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Calculational method to study the transmission properties of phononic crystals
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An efficient numerical method is developed to calculate the transmission coefficient of the phononic crystals.
By this method, the transmission properties of a two-dimensional phononic crystals constructed by the rect-
angle elastic isotropic lead rods embedded in uniform epoxy is investigated as an example. The transmission
spectrum of the system is in excellent agreement with the band structure for the incident waves including both
longitudinal and transverse polarized waves, The transmission spectra of the in-plane oblique incident waves
are also calculated and discussed.
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I. INTRODUCTION In this paper, we present a calculating method of trans-

The propagation of elastic or acoustic waves in periodidNission spectrum, which is based on the eigenmode match-
heterogeneous materials which is called phononic crystal hd89 theory (EMMT). The basic idea is stemmed from the
received much attentions in the last dec&d@The existence Vector wave analysis of the surface gratffigh By this
of a full frequency gap in which the propagation of elasticmethod, the system is first cut into layers, waves in each
waves is forbidden should have a potential application. Varilayer are expressed as a superposition of basic function set,
ous systems with different materialéquid and solid with  then the boundary condition is used to connect the nearest
different physical parametérsand inclusions(circular or  layers. Our results show that this method is very efficient to
rectangle rods for two-dimensional systems and sphere dRvestigate the composite systems with rectangle shaped in-
cube for three-dimensional, etchave been investigated to clusions, which can not be treated by the MST method. This
enlarge the width of the full gap. To study the elastic wavemethod can also be extended to study other composite sys-
behavior in this kind of system, several numerical analyticatems with any shaped inclusions by selecting a suitable basic
methods such as the plane-wave-expansion metho@inction set.

(PWBE),}-¢ the multi-scattering theoryMST),”~1? and the As an example of calculation, a two-dimensional
finite-different time-domain methoFDTD)!3-1” have been phononic crystal which consists of square arranged parallel
developed and extensively used. Another method called theectangular lead rods embedded in the epoxy matrix is inves-
variational methodVM), which is based on the cubic B tigated. The numerical result shows that the transmission
splines expansion, has been also developed redéifly. spectra are in excellent agreement with the band structure for
Among them, the PWE method, by which the wave equathe incident wave including both longitudinal and transverse
tions are solved in the Fourier space, is mostly used to calolarized waves. The transmission spectra of the in-plane
culate the band structure. oblique incident waves are also calculated and discussed.

For the transmission properties of a finite system, the This paper is organized as follows. In the next section we
FDTD method and MST have been used by many researctpresent the main idea and the formula of the EMMT method.
ers. The MST method, which is based on the Bessel functiol Sec. Ill, numerical results and discussions are given. We
andor) the Hankel function expansions, is very efficient andsummarize the paper in Sec. IV.
has good convergence. The waves in the system with spheral
or elliptical boundary can be expressed by the Bessel and Il. THEORY
(or) Hankel function, which means the MST method can
only be applied in the composite systems with spheral or To show the EMMT method, we consider a two-
elliptical shaped inclusions. The FDTD method is based orflimensional phononic crystal with lattice constarand fill-
the real time simulation of the wave behavior; it can be usedng fractionf=(2l/a)? shown in Fig. 1, which is infinite in z-
in the systems with any shaped inclusions. To obtain theindx-directions, and hav& total layers in they-direction.
transmission spectrum by this method, a fast Fourier transfeks shown in the figure, we denote the considered system by
procedure on the simulation result has to be adopted, and Hayer labelsl,2,3, ... K in the y-direction, where the uni-
reflection coefficient could be defin@d!® Furthermore, form and composite layers are interlaced. The elastic plane
when the system consists of materials with large contrast iwave is inputted from the left-most layer 1 and outgoing
their elastic properties, the FDTD method requires a verjfrom the right-most layeK; 6 is the in-plane incident angle.
large number of discrete grids, which means a huge CPU The elastic wave propagating in elastic media can be de-
time has to be consumed in the calculation. scribed by
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Reﬂ:ct\\. . .//m'nsmn y -E-a?2 (L=1,...N), 10
" -VK2-a2 ((L=N+1,...,dN),
0
- whereN=2M+1 is the total term number of truncatiok.
~Bo =w/c; with ¢;=\cy1/p, k=w/c, with c,=\/ce/p are the lon-
gitudinal and transverse wave vectors, respectivelys de-
X termined by the incident wave.U=(U;,U,)!, |T,
=(jT,1,jT2)", and (up,t,)! are the eigenvectors associated
el with 3.
a Equation(7) is also called the Rayleigh expansion of the
o » wave?! in which the first term in the right-hand side denotes

y the left-forward wave, and the second corresponds the right-

FIG. 1. Two-dimensional cross sections of the square array oforward wave.

