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Using thermodynamic double-time Green's-function methods and Kubo formalism, theoret-
ical expressions are obtained for the dielectric susceptibility and infrared-absorption coeffj.—
cient of a Bravais crystal containing randomly distributed substitutional impurities. Mass
changes as well as force-constant changes between the impurity atoms and the host-lattice
atoms are explicitly included. It is found that these expressions contain sorn. e nondiagonal
contributions in addition to the usual diagonal contributions. For phonons of small half-width,
the linear absorption coefficient is proportional to the half-width, which in turn varies as the
square of the sum of the mass and force-constant changes. Contributions due to localized
modes are also obtained.

I. INTRODUCTION

It is well known that the introduction of defects
into crystals greatly modifies their optical and
dynamical properties. '2 Such modifications are
largest in the vicinity of the defects. Comprehen-
sive literature is available discussing the dynam-
ics of crystal lattices with defects, both theoreti-
cally and experimentally. The Mbssbauer effect
from the impurity has been used to investigate the
mean-square amplitude and energy of the defect

atom. However, these properties are not very
sensitive to details of the spectrum because they
involve averages over all the perturbed modes.
Another method, based on the measurement of op-
tical absorption by one-phonon processes, appears
to present a much simpler method to study the
motion of defects because of the direct link between
the absorption line shape and the structure of the
phonon spectrum of the impure crystal. Such im-
purity absorption is known to occur in covalent
crystals such as .diamond where, by symmetry,
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there are no one-phonon transitions in a perfect
crystal. '

In recent years, there has been considerable
interest in the study of the optical absorption of
crystals with impurities in the far-infrared region
using various models and approximations. '
Most of the theoretical work has been restricted
to the treatment of the so-called mass-defect ap-
proximation in which the defect consists of one sub-
stitutional atom whose mass is different from that
of the host atoms. This difference characterizes
the perturbation due to the impurity. The force
constants linking the impurity to its neighbors re-
main unchanged. This seems somewhat unreason-
able since in actual practice introduction of de-
fects modifies the force constants between the im-
purity atom and the host atoms. Recently, some
results" ' have been obtained on the nature of
perturbed modes in the vicinity of defects due to
force-constant changes between the impurities and
their nearest neighbors for low impurity concen-
tration. It would be of interest to investigate the
infrared absorption in a crystal containing substi-
tutional impurities, taking into account the change
in force constants associated with the impurities
in addition to the change in mass.

The object of this paper is to investigate the be-
havior of a disordered crystal containing substitu-
tional impurities under external radiation. Using
the method of thermodynamic double-time Green's
functions" and Kubo formalism, "expressions are
obtained for the dielectric susceptibility and the
linear absorption coefficient for a harmonic Brav-
ais crystal containing randomly distributed substi-
tutional impurities in the low-concentration limit.
Changes in mass and force constants due to the
introduction of the impurities in the host crystal
are taken into account explicitly. The absorption
due to localized modes is also discussed. This
study provides convenient formulas for defect-
induced optical absorption. The analysis is based
on a harmonic model of the crystal with up to
second-order terms in the dipole-moment ex-
pansion.

II. GENERAL FORMALISM

The response of a crystal to an external field is
conveniently described by the dielectric suscep-
tibility. Using Kubo formalism, the general ex-
pression for the dielectric susceptibility tensor
g~„(u) can be written~ '~

y „((u)= —lim 2mG„. ,((u+ie)
0

where G~„(~) is the Fourier transform of the re-
tarded double-time Green's function defined by

G„„(f-f') = ((M„(t);M„(t')))

=-fe(f-f')([M, (t), M.(f')/) (2)

Here &(f) is the usual step function and M, is the
pth component of the crystal dipole-moment op-
erator in the Heisenberg representation. The
angular brackets denote the thermal average over
the canonical ensemble described by the crystal
Hamil tonian, namely,

(0) = Tr(e '"O)/Tr(e '")

in which P= (ksT) ', ks is the Boltzmann constant,
T is the absolute temperature, and 0 is the Ham-
iltonian of the system. The dipole moment M of
the crystal depends on the lattice configuration and

may be expanded in a phonon series as 0

M = Q 5 M„(kq, km, . . . , k„)A„A„~~ ~ A„
n j Ag 02g ~ ~ gag '

