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Defect modes in helical photonic crystals: An analytic approach
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Considering helically periodic structures with a twist defect, we define the defect mode in unbounded media
and the scattering properties of bounded samples. The mode frequency, the lifetime of the defect mode, and the
spectral width of the transmittance and reflectance peaks are expressed by fully analytic and very simple
equations, the simplest ones appearing in the literature of photonic band gap materials. Our approach provides
a clear explanation of the interesting optical properties of lossless samples with a twist defect and shows that
the absorption greatly changes such properties, giving rise to unexpected effects. In particular, the total ab-
sorption within thick samples can decrease drastically when the absorption coefficient is increased beyond a
well defined value.
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Cholesteric liquid crystals have been the object of intenseare defined by the ratios of their components and will be
research during the last century for their interesting opticahormalized to unit energy density. Their polarization state is
properties and because they are the unique periodic strugefined by the ratio
tures admitting analytic solutions of Maxwell equations
based on very smple algebraic gxpres&bﬁ@ce_ntly it has Fo= .0, = iGN(uy + ) (1ol + g — Expia i),  (3)
been possible to insert defects in cholestericlike structures,
thus obtaining a type of photonic band gap matefaidich
are of increasing interest for applications in linear and non- .. . ; . -
. 5y . which is obtained by exchanging and w; in Eq. (3).
linear optics™™ In this paper, we develop a general theory ™y, 0 € and y; are realn? is real and the wave vectors
for helical samples with twist defects, which extends to these

structures the modal analysis given in Ref. 1 for perfectly“’n/C are real or purely imaginary. Only the modesshow

periodic cholesterics. a band+gap forw Within a_)lzqc/\s“el,ul and w,=qc¢/\eu,,

At the two sides of the defect plane the electromagneti¢Vn€rens are purely imaginary and, r, are real, as shown
field can be written as a superposition of the four eigenwave8Y Ed. (3). Thus, the eigenmodas, are linearly polarized,
1* and 2 of the periodic structure without defects. We con- With € and h* parallel to the optic axisq for w=w;. By
sider here axial propagation of monochromatic light in a lo-iNcreasingw from w; to w, (we assume here; <w,) €', h*
cally uniaxial medium, optically defined by the permittivity @nd€”, h™ rotate byz/2 in opposite sensegor each mode
and permeability tensor&,e and u,u, whose optical axis is €N remain parallel during the rotation only i&/u,
everywhere orthogonal to the axis and rotates uniformly = €2/ ¢z For d|fferen2t ve/llues gﬁi Hi they make an angles
alongxs. The well-known propagation equation can be writ- =C0S [(1+7ern) (1+rg) A1 +rp) 2], which plays a main
ten asda/dx=i(w/c)Ha, where role for the properties of the defect mode. The dependence of

¢ on w and on the material parameters is shown in Fig. 1.

wheren is given by Eq.(2), and by the ratior,=h,/h;,

& 0 - 0 m
e g 0 - 0 4
a=| 2 c H= d Ha ~ | (1)

hy 0 - 0 -ig

h, ¢ 0 ig O 3t
e;, &, and hy, h, are the components of the vectoes S T T Tl
.:(eolﬂo)l/‘.lE, andh:(,uoleo)ll"‘H in the rotating frame hav- Dol P ~%
ing the axisx; along the optical axis¢ and y; (i=1,2) are = S AN
the principal values oé and u, respectivelyfj=qc/ w, where / [ o \\
g=2w/p andp is the helix pitch. Notice that the propagation 17 LT TR
equation contains a constant system mdttjan unique case // : NN
in the literature of periodic media. The eigenwaves are I LY
@ fx3)=a7 , exp(ioni , x3/c), where the time factor =05 1 R 11
exp(-iwt) is omitted;n (i=1,2) are the eigenvalues d, 0

given by the dispersion relation FIG. 1. ¢y versusw/ w,, Whereys is the angle between the vectors

niZ: a+q T \'a2ﬁ2+a§, (2) e and h for the modes 4, wo=(wi+,)/2, €=3, ur=1, /e
_ ' =1.31,uq/ n»=1,1.1,1.2, and 1.&otted, dashed, dash-dotted, and
with a; = (e up+ €xu1) 12, 8,=2a,+ € ug+ €35, a3= (€3,  solid lines, respectively The magnetic anisotropy plays here the
- e,11)/2; andq; are the corresponding eigenvectors, whichrole of a control parameter for the angle
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x 10* anonlocalizedcomponent. The six nonzero coefficients must

satisfy four continuity conditions, sindg(0)=f4(0). For any

o within the gap they admit solutions with;=b;=1 and

2t il 1 |a5| =|az]=|b5|=|b,| =m(w). The ratio p(w)=1/2m? between

the square amplitudes of the localized and nonlocalized com-

f ponents has an enhanced maximum for a given frequegcy

Dl as shown in Fig. 2. This solution defines therefore a quasilo-

1+ T i calized defect mode with defect frequenoy.

