand side becom@s the isotropic
recovering the ballistic limif.When we take the»—0 limit ~ scattering case and is likely to dominate for not too large
first, \'(w)=-\, and the spin Hall conductivity vanishes as long-range potentials. The vertex correctionis then given
before. by

where3X incIudesX:)\H\’(w) with
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, (nV? 1 _ topologically conserve¢intraband and nonconservegnter-
A= a2 ;E kal’ (30) band contribution?® these authors contend that the former,
ki which does not exist in the Rashba 2DEG, is robust against

. s 2 2 12 . . impurity scattering* The breakdown of the spin Hall current
in which ki, andki, =k{-kj, are replaced with weighted av- py impurity scattering in the Rashba 2DEG discussed here
erageski/2«’ and ki-ki/2«' over the angle. With 1#  would then correspond to the vanishing of the nonconserved
=7/7, we get\=(7/my)\ and 1/y=1/7-1/7". In the iso-  part of the spin Hall current. Microscopic calculations for the
N Luttinger Hamiltonian analogous to the present ones are nec-

ssary to unambiguously prove that the topological spin Hall
urrent indeed survives under impurity scattering.

In conclusion, we have examined the effect of impurities
on the spin Hall conductivity of a Rashba-split 2DEG and
found that the vertex correctiamliffuse electron scattering

Burkov and MacDonak} computed the spin Hall conduc- i : ; :
- ) to the conductivity is essential, causing the spin Hall effect to
tivity for the Rashba 2DEG model system with short-rangevanish_ Y ¢ P

impurity scattering. These authors focus on the dirty limit in Note added in proofRecently, we have become aware of
V.Vh'Ch the I!fetlme broadenl'ng' ex'ceeds the SO energy SP'”‘ paper by Murakarf? that confirms that the spin-Hall cur-
ting, opposite to the clean limit discussed here, but also findy i yanishes in the diffuse Rashba 2DEG but that the vertex

a vanishing spin Hall current. A recent numerical study foryq e tion does not affect the spin-Hall current in the Lut-
finite size systent$ found that the spin Hall conductivity tinger hole system

vanishes when the system size is larger than the localization
length. A direct comparison is not straightforward because The authors acknowledge fruitful discussions with Allan
the scattering strength in the numerical calculations is noMacDonald, Jairo Sinova, Shuichi Murakami, and
weak and the mean free path, localization length, and systei®houcheng Zhang. This work was supported by the NEDO
size are of the same order of magnitude, whereas we woriaternational project “Nano-scale Magnetoelectronics,”
with a weak scattering approximation and an infinite systenGrants-in-Aid for Scientific Researdl€) and for Scientific
size. Still, it appears that our analytical results are not inResearch in Priority Areas “Semiconductor Nanospintronics”
conflict with the outcome of these simulations. of The Ministry of Education, Culture, Sports, Science, and
Murakamiet al®23 developed a theory for the spin Hall Technology of Japan, the NAREGI Nanoscience Project, and
currents in hole-doped semiconductors described by the Luthe FOM Foundation, the DFGSFB 410, and the DARPA
tinger Hamiltonian. Separating the spin Hall current into aSpins program.

tropic case,y—o and\—0, but in general the spin Hall
current is finite. This argument does not take into account th%
full effects of the anisotropy but demonstrates how the vertex
correction for anisotropic scattering affects the spin-Hall
conductivity.
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