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The scattering intensities of the 14.4-KeV y rays from a Go ' source were measured at the
{800)and {1000)reflections of KC1 crystals in the temperature interval 80-900 K. The
elastic and inelastic components of the scattered intensities were separated by means of nu-
clear-resonance absorption. The temperature dependence of the inelastic intensities was in
satisfactory agreement with the calculated one, when the contributions of multiphonon scatter-
ing terms were included in the evaluation of the thermal diffuse-scattering intensity. The
Debye temperature 8= 230 +4 'K which was derived from the temperature dependence of the
elastic intensities was in good agreement with the value found in the literature.

I. INTRODUCTION

The high-energy resolution of the Mossbauer ef-
fect can be used to separate the thermal diffuse
scattering (TDS) from the crystalline reflections.
In two previous papers ' we have used the 14.4-
KeV (X = 0. 8602 A) Mossbauer radiation emiited

by the Fe' nuclide to investigate the first-order
TDS at various reflections of Si and Al crystals.

The TDS at a reciprocal-lattice point S/&( is com-
posed of several contributions; each one of them
corresponds to a scattering process which involves
a definite number of phonons. By using the nota-
tion of James, the intensity of TDS can be written

S 2 -2u S 1 SI —=
I Eol e ~ G(e&& Io ) +g& +2( ~ + G(ey& G(ey& Io +g(+go + ~ ~ ~

-(4g)
1 2
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where 8 " is the Debye-Wailer factor and Io is the
interference function which is different from zero
only when S/Xa gg& is a vector of the reciprocal
lattice. The nth term inside the parentheses of (1)
is the contribution to the total diffuse intensity by
a process which involves the scattering by n pho-
nons of reduced wave vectors g&, g2, .. . , g„. Un-
der the particular conditions of a scattering ex-
periment, the intensity of TDS can be calculated by
integrating formula (1) over a reciprocal-lattice
volume r determined by the scattering geometry
(source and slit sizes and distances; scattering and
crystal angles). By applying Debye's approxima-
tion, the result of the integration is, in the high-
temperature limit (kT» ke»),

H, =
~
F,

~

e '"(A, r+A, r'+ ~ ~ ~ +A„r"+ ~ ~ ~),
(2)

where the coefficients A, , A~, .. . , A„, ... contain
complex geometric factors and do not depend on
temperature. If the volume ~ is centered on a re-
ciprocal-lattice node H=-{k, k, f), the coefficients
A.„can be written

(3)

where 68 is the Bragg angle and 0 is the Debye
temperature of the crystal.

The multiphonon contributions to the TDS can be
negligible in the case of many diffraction experi-
ments. However, formulas (2) and (3) show that
the importance of the nth contribution increases
with nth power of both T/8 and the order of re-
flection (expressed as the sum of the squares of
the reflection indices).

We have previously measured the intensity of the
TDS at the Bragg peaks as a function of tempera-
ture and of the order of reflection in Si. We found
that the dependence of the TDS intensity on angle
and on temp eratur e was that of the one-phonon s cat-
tering term. The terms of higher than first order
did not give any appreciable contribution because
of the high Debye temperature (543'K) of Si. In
the present work we have applied the Mossbauer
effect to study the temperature dependence of TDS
at the {800}and {1000)Bragg reflections of KC1.
The high order of the above reflections, the rela-
tively low value of the Debye temperature of KCl,
and the crystal temperatures are all factors which
determine the presence of important contributions
to the TDS by multiphonon scattering processes.

II. EXPERIMENTAL METHOD

The separation of the y rays which are elastical-
ly scattered by the crystal from those which suffer
inelastic scattering was done by using the same
procedure described in previous papers. ' A 100-
mCi Co'7 source (10 mm high && 5 mm wide) dif-

fused in a chromium matrix was used together with
a 310 stainless-steel absorber 98 at.% enriched in
Fe'7, with a thickness equal to 1 mg/cm2 of Fe'7.
The use of a Co5 source in a chromium matrix
and a stainless-steel absorber has the advantage
that source and absorber are very close to full
resonance when they are at rest. The percentage
of resonant absorption Po = (I —Iz)/I„on the di-
rect beam, I„and I„being the intensities with the
absorber out of and in resonance, respectively,
was equal to 0. 662+ 0. 03. Since this value of Po
is high, the elastic and inelastic fractions of the
radiation scattered by the crystal can be obtained
with good precision.

