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second payer' between the model and experimental
data in the Ph,.gn„Te system. Among these quan-
tities of interest is the Knight shift. The theory of
the Knight shift is developed in the context of the
Landau levels appropriate to these materials, in-
cluding the identification of an inhomogeneous
broadening of the NMR line produced by the orien-

tation dependence of the Landau-level wave func-
tion.
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Measurements are reported of the Knight shifts of Pb"-" and Sn'" in 61 samples of PbTe and

Pb, Sn Te as functions of carrier concentration, alloy composition, and temperature. The results arei-x x
interpreted in terms of a quantitative six-band k ~ p band model for the magnetic energy levels of the
valence and conduction bands. All available experimental data pertaining to efII'ective masses and g
factors are examined using this model, including the results of magneto-oscillatory, magneto-optical, and
other Fermi-surface studies. Remarkable agreement with published data and with the NMR data is
obtained with principal matrix elements of momentum which are independent of composition. The
temperature dep'endence of the Knight shift up to 100 K is understood in terms of the changing
carrier degeneracy, but above 100 K an additional temperature dependence is observed. Unexplained
structure is reported iri the temperature dependence of the Knight shifts in alloy samples near their
band inversions, Contact interaction and orbital hyperfine constants are reported. The orbital hyperfine
constants are surprisingly large in these materials, In addition, the magnitude of the hyperfine coupling
depends on alloy composition,

I. INTRODUCTION

This paper reports the results of an exten/ive
nuclear-magnetic-resonance (NMR) study of PbTe'
and Pb~„„8n„Te alloysa for x 0.6. An important

outgrowth of this work has been the development in
an. earlier papei'3 of a unified k p band model for
these compound semiconductors. In the present
payer, this model is used in full quantitative detail
to interpret not only the NMR data, but also a broad
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spectrum of data having bearing on the details of
the energy-band extrema and the Fermi surface at
low temperatures. The results of this analysis are
a set of k'p coupling parameters from which ef-
fective masses, g factors, and all quantities de-
pending on them can be calculated with an accuracy
which agrees with experiment. In addition, hyper-
fine coupling constants between the carriers and
the Pb and Sn" nuclei are obtained. The mag-
nitude of some of these constants are surprisingly
large, and they show a variation with alloy composi-
tion which remains unexplained.

Interest in the lead-salt semiconductors (PbS,
PbSe, PbTe, and their alloys with related Sn com-
pounds) has stemmed from two sources: the broad
applicability of these narrow-gap, direct-gap ma-
terials to infrared devices, and the discovery of a
rich lode of interesting physics problems, many
of which are related to the presence, even the
dominance of relativistic effects in certain features
of the energy-band structure. Both augmented-
plane-wave (APW)4' and pseudopotential~a band
calculations in PbTe and SnTe have affirmed the
important contribution of spin-orbit couplings and
other relativistic interactions to the band ordering.
Furthermore, the variation. in spin'-orbit energy
between the PbTe and SnTe has been cited as the
basis for the proposed crossing of the valence and
conduction bands at an intermediate alloy composi-
tion. Without spin-orbit couplings only the longi-
tudinal momentum matrix elements across the
L-point gap would be nonzero. However, the strong
spin-orbit mixing is responsible for nonzero trans-
verse momentum matrix elements as well. These
matrix elements and the small energy gap give
rise to small effective masses and large g factors.
These, when coupled with the large hyperfine con-
stants to be expected in heavy nuclei, lead to the
expectation of large Knight shifts, an expectation
which has been indeed been borne out by experi-
ment.

The first NMR measurements in lead telluride
were reported by Weinberg' '~ and by Weinberg
and Callaway. Their measurements of the Pb
resonance in a single P-type sample covered the
temperature range from 250 to i50 K. Sapoval
used helicon-wave NMR methods' to determine
the Pb ' Knight shift at liquid-helium temperatures
in P-type PbTe. His data and his relatively sim-
ple model are in general agreement with the re-
sults of our studies. Two reports of our own pre-
liminary work have appeared, the first on PbTe, "
the second on Pb, „Sn„Te. Related measurements
of the Pb resonance in PbSe have been reported
by Lee, Liesegang, and Phipps. ' A much more
extensive study of PbSe is currently under way in
Sapoval's laboratory. '

We have studied Pb nuclear resonances in

more than 60 samples of PbTe and Pb& „Sn„Te
covering the composition range from pure PbTe to
Pbo 4Sno. 6Te, a composition range which includes
the proposed band crossing. The measurements
on PbTe were done at temperatures between 4. 2
and 300 K. Most measurements in the alloys were
made at 77 K. In six alloy samples, studies were
made of the temperature dependence of the Knight
shift in the vicinity of the proposed band crossing.
The resonances of Sn 9 and Te were also studied
in the alloy samples, and the Te' resonance was
measured in PbTe. As will be discussed below,
the Sn' ' data proved extremely valuable in con-
firming the identification of the valence- and con-
duction-band symmetries. The Te' ' data, how-

ever, proved to be of little value, primarily be-
cause the extremely weak hyperfine couplings made
the Knight shift difficult to observe. For that rea-
son, no formal report of the Te' ' results will be
made here. The interested reader can obtain full
documentation of those results from the authors'
theses. 'e2

II. EXPERIMENTAL METHODS

A. Sample Preparation and Characterization

The carrier concentrations of PbTe and Pb& Sn„Te
can be changed over wide limits by annealing in
either tellurium-rich or metal-rich atmospheres.
Since the details of the preparation of our samples
have been published elsewhere, only a general
description of the methods used and a summary
of the results will be presented here.

Starting materials for the samples were obtained
from Bell and Howell and from Texas Instruments.
The as-received ingots were generally character-
ized as "nearly single crystal, " but since they were
ultimately to be powdered for NMR measurements,
no detailed structural examinations were made.

Compositional analyses of the alloy ingots were
supplied by Bell and Howell for their materials
based on the application of V'egard's law to x-ray
powder measurements. Wet chemical analyses
of the x = 0. 4 and x = 0. 5 ingots agree with Bell and
Howell's specifications to within I/&. The x = 0. 17
samples, obtained from Texas Instruments, were
analyzed by the supplier with an. estimated preci-
sion of 0. 1%. In all cases, compositional varia-
tions within a slice from any ingot were estimated
to be less than 0. 5%%uq in the Bell and Howell sam-
ples, and less than 0. 1% in the Texas Instrument
samples.

Slices of the starting-material ingots designated
for use as NMR samples were annealed in quartz
ampoules together with two bars which were used
for characterizing the samples after the anneal.
The low-field Hall coefficient and resistivity, mea-
sured at 100 Hz at both room and nitrogen tempera-
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TABLE I. Summary of PbTe and Pbi Pn„Te NMR
samples.

Composition Tgpe
No. of

Samples

Carrier concentration
(cm )

Min Max

PbTe

Pbp, 03Snp. & &
Te

Pbp. ~Sn0.3Te
Pbp. poSnp. 35Te
Pbp. 0Snpe4 Te
Pbp. oSnp. oTe
Pbo.4Sno. oTe

p
Compensated

n

p
n

p
p
p
p
p

13
1
6
5
1
5
4
9

11
6

1.0 x10"
not

1.2 x10f~
5. Ox10fv
3.4x10fo
4. 5x10'0
4.5 x10'p
3.6 x10io
1.3 x10io
2. 7 x10"

9.9 x10&S

known
1 5 x10ip
4.7 x10'0

~ ~ e

1.2 x1020

1.6 x 1020

3.6 x1020
5.1 x1020

3 8x1020

All NMR measurements were steady-state ab-
sorption measurements, using a marginal oscil-
lator of our own design 1 and a 12-in. Varian
electromagnet. Signal averaging of repetitive
scans was used to combat drifts. Care was taken
to avoid saturation of the NMR lines, and the sym-
metry of the observed lines indicated that the skin-
effect admixture of X' into the absorption signal
was not serious. The magnetoresistance of the
samples produced a sloping base line which was
subtracted out before locating the line centers.