(4)
where M, (k~, k~, . . . , k„) are the Fourier trans-
forms of the expansion coefficients in terms of
ionic displacements and A.~=a„+a „~=A „t, a„~, and

a, being the creation and annihilation operators of
wave vector k. Ne use one index k for both kj,
where k is the wave vector and j is the polarization
branch. With the help of Eqs. (2) and (4), Eq. (1)
can be written

X„,' '(&v) = —lim 2m Z Z M~(k~, . . . , k„)
0 k$ ~ fAg A yf «/km

xM, (ki, . . . , k„')G» ««, «. ((u+zE),

(6)
where G(&u) is the Fourier transform of the Green's
function and is given by

(~)
"gs ' ' ~~&~ 1''" m

=((A, (f), . . . , A«„(t);A«. (t'), .. . , A«. (f')))„
(~)

The linear absorption coefficient o.'(~) of the crys-
tal as a funcbon of frequency ~ zs given by

o!(&u) = —(4m'/c ) Imx»(&a),

where Im stands for the imaginary part and c is
the velocity of light.

The determination of the dielectric susceptibility
and the absorption coefficient thus involves the
evaluation of Green's functions for a suitable
model of the crystal Hamiltonian. Here we use
a harmonic model of the crystal in which the ex-
plicit form of the Green's functions can easily be
obtained. In the crystal dipole-moment expan-
sion, terms up to second order are considered.
Szigeti2' has pointed out that the interaction of
these electric-moment terms gives rise to an-
harmonic interactions and to the side bands of the
main absorption peaks.
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III. HAMILTONIAN AND GREEN'S FUNCTIONS

We consider a three-dimensional Bravais har-
monic crystal with a total of N atoms such that
N-n lattice sites are occupied by atoms of mass
M, while ~ sites are occupied by randomly distrib-
uted substitutional impurities each of mass M'.
We assume that the force constants between the
host atoms and an impurity atom are changed due
to the introduction of the impurity. If the impurity
concentration (n/l)t) is quite sma, ll, the impurity-
impurity interaction may be neglected. The change
in force constants between impurity and host atoms
may be assumed to be restricted only to nearest
neighbors. The Hamiltonian of such a system in
the harmonic approximation can be written

N p2(l) N N

H= Z ' + ,' Z Z-y., (l, l')M„(l)u2(l')2M '
re ~13

2M' 2M
1 I

+ — 2 2 &Q, (l, l')u, (l)u (l'), (9)

where u (l) is the (2-C arte si ancomponent of the
displacement of the /th atom from its equilibrium
position, p (l) is the o( component of the momentum
of the lth atom, M and M' are the masses of the
host and impurity atoms, (t 2(l, l') is the compo-
nent of the harmonic force constants between the
atoms l and l ', and n(t), 2(l, l ') [= (t '2 (l, l ') —Q„()(/, l ')]
represents the change in the force constant re-
sulting from the introduction of impurities. The
primed (t)'s denote the force constants in presence
of impurities. The summation over l and /' in
the last term is nonvanishing only if either l or
l' corresponds to the site of an impurity atom.

We now define the weighted harmonic mean Mo
of the masses of all the atoms by the relation

1/M() f/M'+ (1 -f )/M, ——

where f=n/l)l. Introducing this equation into Eq.
(9) and expressing the momentum and displace-
ment vectors in terms of phonon-creation and pho-
non-annihilation operators in the usual manner,
the Hamiltonian in the second-quantized form can
be written

H =2k Ifuk(a„a, + —,')+H',
where H' is the perturbation part of the Hamiltonian
due to the introduction of impurities, and is given

H'= -I 2 [C(k~, ) k2BBk„—D(k~, k2) Ak, Ak ]
Oy, k2

(kg & k2), (12)

with

B„=aq -a q= —8 q

C(k„k, )= ' (~,, ~,,)"'r(k, ) g(k, )2p. N

(13a)

and

/N n
&&l&&«& m &l, »&«&&)e

' —~~e
i1,. ay, (l, l ')

D(kg k2)
4lV

+ ~&

M (
yg/2 e (k&) e()(k2)

io ~'O Mo~n& Il&t

t t.k& R(l )+k2'R(l' ) 3X 8 1 2 (13b)

where the prime on the sum denotes that the term
with l =l' is excluded, D(k„k2) can be written

D(k&, k2) = —2 ' 2 —~y 2(l, l')4.2 Mo (~k, ~22)
' )) lV

i(kl+k2)'5())
(

(22'L s(l )-R(l' )1 I ) (13d)ly

where, as mentioned earlier, the lattice points
l and l' refer to the impurity and its nearest neigh-
bors.