The elastic and inelastic intensities at the peaks
of the {800Iand {1000)reflections by KCl crystals
were measured by using the reflection (Bragg) ge-
ometry in the temperature range 80-900 'K. The
crystal samples intercepted all the incident beams
which had a horizontal divergence of 4 at the scat-
tering angles used in the experiment. In some
cases the scattered intensities were measured as
a function of the angle between the incident beam
and the crystal, which was rotated around the
goniometer axis (see Fig. 1); the source and the
counter were set at the scattering angle 29„, equal
to twice the Bragg angle for the reflection H={k,
0, 0) of interest. In many cases, however, the
measurements were done only at the maximum of
the Bragg peak.

The crystals of KCl were rectangular lamellas
(17&&18 mm) about 1.2 mm thick. They were
cleaved from large single-crystal ingots grown at
the Institute of Physics of the University of Parma
by the Kyropoulos method from superpure powders
purchased from Merck. The lamellas used for the
measurements wer . carefully selected in order to
avoid those which contained large disorientations
and bendings over the volume bathed by the inci-
dent beam. The criterion used for this selection
was that the samples for which the Bragg peaks
had an irregular shape were discarded. It was
also checked that the Bragg peaks of the samples
used for the measurements did retain their regular
shape at the various temperatures.

The samples were mounted on a copper plate in
a nitrogen atmosphere and were held vertically by
thin metal springs. The copper plate was heated
by a small electric furnace and the temperature
was measured by a thermocouple placed on the
plate. There was a temperature gradient along the
direction normal to the surface of the crystal. The
temperature differences between copper plate and
crystal surface were measured at the various tem-
peratures and used to correct the thermocouple
readings. In this way the temperature of the crys-
tal surface bathed by the y-ray beam was known
with a precision of +3 'K. For the measurements
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FIG. 1. Scattered intensities
vs the glancing angle between in-
cident beam and the surface of a
Kcl crystal, (1000}reflection,
Bragg geometry, at room tem-
perature. Filled circles and
open triangles are experimental
points and correspond to the
curves of l„and Iz (Mossbauer
absorber out and in resonance,
respectively). Open circles
were obtained from the two
above sets of experimental data
and correspond to the curve
(dashed) of the inelastic intensity.
The straight line under the curve
is the hard y and cosmic back-
ground. The dashed straight
line is the calculated Compton

scattering.

below room temperature the sample was mounted
in a vacuum on a metal frame, which was attached
to a copper finger. This finger was cooled by a
coiled tubing where liquid-nitrogen or cold-nitro-
gen vapors were circulated.

III. RESULTS AND DISCUSSION

Figure 1 illustrates the curves of the scattered
intensities versus the angle between the incident
beam and the crystal for the (1000}reflection at
room temperature. The top curve is the intensity
I„measured with the source and the absorber out
of resonance; the middle one is the intensity IR,
which was measured at resonance. The dashed
curve, which has a peak at the Bragg angle, is the

intensity of the inelastic scattering and was de-
rived from I„and I„by applying Eqs. (1) of Ref.
2. The base line corresponds to the background of
hard y and cosmic radiations. The straight dashed
line corresponds to the intensity of the 14.4-KeV
Compton scattering, which was calculated by using
a previously reported expression and the values
of the incoherent scattering function for K' and
Cl ions given by Freeman, ' The integrated in-
tensity of the elastic diffraction peak was obtained
by subtracting the area under the inelastic curve
from the area under the curve of the total intensity
I„. The absolute intensities of the 1800}and

(1000}reflections were obtained by measuring the
intensity of the incident beam attenuated by cali-
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FIG. 2. Temperature de-
pendences of the logarithms of
the integrated intensities of
the elastic peaks for the {800}
(upper curve) and (1000}re-
flections (lower curve). Full
circles, open circles, and
small crosses are experi-
mental points and correspond
to measurements taken in dif-
ferent KCl samples or during
different temperatur' cycles
of the same crystal. The
dashed lines are calculated
by taking OH=230'K at every
temperature. Solid lines are
calculated by correcting the
above value of 8 for the ther-
mal expansion of the lattice.
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brated Al filters. At room temperature these in-
tensities were only 5% lower than those calculated
for an ideally mosaic crystal when the value of the
Debye temperature was taken equal to that found in
the literature. '

