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A detailed study of the effects of force-constant changes on phonon frequencies and widths has been

made in dilute copper-gold alloys. In the calculation, a defect perturbation model which includes the

change in mass at the impurity site and the changes in the nearest-neighbor central and noncentral

force constants around the impurity, has been considered. Numerical calculations have been performed

for the three experimentally studied Cu-Au alloys (l, 3, and 9-at.% Au). The calculated frequency

shifts and the phonon widths compare well with the results of recently performed inelastic-neutron-scatter-
- ing experiments on dilute alloys, i.e., copper containing 1- and 3-at.% Au as impurities. In Cu-9.0-at. /o Au
where interference effects of two or more than two impurities are expected, the resonant frequency cal-

culated in low-concentration theory is found to be smaller than the experimentally measured frequency by
about 15%. The.effects of the lattice expansion caused by the impurity atoms on the phonon frequencies
has been accounted for in a manner which does not involve any arbitrary parameter, The observed discrep-

ancies in the high-frequency region suggest the need of a theory for the lattice expansion effect which prop-

erly takes into account the changes in the electron screening in alloys.

I. INTRODUCTION

A number of inelastic-coherent-neutron-scatter-
ing experiments~ 6 have been performed to study
the effects of a low concentration of impurities on
the phonons of a crystal. In these studies, two de-
fect systems, i.e. , Cr-% alloys and Cu-Au alloys,
have been widely investigated. The low-concentra-
tion theory of Elliott and Maradudin~ has been found
to be inadequate to explain the observed phonon
shifts and widths. The obsexved discrepancies be-
tween theory and experiment may arise either due
to interference effects between the clusters of the
impurities or due to a neglect of changes in the in-
teratomic forces around the impurity atoms, or
both. A number of calculations have been per, .

formed in the coherent-potential approximation for
a high concentration of isotopic impurities or 5-
function perturbations. However, the possibility
of a complete understanding of these discrepancies
on the basis of a high-concentration theory has been
ruled out by a number of experimental investiga-
tions3'6 performed on very dilute alloys. Thus the
necessity for the development of a theory which al-
so includes the changes in the host-impurity inter-
actions wRS envisaged.

In an earlier payer' (hereafter referred to as I),
the present authors have made a detailed study of
the effects of force-constant changes on the fre-
quencies and the widths of phonons in a chromium
crystal due to a low concentration of tungsten
atoms. An over-all good agreement with the ex-
periment was observed there except in some fre-
quency regions. It was shown that the effects due
to the change in the lattice parameter on alloying
should also be considered to understand these ex-
periments.

The other dilute alloys which have been widely
studied are the Cu-Au alloys. The additional ad-
vant;age with this system is that we have more ex-
perimental information about the mode-Gruneisen
parameters (defined in the text), i. e. , the experi-
mental values of elastic-constant Griineisen pax am-
eters are available while the same are unknown in
a chromium crystal. These Gruneisen parameters
for zero wave vector may be utilized to determine
the wave-vector dependence of the Gruneisen pa-
rameters away from zero wave vector, the latter
being required to discuss the lattice expansion effect.

The first measurements of phonon shifts and
widths in Cu-9. 3-at. % Au were carried out by
Svensson et ttl. ' along the (0, 0, $) symmetry direc-
tion for the transverse branch. Later on, Svens-
son and Brockhouse performed experiments on
Cu-8. 0-at. % Au for the (0, $, &)Tt branch [polari-
zation vectors parallel to (0, t, t')]. Recently,
more detailed studies have been made by Svensson
and Kamitkahara in Cu-Au alloys containing 1-,
3-, and 9-at. % gold atoms in the (0, 0, $)T,
(0, $, $)Tt, and (0, 0, $)1. polarization branches

In the present paper, we have investigated the
inelastic-neutron-scattering experiments per-
formed by Svensson Rnd Kamltkahara on Cu RlloyS
containing I-, 3-, and 9-at. /g gold atoms. A de-
fect-perturbation model including the changes in
the mass and nearest-neighbor central and noncen-
tral force constants has been used. The known
elastic-constant Gruneisen parameters have been
employed to determine the effect of lattice expan-
sion on the phonon frequencies. Recently Qruno
and Taylor have also calculated the phonon shifts
and widths in Cu-3. O-at. % Au. We have compared
their results with those of the present ones in Sec.
V.
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For the details of the one-phonon neutron-scat-
tering cross section and the configurationally aver-
aged phonon propagator in the low-concentration
limit, we refer to an earlier paper. '