The data were taken with the marginal-oscillator

tures, were used for this characterization. In all,
61 samples were used in this study, the types and
carrier concentrations being summarized in Table
I. The carrier concentrations listed in Table I are
the reciprocals of the 77-K Hall coefficient. No
correction for the Hall-scattering factor was used,
partly because the scattering factor is nearly unity
for carrier concentrations below 10 cm . This
approximation and its effect on the results is dis-
cussed further in Sec. V. Qne of the samples
listed in Table I, the "compensated" sample, was
produced by excessive powdering of what had been
an' annealed P-type sample. For reasons to be
presented below, this sample is believed to have
a carrier concentration approximating that of an
intrinsic sample. Qur model for this reduction in
apparent hole concentration, owing to damage-in. -
duced levels in the gap, has been discussed in the
paper dealing with annealing results.

Once the slices had been annealed and character-
ized, the final NMR samples were prepared by
carefully cutting the slices into coarse powders
(- 200 gm). It was found that powdering damage
of the type that produced the compensated sample
could be avoided by cleaving the PbTe samples with
a razor blade. This precaution was also followed
with the alloy samples, even though no evidence of
powdering damage was ever observed.

B. NMR Methods

frequency near 10 MHz, monitored with a frequency
counter, while the external field was measured
with a self-locked proton gaussmeter. Because
the gaussmeter could track the swept field, all
backlash and time delays in the field sweep were
accounted for. All resonance data were scaled to
an equivalent external field corresponding to a
resonance-line center at precisely 10 MHz.

The temperature-control system used for mea-
surements above 77 K was of conventional design,
with the sample and coil contained within a heated
can, this can being thermally insulated from a sur-
rounding bath of liquid nitrogen. The sample tem-
perature was measured with a copper-constantan
thermocouple attached to the sample can. Offsets
errors between the actual sample temperature and
the can temperature were eliminated using nuclear-
quadrupole- resonance thermometry23 based on
KC103, a technique which is remarkably useful for
NMR cryostat calibration. The system used for
measurements below 77 K was similar, except
that an exchange gas in contact with a helium
reservoir was used for cooling.

III. EXPERIMENTAL RESULTS

A. Knight Shifts and Chemical Shifts

In a semiconductor one is able to separate the
chemical shift from the Knight shift with great
precision. The Knight shift refers specifically
to the shift in resonance field (at constant freciuency)
produced by the free carriers, while the chemical
shift refers to the shift in resonance field produced
by all normally filled states, i.e. , filled core
states, a filled valence band, and an empty conduc-
tion band. The two-step procedure for separating
the chemical and Knight shifts is outlined below.

The variation of resonance field with carrier
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FIG. 1. Pb resonance field in PbTe at 10 MHz as
a function of carrier concentration and temperature.
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FIG. 2. Pb resonance fieM in PbTe at 10 MHz and
77 K as a function of carrier concentration. The refer-
ence field H„ is found by interpolation to zero carriers.
The datum at zero carriers is from the "compensated"
sample.

concentration is used to determine the reference
field H„, the field at which resonance would occur
in a sample with no free carriers. The Knight and
chemical shifts are then obtained as follows:

' Knight shift: (H„- H, )/H. ,

chemical shift: (H, —H„)/H„, (2)

The variation of the 10-MHz resonance field of
Pb20~ in PbTe with carrier concentration and tem-
perature is shown in Fig. 1. The temperature
range covered by these data is 5-300 K. The pre-
viously reported data of Weinberg and Callaway'
lie approximately on the curve corresponding to
a P-type sample with a carrier concentration of
V. 1~10~ cm, in spite of their claim that the car-
rier concentration of their sample was 1.5x10"
cm . Since Weinberg and Callaway heated their
sample to temperatures as high as 450 K in making
their measurements, it is highly probable that they

where H, is the resonance field in the actual sam-
ple, and H~ is the resonance field at the same fre-
quency for the bare nucleus. Equations (1) and (2)
incorporate the generally used (and often confusing)
sign conventions for these shifts. A positive Knight
shift is paramagnetic, requiring an external field
H, smaller than H„ to produce resonance at fixed
frequency. A positive chemical shift, however,
is diamagnetic, requiring an external field H„
larger than H to produce resonance in a carrier-
free sample at constant frequency.

B. %MR in PbTe

~ II,250

I l, 220

C3

U

I l, 2l0— Interpolated reference field

~ Compensated sample ( BSC-b)

I

0 50
I I I I

IOO l50 200 250 500
Temperature (K)

FIG. 3. Temperature dependence of the I'b2 ~ refer-
ence field in PbTe at 10 MHz. The reference field at
5 K corresponds to a paramagnetic chemical shift of
1.99% relative to the bare Pb2 nucleus

annealed their sample to a lower carrier concen-
tration during their experiment.

The first step in extracting the Knight shift from
the data of Fig. 1 is to determine the temperature
dependence of the reference field H„. Figure 2,
which shows the carrier concentration dependence
of the Pb ~ resonance field at VV K, illustrates
how H„can be found by simple graphical interpo-
lation. Plots of this kind were made at a set of
temperatures, the resulting reference fields to-
gether with the data from the "compensated" sam-
ple being shown in Fig. 3. The agreement between
the compensated sample and the interpolated refer-
ence field is within 1 G at all temperatures. It is
this fact which is the basis of our claim of damage
compensation in this sample.

The chemical shift at any temperature [Eq. (2)]
can be determined from Fig. 3 using the value of
the nuclear moment of Pb from atomic-beam
experiments. 4'2' For the moment p, (Pb2~)
= 0. 52V 235@,„, the 10-MHz resonance field H~ is
11460 G. Thus the Pb ~ reference field in PbTe
corresponds to a paramagnetic chemical shift
which increases from a magnitude of 1.99% at 6 K
to 2. 16% at 300 K. This is a very large chemical
shift compared to shifts observed for other nuclei,
but it is about the same magnitude as the shifts
seen in other lead compounds. The 10-MHz reso-
nance field for Pb in lead nitrate, for example,
is 1126V G, corresponding to a paramagnetic shift
of 1.68/0. These Pb307 chemical shifts are nearly
an order of magnitude larger than the chemical
shifts in mercury compounds, which were until
recently considered to have the largest known
chemical shifts. It is likely that relativistic
contributions to the 73,n Vleck orbital paramag-
netism play a role here. The spin-orbit mixing
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Indeed, the low-concentration data in Fig. 4 are
accurately linear, extrapolating from either n type
or p type to a reference field of 11231G.

We should note in passing that a theory based
on parabolic bands would predict g behavior for
the Knight shift at all carrier concentrations.
Thus, the departures from g 3 behavior observed
in PbTe can be used to provide valuable informa-
tion on the nonparabolicity of the band structures.

As the temperature is increased above 5 K, the
Pb Knight shifts in both n- and P-type material
decrease, gradually below 100 K, more rapidly
above (refer to Fig. 1). Some of this temperature
dependence can be explained entirely on the basis
of the change from degenerate to nondegenerate
statistics and the concommitant motion of the
Fermi level out of the band. However, we shall
show that there is an additional temperature de-
pendence which cannot be accounted for in this
way.