A. Temperature Dependence of Integrated Intensities
of Bragg Peaks

The values of the elastic intensities at the Bragg
peaks are proportional to the integrated intensity
of the crystal because the divergence of the inci-
dent beam in the scattering plane is considerably
greater than the reflection domain of the crystal.
In Fig. 2 the logarithms of the relative values of
the elastic intensities at the Bragg peaks are
plotted versus temperature for both the (800) and

11000) reflections. There are considerable an-
harmonic contributions to the Debye-Wailer factor
since the experimental points do not lie on a
straight line. We have taken into consideration
only the isotropic anharmonic correction due to
the thermal expansion of the lattice. As explained
by Paskin the apparent Debye temperature O
varies with temperature according to the formula

8/0~a = [1/(1+ 8PT)]',

where 00 is the Debye temperature at T = 0 'K, P
is the linear-expansion coefficient, and y is the
Gruneisen constant. The integrated intensities of
the Bragg peaks of a mosaic crystal are propor-
tional to a Debye-Wailer factor e "H, where H

stands for the indices of the reflection. M„was
calculated at various temperatures by taking 80
= 230'K, y= 1.80, ' the values of P for KC1, ' and
an average mass for the K and Cl atoms; the re-
sults are shown by the solid lines of Fig. 2. Since
the two lines fit the experimental data well, it was
concluded that Qo = 230+4 K, in good agreement
with the value found in the literature. ' A some-
what lower value of Oc (209'K) was found by Butt
and O' Connor' who studied the temperature de-
pendence of the intensity of the {400)reflection by
using the same experimental technique. These
authors also found a strong decrease of the elastic
intensity far below the line corresponding to OHO

=209'K at about 550'K; this decrease was not
found in the present experiments.

B. Temperature Dependence of Inelastic Intensities
at Bragg Peaks

Relative values of the inelastic intensities at the
peaks of the f800) and 11000j reflections are plot-
ted versus temperature in Figs. 3 and 4, respec-
tively. These curves show clearly the presence
of an inversion temperature.

In order to compare the experimental values of
the inelastic intensities with those predicted by
the elastic wave theory of the TDS, the contribu-
tions of the one-, two-, and multiphonon terms
were calculated as explained in the following.

The total TDS per atom, expressed as the sum
of the contributions by the different order, can be
written

8

7

6

5

3

I

2'

/~I

FIG. 3. Temperature dependence of
the relative intensity of the inelastic
scattering (TDS plus Compton) at the
(800}reflection. Full and open circles,
crosses, and squares are experimental
points corresponding to measurements
taken in different KCl samples, or dur-
ing different temperature cycles of the
same crystal. The dashed line was
calculated by taking into account the
one-phonon TDS term only, whereas
the solid line includes the contributions
of the first- and higher-order terms of
the TDS intensity.
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+C, (2M, )'/3!+ "j

tv( g ) cos'(S ~ e; ) dX 7
2

H

(4)

where k, rn, and N, are the Boltzmann constant,
the atomic mass, and the number of primitive
unit cells per unit volume, respectively; X and eH
are the wavelength of the x radiation and the Bragg
angle for the reflection II; g& is proportional to
the wave vector of the phonon of polarization j;

I g&! = tc&/2s'v&, tc& and v& being the angular fre-
quency and the velocity of the phonon; to(g) is a
weight function determined by the angular distribu-
tion of the intensity of the incident beam;
cos(S ~ e; ) is the cosine of the angle between the

Cy

scattering vector S and the unit vector e; in the
polarization direction of the phonon g&, the sum

g& is extended to the three polarization directions
of the phonons. The approximate expression of
T~ ls

where 7.„is a reciprocal-lattice volume deter-
mined by the geometry of the scattering experi-
ment. If the solid is elastically isotropic and dis-
persion effects are negligible, the expression of
the one-phonon term is