For certain symmetry directions, i.e. , for wave
vectors lying along (0, 0, $), (0, t', $), and ($, $, $)
directions ($ =k/k ) in cubic crystals, there is
no mixing of phonon-polarization branches labeled
below by s. The shifts hw in phonon frequencies
in these directions are approximately given by

Hez( s)
(d —(df ~

= n Q7 =
(o+ (of,s

aeg(k, s)
2(oR s

in the first approximation.
The phonon full widths S (at half-maximum) are

determined by

2ImZ(k, s)
47+ COf, ,~

ImZ(k, s)
f, s

(2)

in the first approximation.
Here ~f, , and w are the phonon frequencies in the

perfect and the imperfect crystals, respectively.
Z(k, s) is the self-energy of phonons for the perfect
crystal eigenstate I k, s) and is given by

Z(k, s) = (k, s i
Z i k, s) . (3)

The first-order self-energy [see Eq. (21) of I] in
the Elliott-Taylor approximation can be expressed
as"

Z, = ct [I —cg(s)t]-'

= cp((u') [I+(1 —c)g(z)p((o')] ', (4)

A very brief account of the low-concentration
theory is given in Sec. II. The lattice dynamics
for the pure copper and the calculations of Green's
functions are discussed in Sec. IIIA. The shifts in
phonon frequencies and widths due to force-con-
stant changes are calculated in Sec. IIIB. The lat-
tice-expansion effect due to the presence of gold
impurities on the phonon frequencies is discussed
in Sec. IIIC. The calculated shifts and widths for
each alloy are compared with the inelastic-coher-
ent-neutron-scattering results in Sec. IV. A com-
parison with Bruno and Taylor's ~ results for
Cu-3. 0 at. % Au is made in Sec. V. The observed
discrepancies between theory and experiment are
discussed in Sec. VI where the necessity of a the-
ory accounting for the lattice-expansion effects in
a proper manner is emphasized.

II. THEORY

where the t matrix for a single impurity is defined
by

t(s) = p(~')[ I+g(s)p(~')] '
~ (5)

Here z is the squared complex frequency ~~+ 2i(dg
in the limit g 0'; c is the fractional concentration
of impurities. g(g) is the Green's-function matrix
for the perfect lattice lying in the impurity space
of a single defect and is defined by

where I is the unit matrix and Lo is the mass-re-
duced dynamical matrix for the perfect lattice.
The perturbation matrix p(rum) is the perturbed part
in the dynamical matrix for a crystal containing a
single defect which can be written as

L= Lz+p(v ) .
For the lowest order in impurity concentration,

the self-energy turns out to be

(8)

In order to make the calculation of the t matrix
tractable, one exploits the symmetry of the pertur-
bation of the defect. This reduces the problem of
calculating the t matrix in various pertinent irre-
ducible representations. Again, for details we re-
fer to an earlier paper. '4

III. CALCULATIONS AND RESULTS

The metal copper and its alloys with gold crys-
tallize in fcc structures. If we assume a perturba-
tion around an impurity in which we con8ider a
change in mass at the defect site and the changes
in the first-neighbor central and the noncentral
force constants of de Launay type, the matrix
p(&aa) is of dimension 39x 39. The point-group
symmetry is O„and the irreducible representations
F», Fp„, F~, F@, Eg, E„, A,a„, A&g, and A.2~ are
seen to occur. The t matrix in these irreducible
representations for a diatomic fcc lattce has been
obtained earlier by one of the authors. '4 For a
monatomic fcc lattice, the pertinent expressions
can readily be obtained.

