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Low-temperature adsorption of4He films on Alkali metal substrates is investigated theoretically by means of
ground-state quantum Monte Carlo simulations. The most accurate potentials currently available are utilized to
model the interaction of4He atoms with the substrate. Continuous growth of film thickness as a function of
chemical potential is observed on Li, Na, and K substrates. A superfluid monolayer forms on a Li substrate; on
Na and K, thermodynamically stable films are a few layers thick. The uncertainties of the calculation and in the
potentials, preclude a definitive conclusion on the existence of a stable4He film on Rb. A comparison of the
results of this calculation with those obtained using the Orsay-Trento density functional shows broad quanti-
tative agreement.
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I. INTRODUCTION

The investigation of helium films adsorbed on different
substrates is a subject of considerable fundamental interest,
owing to the unusual, often intriguing physical properties
that these films display.1 A chief example is the rich phase
diagram of helium on graphite, which has been the subject of
an intense investigation over the past three decades.

A significant effort has also been devoted to the experi-
mental characterization of helium films on weakly attractive
substrates, such as those of alkali metals,2–15 following origi-
nal suggestions that, at low temperature, the weakness of the
adsorption potential may result in novel physics.16,17Some of
the main predictions have been experimentally confirmed;
for example, a wetting transition for4He has been observed
on Cs,2,3 whereas intriguing superfluid behavior has been
reported14 on Rb.

Early microscopic theoretical studies of adsorption of4He
on these substrates, based on realistic potentials, have been
carried out by means of density functional(DF) methods.
Density functional theory(DFT) provides a theoretical
framework allowing, in principle, the exact calculation of
ground state expectation values for quantum many-body sys-
tems. In practice, however, any DF approach requires a heu-
ristic ansatz for the unknown functional expressing the
ground-state energy of the system as a function of the4He
densityrsr d. Two approaches have been proposed, differing
in the way the correlation term in the energy DF is repre-
sented(see, for instance, Ref. 17). One is essentially a varia-
tional method, based on the hypernetted chain approximation
combined with the use of a correlated basis function.18,19An
alternative procedure consists of writing down a parametric
expression for the energy DF, with parameters adjusted so
that some bulk properties of superfluid4He are reproduced
quantitatively.20,21The latter approach has been more widely
used in recent times to investigate4He adsorption on alkali
metal substrates,22–25 particularly with the most recent

adatom-substrate potentials.26 Although DF techniques have
been, over the course of the years, refined to a remarkable
level of sophistication, they remain to some extent uncon-
trolled. Thus, it makes sense to carry out a quantitative check
of their predictions by means of an alternative computational
method.

Path integral Monte Carlo(PIMC) simulations are the ob-
vious choice, as they afford the accurate calculation of ther-
modynamic properties of interacting quantum many-body
systems, with virtually no approximation, and no need for
any ad hocassumption. This method has a long history of
successful application to the study of the superfluid transition
in 4He (see Ref. 27), and has also been used to investigate a
variety of quantum fluids in confinement, including4He
films on simple model alkali substrates.28,29 The main short-
coming of PIMC is possibly the fact that calculations can be
computationally expensive; the typical size of a sample of
4He fluid that can be investigated numerically, is only a few
hundred atoms. In practice, however, this does not prove too
serious a limitation for the determination of energetics and
most of the main structural properties of bulk systems.

In previous work, some limited comparisons of results for
adsorbed4He films on selected alkali substrates, computed
by DF and PIMC(or, by other quantum Monte Carlo tech-
niques) were carried out.23,29,30 To some extent, however,
these comparisons are less than systematic; for example, in
some cases different potentials were utilized to model the
interaction between helium atoms and the substrate. Further-
more, whereas DF results are atT=0, PIMC estimates are at
finite temperature. Although one can still obtain ground state
estimates by performing calculations at different low tem-
peratures and extrapolating the results toT=0, such a proce-
dure can be quite lengthy and is generally avoided. Typically,
results are provided at just one temperature, believed suffi-
ciently low (e.g.,T<0.5 K) that the system is essentially in
the ground state.