2kT (sine„~ 1

where 4&&, 4&2 are the divergences of the inci-
dent and scattered beams in the scattering plane
and b, n3 is the divergence of the scattered beam in
the plane perpendicular to the scattering plane.
The integral of Eq. (4) was calculated by replacing
r„with a sphere of radius g„= (37„/4v)' ' and w(g)
with a suitable function. The value of this inte-
gral is approximately equal to &g„(1/v, + 2/v, ),
where v, = 3.94 && 10 cm/sec and v, = 2. 19x 10' cm/
sec are the longitudinal and transverse acoustic
velocities of the polycrystalline solid at room tem-
perature. ' lt was assumed that the acoustic ve-
locities have the same dependence on temperature
as the Debye temperature. The absence of dis-
persion effects was checked by examining the dis-
persion curves obtained by neutron-inelastic-scat-
tering expe ri ments i1 ~ 12 Final ly, the contribution
of optical phonons which was calculated and added
to that of Eq. (4) was found to be less than a few
percent of the total one-phonon term in the whole
temperature range.

The dashed curves of Figs. 3 and 4 correspond
to the calculated contributions of the one-phonon
scattering; these curves were normalized by tak-
ing the calculated values equal to the experimental
ones at room temperature. The evident disagree-
ment between the experimental points and the
dashed curves shows that the contributions of higher-
order terms are quite important.
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FIG. 4. Explanation is as for Fig.
3, except that the curves refer to the
inelastic intensities at the {1000)re-
flection.
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The two-phonon contribution was then calculated
by using the following expression

Ca(2ftf „)' 2(kT)a sin8 '
g 1

2 Qrn Qsz & ) (vg)

x Z tv(g) d g
»i &.s

where, besides the symbols explained above, Q~~
is the volume of the Brillouin zone and (v&) is the
mean-square velocity of the elastic waves of po-
larization j over the Brillouin zone; g», is a sum
over the node H and all reciprocal-lattice points
which are nearest neighbors of the node H; the in-
side integral is extended over the entire Brillouin
zone. This last integral, which was ealeulated by
Paskin' and Boric, ' is to a good approximation
equal to

where g» is equal to the radius of the Brillouin
zone approximated with a sphere. The contribu-
tion of the reciprocal-lattice points other than H
to the sum g», is negligible. The sum gj(1/(v&))
can be calculated by using the Debye temperature
0=224'K (at T=295'K) of the solid:

in fact, the integral of the total scattered intensity
(Bragg plus diffuse scattering) over the Brillouin
zone is not affected by the displacements of the
atoms from their equilibrium positions. ' It fol-
lows that

(RH RH, 1 RH &) I +sl" ""

from the diffuse intensity expression I
I' '„I

x (1 —e ™H)valid for the approximation of indepen-
dent vibrations of the atoms. The solid lines of
Figs. 3 and 4 correspond to the total calculated
TDS intensity R, plus the intensity of the Compton

H
scattering; the curves were normalized to the ex-
perimental points by taking the calculated values
equal to the experimental ones at room tempera-
ture. The agreement between calculated and ex-
perimental data is satisfactory. Table I summa-
rizes the percentage contributions of first-, sec-
ond, and higher-order TDS and of the Compton
scattering at various temperatures for both the
(800}and (1000'f reflections. Table I shows clear-
ly that the percentage contributions of multiphonon
scattering terms increase rapidly with tempera-
ture.

C. Contribution of High-Order Scattering Terms to
TDS

where h is the Planck constant and vD = 2. 37&&10'

cm/sec, which is approximately equal to the aver-
age acoustic velocity of the polycrystalline solid
v„=2. 49x 10' cm/sec. It follows that the constant
C, =—', (—,

' v ) in Eq. (5) when the weight function to(g)
is the same one used for the one-phonon scatter-
ing term. It was also checked that the value of the
constant C2 is not greatly affected by the choice
of the weight function t()(g): Ca=() s when a spher-
ically symmetric weight function was used and

C, =-,'(—,
' v') when m(g)=1.