To evaluate the one-particle Green's function

(14)

appearing in Eq. (6), we introduce the Green's
function

Differentiating these Green's functions twice with
respect to the time argument t and Fourier trans-
forming the result, G». (&o) is found to be

(~'-~,') G,„(~)= ~, 6,„/N+ (4/N) C( k, k')-

where

+ (~k/N) &&Lk(f); Ak (l')& &. , (16)

+(4i, ) E «(-a, a&)D(-a», a, ))w,
&

(17)
A2

Considering the equation of motion for the
Green's function that appears on the right-hand
side of Eq. (16) with respect to the time argument
t and substituting the resulting expression into
Eq. (16), the Green's function G», ((d) can be writ-
ten in the form of Dyson's equation:

Here e„ is the angular frequency of the normal
mode of wave vector k, F(k) is the polarization
vector, R(l) is the equilibrium position vector of
the lth atom, and p. =MM'/(M' —M). Using the re-
lation

(13c)
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Gkk (ld) =6»» G'»(&)+ G'k(ld)J'(k k' ~)G'kk (~)

+ 4 gkk(a&) C(- k, k )

where

= 6»k Gk»((u)+ Gk»(ld) II(k, k, (g)G„».(ld)

+ 4 gkk((u)C(- k, k'), (18)

G»»(ld) =
k

0 (dg,

77 CO
—&0»)

0 1
gk»(&) =

(
a a)

with (19)

and the polarization operator II (k, k, &g) is given
by

II (k, k, ld) =P (k, k, ld)[I+ G„„~(ld)P(k, k', (d)]

In the first-order approximation, the Green's
function (21) can be evaluated by replacing P by
I0 . The frequency distribution of the correspond-
ing zeroth-order Green's function [Eq. (24) ] can
be described by the zeroth-order renormalized
Hamiltonian

B',-= k k~k [(~a/~») AaAa+ ~a Bk B.]

Po(k, k', ld) can easily be evaluated from Eqs. (17)
and (23) via the Hamiltonian (26). For small
e(-+0), the Green's function (21) becomes

ld» ~»»'G». (id+i»)= p
[ld —ekk, (ld)+ 2ildkrkk, (ld)]

(27)
where

P (k, k', )=-.'&([L,(t), B.'(t')]&+( i,)

X([L»(t), A,'.(t')])+(4/»)Z», C(k, —4) and

~» (~) = ~k+ 2~» «»» (~) (28a)

P(k, k, ld) =(1/2m) ((Lk(t); L» (t ))) . (23)

The superscript 0 denotes that in the determina-
tion of the occupation numbers Nk= (A»~A»&, com-
mutation relations are evaluated by means of the
zeroth-order Green's function

G» (~) = ~A» /~(~' —~k)

The self-energy operator P(k, k', ld) can be
evaluated in successive approximations, i. e. ,

P(k, k, ld) = Pll(k, k, ld)+ Pg(k, k, ld) +

(24)

where the subscripts 0 and 1 indicate that the
Green's functions appearing in Ell. (23) must be
obtained in the lowest- and first-order approxi-
mations, respectively.

x ( [L„(t), B„ (t ) ] & ) q= t' + ( ( L (t) i L (t ) ) )
(20)

If the frequencies ~ are far from the zeros of
the denominator in Eq. (19), one may expand the
right-hand side in a power series in P(k, k, &o).