The goal of this work is to provide accurate numerical
ground-state estimates for structure and energetics of4He
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films on lithium (Li ), sodium(Na), potassium(K), and ru-
bidium (Rb) substrates. In order to make such a comparison
as direct as possible, we utilize a variant of PIMC, known as
variational path integral(VPI), which providesground-state
estimates, thus eliminating the need for extrapolation of low-
temperature data.27,31

DF results quoted here are obtained with what has come
to be known as the Orsay-Trento functional,20 which has
yielded interesting results for a variety of physical systems,
including 4He droplets and surfaces.21 Some of the DF re-
sults have already appeared elsewhere.23,25 All throughout,
the most realistic models of the physical systems of interest
are utilized, based on accurate potentials to describe both the
interaction between helium atoms, as well as between these
atoms and the substrate.

VPI results show stable4He films on Li, Na, and K sub-
strates. In all these cases, there is no evidence of layering,
but rather of continuous film growth as a function of the
chemical potential. On Li, a stable superfluid monolayer is
found, in agreement with a previous theoretical calculation
based on a cruder model for the adatom-substrate
interaction.29 On Na and K substrates, the lowest coverages
for which stable films form correspond to effective thick-
nesses of,2 and,4 layers. Finally, on a Rb substrate, VPI
data presented here do not allow us to draw a definitive con-
clusion, regarding the occurrence of a stable adsorbed film at
T=0. Circumstantial evidence seems to point to the existence
of a stable film, but further work will be needed to consoli-
date this result, given the limited accuracy with which the
potentials are presently known, as well as the statistical and
systematic errors of the calculation. We did not investigate
adsorption on a cesium substrate, on which a wetting transi-
tion has been observed experimentally with4He (as men-
tioned above).

In general, the agreement between VPI and DF results is
quite satisfactory, eliciting confidence in the predictive
power of state-of-the-art DF methods.

The remainder of this manuscript is organized as follows:
in the next section, the model Hamiltonian is briefly intro-
duced, whereas in the following section details of the com-
putational method utilized(VPI) are presented(for an illus-
tration of the DF methodology, the reader is referred to Refs.
21 and 23); we then illustrate our results and outline our
conclusions.

II. MODEL

Consistently with all previous theoretical studies, our sys-
tem of interest is modeled as an ensemble ofN 4He atoms,
regarded as point particles, moving in the presence of an
infinite, smooth planar substrate(positioned atz=0). The
system is enclosed in a vessel shaped as a parallelepid, with
periodic boundary conditions in all directions. LetA be the
area of the substrate; correspondingly, the nominal4He cov-
erage is u=N/A. The quantum-mechanical many-body
Hamiltonian is the following:

Ĥ = −
"2

2m
o
i=1

N

¹i
2 + o

i, j

Vsr ijd + o
i=1

N

Uszid. s1d

Here,m is the4He atomic mass,V is the potential describing
the interaction between two helium atoms, only depending

on their relative distance, whereasU is the potential describ-
ing the interaction of a helium atom with the substrate, also
depending only on the distance of the atom from the sub-
strate. We use the accepted Aziz potential32 to describe the
interaction of two helium atoms, which has been used in
almost all previous studies and has also been shown27 to
provide an accurate description of the energetics and struc-
tural properties of liquid4He in the superfluid phase.

The simplest model potential to describe the interaction of
a helium atom with a smooth substrate[i.e., theU term in
(1)] is the so-called 3-9 potential:

U3-9szd =
4C3

27D2z9 −
C

z3 s2d

which is a functional form obtained by integrating the
Lennard-Jones potential over a semi-infinite, continuous
slab. The parametersC andD are normally adjusted to fit the
results of someab initio electronic structure calculations for
the specific adatom-substrate system of interest. Most of the
early microscopic calculations were carried out using this
potential. Successively, the following, more elaborate form
(heretofore referred to as CCZ) was proposed by
Chizmeshya, Cole, and Zaremba,26 based on the original pre-
scription of Zaremba and Kohn:33

Uszd = U+s1 + azde−az −
Cvdwf2 sbszdsz− zvdwdd

sz− zvdwd3 s3d

with f2sxd=1−e−xs1+x+x2/2d and bsxd=a2x/ s1+axd. The
first term in (3) represents the Pauli repulsion between the
electronic cloud of the He atom and the surface electrons,
whereas the second term expresses the Van der Waals attrac-
tion. All of the results presented here(both the DF and VPI
ones) are obtained using this potential, with the values of the
parametersU+, a, Cvdw, andzvdw supplied in Ref. 26.