The contribution of terms of higher than second
order was evaluated by assuming that these terms
are constant inside the Brillouin zone. The valid-
ity of this assumption is discussed below with rela-
tion to the three-phonon term. We have then

R, =R, +R, + (I/Asz)

The peak of the temperature diffuse scattering
at the Bragg angle becomes lower with increasing
temperature until it disappears completely: Com-
pare the curves of the (1000) reflection illustrated
in Fig. 1 (the measurements were done at room
temperature} with those in Fig. 5 corresponding to
data taken at 716 'K. The curve of the inelastic
intensity is flat and is almost independent of the
crystal angle. This behavior is predicted by the

(kk I) T ('K)

First Second Higher Compton
order order order scattering

(%) (%) (%) (%)

TABLE l. Contributions in percents of the first-,
second-, and higher-order TDS terms and of the Compton
scattering to the total inelastic intensity at the (800) and
{1000)reflections of KCI. Different contributions are
calculated as explained in the text.

x(R„-R„,, —R„,a) f tv(g)d7, (7)

where RrH 1
d RvH 2 RH q a d R~ 2 are the first-

and second-order TDS intensity integrated over the
volume vH and over the entire Brillouin zone, re-
spectively. The total TDS intensity R~ integrated
over the entire Brillouin zone does not depend on
the choice of the model for the lattice vibrations;

(800)

100
300
700
900

91.33
77.01
33.53
13.33

5. 87 0. 62
15.98 . 5.39
18.64 44. 26
10.17 71.58

100 86.38' 9.32 l.56
300 61.24 21.03 14.62
700 7.02 6.44 78.65
900 0.92 2.43 89.29

2. 18
l. 61
3.57
4.92

2. 74
3.11
7.89
8.64
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elastic wave theory of the lattice vibrations. In
fact, the one-phonon term of the TDS is proportion-
al to 1/g, where g is the distance from the re-
ciprocal-lattice node; the two-phonon term is ap-
proximately proportional to 1/g, as shown by Eq.
(5); it can be proven that the three-phonon term is
proportional to in(g»/g) (see the Appendix). For
the data of Fig. 1 the first- and second-order con-
tributions amount to about 82% of the total in-
elastic intensity, whereas in Fig. 5 they amount to
only 18% of the total (see Table I). The Bragg
peak does not appear in Fig. 5 because its inten-
sity is too low to be observed; this fact was
checked by extrapolating the intensity of the elastic
peak to the temperature (716'K) of the measure-
ments. A well-defined peak of the inelastic inten-
sity is found instead for the (800) reflection at
702'K (Fig. 6). In this case the first- and second-

order contributions of the TDS amount to 52/o of
the total inelastic intensity (Table I), the value of
sine„/X being smaller than in the case of the

{10 00} reflection.

IV. SUMMARY

The intensities of the elastic and inelastic scat-
terings of the 14.4-KeV y rays from a Co5' source
were measured at the (800j and {1000jreflections
of KC1 crystals in the temperature range 80-900

K. The elastic and inelastic parts of the scat-
tered intensities were separated one from the other
by using the Mossbauer effect. The most signifi-
cant results are the following.

(a) The temperature dependence of the inelastic
intensities differs markedly from that predicted by
taking into account the one-phonon scattering con-
tribution. A satisfactory agreement with theory

80

~~ 6o

~~ 4o ~ h= o~b g b.
h g 6 ~

FIG. 6. Scattered intensities
vs the glancing angle for the
(800) reflection, at 702 K. Ex-
planation is as for Fig. 1.
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was obtained by including the contributions of
many-phonon terms in the calculation of the inten-
sity of the thermal diffuse scattering. The two-
phonon term was calculated by using the Debye
model of the thermal vibrations; the contributions
of higher-order terms were estimated by assuming
that these terms are constant over the whole Bril-
louin zone.

(b) The temperature dependence of the integrated
intensities of the Bragg peaks yields a Debye tem-
perature eo = 230 + 4 'K at 0 K, when the effect
of the thermal expansion of the lattice on 0 is con-
sidered. The above value of the Debye tempera-
ture is in very good agreement with that found in
the literature.
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APPENDIX

The three-phonon scattering term can be written

S S
I3 — ~ G~GaGslo —~g~~ga~g3

1,3~ 3

The integration over g, yields

Q g(G g2

~y-g&-g2Igig2 '

where y= g, + g2+ g, . The result of the integration
over g3 is approximated by taking the first term of
the series expansion'; it follows that

6 gp 2
sin4' cfgg cf4'

gq I P —g~ I (g &
+ y —2g& y cos4')

Since y «g», we find

where the constant terms and those proportional to

y were neglected.
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