A. Lattice Dynamics and Green's Functions

Copper is a transition metal with one atom per
unit cell. A six-neighbor force-constant model has
been used by Svensson et pl. ~6 to understand the
dispersion curves measured by neutron-scattering
experiments. The electron-gas contribution is not
considered in this type of calculation. In the pres-
ent calculation we have employed Kreb's model"
for the determination of eigenfrequencies and the
eigenvectors in copper. In this model, one takes
into account the first- and second-neighbor ion-ion
interactions of central type and also the effect of
electrons on the motions of ions via the screened
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FIG. 1. Dispersion
curves for copper.
, and && denote the ex-
perimental data of Svens-
son et al. (Ref. 16) for
the longitudinal and the
first and second trans-
verse branches, respec-
tively.
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Coulombic interaction. The employed values of the
elastic constants at room temperature (300 K) are
C»=16.839x10"dyn cm, C~&=12.142x10' dyn

cm, and C44=7. 539x10 ' dyncm . The lattice
parameter g used is 3.6147 A. The values of the
two parameters which appear in the calculation of
the electron contribution to the dynamical matrix
(i.e. , effective change Z and Bohm-Pines param-
eter p) are taken as I and 0. 353, respectively.
%bile performing calculations, we have also con-
sidered the wave-vector dependence of the screen-
ing parameter 0, given by Eq. (34) of L

The dynamical matrix for a face-centered-cubic
lattice was diagonalized to obtain the eigenfrequen-
cies and polarization vectors. The calculated pho-

non frequencies have been compared with the re-
sults of inelastic-neutron-scattering experiments
obtained by Svensson zt p/. in the symmetry di-
rections (0, 0, $), (0, $, $), ($, g, g), etc. in Fig. l.
Very good agreement with the experiment is ob-
served. After making several trials, it was found
that the use of 8000 points in the first Brillouin
zone gives reasonably good values for the phonon
density of states. This phonon density of states
has been plotted in Fig. 2.

The various Green's functions were calculated by
a method described in I. In order to perform the
integration, the whole frequency range was divided
into 60 bins and the histograms were obtained at
the center of each bin. A value of 0. 33 in units of
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FIG. 2. Density of states
for copper.
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FIG. 3. Cu-3. 0-at. jg-Au alloy: frequency shifts for
(0, $, $) T& branch (no volume effect); (——) mass defects
only; ( ) X=0.8x102~ sec 2 and g'=-0. 1x10 8 sec 2;

(-x-) y=0. 8x10'8 sec-' and g'=-0. 2x 10'~ sec-';
(-0-) y=0. 7x 1026 sec" and y'=-0. 1x 10 8 sec 2.

bin width for the increment in the frequency was
used in the integrations. This finite increment in
the frequency minimized the spurious fluctuations
appearing in the calculation of Green's functions.

8. Effects of Force-Constant Changes

%e have studied the effects of force-constant
changes on the frequencies and widths of phonons

by varying the central and the noncentral parts (A.

and X') independently, The calculations for the
three impurity concentrations, i.e. , 1-, 3-, and
9-at. /o-Au atoms have been performed by using
Egs. (1) and (3). As a representative case, the ef-
fects of force-constant changes on the frequency
shifts seen ln the case of a Cu-3-at. %-Au system
are demonstrated for the (0, g, f)T, and (0, 0, g)T
)ranches in Figs. 3 and 4. We find that the fre-
quency shifts in the (0, f, $)T, branch are, in gener-
pl, more sensitive to force-constant changes as
Compared to the shifts in the (0, 0, g)T branch. Fur-
ther, analogous to Cr-W alloys reported in I, the
qualitative effects of the changes in X and X' are
similar but greatly differ in magnitude. For ex-
ample, the frequency shifts in the (0, 0, $)T branch
are about four times more sensitive to A.

' in com-
parison to A, throughout the whole frequency range.
In the (0, (, $)T, branch, the shifts are seen to be

I l
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FIG. 4. Cu-3. 0-at. %-hu alloy: frequency shifts for
(0, 0, () T branch (no volume effect); (——) mass defects
only; (—) X=0.8x 10 sec" and g'= —0.1x10 sec
(—x —) A, =0.8x 102 sec and g'= —0.2 x 1026 sec
(-Q-) ~=0.7x 1026 sec 2 and g'=-0. 1x 1026 sec 2.

about nine times more sensitive to A.
' in comparison

to ) in a region prior to resonance, and four times
thereafter.

Regarding phonon widths, they are less affected
by force-constant changes in the (0, 0, t') direction
as compared to (0, $, t') direction. The maximum
phonon widths (full width at half-maximum) which
appear at the resonant frequencies, increase with
a decrease in A, and A. '.