It is worth noting that, even with the more accurate CCZ
potential(3), the model utilized here is, clearly, highly sim-
plified. By far the most important simplification consists of
the neglect of substrate corrugation, whose role is significant
for attractive substrates, such as graphite,34 but can be ex-
pected to be less important on substrates, such as those of
Alkali metals, which are relatively weak.

III. METHODOLOGY

The variational path integral(VPI) method is a numerical
(Quantum Monte Carlo) technique that allows one to obtain
estimates, in principle exact, of ground-state expectation val-
ues for quantum many-body systems described by a Hamil-
tonian such as(1). The basic ideas are common to other
projection techniques, such as diffusion(DMC) or Green
function Monte Carlo(GFMC); however, VPI has the advan-
tage of providing relatively easily expectation values for
physical observables that do not commute with the Hamil-
tonian operator. Moreover, VPI is immune from the bias af-
fecting DMC/GFMC, arising from the fact that one is work-
ing with a finite population of random walkers. Finally,
although a trial wave functionCT for the physical system of
interest is required in VPI calculations(as in DMC or

M. BONINSEGNI AND L. SZYBISZ PHYSICAL REVIEW B70, 024512(2004)

024512-2



GFMC) empirical evidence suggests35 that results for ob-
servables other than the energy are considerably less sensi-
tive to the choice ofCT than in DMC or GFMC.

This is how it works: One generates sequentially, on a
computer, a large sethXmj, m=1,2, . . . ,M, of many-particle
pathsX;R0R1. . .R2L through configuration space. EachRj
; r j1r j2. . .r jN is a point in 3N-dimensional space, represent-
ing positions of theN particles(i.e., 4He atoms) in the sys-
tem. These paths are statistically sampled from a probability
density

PsXd ~ CTsR0dCTsR2LdH p
j=0

2L−1

GsRj,Rj+1,tdJ s4d

whereCTsRd is a variational wave function for the ground
state of the system andGsR,R8 ,td is a short-time approxi-

mation for the imaginary-time propagatorkRuexpf−tĤguR8l.
Several choices are possible forG; in this work, the follow-
ing formula was used,36 which is accurate up to ordert4:

GsRj,Rj+1,td = p
i=1

N

expF−
msr ji − r j+1,id2

2"2t
G

3 expF−
2tVsRjd

3
GrvsRjd s5d

where

rVsRjd = expF−
2tVsRjd

3
−

t2"2

9m
o
i=1

N

s¹iVsRjdd2G s6d

if j is odd, whereasrVsRjd=1 is j is even. Here,VsRd is the
total potential energy of the configurationR, which includes
both the helium–helium and helium-substrate contributions
[i.e., theU andV terms in(1)].

It is a simple matter to show27 that in the limitst→0,
Lt→`, RL is sampled from a probability density propor-
tional to the square of the exact ground-state wave function
FsRd, irrespective of the choice ofCT.37 One can therefore
use the sethRL

mj of “middle point” configurationsRL of the
statistically sampled paths, to compute ground-state expecta-
tion values of thermodynamic quantitiesFsRd that are diag-
onal in the position representation, simply as statistical aver-
ages, i.e.,

kFuF̂sRduFl <
1

M
o
m=1

M

FsRL
md, s7d

an approximate equality that becomes asymptoptically exact
in theM→` limit. The ground-state expectation value of the
energy can be obtained in several ways; it is particularly
convenient to use the “mixed estimate”

kFuĤuFl < o
m=1

M
ĤCTsR1

md
CTsR1

md
s8d

which provides an unbiased result for the Hamiltonian op-

eratorĤ, as it commutes with the propagator expf−tĤg [note
that R2L may just as well be used in Eq.(8)].

BecauseL is necessarily finite, for a given value oft one
must repeat the calculation for increasingL, until conver-
gence of the estimates is achieved, within the desired accu-
racy. For any finiteL, the energy expectation value is a strict
upper bound for the exact value, hence the namevariational
path integral. A better choice ofCT or a more accurate form
for GsR,R8 ,td (e.g., the pair product approximation of Pol-
lock and Ceperley27), will allow one to observe convergence
with a smaller value ofL and/or a greater time stept, but
will not otherwise affect the results. Numerical extrapolation
of the estimates obtained for differentt must then be carried
out, in order to obtain results in thet→0 limit.