C. NMR in Pb, .„Sn„Te
Flo. 4. Carrier concentration dependence of the Pb ~

Knight shift in PbTe at 5 K and PQ„Pn„Te at 77 K plot-
ted as a function of ~ . The solid curves and the dashed
extensions are calculated from the theory.

permits matrix elements of the orbital angular
momentum operator between levels which would
not contribute significantly to the paramagnetism
of the valence band in the absence of spin-orbit
mixing. Thus, as the atomic number and spin-
orbit mixing increase, corresponding increases
in the paramagnetic chemical shift occur.

The Knight shift is obtained from the data of
Fig. 1 by combining it with the reference field data
of Fig. 3 and using Eg. (1). For example, the
Knight shift at 5 K in n-type material is positive,
and has a magnitude of 0. 2%%uq at 1.5x10is cm
while the Knight shift in p-type material is nega-
tive, having a magnitude of 0. 85% at 9. 9x10"cm '.
The signs of these Knight shifts indicate immediate-
ly the positive sign of the conduction-band g factor
and the negative sign of the valence-band g factor. "
Furthermore, these Knight shift magnitudes are
extremely large for a semiconductor, being nearly
as large as metallic Knight shifts. While part of
this abnormally large Knight shift can be ascribed
to the g factors of the carriers, we shall see that
large hyperfine couplings are present as well.

The variation of Pb Knight shift with carrier
concentration at 5 K is shown in Fig. 4 along with
corresponding data on the alloys taken at 77 K
(see below). The n'~s abscissa is chosen for this
plot (n is carrier concentration) because the theory
of the Knight shift in semiconductors predicts a
linear variation with n' in the limit of low tem-
peratures and low carrier concentrations. 4'
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FIG, 5. Carrier concentration dependence of the Sn
Knight shift in Pb& Pn„Te.at 77 K and 10 MHz, plotted
as a function of g

The carrier concentration dependence of the
Pb Knight shift in Pb, „Sn„Te at 77 K is shown
in Fig. 4 plotted as a function of composition as-
suming a constant reference field of 11226 G at
77 K. All of the samples are P type except for
the one ~-type x = 0. 17 sample shown. Correspond-
ing data for the Sn" Knight shifts are shown in
Fig. 5, and are plotted assuming that the refer-
ence fieM is 6308 G at 77 K. The reason for
these choices of reference field are discussed
below.

In the alloys, it is not possible to make n-type
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material in compositions with x &0. 25, and it be-
comes increasingly difficult to make low-carrier-
concentration P-type material as the tin fraction
increases. Therefore, a direct measurement of
the reference fieM is not possible for most of the
alloy compositions. Instead, one must rely on
measurements of the reference field for x &0. 25.
The single n-type sample with x = 0. 1V provides
an important indication that the reference field is
independent of composition. The n-type x = 0. 17
sample has a carrier concentration of 3.4@10
cm, The Pb x'esonance ln this saIQple occux's
at 11221 6, almost exactly where the resonance
in a PbTe sample of this carrier concentration
would occur at VV K. Therefore, the Pb refer-
ence field at x = 0. 17 is within about 1 G (the ex-
perimental precision) of the reference field in

PbTe. This is a reasonable result if one recalls
that tin and lead have identical electronegativities
(1.8 on Pauling's scale), and that there is a strong
correlation between electronegativity and chemical
shift. Qn the basis of this result and these argu-
ments, we have assumed that the Pb 07 reference
field is independent of x for all alloy compositions,
an assumption which is likely to be no more than
a few gauss in error over the entire range of com-
positions studied.

The Sn"9 reference field in the alloys (8308 G)
is determined in a similar way. The Sn ' reso-
nance in the n-type x= 0. 1V sample occurs at
6306. 2 G. By noting the difference in magnitude
between the Pb' and Sn" Knight shifts in Figs.
4 and 5 (by comparing, for example, the relative
change in resonance fields for the same change in
carrier concentration), and by noting that the Pb~~

Knight shift is estimated at 5 0 for this sample,
the Sn Knight shift is estimated at 1.8 G. Qn
this basis, the reference field of 6308 0 is found,
and presumed constant for all alloys, an assump-
tion which should be vahd to within a few gauss
over the entire composition range.

The most remarkable feature illustrated in
Figs. 4 and 5 ls that the Knight shift goes through
a maximum as a function of carrier concentration,
an unexpected variation that is unique to Pb„Snz „Te.
We now understand the origin of this maximum in
the context of k ~ p theory. It a,rises from the far-
band and free-electron, contributions to the k p
energies and eigenfunctions, producing a Knight
shift term opposite in sign to the principal two-
band contribution. At high caxrier concentrations,
the far-band terms dominate, accounting for the
maximum.

Another interesting feature of the data is the
general variation of the Knight shift with composi-
tion. Naively, one might expect the Knight shift to
get larger as the composition changes fxom pure
pbTe towards the narrower-band-gap materials (x
= 0.4 is expected to have zero gap at about 80 K),
because the g factors should get very large when the

gap is small. Instead, there is a monotonic de-
crease in Knight shift with increasing tin fraction.
This effect is ascribed to an explicit dependenceof
the hyperfine coupling constants on composition, as
discussed in more detail later.

Figure 6 shows the Pb Knight shift in six alloy
samples as functions of temperature in the vicinity
of the band crossings expected for the various com-
positions. The temperatures at which x= 0.35, 0.40,
and 0. 50 are expected to have band crossings are
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FIG. 6. Temperature depen-
dence of the Pb207 Knight shift in
six alloy samples in the vicinity
of their respective band inver-
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cm . The observed structure
cannot be explained on the basis
of Landau levels.
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25, 80, and 180 K respectively. There is apparent
structure, although poorly resolved, in the temper-
ature dependence in each sample within a tempera-
ture region about the band crossing. As with PbTe,
the general decrease of the Knight shift with increas-
ing temperature is easily understood, but the struc-
ture in the curves remains unexplained at the pres-
ent time, even using a model which explicitlytakes
account of Landau levels.

D. NMR Linewidths

It was observed that the NMR linewidths depend
in a regular way on temperature, composition, and
carrier concentration. Generally, linewidths in-
crease with increasing carrier concentration and

increasing tin fraction, and decrease with increas-
ing temperature. In PbTe, the Pb~~ linewidth at
5 K increased from 2. 5 6 at low carrier concentra-
tions to 6 6 at 10"cm, the corresponding range
at 300 K being 2. 5-4 G. In the alloys, the Pb~o~

linewidths were broader than inpure PbTe, the range
at 77 K being from 8 to about 40 6, a typical figure
being 20 G. The typical linewidth for Su~~9 reso-
nances was 10 G.

IV. THEORY

There are two kinds of information one can hope
to learn from the NMR experiments reported above.
With the reasonable assumption that for constant
x the variation of hyperfine couplings with carrier
concentration can be accurately modeled in terms
of k ~ p admixtures of valence- and conduction-band
wave functions, one can extract from the variation
of the Knight shift with carrier concentration quan-
titative information about the structure ot' the va-
lence and conduction bands. On the other hand,
once a band model is developed consistent both
with the observed variation of the Knight shift with
carrier concentration and with other available data
on effective masses and g factors, then the over-
all magnitude of the Knight shift and its variation
with composition provide measurements of the
strength and composition dependence of the hyper-
fine couplings themselves.

An important premise in our use of the k ~ p
approach to a band model is the presumption that
the Pb& „Sn„Te alloys can be considered as a single
system, with the matrix elements of momentum
not being strong functions of composition. Accord-
ingly, one might hope to be able to combine ex-
perimental data from different compositions and
'obtain a single self-consistent set of matrix ele-
ments for this system. We will show that this expecta-
tion is realized to a great extent in these materials.