parallel rectangular lead rodshaped argawith edge length P A matrix form of Eq.(7) is
embedded in epoxy matrix. The system is infinitexiand z direc- dax 0 0
tions, the unit cell is shown by a dotted line, the solid line separates ) . i i
the system in they direction into uniform and composite layers u,) (0 &€ 0 0 Ugr U
labeled 1,...,7¢ is the incident anglea is the lattice constant. szi | o 0 ¥ 0 tiZR tiZL
2 0 0 0 €&
U' N1 .
Poe = Tie @ 0 (AIR) (1)
0 ghy/\A )
Tij = Cijia Yk, (2

wherei is the layer labelg®* is aN X N diagonal matrixg#
wherei,j,k,1=1,2,3,respectively. is a 2N X 2N diagonal matrix,u andt, are the eigenvector
In a two-dimensional system, they-mode andz-mode  matrix, Az and A, are the A X1 amplitude vectors corre-

can be decoupled, only the/-mode in the phononic crystal sponding to the right- and left-forward waves. In the input-

can be excited when the incident waves have in-plane polating layer, which is labeled “1” in Fig. 1, we haw;'(m)

ization. For this reason only the/-mode will be considered = m1 for the longitudinal incident wave anﬂé(m)=5m,N+1

in the fO”OWing. Considering the elastic isotropy of the StUd-for the transverse incident wave, whare means themth

ied materials, Eqg1) and(2) can be simplified &8 component ofA%.

3) There are several ways to obtain the solution of Egs.
(3«(6) in the composite layer. As a feasible way we first

4) express the waves in each layer by the elementary functions,
then use the boundary condition and Bloch theory to get the

pw?U; = (cpUq 1+ CrUz ) 1+ Tor o,

pw’U, = (CaaU12+ CadUz 1) 1+ Toz 2,

wave vectorsy and the related parametess This approach

T21=CadUs 2% Cadlz s, ®) is more general but the calculation is more complicated. An-
B other way is to expand the equation set into a Fourier series
To2=CrUg 1+ CyUz 5, (6) in the x-direction, and then obtain the mode of the
wherecy;= o+ 2C,s. y-direction by solving a scalar equation. In this paper, we

In the uniform layers, the solution of Eqg)~(6) can be ~ Work in the latter way for its simplicity.
written formally as a superposition of a set of perpendicular A Pplane wave expansion of Eqg3)~6) along the

N 2N . 2N . _ "o 2
{U } => eianx[z ArRejBrRY< UTR) +> A”_eiﬁrLy< ur:L )} g [-Cugc(k+G)(k+G') + 0 pg-c JUea
[LIPN r=1 tnr/ =1 tonL
(7) = 5[2 Cio6-6'(K+ G)Uzuar = szme] ,
G’
with
@=aptnK (n=0,+1,£2,... M), > [~ Cass-c/(k+ G)(k+G') + 0’ps-g/ U
GI
. 2m :
ap=kosing, K= a () = 3[2 Case-c'(K+ G) Uy = JT22<+G:| ,
G/
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-2 Casc-c (k+ GUqgua — iTonuc
G/

= ,3[2 Coag-c'(K+ G)U1K+G’] ,

G’

-2 Cias-er(k+ GUpuer — iTozsc

GI
= 3[2 Crig-c/(kK+ G)U2k+G’:| , (12
GI
where G and G’ take the values 2/a(-M, ... ,M), which

totally includeN=2M+1 terms;B is the wave vector along
the y-direction.

Equation(12) gives a scalar equation abgBtwith given
frequencyw. Solving the scalar equationN4values of3 and

PHYSICAL REVIEW B 70, 014304(2004)

tIZR thr + tller_lR—ﬂ t2L R,/

Note that the general reflection matf in the outputting
layer equals zero, and the amplitude of incident wakeon
the left-most layer is known; the reflection and transmission
matrix of each layer can be obtained by repeatedly using Eqg.
(29).