For a given choice ofL andt, one computes the approxi-
mate estimates(7) and (8) by generating the sethXmj by
means of a random walk through path space, using the Me-
tropolis algorithm. The same path sampling techniques uti-
lized in finite temperature PIMC can be used in VPI. In this
work, multilevel sampling with bisection and staging27 was
adopted, together with rigid displacements of entire single-
particle paths. It is worth mentioning that the only difference
between multilevel moves for central portions of the path
and for those including the ends(i.e., “slices” 1 and 2L) is
the presence, in the latter, of the trial wave functionCT in the
Metropolis acceptance/rejection test. Other strategies have
been proposed, allowing one to update paths in the vicinity
of the ends, e.g.,reptation-type moves;38 however, in this
work we have not made use of them.

The trial wave functionCT utilized in this work has the
following form:

CTsRd = p
i=1

N

fszidp
i, j

expf− usur i − r judg s9d

fszd is the exact ground-state wave function of a single4He
atom in the presence of the substrate, obtained by solving
Schroëdinger equation numerically for the different sub-
strates considered. As foru, we took

usrd =
a

1 + br5 s10d

the optimal values for the variational parameters being, re-
spectively,a=19 andb=0.12 Å−5, obtained for bulk liquid
4He.

We have empirically observed convergence of our physi-
cal estimates using a projection timeLt<2 K−1; the time
stept required to obtain an accurate value of the energy is
<0.005 K−1, whereas estimates for other quantities, such as
film density profiles, can be usually obtained with a time step
as much as four times larger.

For values of the4He coverageuøu+=0.076 Å−2, VPI
calculations are carried out on a system of 36 helium atoms,
initially arranged on a triangular lattice at a distance of 3 Å
from the substrate. As the coverage is increased, and second-
layer promotion is observed, the initial arrangement is taken
to be a series of successive solid(triangular) layers of 2D
densityu+, with an incomplete top layer. In all calculations,
the height of the simulation box(i.e., the distance between
the periodically replicated images of the substrate) is 40 Å,
i.e., much greater than the maximum film thickness ob-
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served, so as to make the use of periodic boundary condi-
tions in thez direction (perpendicular to the substrate) inin-
fluent. The largest system for which simulation results are
reported here consists of 135 atoms, for a coverage of
0.270 Å−2.

Physical quantities of interest, besides the ground-state
energy per atom, are the4He density profiles as a function of
the distancez from the substrate, i.e.,

nszd ;
1

A
E dx dyrsx,y,zd s11d

wherersx,y,zd is the 3D4He density, as well as the angu-
larly averaged, “reduced” pair correlation functiongsrd, with
r =Îx2+y2 and

gsx,yd =
1

Au2 E dx8dy8nsx + x8,y + y8dnsx8,y8d s12d

with nsx,yd=edzrsx,y,zd. The correlation functiongsrd is
only directly accessible to VPI, not to DF calculations, and it
provides a quantitative assessment of the 2D character of an
adsorbed film; the more 2D an adsorbed film, the more
closelygsrd mimics the pair correlation function of a strictly
2D system of the same coverage.

It is worth ending this section repeating that estimates for
these quantities obtained within VPI areunbiased, i.e., do
not depend on the trial wave function utilized, in the limit
Lt→`.

IV. RESULTS

A. Lithium

We discuss Li separately because adsorbed helium films
display a quite distinct behavior on this substrate; some of
the more general considerations, however, apply to other
substrates as well.

Figure 1 shows ground-state energy per4He atomesud, as
a function of coverage. This was computed by both VPI

simulations as well as by DFT. The results yielded by the
two methods seem in reasonable agreement, at least in the
range of coverages explored here. Both calculations give an
exact result in theu→0 limit. At finite coverages, DFT con-
sistently underestimates the energy of the helium atoms in
the film, by a fraction of a K(,0.2 K at the equilibrium
coverage). The difference is seen to decrease at greater cov-
erages. From the computedesud the chemical potentialmsud
can be inferred as

msud = esud + u
desud

du
.. s13d

Figure 1 also showsmsud, obtained using a polynomial fit to
the values ofesud computed by VPI.