A. Band Model

The band model used as a basis for the analysis
of the NMR data is reported in complete detail in

the accompanying paper. Briefly, the model is
a six-band k p model, in which couplings between
the valence band and far bands and between the con-
duction band and far bands are treated in perturba-
tion theory, while the direct couplings between the
conduction and valence bands are treated exactly.
The discussion to foiiow will dealwith the hyperfine
couplings, the one subject not treated extensively
in the theory paper.

B. Hyperfine Interactions

In order to calculate the effect of a hyperfine
coupling between a nucleus and a carrier on the
nuclear resonance frequency, one must evaluate
for each occupied carrier state the diagonal ma-
trix element of an effective field operator derived
from the hyperfine Hamiltonian. Using the nota-
tion of the accompanying paper, we write a one-
electron state in the form

yllykzyll (P) Q C II ~ Spell~
~ (P) y r

(P) (3)
ms ge

where 4 .„.is a linear combination of the four
band-edge Bloch functions (spin up and spin down
for both Ls and L~), and C(r) is a harmonic-oscil-
lator amplitude function characteristic of Landau
levels. The quantum numbers are defined as fol-
lows: m is a band index (Ls or Lz), o is a spin in-
dex, 4~ is the wave vector in the direction of the
magnetic field (the field is chosen to lie in the x- z
plane, with z along (111)), k„ is the wave vector in
the y direction, and g is the Landau level index. The
specific linear combination of Bloch states in
C~. .. depends on the orientation of the external
field, and the order of the Hermite polynomial ap-
pearing in C(r) depends on the five quantum num-
bers n, m, 0', rn', and o ~.

There are several kinds of hyperfine interactions
between a carrier and a nucleus which can give rise
to a Knight shift. In roughly decreasing order of
importance, these are, (i) the contact interaction,
(ii) the orbital hyperfine interaction, (iii) core po-
larization, and (iv) the spin-dipole and spin-other-
orbit hyperfine interactions. The contact hyperfine
interaction is nonzero for s states. For non-s states
the leading term is the orbital hyperf inc interaction,
particularly in the lead salts where the large-spin-
orbit couplings gives rise to substantial unquench-
ing of the local orbital moment. There is also a
spatially distributed orbital moment associated with
the orbital quantization into Landau levels. Yafet~~

has shown, however, that this distributed moment
is very weakly coupled to any single nuclear mo-
ment, and thus produces a negligibly small contri-
bution to the Knight shift. We shall be concerned
only with the leading interactions, (i) and (ii) above.

For either of the hyperfine interactions, one can
write down an effective-field operator. If the
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oscillator amplitude C(r) is reasonably constant
over the dimensions of a unit cell, then the diag-
onal matrix element of such an operator Q between
states 4"'„~' & can be represented approximately
as

C (r;)C(r, ), (4)
lattice

where the integral over a unit cell has been fac-
tored out, leaving what amounts to a sampled
normalization integral for C(r). In our case, the
variation in amplitude of C(r) occurs on a scale
much larger than a unit cell. Therefore, it is
reasonable to focus attention on the cell-periodic
part of the matrix element (4 I Qi 4 ) which
is in turn linearly related to the matrix elements
of Q between the band-edge Bloch states. In the
paragraphs to follow we shall examine in detail
the symmetry of band-edge states and the param-
etrization of the corresponding matrix elements
of the hyperfine operators.

We will adopt the notation of Mitchell and Wallis
(MW) in describing the symmetry of the Bloch
states. The L-point valence-band states of lead
telluride denoted by I.6 are written as

I6 n = —i cos8'R0 —sin8'8, 4,
(5)

LBP=i cos8'Rk+ sin8'S 0,
where the spatial function 8 and S transform about
the metal nucleus like atomic s states and d states,
respectively, and where cos8' and sin8' describe
the spin-orbit mixing of these wave functions.
The spin labels 0, 4 refer to a basis set diagonal
in s, for z along (ill). Notice that the wave func-
tions are not pure spin states. Band calculations
indicate that this Le level is strongly dominated
by the B component. As will be discussed in
Sec. V A, the identification of the I 6 level as the
valence band of PbTe is strongly supported by the
Knight shift experiments.

The L-point L6 states in the MW notation are

L6 n = cos 8 Z0 —sin8 X,4,
(6)

L~P= cos8 Zk+ sin8 X 0,
where Z and X, represent spatial wave functions
which transform like atomic p states about the met-
al nucleus. The spin-orbit mixing (described by
cos 8 and sin8 ) is responsible for the fact that the
states are not pure spin states and, as shown be-
low, also serves to unquench the orbital angular
momentum of the Ls states.

As shown in the accompanying theory paper,
the effective-field operator for the contact inter-

and

, cos—8'(R
I
5(r) I R) g

(8)

(I an
I
s„5(r)

I
I 8 p&= ——cos 8'(R

I
5(r)

I
R) 0,

where Q is the unit-cell volume chosen for nor-
malization. The equality (in magnitude) of the
s„and s, matrix elements reflects the spatial
isotropy of the contact interaction. Therefore,
the magnitude of the contact interaction part of
the L6 hyperfine interaction can be accurately
represented with a scalar defined as

A, =
~ icos 8'(R I5(r) IR) Q . (9)

We shall assume that the entire hyperfine inter-
action of the L6 level can be represented by this
contact interaction matrix element. In doing so,
we are neglecting an orbital contribution from
the d-likepart of the L6 state and we are neglect-
ing core polarization and other Knight shift con-
tributions. The neglect of the orbital term is
fully justified by the fact that only 5% of the L6
wave function is non-s-like, and that these higher
angular momentum states normally are coupled
less strongly to the nucleus than are s states. The
core polarization could constitute a modest frac-
tion of the total Knight shift, ' but since core
polarization involves contact interaction couplings
to core s states, the presence of a core polariza-
tion component cannot be distinguished from the
direct contact interaction with the L6 level. Thus
the parameter A, can be used to represent para-
metrically both the direct and core polarization
contact interactions.

For the L6 levels [Eq. (6)] which transform like
p states about the pb (or Sn) nucleus, the contact
interaction is zero. The matrix elements of the
orbital interaction are

action and orbital contributions to the Knight shift
is proportional to the diagonal matrix elements of
the following operator:

Q= ~ ass 5(r)+l s/r

where s~ and l~ are the components of electron
spin and orbital angular momentum in the direc-
tion of the applied field, and r is the electron co-
ordinate measured from the nuclear position. In
the coordinate system of a single L-point valley
with z along (111), it is necessary to know the
matrix elements of both the x and z components
of s 5(r) and I/rs in order to calculate the projec-
tions along an arbitrary field direction.

For the L~ levels of Eq. (5), in which the R
term represents 95/q of the total wave function '
the contact interaction dominates the Knight shift.
The matrix elements of interest are

(L6~ I
"5(r) ILl~&=-(e

I Ill&
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=sin'8 (X. i
1/~'iX. )n,

(L, n
)
f„/r'

)
I,,p) = W2 sin 8 cos 8 (X, J

1/r' [X,) fl,
where the transformation properties of the Z and

X, components of the J6 states have been used to
reduce the matrix elements to simplest form. In
the limit of strong spin-orbit coupling (cos8 =1/
&3), the orbital interaction of Ls would be spatially
isotroyic, just as the contact interaction was for
L,6. Band calculations, '~'7 however, estimate the
magnitude of cosa" to be near the selected value
of 0.87, an intermediate coupling case. Faced
with extremely sparse data on e-type material,
and that primarily at relatively low carrier con-
centrations, it was decided to model the I 6 orbital
interaction as isotropic, recognizing that this will
restrict our ability to relate the single orbital hy-
perfine constant obtained from experiment to the
matrix element (X, I 1/r3 IX,). The parameter cor-
responding to A, for the orbital case is denoted by

It can be approximated by the orientational
average of (Isn If, /r I Len) and (Lqa I f„/r I LBP);
that is,

A, ™(-,'sin'8 + 3 &2sin8 cos8 }(X,~ 1/r'~x, )A.
(11)

It should be noted that the principal role played by
the Ie interaction in p-type material is that of a
small correction to the total Knight shift, Thus
apyroximations to the I.e coupling are far more
permissible than for the L,6 coupling. If a source
of experimental data develops from which the
anisotropy of the 1.6 hyperfine coupling could be
determined, an anisotropic orbital interaction
couM be included in the theory.