\ The width of the functiornp(w) depends strongly on the
Lk angle ¢ plotted in Fig. 1. It is easy to show that wher=0

7 jL\\ < the defect frequency satisfies the relation

o
i
|
T
i

|
]

4x107° 2¢ = tanmry(wy) + tanrp(wy), (4)

_ _ and thatm(wg) =0, p(w)=8w-wy). In fact for w=w; the

FIG. 2. p versus(w—wq)/ wg, Wherep is the ratio between the yectorse,,e, of the eigenwaves*lat the two sides of the
square amplitudes of the localized and nonlocalized componenigefect plane make an angles2because they are parallel to
andwy is the defect frequency. The twist angle is 45°, the \{alues Ofhe local optical axes. By increasimgthey rotate in opposite
&, wi, and the symbols of the curves are the same as in Fig. 1. Theanges and become coincident at the bisector of the twist
solid curve is only partially within the figure since its maximum is angle, namely, for a valuey such thatr(wg) =tan ¢. For

1 L] [5) .

equal to 1.1 10" =0, r,=r, and the continuity conditions admit a solution

Within the gap the polarization of the eigenmodesis  WIth M(wg)=0. Fory# 0, m(w) is everywhere different from

nearly circular. zero and such to makeandh parallel to the bisector of the
We consider now a lossless medium between the pland¥/ist angle. , _ ,
xs=—€ andxs=¢ with a discontinuity plane at;=0, where The lifetime 7 of the quasilocalized mode in actual

the optical axes at the two sides of the plane make an angRAMPIes is given by the ratio between the electromagnetic
2¢ (twist angle. For x;< 0 the electromagnetic field can be €nergy stored by the sample and the total power of the out-
written asf (xg) =a’ & +a;a; +aias +a,a,. Forxg>0ithas ~ 90ing waves. It depends on the sample thicknessrad on

a similar expressioffiz(x3) with & substituted by coefficients the impedance mismatch at its boundaries. In the fimit case

R — = ' . i of perfect matching the external and internal waves coincide.
b and'ai” by functions7, obtained froma;” by applying @ = Th5, the defect mode represents the stationary internal field
2¢ rotation to the vectorg and h. Within the gap ofun-

i o ) generated by two waves with identical amplitudes incident at
bounded structuresnamely, in the limit€ — oo, the coeffi-

) . : . i both sides of the sample. It is easy to fifd) if we neglect
cients Pf t@e exponenually _d|verg_;|ng 6'96“”?00'93 Must bghe contribution of the nonlocalized component to the stored
zero (a;=b;=0). The coefficientsa; andb;] define alocal-

: : ] energy. Within the above approximations
ized component, which depends ox as exp—|xs| €5,
where(;'=w|n,|/c, whereas the coefficiensg andb; define plw) = plwg[1 +a(w - wy)?]™, (5)

x 10°

FIG. 3. Comparison between the inverse rela-
tive line widths wy/Aw of the transmittance
curves versus €/ €4 computed numericallystars
and circles for left and right circularly polarized
waves, respectively and the value derived from
the quantity 7=(Aw)™! given by Eq.(6) (solid
line), in a sample with twist angle of 2=90°,
€=3.1, &,=3, u1=up,=1 within isotropic media
with €=3.05.
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00X 10 55X 10 FIG. 4. Comparison between
the scattering properties of a twist
15 2 defect in losslesgupper curvep
and lossy(lower curve$ media.
10} &g 1.5 b0 The figure gives the square
1 moduli t;; andr;; of the elements
w 5 of the scattering matrix of the de-
W 0.5 fect plane, giving its transmission
2 9 0 (solid lines and reflection proper-
5 ties (dotted liney versus 1&w
7 -5 0 5 -5 0 5 _ : :
s —wg)lwg In a sample with twist
j <10 «10° angle 26=m/50, €,=3.6 andu,
c 20 25 =u,=1; the indicesi, j refer to
§ the incident and scattered waves;
g 15 2 t;; andry; are plotted inay,; tyy,
15 t121 r21, and rlz in bm, t22 and r22
101 g b in ¢, wherem=0 corresponds to

e&=3, and m=1 to =3
5 +21i 107. Note thatt,; practically

03 0.2 coincides withr 1, t, with rq,, to;
L T l _ —— | I .