As mentioned earlier, the first-order self-ener-
gy can be calculated by using either Eg. (4) or (8).
The differences in the results obtained by using
Egs. (4) and (8) are not very significant except in
the resonant frequency region, e.g. , fox' a Cu-3-
at. %-Au alloy the over-all differences ln the re-"
sults obtained by using Eg. (4) or (8) are only 1/o
while these differences are only 3% near the reso-
nant frequency. The resonant frequency is seen to
be shifted slightly to the higher-frequency side in
the Elliott-Taylor approximation. Thus the re-
sults in the Elliott- Taylor approximation 3 are not
appreciably different from those obtained in the
lowest-order concentration theory.

In the calculations, one may use the values of the
Green's functions determined for the pure unex-.
panded crystal lattice or, to be very cautious, one
may use the values of Gxeen's functions obtained
for the expanded lattice, i.e. , the effective lattice.
In order to see the difference in the results ob-
tained with the use of two sets of Green's functions,
we have performed some calculations and found
that the results are practically the same. Slight
changes in the maximum: negative and positive fre-
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FIG. 5. Structure of Griineisen-
mode parameter yp„, against the re-
duced wave vector g in copper. The
full curve represents the results of
the present calculation. The experi-
mental elastic-constant Griineisen
parameters are shown by different
types of arrows, i.e. , denotes
value for the longitudinal branch;

and - - denote the values
for the two transverse branches, re-
spectively. The dashed curves show
the results of Bruno and Taylor
(ref. ~2j.

quency shifts have been observed near the resonant
region but these effects are not very significant.
Thus, we present here the results obtained by uti-
lizing the Qreen's functions for the pure-copper
lattice.

C. Lattice Expansion Effect

In I, it was found that the effects on the phonon
frequencies due to the expansion of the pure-chro-
mium lattice on alloying should be taken into ac-
count. The same is found to be true in Cu-Au al-
loys. The lattice of the metal copper expands when
it is doped with gold atoms, e.g. , the volume ex-
pansion due to l-at. %-Au atoms is 0. 56%. The
phonon frequencies of the effective lattice, i.e. ,
the expanded pure lattice, are different from those
of the pure one. This effect can be accounted for
if one knows the values of the Qruneisen-mode pa-
rameters (y.„,= —sinew„, /sing; V is the crystal vol-
ume) for the whole frequency range. The
mode y's, in general, exhibit a structure, i.e. ,
they vary with the phonon wave vector. However,
the values of the mode y's in copper for different
symmetry directions are known only for zero wave
vector, i.e. , for k=0. ' Hence the immediate
problem before us is to study the variations of
mode y's with phonon wave vector. We investigate
it in the following manner.

Since the mode y's for k= 0 are known, we utilize
them to determine the elastic constants for the ef-
fective lattice. These elastic constants are em-
ployed to calculate the phonon frequencies and the
polarization vectors for the effective lattice. The
calculated values of the mode y's for different wave
vectors in three symmetry directions, i.e. ,

(0, 0, t'), (0, $, (), and ($, $, $), are shown in Fig.
5. We observe that the mode y's for the trans-
verse branches do not show much variation with
phonon wave vector and are almost constant. This
result is in agreement with our assumption used
earlier in the case of Cr-W alloys, But the behav-
ior of mode y's is different for longitudinal
branches where its value decreases at high fre-
quencies; e. g. , there is a decrease of about 2V. 5%
along (0, 0, () direction. This behavior is not sur-
prising because the electron screening effect con-
sidered in Kreb's model" is essentially a volume-
dependent effect and depends on the bulk modulus
of the electron gas. The longitudinal phonons are
much more affected by this electron-gas contribu-
tion in comparison to the transverse ones.

In general, the experimental elastic-constant
mode y's are reproduced in all the phonon-polariza-
tion branches except for very small discrepancies
in some branches. These discrepancies are easily
understandable. The reason is that usually the
elastic constants obtained by inelastic -neutron-
scattering data do not tally with the values obtained
by velocity measurements. In a phenomenological
lattice model, the latter values of the elastic con-
stants are used as input data and fits are obtained
with the inelastic-neutron-scattering data. Conse-
quently, the input data of elastic constants are not
always reproduced and some discrepancies occur. '~

For example, in the present Kreb's model, the
above discrepancies between input and output data are
of the order of 1, 3, and 10% for C», C«, and

Czz, respectively. In Table I, we compare the
changes in the elastic constants because of the ex-
pansion of the lattice used as input data along with
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TABLE I. Input and output data for the changes in the
elastic constants due to expansion of the copper lattice on
alloying with gold (in units of 10 dyn cm ).