Throughout the above discussion, it has been
implicitly assumed that replacing R Pb atom with a
Sn atom makes only a small perturbation on the
bRQd structure the prlnclpRl effect being R shift ln
the one-electron I.6 energy. %hen dealing with
hyperfine interactions, however, which are domi-
nated by extremely local features of the wave func-
tion, it is necessary to distingui. sh between cou-
plings to Pb~o~ nuclei and to Sn"9 nuclei. Accord-
ingly, we shall define experimentally a pair of hy-
yerfine constants A, and Ao for each nuclear spe-
cies, denoting them with superscripts Pb and Sn,
and examine carefuQy whether the variation in A,
and Ao between Pb site and Sn sites and their de-
pendence on composition can be interpreted in a
way consistent with this energy-band picture of the
alloy system.

v. INTERPRETATION

A. I.ow-Temperature Band Structure

In this section we shall present the results of a
fit of the Pbao~ Knight shift data, the SD'~9 Knight

shift data, and other available data on energy gaps,
effective masses, and g factors with the param-
etrized k.y theory described earlier. The result
of this fitting procedure is a set of k.p parameters
and hyperfine coupling constants which adequately
account, in a self-consistent way, for all data in
the temperature region below about 100 K, except-
ing only the Knight shift anomalies observed in the
band inversion region (see Sec. VD below).

l. Energy Gap Variation

Data on the variation of the principal energy gap
EG were compiled from the literature. 9'3~ 43 The
results of this survey can be summarized as fol-
lows: At constant temperature, the data are well
represented by Smith's formula based on deforma-
tion potentials:

iE,(x, r}j= iE,(0, Z'}-0.548m+0. 02m'i ev, (12)

where Eo(0, T} represents the temperature depen-
dence of the PbTe energy gap. This gay, based on
the available data in PbTe and in the homologous
materials PbS and PbSe, is effectively constant
uy to a temperature of about 50 K, beyond which
the gap increases with a temperature coefficient of
4. 85x10 eV/K. The value of Eo(0, 0) is 0. 187
eV. In the analysis described below the energy
gRp RpproprlRte to eRch composition Rnd tempera-
ture was obtained from the relations above, Rnd

used in all calculations.

2. Determination of k '
p Purameters

It is assumed at the outset that for each composi-
tion x, the band structure can be represented in
terms of nine R p parameters: the principal gap
E&, the direct momentum matrix elements v, and
v„and six terms of the form I ~I, I /Ez„where
v» is a matrix element to a far band and &» is the
corresponding energy gap (see Fig. 1 of Ref. 8).
The specific methods used to calculate each ex-
perimental quantity in terms of these k p param-
eters have been described elsewhere.

The determination of the k p parameters from
the data yroceeded in several iterative steps.
First, low-temperature data on band edge masses
and g factors were compiled for PbTe. The data
gleaned from the literature imposed a preliminary
set of constraints on possible self-consistent sets
of values of the various k «p parameters. Next,
the vaxiation of the PbTe Knight shift with carrier
concentration was analyzed, using two additional
parameters A, "and Ao" to characterize the band-
edge +8 RDd Lg hyperflDe constRnts. This cRlculR-
tion explicitly included the admixture of L 6 and Le
wave functions in states away from the band edge.
The result of this analysis was a much ti, hter set
of constraints on possible values of the k p param-
eters as well as experimentally determined values
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for the hyperfine parameters. Finally, as a
check, calculations were made for the effective
masses and g factors away from the band edge,
as obtained in Shubnikov-de Haas and other mag-
neto-oscillatory experiments. It was found that
calculated values using the R p parameters based
only on band-edge masses, g factors, and the
Knight shift agreed with other data to within ex-
perimental error.

In the calculations of the Knight shift described
above, it was necessary to ascribe opposite alge-
braic signs to the two principal momentum matrix
elements v, and v, . Confirmation of the necessity
of this assignment of relative signs is obtained
from our analysis of the NMR linewidth (see Sec.
V AS below). In terms of the spin-orbit mixing
parameters cos8' and sin8', this means that cos8',
sin6', and cos8 can be chosen as positive, but that
sin8 must be taken as negative, in direct disagree-
ment with the theoretical result of Bernick and
Kleinman.

Once the low-temperature parameters for PbTe
were determined, analysis of the remaining data
was made with minimal perturbations of the PbTe
results. Considering first the low-temperature
data on the alloys, the experimentally observed
variation of Ec, with x and 7 was used together
with available data on masses and g factors to de-
termine what variation, if any, was needed in the
k p parameters to account for observed results.
The position of the maximum in the Knight shift
versus carrier concentration was particularly use-
ful here in establishing the relative sizes of far-
band and two-band k p parameters. It was found
that by including the explicit variation of the prin-
cipal gap, almost no other variation in any of the
k p parameters was required to obtain satisfactory
agreement with published data on effective masses
and g factors. It must be noted, however, that the
data on these quantities is limited to compositions
with x & 0.3. At the same time, it was found that
the only satisfactory way to account for the ob-
served variation of the Knight shift with carrier
concentration at each composition measured was
to ascribe an explicit compositioq dependence to
the hyperfine couplings. This result, that the hy-
perfine couplings are more sensitive to compo-
sitional changes than are the momentum matrix
elements, is one of the surprising outcomes of
this analysis.

The temperature dependence of the PbTe Knight

shift was calculated at each carrier concentration
using the k y parameters obtainedfor the low-tem-
perature band structure, butusing energy gap and

the Fermi factor appropriate tothe elevated temper-
ature. For temperatures less than about 100 K, this
method was totally satisfactory in accounting for
the observed variation of Knight shifts (excepting

the anomalies observed near the band crossings
in the alloys). Above 100 K, however, where the
PbTe data show a marked decrease in Knight shift
with increasing temperature, it was necessary to
ascribe an "effective temperature dependence" to
the principal momentum matrix elements, a
"forced fit" to experiment not to be generaQy rec-
ommended.

Table II contains our final set of k p parameters
and hyperfine constants, displayed as functions of
composition. The complete data base used to
develop these parameters together with corre-
sponding calculated quantities is shown in Table
III. Finally, the calculated variation of the Pb
and Sn Knight shifts with carrier concentration
are shown as the solid curves in Figs. 4 and 5.
Perusual of Table III and the figures show that the
agreement between theory and experiment is ex-
cellent and in all but a few cases, within stated ex-
perimental error. Thus the parameters of Table
II, at least in an empirical sense, account very
well for all observed features of the low-tempera-
ture band structure of these systems.

We should note that the "minimum perturbation"
of the PbTe parameters adopted to carry out the
fit to the alloy data necessitated no change whatso-
ever in the principal matrix elements of momentum
v& and v, . Furthermore, the modest variations in
the far-band parameters shown in the table are
entirely consistent with the possible variations of
far-band energy gaps with composition. Thus in a
very real sense, the parameters in Table II con-
stitute nearly a single set of parameters which
characterize the alloy system over the entire com-
position range examined.