0 0 0 with 1y, (tp1<<tqp), and that the
-5 0 5 -5 0 5 8 -5 0 5 small imaginary part decreases
10 (w—wd)/wd drastically the height of the peaks.

plwg) o1 — exp— 2¢/¢y)] theory of lossy media is beyond the aim of this papEqua-
() ~ 20,1+ plagexp— 201,)] (6)  tions(1)«3), which are still valid, show that the eigenvalues

mi

n, of H and the components, h; of its eigenvectors become
where wy is given by Eq. (4); p(wg=1/si’(¢/2); a  complex. Thus, also the eigenwav and 3, diverge for
=p(wg)lql (2vy) = () andvm=20/V/(el+ €)/(u1+u,). The £ —o0 and must be discarded. The continuity conditions give
internal field generated by a single external wave is the sufour homogeneous equations in the four varialf&sb.),
perposition of the quasilocalized defect mode and of nonlowhich admit no solutions in general. The defect frequengy
calized modes, since Maxwell equations admit four indepeneorresponds to the-value which minimizes the determinant
dent solutions. It is quasilocalized but strongly asymmetricof the coefficients and is still approximately given by E&4),
in agreement with the simulations cited in Ref. 3. Its lifetimewhereas Eqgs(5) and (6) lose their validity even for very
is still approximately given by Eq(6), which for a small small values of the absorption coefficients, as a consequence
impedance mismatch at the sample boundaries can be useddbthe changes induced by absorptioneiandh, and of the
compute the spectral widthw= 71 of the transmittance and critical role of the angley between such vectors. In particu-
reflectance curves for any practical purpose, as shown in Fidar, the scattering properties of the defect plane change dras-
3. tically, as shown in Fig. 4.

Let us now discuss how the above properties change in On the basis of the previous analysis it is possible to
the presence of absorption, by assuming that at least one ofearly explain the results already found numericatlyand
the material parameters, w; is complex(an exhaustive experimentally® and to find optical properties of samples

1 1 1

0.5 0.5 0.5
FIG. 5. Transmittance(solid
lines) and reflectance (dotted
lines) versus Z/¢y for RC-RC
(ay), RC-LC and LC-RC (by),
LC-LC (c,) polarization of
samples witHupper curvesm=1)
b0 Cy and without(lower curves,m=0)
0.5 0.5 the twist defect. The parameters
are the same as in Fig. 3.
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It has more dramatic effects on the LC-LC curyesmpare
Figs. 5(cq) with 5 (¢y)]. For €> €. the sample reflects totally
the LC waves, as suggested by the dotted curve of
Fig. 4 (cg). For £=¢{, the LC-LC curves intersect and
mode-exchange peaks appéig. 5 (b,)], as a consequence
of the scattering properties of the defect plane shown
in Fig. 4 (by) and of the interference between the waves
reflected at the defect plane and at the sample boundaries.
The interesting effect found numerically by Kopp and
Genacké namely, the fact that the full curve of Fig. &)

and the dotted curve of Fig.(8,) cross, receives here a clear
explanation. An even more surprising effect of the twist de-
fect is that the LC-LC curves of Fig. &;) become practi-
cally coincident with the RC-RC curves of Fig(&e).

Figure 6 shows that in lossy media an increase of the
absorption parametes” does not decrease but hugely in-
creases the transmittan¢solid line), which goes from zero
to nearly one in the’-interval where the reflection peak of

FIG. 6. LC-LC transmittancésolid line) and absorbancaglotted 19+ 4 (Co) disappears. An even more surprising effect con-
line) versuse” in a sample with¢=6¢,, twist angle of=/50, e,  C€MS the total a}psorptlon W.Ithln the sampdiotted I|n_e. In
=3.6, ey=3+i ¢, uy=u,=1. The dashed line gives the absorbancefact, in a largee’-interval an increase of the absorption pa-

in a sample with the same material parameters but without the twis@meter €' dr.astically decreases. the absorbanmhich be- _
defect. comes practically the same as in a sample without the twist

defect(dashed ling In this interval the peaks shown in Figs.

with twist defects, some of which are expected to have am(a)-4(c) practically disappear. This is an effect which over-
acoustic analo§.Only a very few such properties are dis- comes the well-known effects of dissipation.
cussed here, by considering right-handed samples with small In conclusion, the theory developed hefig:explains the
impedance mismatch at their boundaries with@ig. 5 and  scattering properties of lossless samples with a twist defect
with (Fig. 6) absorption. In these samples the eigenwaves &lready found numerically and allows us to find other prop-
and 2 are excited by right and left circulaiiRC and LG erties;(ii) shows that even a very small absorption destroys
polarized waves, respectively. the optical effects due to the presence of the defect, giving

Figure 5 shows that the twist defect drastically changesise to different and unexpected effects; diid) provides a
the transmittance and reflectance curves of the samplgolid basis for future research and applications since it evi-
Obviously, in the limit of vanishing thicknes$¢ —0)  dences the existence of very critical parameters and defines
the incident wave is in any case totally transmitted. Byfrequency, lifetime, and spectral width of the defect mode by
increasing ¢, the RC-RC transmittance curves decreasdully analytic and very simple equations; to our knowledge
and the reflectance curves increase, as expected. The twibiey are the simplest ones appearing in the literature of pho-
defect shifts by an order of magnitude the crossover lengthtonic band gap materials. For such reasons the interest of the
€. where the two curves intersect because it greatly enhanceieveloped theory goes beyond the helical structures consid-
the amplitude of the eigenwave 1, as shown in Fidag. ered here.
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