The equilibrium coverageue [corresponding to the condi-
tion msued=esued] as determined by VPI is ue

=0.052±0.002 Å−2, in quantitative agreement with the DFT
estimates<0.050 Å−2d. Our estimate forue is slightly above
that s<0.046 Å−2d obtained in previous work,28 in which the
simpler 3-9 potential was used to model the adatom-substrate
interaction. The greater value ofue found here is consistent
with the deeper attractive well of the CCZ potential[Eq. (3)].
Otherwise, the main physical features of this adsorbate are in
qualitative agreement with the results of the calculations car-
ried out in Ref. 29, as shown below.

The chemical potentialmsud is a monotonically increasing
function aboveus<0.036 Å−2 (dm /du vanishes atu=us, as
shown in Fig. 1). This denotes continuous growth of film
thickness, with absence of layering. Belowue, the film is
metastable; while one can obtain a solution corresponding to
a uniform film at arbitrarily low coverage, using DFT, VPI
simulations consistently fail to produce a uniform film for
u,us, i.e., in the region wheredm /du,0. The coverageus
is normally referred to asspinodaland represents the lowest
coverage to which a uniform film can be “stretched”(at
negativepressure), before it breaks down into 2D clusters
(“puddles”). Its value on a Li substrate, as determined in this
work, is very close to that obtained for purely 2D4He in two
separate studies, based on slightly different versions of the
Aziz potential.39,40

Direct observation of the many-particle configurations
generated by the VPI Monte Carlo algorithm(Fig. 2) at cov-
erages belowus indeed shows such a breakdown of the film,
with the formation of clusters of liquid. Because the sub-
strate is smooth, these clusters are not pinned anywhere, i.e.,
the local density of fluid averaged over the course of the
simulation is constant throughout the substrate. The
symmetry-breaking character of the solution yielded by VPI
is inferred from the following:(a) random snapshots of the
system(Fig. 2) reveal consistent lack of uniformity, and(b)
the correlation functiongsrd decays at long distances, as op-
posed to tending asymptotically to 1, as would be the case
for a uniform system(Fig. 3). At very low coveragessu
&0.020 Å−2d the functiongsrd acquires a nonzero value at
the origin; this, combined with the decrease ofgsrd at large
distance, provides an indication that the film is “beading up”
on the substrate, i.e., forming droplets(with a nonzero con-
tact angle with the substrate) rather than 2D puddles.

FIG. 1. Ground state energy per atome (in K) versus coverage
usÅ−2d, for an adsorbed4He film on a Li substrate. Dashed line is a
polynomial fit to the VPI data(filled circles), whereas the dotted
line represents DFT estimates fore. Solid line is the chemical po-
tential m, computed using Eq.(13) and the fit to the valuesesud
obtained by VPI. Statistical errors on the VPI data are of the order
of the symbol size.
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The breakdown of the simulated adsorbed film, which is
observed at lowu on all substrates considered here, is in a
sense remarkable, as the trial wave function utilized[Eq. (9)]
is translationally invariant. As mentioned in Sec. III, how-
ever, one of the qualities of VPI is precisely its capability of
furnishing physical results that are largely unaffected by the
choice of trial wave function. While this is, in principle, true
of other projection quantum Monte Carlo techniques, as long
as unbiased estimators are used, in practice those methods
based on imaginary-time diffusion of populations of walkers
through configuration space(such as DMC) are more seri-
ously affected by a particular choice ofCT, i.e., lengthy
simulations are often required in order to eliminate the varia-
tional bias.

At the equilibrium coverageue, a stable monolayer liquid
4He film is observed, whose physics is very nearly 2D. This
can be established by examining the4He density profilenszd
in the direction perpendicular to the substrate(see Fig. 4), for
which DFT and VPI results compare quite well(as at other
coverages, see Fig. 4). At u=ue, a single adsorbed layer is
present, with a width of approximately 2 Å.

Even more telling is the density correlation functiongsrd,
defined in Eq.(12) and shown in Fig. 5. The computedgsrd
at u=ue is found to be quite similar to the pair correlation
function in strictly 2D 4He, at the same coverage.41 These
results confirm that this system may provide the closest ex-
perimental realization of a 2D superfluid.