The precision with which the parameters in
Table II are known can be described as follows:
Each experimental datum, whether Knight shift
measurement or a measurement of a feature of
the energy bands, provides one constraint on the
possible values of a subset of the k p parameters.
When all the data are taken together, the intersec-
tion of all the individual constraints place rather
tight restrictions on the relative magnitudes of the
parameters. However, the set of parameters in
Table II is certainly not unique. Many such inter-
nally self-consistent sets may be obtained by vary-
ing the two-band matrix elements by as much as
10%, provided one makes corresponding adjust-
ments (up to 20%) in the far-band parameters. It
must be emphasized, however, that the relations
between the parameters within any set are much
more tightly constrained than this 10% figure. The
hyperfine constraints, which are derived princi-
pally from the slope of the Knight shift versus
carrier concentration at low carrier concentra-
tion, could vary by as much as 25% in response to
a 10% variation in the two-band matrix elements,
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this 25% figure being our estimate of the experi-
mental uncertainty with which these quantities can
be said to be determined from this experiment.

Within the error limits stated above, the ne-
glect of the departure of the Hall-scattering factor
fromunity(Sec. IIA)isbelieved to be fully justified.
Allgaier 0 has determined the scattering factor in
P-type PbTe by comparing low-field and high-
field Hall coefficients, observing that for carrier
concentrations below 10 cm, the scattering
factor is 0.9 or larger. Values as lom as 0.7 and
0.6 Rx'e observed Rt carrier concentrRtlons above
3&&10 cm ~, ~ 5' a region in which the validity of
f p model itself is questionable. For the region
below 3X10' cm in mhich me actually use the
k 'p model~ the scattering factor can be ignored.
Furthermore, the effect of neglecting the scatter-
ing factor is to make the nominal carrier concen-
tration a slight overestimate beyond 3& 10 cm
In Figs. 4 and 5, we have extended the R p calcu-
lations of the Knight shift into this region (dashed
curves). If the data for the higher carrier con-
centrations mere to be replotted with corrected
rather than nominal carrier concentrations, the
agreement between theory and experiment mould
actually improve.

3. I,inewidth Studies

While no systematic study of line shapes mas
made in this experimental program, several in-
teresting features of the variation of linemidth
with carrier type and concentration are worth
noting. It was observed that the Pb~ov linewidth in

PbTe at lom temperatures increased from about
2. 5 6 at low carrier concentrations to about 6 6
at 10 cm . Our R p model shows explicitly that
the nonellipsoidal energy surfaces produced by the
far-band matrix elements will give rise to an oxi-
entation dependence of the Knight shift. ~'3 In a
powder~ this orlentRtlon dependence sex'ves Rs R

mechanism for line broadening. The more distant
the Fermi level from the band edge, the more
important are the far-band terms in determining
the shape of the constant energy surface, with the
result that the Knight shift anisotropy and pomder
linemidth increase with incxeasing carrier con-
centration. Explicit calculations of the Knight
shift anisotropy for the choice of sin8" negative
indicate that a line width of about 3 6 should be
expected for a powder sample at 10 cm in P-
type lead telluride, increasing to about 5 6 at 10 9

cm 3 in good agreement mith the data. A choice
of sine" as positive mould result in calculated line-
midths tmiee too large, thus confirming the sign
assignment discussed in Sec. VA2 above.

Because the linemidth in PbTe is largely the re-
sult of inhomogeneous broadening (the minimum
linewidth observed was 2. 5 6), it is not at all
surprising that the decrease in Knight shift with
increasing temperature should be accompanied by
corresponding decrease in linewidth. While no
quantitative analysis was made above 50 K, the
trend in the data is in general agreement with our
expectation.

In the alloys, the linemidths mere much larger
than calculated estimates based on the Knight shift

TABLE G. Final k 'p parameters and hyperfine constants obtained from an iterative fit to available data. The nota-
tion used is that of Ref. 3 (We are using the values cos20 =0.956 and cos28 =0.755 for the spin-orbit mixing parameters).

Parameter

E&(eV)(x=77 K}

2

V

luq g l2/Eg

let, ,pl /E, g

2 l eg. 2 l 2/E, 2

leg, g l2/E
g

le), g
l2/8

g

2 l vg. 2 l 2/E„2

~pb x10-5

A~ob x10-'

gsnx]0 5
C

a~x].O-'
0

0.00
0.217

0.41

5.0

1.7
6.0

0.2

6.0

0.50

0.17
0.125

0.41

7.0

1.9
6.0

6. 0

0.31

Tin fraction

0.30
0.056

0.41

0.2

6.0

0.55

0.40
0.003

0.41

0.038

5. 0

0, 2

6. 0

0.70

0.28

G. 61

0.08

0.50
—.049

0.038

1.7
4. 0

0.2

0. 85

0.41

0. 038

1.7
4. 0

0.2

5. 0

0.63

0. 02

The negative energy gap indicates the SnTe-rich side of the band inversion.
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anisotropy, indicating that other mechanisms such
as comyositional inhomogeneities and distributions
of hyperfine couplings owing to local defects in the
alloys must be considered. No further study of
these issues was carried out.

B. Hyper6ne Constants

In the fitting procedure discussed in Sec. VA 3,
the hyyerfine constants emerge as experimentally
determined parameters in the following way: In
PbTe, where there is ample data on both n-type
and P-type material, the I'6 and I 6 hyperf inc con-
stants A.,"and Ao are obtained from the slopes of
the Knight shift versus n plots in the limit of n
approaching zero. In the alloys, the ratio of A.,
to Ao" was assumed to be the same as the ratio
found in PbTe, but. both constants were scaled as
required to fit the observed data. This assump-
tion of constancy in the ratio is not unreasonable,
because this ratio, among other things helps de-
termine the position of the maximum in the Knight
shift versus carrier concentration. Experimental-
ly, this maximum does not shift appreciably with

composition.
The Sn' hyyerfine constants were obtained by

using the set of R p parameters found from the
Pb 7 data. Since the maximum in the Sn Knight
shift versus carrier concentration occurs at a dif-
ferent carrier concentration than the Pb maxi-
mum it was necessary to increase the ratio of
A.,' to Ao' by a factor of 3.2 over the corresyond-
ing ratio for Pba . Once this was done, the over-
all values of A., and A,o' at each composition were
scaled as needed to yield agreement with the data.

The hyperfine constant obtained in this way can
be compared with estimates derived from optical
spectra. We will consider first the Pb hyyer-
fine constant in pure PbTe. The hyperfine con-
stant A, " in PbTe determined from the fit of the
experimental data is found to be

w", =3 v~y(o)~»n=1. 25xlo'. (13}

Using the unit cell volume 0=6.70~10" cm"3, we
obtain

~q(0) ~ap, =2. 2&&10"cm '.
For comparison we note that Schawlow et al.
have deduced from spectroscopic data, the value
of the hyperfine coupling constant for a Pbs, state
on the Pb' ion. The wave-function density at the
nucleus derived from their Pb' hyperfine constant
is

i $(0) g;& = 6. 0 X 10"cm ' .
To compare this value with the PbTe experimen-

tal value, one must take into account differences
in ionicity between Pb in PbTe and Pb'3. Bailey
has made two different estimates of ionicity, and

Ao =5.0&10 . (1V)

This value is only a factor of 2. 5 smaller than the
contact term. For the sake of comparison to
atomic calculations, we use Eq. (11}to derive a
value of (1/r ) from our experimental value of AP",

(X'i 1/~'iX') =1.5&&10" cm '. (16)