Retaining only the first term, i.e. , II(k, k, ld)

=P(k, k, ld), Ell. (18) can be written

G ( )»[6»k +(4/»)C(-k k')]
(21)

ll[(g' —u)k —2~»P(k, k, (u)]

where ~~ is the renormalized frequency of the
mode k in the lowest-order approximation of the
perturbation theory and is given by

-,'=;.(,/2. )(&[L,(t), B', (t') ]&'

+(~/~k)&[L»(t) Ak (t')]&'

+(4/ld»)Z» C(k, —kg) ([L»(t), Bk~(t )]&Q

ld = 2» (22)

&k» =6»k +(4/») C( (28b)

where
X [$(Q) Q)k ) 5(Q) + ldk )] ~ ( 0)

n (ki, kk) =4[D(ki, ka)+(ldk /&u» ) C(ki, kp)

+ (4/~„)Z, ;C(k„k', )D(- k,', k,)] (31)

and g denotes the principal part.
To evaluate the two-particle Green's function

r,",,', ,;,; (t —«') = (&A.,(t)A, ,(t); A.'I (t')A', ; (t') » ,

(32a)
we introduce the following Green's functions:

r.",,',.;,; (t —t') = «B.,(t)A,,(t); A,'; (t')A', ;(t')» ,

(32b)

r ',",I;(t —t ') = «A, (t) B,(t);A'I (t')A'; (t') » ,
(32c)

and

r„",,l,„,„i(t-t')=«B„,(t)B, (t);A,', (t )A„', (t )» .
(32d)

%riting their equations of motion with the help of
the zeroth-order renormalized Hamiltonian (26)
and solving for I'", we get

r„",',I„,(~)l= —Z (N, +N, , ) = ' "
2m, 2 m„CO„1 2

(0&f + (0/2

ld —
(Cuk& +»a)2 I a ( kgkf kak) + kgkk »a»i ) r

(33)

Here n»k (&d) and rkk (ld) are the shift and width of
the response function and are given by

a»k, ((d) =16''Zk, o' (-k, kg) o (k', k,)(u, ,/(ld —ld k, ),
(29)

and

r,„(&)= 8vZ, , o' (-k, k, ) n'(k', k, ) (~„/a,,)



872 B. S. SEMWAI AND P. K. SHARMA

IV. DIELECTRIC SUSCEPTIBILITY

Equations (5) and (6) show that the total dielectric
susceptibility of a harmonic crystal containing ran-
domly distributed substitutional impurities with
nonlinear dipole moments up to second order is
determined by one- and two-particle Green's func-
tions. In the formalism based on the successive
approximations, using the renormalized Hamiltoniaz
[Eq. (26)], contributions due to the Green's func-
tions with an odd number of operators will be
zero. The dielectric susceptibility (5) can there-
fore be written

x..(~) = x"..' "((d) + x,";"(~), (34)

where X,(1,'1)(&o), with the help of Eq. (2V), is given
by

M, (k1)M„(k1) k1ki
—Ek k1 (M) + 2 i((lk Vk1k1 ((())

(35)

Similarly, substituting the value of the two-parti-
cle Green's function from Eq. (33), the expression
for X',a '(&u) is given by

X„'„' '(((l) = —lim 2 Zi M„(k1,k1)M„(-k1, -k,')
&-0

((lk1((lk I g (N N )
Mk1 + &dk I

(dk (dk 1
k

1 1 ((Al + 16) (&dk + (dk' )

(36)
Equation (36) gives the contribution to the dielec-
tric susceptibility due to the nonlinear second-or-
der dipole moment. For a perfect lattice in which
C(k1, k1) and D(k1, k1) vanish, expressions (35) and
(36) become equivalent to those obtained by Weh-
ner and Bilz.

V. ABSORPTION COEFFICIENT

The linear absorption coefficient (8) will now be
evaluated for one- and two-phonon processes,
i.e. , considering first- and second-order dipole-
moment terms in Eq. (4). Substituting the imag-
inary parts of the dielectric susceptibilities from
Eqs. (35) and (36) into Eq. (8), we obtain

where

Nk=(A„A„)(u/(dk.