The adsorbed4He monolayer is expected to undergo a
superfluid(SF) transition at low temperature. The SF transi-
tion temperatureTc can be computed by finite temperature
PIMC simulations. Based on the results shown here, as well
as on the findings of Ref. 29,Tc can be expected to be the
same as that of a strictly 2D film of the same coverage.
Gordillo and Ceperley40 carried out an extensive PIMC study
of 2D 4He, and foundTc to be very weakly dependent onu.
Thus,Tc is predicted here to be,760 mK, as in two dimen-
sions; the thermodynamics of the SF transition has been
shown29 to conform quite closely to the Kosterlitz-Thouless
(KT) paradigm.42

Second layer promotion, as evidenced by a nonzero value
of gsr →0d, is observed atu<0.07 Å−2, i.e., at a coverage
for which liquid and solid phases coexist, in the purely two-
dimensional system.40 This suggests that the adsorbed4He

FIG. 2. Typical many-particle configuration for a4He film ad-
sorbed on a Li substrate(top view), at a coverage of 0.024 Å−2,
generated by the VPI simulation. Each dot represents the position of
one of 364He atoms at one of 1280 “imaginary time” slices utilized
in the calculation. Periodic boundary conditions are used in both
directions.

FIG. 3. Density correlation functiongsrd, defined through Eq.
(12), computed by VPI for a4He film adsorbed on a Li substrate, at
coveragesu=0.020 Å−2 (filled symbols) and u=0.028 Å−2 (open
symbols). Statistical errors are of the order of symbol sizes. The
finite value ofgsrd at the origin observed at the lower coverage is an
indication of the film “beading up” on the substrate. Both curves
display monotonic decay at long distances.

FIG. 4. Helium density profilesnszd sÅ−3d in the directionzsÅd
perpendicular to a Li substrate. Filled symbols represent VPI data at
the two coverages: 0.052 and 0.092 Å−2. Statistical errors are
smaller than the symbols. Dashed lines show the same profiles com-
puted by DFT.

FIG. 5. Density correlation functiongsrd, defined through Eq.
(12), computed by VPI for a4He film adsorbed on a Li substrate, at
the calculated equilibrium coverageue=0.052 Å−2. Statistical errors
are smaller than symbols. Solid line represents the pair correlation
function computed for the ground state of 2D4He at the same
coverage.
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monolayer on Li undergoes no solidification, i.e., second-
layer promotion occurs before the monolayer is compressed
enough to solidify. As shown in Fig. 4, layers are poorly
defined and overlap substantially, to suggest significant inter-
layer atomic exchange. This physical behavior is expected to
occur,a fortiori, on weaker substrates as well.

B. Other substrates

Among the alkali metal substrates, sodium is the second
most attractive. Figure 6 shows the ground-state energy per
4He atom as a function of coverage, as well as the chemical
potential, computed by fitting energy data obtained by VPI
simulations(filled circles). The equilibrium coverage for this
system is found to beue=0.104±0.002 Å−2, which corre-
sponds to roughly two layers(see comment below).

The VPI data, both for the energy as well as for the den-
sity profile, are in good quantitative agreement with the cor-
responding DFT results; just as in the case of Li, DFT un-
derestimates the energy at finite coverage, the largest
difference between the two calculations being of the order of
,0.15 K. The equilibrium coverage determined by DFT is,
in this case, approximately 0.11 Å−2, the difference in energy
between VPI and DFT data at such a coverage being of the
order of 0.1 K, and decreasing foruùue. Just as for Li, the
chemical potential is found to be a monotonically increasing
function ofu aboveue, indicating continuous growth of film,
with no layering. This is in qualitative agreement with the
density profile of Fig. 7, which displays two well-defined,
but rather broad peaks. Here too, layers appear to be greatly
overlapping.

The same general remarks can be made looking at the
results on a potassium substrate, which is less attractive than
sodium. The ground-state energy per4He atom is displayed
in Fig. 8. A determination of the equilibrium coverageue was
not pursued; it is predicted by DFT to be in the neighborhood
of 0.4 Å−2, which corresponds to roughly four layers. Here
too, DFT energy data are slightly below the VPI ones, but the
difference is smaller than on the more attractive substrates;

in fact, estimates obtained with VPI and DFT coincide,
within the statistical errors of the VPI calculation, aboveu
,0.25 Å−2. Thus, we expect quantitative agreement between
DFT and VPI, regarding the location ofue. Also, density
profiles determined by DFT are in excellent agreement with
those computed by VPI, above monolayer coverage(see Fig.
7).