We have comp««(1/+) using the Herman-Skill-
man 6P state i.n atomic lead. The result ~s
(1/r ) = 10 6 cm ~, which is an order of magnitude
smaller than our experimental value. In these
estimates we have not attempted to account for

has then invoked the Goudsmit-Fermi-Segre
formula to calculate a correction factor to apply
to the Pb" value of I ((0) I'. The first estimate
was based on the APVf band calculations. "Bailey
integrated the charge density inside the Pb APW
sphere to find a net charge of + 1.7 inside thi. s
sphere (radius 3. lan). Using +1.V as the ionicity,
Bailey found that the Pb' ' wave-function density
shouM be smaller than the Pb'3 wave-function den-
sity by a factor of 2. 2. Applying this factor to Eg.
(15) yields 2. V &&10" cm for I ((0) I' to be com-
pared with the experimental PbTe value of 2. 2
&&10 cm '. It has been pointed out, however, that
the Herman-Skillman free atom has + 1.3 units of
charge inside the volume of the Pb APW sphere. '8'9
and that Bailey's method would therefore attribute
an ionicity of + 1.3 to the free Pb atom.

Bailey made another estimate of ionicity from
the static and optical dielectric constant using the
Szigeti relation. The resulting value was + 1.4.
The Goudsrnit-Fermi-Segre formula yields in
this case a correction factor of 2. 8 from Pb'3 to
Pb"'. Applying this factor to Eg. (15) yields

(16}

in very close agreement with the experimental PbTe
value. Thus the magnitude of the contact interac-
tion hyperfine constant for PbTe is consistent with
estimates based on atomic data.

ln the alloys we find a dramatic reduction (near-
ly a factor of 2) in the Pb contact interaction be-
tween pure PbTe and alloys with as little as 1V/0

SnTe. A value of the hyperfine constant (Ao =O.V2

X10') typical of the alloy samples corresponds to
a wave-function density of 1.3 x 10 6 cm"3. This
reduction of the wave-function density at the Pb
nucleus in the alloys is not yet understood.

We have found a surprisingly large value for the
orbital hyperfine constant Ao". For a free atom
Kopfermann6 has estimated that the strength of
the hyyerfine interaction for a P state ranges from
—,
' to $ of the contact interaction of the s state
from the same shell. In PbTe we have found an
experimental value for the orbital hyyerfine con-
stant:
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ionicity or to use relativistic wave functions. Both
of these considerations would increase the atomic
estimate of (1/r ) toward better agreement with

the experimental value.
We turn now to Sn. The experimental resolution

does not permit any judgement about the composi-
tion dependence of the Sn hyperfine constants.
Using a typical experimental value for the contact
interaction (A, = 0.V2X10') we obtain an estimate
for the Sn Ss wave-function density at the nucleus
in the alloys:

~
((0)g, &, = 1.3 && 10"cm '. (19)

This value hayyens to equal to the Pb 6s wave-
function density in the alloys. We have no other
experimental value on Sn for comparison. How-

ever, Knight estimated that the wave-function
densities for triply ionized Pb and Sn should be
approximately equal. Whether this equality should
be expected to hold for Pb and Sn in Pb~ Pn„Te is
a matter of speculation.

The Sn orbital hyperfine constant needed to fit
the Sn NMR data were scaled down by a factor of
3 relative to the corresponding Pb orbital hyper-
fine constants. This reduction is entirely consis-
tent with the notion that the orbital hyperfine con-
stant arises from spin-orbit unquenching of an
L6 level, since the local spin-orbit effects should
be smaller for Sn than for Pb. Any relativistic
enhancement of the expectation value of (1/r ) can
also be expected to be smaller locally for Sn than
for Pb. This difference between the behavior of
the Pb and Sn hyperfine constants for the band cor-
responding to the PbTe conduction band strongly
supports the identification of this band as 1.6.

C. Temperature Dependence in PbTe

An attempt was made to account for the tempera-
ture dependence of the Knight shift in PbTe by ex-
tending the low-temperature k.p band model to
higher temperatures. The principal effect of an
increase in temperature is the shift from degener-
ate to nondegenerate carrier statistics, i.e. , the
Fermi level moves out of the band. Explicit cal-
culations of the effect of Fermi level motion were
reported earlier, "using an algorithm for calcu-
lating the Knight shift similar to the approach
usually taken in metals. Landau quantization is
ignored, and the spin polarization of the carriers
in a magnetic fieM is accounted for with an ef-
fective g factor. This approach is very successful
as long as the temperature is not so low that de
Haas-van Alphen-type Knight shift oscillations
occur, and as long as the principal gap is much
greater than the Fermi energy, allowing the ad-
mixture of conduction-band wave function into the
valence band to be accounted for in an approximate
way. A calculation similar to that reported pre-
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FIG. 7. Temperature dependence of the Knight shift
for selected carrier concentrations in p-type PbTe. The
solid curves are calculated using the method of Ref. 15.

viously was made for the data in the present pa-
per. The results are summarized below.

If the k p parameters and band-edge hyperfine
constants of Table II are used along with the tem-
perature dependence of the principal gap given in
Sec. VA1, and if an effective g factor is used to
account in an approximate way for the spin polar-
ization, the predicted temperature dependence of
the Knight shift in p-type PbTe between 0 and 300 K
is shown in Fig. V. Note that the effect of the mo-
tion of the Fermi level, is as expected, a general
decrease in the magnitude of the Knight shift as a
function of temperature. The calculated curves
agree quite well with experiment for temperatures
below about 100 K. Above that temperature there
is a systematic failure of the theory in overesti-
mating the Knight shift. A similar error occurs in
attempting an extrapolation on the low-temperature
theory for n-type PbTe to temperatures above
about 100 K.

A secondary valence-band maximum ' ~ has
often been invoked in the literature to account for
otherwise unexplained features of transport data in
PbTe. We investigated whether Allgaier's postu-
late of such a second valence band could indeed ac-
count for the observed variation to no avail. Using
Allgaier's ' estimate of an effective mass of
1.2mo, and a temperature-dependent energy sepa-
ration between the principal valence band and the
I.6 band of 0. 14-2.2kT eV, and ascribing zero
Knight shift to carriers in the second band (see
below), new curves for the temperature dependence
of the Knight shift were calculated. These calcu-
lated curves failed to agree with experiment in a
different way: At low carrier concentrations the
second band had no effect, leaving the error of
Fig. 7 unchanged, while at high carrier concentra-
tions, the second band brought the calculated
curves mell below the experiment. Thus, a sec-
ond band cannot be used to account for the varia-
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tion of the Knight shift with carrier concentration
at the higher temperatures. We also note that the
second valence band calculations have no effect in
resolving the similar discrepancy between theory
and experiment in n-type PbTe.

The justification fox ascribing zero Knight shift
to carriers in the second band was as follows: The
8 character of any state in the zone is likely to be
much less than the 96%%uo s character of the states
at the L,, band edge. In addition, the effective g
factor in a heavy-mass band is likely to be consider-
ably less than the value of 24 for the I,, band edge.
Therefore, if there is R Knight shift from such
carriers, it must be substantially smaller per car-
rier than the Knight shift from the extremum
around L~. As a first approximation, we assumed
zero Knight shift per carriex'. Refinements of this
estimate are not justified by the failure of this ap-
proach at lom carrier concentrations. Thus, on
the basis of our data, me cannot support the exis-
tence of a secondary valence band maximum; nor
ean we find cause to deny its existence.