Here. we have evaluated the Green's functions (14)
and (32a) in the lowest-order approximation of the
polarization operator. If the imaginary part of
Po(k, k', (d) in Eq. (27) becomes zero for some
ek(& ~k), its value should be evaluated in first-or-
der approximation, i.e. , by considering higher-
order terms in Eq. (25). It can be shown that the
values of these Green's functions are still given by
Eqs. (2V) and (33) except for the replacement of

4ww g 4~~'64(4)M (&.() ('i'( ~'i'(4)
)&k k'(&)] +4&k I'k k'(&)

+ r Z ~M„(k1,k1)
~

' Z (N, ' kN, )
j'ig, k g

X.[5(((l (dk 7 (()k ) —l5((d + (dk1 6 (()k )], (37)

$kk' Gkk(~)
1 —20),k((d) P()(k, k', &())

(38)

We are interested in the imaginary part of the
Green's function (38). Near resonance, where the
denominator of Eq. (38) is zero, we may expand
the denominator as

-4k &kk(~)
(d —

COi

X [2 Gkok(&u) Po(k, k ', &)J ~ (39)
d(d

The imaginary part can be evaluated by replacing
co- &+i& and letting & tend to zero. Using the
relation

1 1= &P v i)15(x)
X+ ZE

(4O)

we obtain

imGkl (~) = 114k'Gkk(~l) 5(~ ~l

(41)

where ~, is the localized mode frequency. There-
fore, we must add to Eq. (37) the term

2

~...(~) = ' Z M„(k,) M„(k,')$„„,G,', (~,)

( [(:,', (~)P,(k„);(,~)]), , 5(~ —~, )
d(d

(42)
which gives a &-function line shape. This will be
broadened due to anharmonic effects. It may be
pointed out that in obtaining Eq. (42) we have con-
sidered the localized modes for the one-phonon
Green's function only for simplicity.

VI. DISCUSSION

In the present paper, we have derived expres-
sions for infrared absorption due to randomly

In the above expression, contributions due to
localized modes which exist outside the band fre-
quencies of the crystal have not been included. In
the event of there being localized modes, their
contribution to the linear absorption coefficient
c((&u) can be calculated by finding the imaginary
part of the Green's function (21) for &u &((),„
(&u,„ is the maximum frequency of the band modes).
In the lowest-order approximation, Eq. (21) can in
this case be written
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distributed substitutional impurities in a Bravais
crystal considering the change in the force-con-
stants. The expression (3V) shows that the ab-
sorption can be expressed as the sum of two terms,
diagonal and nondiagonal contributions. The
diagonal contribution (k~=kf) arises from force-
constant changes, while the nondiagonal contribu-
tion (k~O k&) depends upon mass and force-con-
stant changes. I'»«. (&u), which measures the width
of the response function, depends upon terms pro-
portional to the square of the sum of the mass and
force-constant changes, In the harmonic approx-
imation, I"««i(v) is independent of temperature.
Using some suitable lattice-dynamical model, its
magnitude can be evaluated in the high- and low-
frequency regions. In the limiting case when
I'««, (&o) is small, one can neglect the second term

1 g
in the denominator of the first term of Eq. (3V),
and the linear absorption coefficient becomes pro-
portional to the width and hence inversely propor-
tional to the phonon lifetime. The second term in
Eq. (3V) gives the contribution to the absorption
due to higher-order terms in the dipole moment.
This term gives the dominant contribution to the
absorption in covalent crystals where the first-
order dipole moment (with no charged impurities)
is zero. It describes the temperature dependence
of the absorption coefficient, and the high-temper-
ature limit is proportional to 1'. To first order
in the difference of the impurity force constant
from those of a perfect lattice, the third term in

Eq. (31) can be neglected. For small values of
(M —M) and b,g,«Eq. (31) shows that the mass
change and force-constant change make rein-
forcing or canceling contributions to the absorption
depending on whether they are of equal or of op-
posite signs. Krumhansl and Mathew have shown
that in the case of a linear atomic chain, atomic-
mass and force-constant changes cause rein-
forcing or canceling contributions to the relaxa-
tion rate according to whether they are of equal or
opposite signs, respectively. Recently, we25 have
also developed a similar formalism for the infrared-
absorption coefficient in an anharmonic crystal
considering dipole moments up to second order.
It is found that the absorption coefficient due to
crystal anharmonicity is proportional to T~ in the
high-temperature range, which agrees with ex-
perimental results. 8' 7 It should be noted that the
values of the one- and two-particle Green's func-
tions have been obtained here in successive ap-
proximations. This is expected to be applicable
for low impurity concentration.
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