So the reflecting, transmitting, and incident waves can be
expressed as

(19

the correspondingM eigenvectors can be obtained. To write gng
out the wave solution in the composite layers as the form of

Eq. (11), we have to separate the set of digenvaluesr(3)
into two subsets: Ther(Bg) is for the right-forward wave
and theo(B,) for the left-forward wave. Generallyy(B)
consists of two distinct partst=o; + 05, whereo; contains
all of the real positives and the complex ones with positive
imaginary partsg-, contains all of the real negatiy@and the

(Uref) <u1> L
. Ag, 20
JTrzef t2L R+ (20
Utra uN
(jTga) i (tNR )thalAé*’ -
2R
re)=(5)
)= AL 22
(JT'Z“ tzr/ 22

whereT®l=TKgAk. .. TL is the total transmission matrix.
Reflection coefficient can be defined as the ratio of aver-
age reflecting energy flux and the average inputting energy

complex ones with negative imaginary parts, which correflux along they-direction

spond to the right-forward subsetgg) and the left-forward
subseto(B,), respectively.
The boundary condition

( O ) ( i+ )
T, B T, ’

where the superscript(+)i denotes the rightleft) boundary
of the ith layer, establishes the relationship betweenithe
and thei+1th layers.

(13

Substituting the solutions, which have the form of Eg.

(11), of theith andi+ 1th layers into Eq(13), by comparing
the coefficients of each mod#*™* we get

URAR + UlA = ug AR + AT, (14)

t2 + tZLAJIII — t|+1AR|+1 + tHlALHl. (15)
To solve Eqgs(14) and(15), we define the reflection matrix
R,, the transmission matriX' and the general reflection ma-

trix R_ as

AT =RAH, (16)
A =TAL, (17)

and
R = e‘jBLhiRLejBRhi, (19

whereh, is the thickness of th&h layer, then Eqs(14) and
(15) can be rewritten as

2N

E rea[(uref) -I—ref
i=1
2N

> rea[ (UM TR

i=1

(23

In the same way, we can define the transmission coefficient
as

2N
> real (UM TS
i=1
2N ’

> rea[ (UM T

i=1

(24)

Where(Ui)* means the conjugate of tlén component of the

vectorU, and “real” is a operation deriving the real part of a
complex value. Energy conservation conditiont+R=1
should be expected in the calculation procedure.

IIl. RESULT AND DISCUSSION

As an example, we use the above EMMT method to in-
verstigate the transmission property of the system shown
schematically in Fig. 1. In the figure, the embedded material
is elastic isotropic rectangular lead rods with paramegers
=11 400 Kg/n¥, ¢=2160 m/s, ¢,;=860 m/s, the back-
ground material is epoxy withp=1180 Kg/n¥, ¢
=2535 m/s,c;=1157 m/s. The transmission coefficients of
the system with 40 layers along thedirection(including 20
unit celly are investigated, 17 plane wavé&=-8,...,
+8) are used to expand and T, along thex-direction. For

014304-3



ZHILIN HOU, XIUJUN FU, AND YOUYAN LIU PHYSICAL REVIEW B 70, 014304(2004

@ () ©

2.0 20

—
{ === "3::::.:2::::“".>

e |

1.0 5 o® o8t -1.0
°®
| oo®’® [
| ooll.3=oo;ooooooooo> qw% I
1 00 05 14 [

(oa/21tct

oz ew

0

0.5- 378800l Lo.5
o‘..
[ ]
| . | I
1 o.. {o"...... L
o Le°
] o:o°. 1 [
0.0 r r r §e ; ; ; == 10.0
10 08 06 04 02 00 00 02 04 06 08 10
Transmission coefficient T X Transmission coefficient

FIG. 2. The transmission spectra with filling fractibr0.162l/a=0.4) and #=0. The frequency is scaled as/2mc;, wherec, is the
velocity of the transverse wave in epoxy. In the figui@, for the longitudinal polarized incident wavég) for the transverse polarized
incident wave, the inset i(t) shows the transmission spectrum arowrad 27=0.8 of (). (b) Shows the band structure of the system along
I'X direction of the first SBZ. Arabic numerals {b) label the bands.