In Ref. 29 numerical evidence was provided suggesting
that, on a Li substrate,Tcsud should be a monotonically de-
creasing function foru,ue, vanishing atu=us. The sugges-
tion was made that, due to the weakness of the adsorption
potential, superfluidity in the real system would cease to oc-
cur, in the low coverage limit, at the same value ofu found
theoretically. In other words, the suppression of superfluidity
would be due to an intrinsic instability of a 2D film, rather
than due to a property of the substrate.

A superfluid transition is expected to occur on Na and K
substrates as well because these adsorbed films are essen-
tially 2D; the transition is still expected to be KT in charac-

FIG. 6. Ground-state energy per atome (in K) versus coverage
u sÅ−2d for an adsorbed4He film on a Na substrate, computed by
VPI (filled circles) and DFT(open circles). Dashed line is a poly-
nomial fit to the VPI data. Solid line is the chemical potentialm,
computed using Eq.(13) and the fit to the valuesesud obtained by
VPI. Statistical errors on the VPI data are of the order of the symbol
size.

FIG. 7. Helium density profilesnszd sÅ−3d in the directionzsÅd
perpendicular to a K(open symbols) and a Na(filled symbols)
substrates computed by VPI(DFT results are identical on the scale
of the figure and with the symbol sizes used). Results on Na are at
a coverageu=0.112 Å−2, on K atu=0.240 Å−2. Statistical errors are
of the order of the size of the symbols.

FIG. 8. Ground-state energy per atome (in K) versus coverage
u sÅ−2d for an adsorbed4He film on a K substrate, computed by
VPI (filled circles) and DFT(dotted line). Dashed line is a polyno-
mial fit to the VPI data. Also shown for reference(solid line) is the
chemical potential of equilibrium bulk4He atT=0 s−7.14 Kd. The
value of esud in the u→0 limit is −4.21 K; DFT and VPI results
coincide in that limit.
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ter. These substrates are weaker than Li. We, therefore, pre-
dict that Tcsud will display the same behavior on these
substrates as seen on Li; specifically it will vanish at the
spinodal coverage, which is found here to beus
,0.055 Å−2 for Na, andus,0.13 Å−2 for K.

In Fig. 8 the value is also shown(solid horizontal line) of
the chemical potentialmo of equilibrium bulk 4He at T=0,
which is approximately −7.14 K, obtained with the Aziz po-
tential for helium utilized here.43 The binding energyde of a
4He atom in an adsorbed film can be defined as

de = esued − m+. s14d

On a potassium substrate,de can be extrapolated, based
on the results shown in Fig. 8, to something like 0.1 K(at the
most). Clearly, such a small value is comparable to the over-
all accuracy of the VPI calculation, which is limited by the
finite size of the simulated system, as well as by the uncer-
tainties affecting the potentials utilized(primarily the
substrate-adatom potential). If one compares this result with
a binding energy of,5 K on Li and,2 K on Na, one might
tentatively conclude that K is the “borderline” system for
Helium adsorption, and that no stable film can form on an
even weaker substrate.

The next weaker substrate is Rb, for which the situation is
experimentally controversial.5,7,11,14,15A theoretical study,23

based on DFT and making use of the same DF utilized here,
proposed that a stable4He film should exist, at a coverage
ue,1 Å−2. The binding energyde of 4He atom in such a film
would be as little as,0.03 K. Attempting to verify this result
with VPI simulations would require performing calculations
with at least five(and more likely ten) times as many atoms
as in the largest system considered here(135 particles),
which was not possible at this time, given the resources
available for this project. Furthermore, one cannot help feel-
ing skeptical as to whether the model and the potentials uti-
lized can truly afford this type of precision.

We have nonetheless computed the ground-state energy
per atom at low coverage. Results are shown in Fig. 9. VPI
and DFT results agree to within,0.1 K, with DFT once

again underestimatinge. We also note that at very low cov-
erage su&0.05 Å−2d, DFT and VPI results diverge. The
negative curvature of the energy data computed by VPI in-
dicates that no stable uniform film exists at these coverage,
which explains the disagreement with DFT, which has the
assumption of a uniform film built-in.