Recognizing that other features in the bandstruc-
ture besides the principal gay might be changing
with temperature, we investigated whether moder-
Rte chRnges ln the yxinciyRl momentum matrix ele-
ments with temperature might improve the agree-
ment between theory and experiment. While the
physical interpretation of such gd hog adjustments
of parameters is risky at best, it is useful toknow

,
whether the results at 300 K can be better described
using a band model with different masses and gfac-
tors. Surprisingly enough, by reducing I p, I

3 and

Iv& I' by as little as 25%, calculated curves of the
Knight shift versus carrier concentration fit the 800
K data fairly well, certainly better than the curves
calculated using a second valence band. Neverthe-
less, in the absence of clear experimental reasons
for adjusting these particular quantities (and not
others), caution must be exercised in viewing this
result. One note of caution has already appeared
in the literature. Alexander et gl. have reported
measurements of the Pb~o~ spin-lattice relaxation
time in PbTe. They find that the temperature de-
pendence of the relaxation time, when coupled with
the temperature dependence of the Knight shift in a
Korringa relation, is not consistent mith changing
the principal matrix elements in the fashion indi-
cated above. This result suggests that the wide-
spread practice of lumping the. temperature depen-
dence of transport data into a. temyerature-depen-
dent effective masses and energy gaps should like-
wise be treated with caution.

D. Temperature Dependence in the Band Inversion Region

The anomalous structure in the temperature de-
pendence of the Knight shifts in Pb~ „Sn„Te appear
on a background of a general decrease mith in-

creasing temperature similar to that observed in
PbTe. Two separate attempts mere made to ac-
count for the anomalous structure. First, it mas
noted that the width of the anomalous region was
roughly proportional to the temperature at which
the band inversion occurs. Indeed, assuming a
temperature dependence of 4. 8 meV/K for the
principal gay, the midth of the anomalous region
corresponds roughly to energy gaps within kT, of
zero, where T, is the inversion temperature for
the pax'tlculRx' coIQposltlon of interest, This fRct
suggested that the tail of the Fermi distribution
might, for very small gap and small carrier con-
centrations, produce a non-negligible pocket of
electrons in the conduction band. .Explicit calcu-
lations for a sample with 4. 5~10 8 carriers cm"3,
however, shomed that the Fermi level remains
sufficiently far from the band edge to make this ef-
fect totally negligible.

The second attempt involved relating the struc-
ture to anomalies in the density of states caused by
Landau levels moving through the Fermi surface.
Explicit calculations showed that even though the
Landau level splitting near the band edge gets
large when the gap goes to zero, the Fermi level
moves away from the band edge. Thus, the Landau
levels near the Fermi level move slowly relative
to the Fermi level as the gap goes through zero.
When. the width of the Fermi population factor is
included, no structure is observed in calculations
of Knight shift versus energy gap, even for carrier
concentrations as lom as 4 x10'8 cm 3.

At this point, me do not know the source of these
anomalies. Experiments specifically devoted to
clarifying this issue are currently in progress.

VI. DISCUSSION AND SUMMARY

The experiments repox ted hex e, and the ex-
tensive successful use of k p theory for their in-
terpretation have led us in a number of different
directions. First, a detailed k p band model mas
successfully employed to relate the results of
Knight shift IQeasurements to other published data
on the PbTe and Pb~ „SI1„Teband structures. In-
deed, given the diversity of the sources of experi-
mental data, and considering the complexity of the
theory for the magnetic energy levels, it would not
have been a surprise to find that no single set of
k p parameters mould suffice to represent all the
available data. That such a set could be found for
PbTe attests both to the soundness of the model
and to the quality of the experiments on which it is
based. Furthermore, the quantitative picture that
emerges from our analysis is that aside from a
variations in far-band couplings of a size entirely
consistent with expected variations in far-band en-
ergy gaps, the Pb, „Sn„Te alloys at least up to
@=0.6, form a single family of closely related



NUCLEAR-MAGNETIC-RESQNANCE STUDIES IN PbTe ~ . .
materials. Indeed, given that the electronegativi-
ties of Pb and Sn are identical, one would expect
contributions to electron energies based on bonding
overlap to be very similar in all the alloys. The
variation in principal energy gap can be understood
in terms of Dimmock, Melngailis, and Strauss's
original proposal, e that the energy of the L~ level
is most strongly dependent on relativistic contri-
butions (including spin-orbit energ'jj), and as Sn
replaces Pb, the effective relativistic energy de-
creases, raising the energy of the L~ level above
that of the I.s level.

Several unanswered questions x'emain. First,
the magnitudes of the orbital hyperfine constants
ax'e substantially larger than values estimated
from atomic data. Furthermore, because the
Knight shift in this semiconductox system can be
measured directly without having to estimate a
reference field, and because the theory involves a
small, well characterized region of k space, the
interpretation of the expeximental values for the
hyperfine constants obtained here can be more
critical than in the corresponding case of Knight
shifts in metals. Thus our inability to account
quantitatively for the size of the orbital hyperfine
constants with simple atomic estimates under-
scores the need for more detailed studies of the
hyperf inc coupbngs themselves. The observation

in the alloys that the hyperfine constants axe
composition dependent further underscores this
need,

In the area of temperature dependence, the low-
temperature band model cannot be satisfactorily
extrapolated to higher temperatures unless one is
willing to ascribe an explicit temperatux e depen-
dence to the k ' p couplings, a fitting procedure
with an unclear physical interpretation. More in-
teresting perhaps is the observation of unexplained
anomalies in the Knight shift near the proposed al-
loy band inversions. Even our rather. elaborate
k ~ p band model fails to account for this behavior.
There is clearly a need for more experimental and
theoretical studies of the behavior of these and re-
lated materials in the band inversion region.
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A new special point in. the Brillouin zone is introduced. It is defined as the point such that the value which

any given periodic function of wave vector assumes at this point is an excellent approximation to the

average value of the same function throughout the Brillouin zone. This special point is termed the

"mean-value point, "and is dictated by the crystal symmetry. The coordinates of the mean-value point for

cubic lattices are explicitly given.

Different kinds of special points in the Brillouin
zone have been introduced since the existence of
these zones was noticed in 1928. After the work
by Bouckaert et al. on the symmetry properties
of wave functions in crystals, the concept of high-

symmetry points in the zone gained large popularity
and is still one of the basic concepts in solid-state
physics. Later, when deep interest arose in the
thermodynamical and optical properties of solids,
the concept of phonon (or electron) density of states
became relevant and critical points were introduced
by Van Hove and studied in more detailby Phillips.

Often, one is not interested in studying the prop-
erties of a single quasiparticle which belongs to a
particular point of the Brillouin zone, but rather in
studying the properties of all the quasiparticles of
a certain kind which are present in the crystal in
order to obtain crystal properties. In these studies
one is usually faced with the problem of averaging
quasiparticle properties (i. e. , averaging over the
Brillouin zone). R is well known that carrying out

such averages is difficult and time consuming. It

is useful in this respect to introduce a nem special
point in the Brillouin zone: the mean-value point.
Qualitatively, it is defined as the point such that
the value which any given periodic function of wave

vector assumes at this point is an excellent ap-
proximation to the average value of the same func-
tion throughout the Brillouin zone. It mill be shown

that the symmetry properties of crystals provide a
way to uniquely define this point for any given
lattice. The coordinates of the mean-value point in
cubic lattices will be given together with two exam-
ples from semiconductor physics which will show

hom useful this nem point can be.
While studying crystal properties, one often en-

counters Brillouin-zone integxals such as

2 3—
I=', f(k)d k= f, (i)

where the integrand f(k) is a periodic function of
wave vector and ~ is the primitive cell volume. As
shown in (1), this integral can be expressed as the
Brillouin-zone volume times the average value of