comparable convenience, the band structure of the system v&rse polarized waves can be obtained by setting the ampli-
also calculated by using the PWE method wigh,G,= tude of incident wave
-8,...,+8; 289 plane waves in total. All the computation is
strictly controlled under the conditioR+T=1+1.0x 1078,
We would like to point out that this adopted method is very  Ax=(1,0...,0, 1,0,...,0)
efficient and powerful, less than a half secaiy the PC
with Pentium IV 1.6 CPU and 512M byte SDR RAMis  For this case, the numerical result is shown in Fi(c),3
needed for one» do-loop. where we can see that the spectrum shows the same profile
As some previous works pointed ot the transmission as Fig. 3a).
spectrum strongly depends on the polarization of the incident We have also calculated the transmission spectrum of the
wave, longitudinal and transverse polarized incident wavesame system with filling fractiofi=0.64 andf¢=0. The nu-
would give different transmission spectrum. To display thismerical results are shown in Fig. 4, with Fig.a#showing
point we present the transmission spectra of the longitudinahe superposition of the transmission coefficients of both lon-
polarized incident wave and transverse polarized incidengitudinal and transverse polarized incident waves and Fig.
wave with incident angl@=0 and filling fractionf=0.16 in  4(c) showing the transmission spectrum of the mixed inci-
Figs. 2a) and 2c), respectively. Figure (®) is the band dent wave. Figure (#) displays the band structure of the
structure of the studied system along P% direction, from  system along thé'X direction. These results support again
which we see that some permitted bands shown in Fiy 2 our above conclusions.
do not have corresponding nonzero transmission region, such Another point we would like to state is that the presented
as the third and fourth band labeled in Figbpfor Fig. 2a) EMMT method can also be used to calculate the transmis-
and the second and the fifth bands in Figo)Zor Fig. 2c).  sion spectra of the incident waves with# 0, which means
The physical origin of it should be that not all of the modesay# 0 in Eq. (8) exceptw=0. The results of a system with
in the composite material can be excited by the single polarf=0.64 andf#=45° is presented in Fig. 5, where Figabis
ized incident wave, which leads to a zero transmission coefthe spectrum for longitudinal incident waves, Figc)sfor
ficient region in the spectrum. A superposition of these twatransverse incident waves, and Figbpshows the band
spectra is plotted in Fig.(8), which shows excellent agree- structures along th&M andMI directions of the first SBZ
ment with the band structure. This means that the permitte@surface Brillouin zongof the system. From them ones can
bands of the phononic crystal can be separated into tweee that the band gaps existing in Figh)scoincide with the
parts, one associates with the longitudinal polarized waveero-transmission-coefficient region of Figgaband %c)
and the other one associates with the transverse polarizegry well. One may note that both of the transmission spectra
wave. On the other hand, the transmission spectrum of thtor longitudinal and transverse polarized incident waves
mixed incident wave including both longitudinal and trans-shown in Figs. &) and %c) drastically fluctuate with the

N N
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FIG. 3. The transmission spectra with filling fractibr0.162l/a=0.4) and 6=0. (a) a simple superposition of Figs(&) and Zc). (c)
Results for the incident wave including both longitudinal and transverse polarized whyvBsnd structure alon§X direction of the first
SBZ.

frequency of the incident wave increasing, the reason is thdtands alongKM andMTI 'presented in Fig.®) just show that

an incident wave with a nonzero incident anglean excite  corresponding to the band gaps the transmission coefficients
not only longitudinal but also transverse associated modes iare zero. The reason to calculate this spectra is that it can be
the phononic crystal. Another point we have to point out iseasily obtained and can be easily realized in practice.

that we can not give a band structure along a certain direc- Finally, we would like to point out that the presented
tion of the SBZ, which directly corresponds to the spectra oEMMT method can be easily extended to deal with the
the incident waves with a regular nonzero incident angle, théiquid-solid composite systems consisted of the materials
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FIG. 4. Same as Fig. 3 with filling fractiof=0.642l/a=0.98).
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FIG. 5. The transmission spectra of the system with filling fracfie.64 and¢=45°. (a) Corresponds to the longitudinal polarized
incident wave (c) Corresponds to the transverse polarized incident wdyeBand structure of the system aloXdg/ andMI" direction of
the first SBZ.

with elastic constants independent of frequency. In fact, inepoxy-lead system is investigated by the presented method,
stead of the plane wave expansion, the wave solution in laythe numerical results show excellent agreement between the
ers can be obtained by first expressing the waves in each urphononic band structure and transmission spectrum when the
cell with elementary functions and then using boundary conin-plane direct incident wave includes both of longitudinal
dition in x direction. For other more complicated systems,and transverse polarized waves. The transmission properties
such as the composite system with circular inclusion, theof the same system with single longitudinal or transverse
transmission coefficient can also be investigated by thén-plane oblique incident waves are also investigated and
present method, what we need is to cut the inclusions intaliscussed. The calculating procedure shows that this method
thin parallel slices. is very efficient for the materials with elastic constant inde-
pendent of the frequency.
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