V. DISCUSSION AND CONCLUSIONS

As noted above, the agreement between the results fur-
nished by the two methods(VPI and DFT) is quite satisfac-
tory, at least above the spinodal coverage, and is observed to
improve with the weakening of the substrate, as stable films
occur at greater values ofu; for example, the VPI and DFT
estimates of the binding energy on a K substrate are the
same, within the statistical error of VPI. One could tenta-
tively make the reasonable assumption that the same type of
agreement between VPI and DFT ought to be seen for Rb, at
the coverage where a stable film might occur, according to
DFT (namely ,0.44 Å−2). As a result, VPI would confirm
the DFT result of a stable4He film on Rb(i.e., wetting). At
the same time, obviously a prediction of a binding energy of
the order of a few hundreds of a K cannot be accepted with-
out a serious critical analysis of the limitations affecting both
calculations, as well as the starting point, namely the theo-
retical model utilized.

The systematic errors affecting the VPI calculation are
attributable to the finite size of the simulated system, as well
as the finite time stept of the simulation and its lengthLt.
Obviously, the last two sources of error can be reasonably
accurately assessed by performing simulations of different
lengthL and with different time steps. Less straightforward
is the estimation of the size dependence of the results, as the
computational cost roughly scales as the cubic power of the
number of atoms, and it is usually impractical to carry out
extensive simulations with significantly different values of
N. However, because in this case one is dealing with systems
that are essentially 2D, it is possible to gauge rather accu-
rately the contribution to the potential energy arising from
the periodic images of particles outside the main simulation
cell (finite-size corrections on the kinetic energy are an order
of magnitude smaller). We estimate the difference between
our energy estimates and the values in the thermodynamic
limit to be proportional tou, and,0.05 K in magnitude, for
the largest coverage considered heres0.27 Å−2d. As this is of
the order of the predicted binding energy on a Rb substrate,
simulation on significantly larger systems are needed in order
to address quantitatively the issue of a stable film.

Of course, one has to assess the realism and accuracy of
the model(1), as well as of the potentials used in the calcu-
lation. The helium–helium potential used here is not the most
recent version of the Aziz potential, but it is the one for
which most of the many-body calculations based on quantum
Monte Carlo have been carried out. In recent times, attempts
to reproduce theoretically the equation of state of bulk liquid
4He have been based on refined versions of the Aziz poten-
tial, with the explicit inclusion of three-body terms.44 These
are known to be quantitatively important in bulk superfluid
Helium and are onlyeffectivelyincorporated in the early ver-

FIG. 9. Ground-state energy per atome (in K) versus coverage
usÅ−2d for an adsorbed4He film on a Rb substrate, computed by
VPI (filled circles) and DFT(dotted line). Also shown for reference
(solid line) is the chemical potential of equilibrium bulk4He at T
=0 s−7.14 Kd. The value ofesud in theu→0 limit is −3.72 K; DFT
and VPI results coincide in that limit.
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sions of the Aziz potential. However, the Aziz potential used
here reproduces rather accurately the equation of state of
superfluid helium, and it is not clear whether the use of a
more modern version of the potential in combination with a
three-body potential would significantly change the results.
More important seems the uncertainty of the substrate-
adatom potential. The potentials used in this calculation are
the most current and are a significant improvement over the
early 3-9 potential, both with respect to the functional form
as well as the value of the most important parameters(e.g.,
the well depth). However, their absolute accuracy has not yet
been quantitatively assessed; to that aim, more experimental
input will be needed.

Summarizing, we have carried out extensive ground-state
quantum Monte Carlo simulations of adsorbed helium films
on alkali metal substrates, using the most accurate potentials
currently available. Comparison of the results obtained for
the same problem using a density functional approach based
on the Orsay-Trento functional shows good quantitative
agreement; in particular, the values of equilibrium and spin-
odal coverage, as well as density profiles determined with
the two methods are in excellent quantitative agreement.

Only at very low coverage(below the spinodal) do the two
calculations deviate from each other. At such low coverage, a
uniform film is unstable against density fluctuations, and the
uniform solution sought by density functional theory is not
physically relevant. Results show stable4He films on Li, Na,
and K substrates, with continuous film growth as a function
of the chemical potential. On Li, a stable superfluid mono-
layer is found, in agreement with a previous theoretical cal-
culation. On Na and K substrates, the lowest coverages for
which stable films form correspond to effective thicknesses
of two and four layers. Finally, on a Rb substrate, VPI data
presented here do not allow us to draw a definitive conclu-
sion, regarding the occurrence of a stable adsorbed film at
T=0.
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