Cu-M7at. '/ Au

(O, f,f) TL 8RANCH

Changes in the
elastic constants

DC)(

AC(2

&C44

Input data

—1.45

-1.06

—0.52

Output data

—1.73

1 ~ 12

—0.63

0.0
hlXI-

Vl

K
LLI

C5
-0.04

LLj

LL.

~ ~

the corresponding values obtained in Kreb's model.
In view of the above discussion, these small dis-
crepancies between the input and output data can be
understood. It may be noted that in Fig. 5 we have
plotted the values of mode y's obtained directly by
the definition of the mode parameters, i. e. ,

elnwF. s
Gin V

IV. COMPARISON WITH EXPERIMENT

To begin, the dilute alloy containing 3.O-at. %-Au
atoms seems to be the most appropriate host-im-
purity system because maximum information is
available in this particular alloy. A more dilute
alloy which contains l. 0-at. % Au would have been
the best choice, but in this system on one hand the
phonon widths could not be measured experimental-
ly, while on the other hand the probable errors in
the measured maximum frequency shifts are as
large as 50 or 80% in the (0, 0, &)T or (0, $, $)T~
branch. The other well-studied system is the al-
loy containing a high concentration of impurities,
i.e. , 9-at. % Au, but the interference effects be-
tween the subspaces of two or more than two im-
purity atoms are inevitable (see Sec. 1V C), and the
low-concentration theory is not expected to be ade-
quate for treating this alloy.

The experimentally measured frequency shifts
and widths in Cu0 97Au0 03 have been fitted by vary-
ing the parameters X and A. '. A number of sets for
(A., A. ') were chosen to reproduce approximately the
position of the resonant frequency, i.e. , co„=2. 75
THz observed in the measured phonon widths.
These sets were then utilized to match the experi-
mentally measured maximum frequency shifts. In
this fitting procedure, attention was also given to
reproducing the observed small frequency shifts
in the high-frequency region. The volume-expan-
sion effect discussed in Sec. IIIC has also been
considered in the calculations. The values of the
force constants for the pure-copper lattice and the
changes due to a single gold atom are shown in Ta-
ble G. The results of the best fits for the three
impurity concentrations are presented in Figs. 6-
19. For the sake of comparison in these figures,
we also show the results of the mass-defect theory7

-0.08
0

I I

2
FREQUENCY 0 (THt)

FIG. 6. Cu-1. 17-at. %-Au alloy: the calculated fre-
quency shifts in (0, ],]) T& branch (volume effect in-
cluded). The solid curve shows the calculations with
force-constant changes (&=1.200' 10 6 sec and g'
=-0.025&& 10 ~ sec ) and the dashed curve represents
the calculations of mass defects only. Solid circles rep-
resent the measurements of Svensson and Kamitkahara
(H,ef. 3).

after accounting for the volume-expansion effect.
We now discuss the results for each alloy sepa-
rately.

A. Cu—1.0-at.% Au

The nominal gold concentration obtained by
Svensson and Kamitkahara3 was 1.17%. Conse-
quently, the calculations have been performed for
this concentration c = 0. 0117. The calculated fre-
quency shifts have been compared with the experi-
mental ones in Figs. 6 and V. Although no experi-
mental results for phonon widths have been re-
ported for this alloy due to their small magnitudes,
for the sake of completeness, we report here the
results of the calculated phonon widths in Figs. 8

TABLE II. Mass-reduced force constants for pure
copper and the changes in them due to gold at room tem-
perature (in units of 10 8 sec ).

Force
constants

b

p

0. f
2

Copper

3.175

—0.197

—0.046

Changes due to gold atoms
Present Br'Lino-Taylor valuesa

Parameters value (calculated)

&ie

1.200

—0.025

0.643

—0.197,0.052

'Reference 12.
Q f, first-neighbor central force constant.
4, change in first-neighbor central force constant due

to impurity atoms.
P&, first-neighbor noncentral force constant.

eX', change in first-neighbor noncentral force constant
due to impurity atoms.

e2, second-neighbor central fort..f. constant.
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0.0
FIG. V. Cu-1. 17-at. %-Au alloy:

the calculated frequency shifts in
(0, 0, $) T branch (volume effect in-
cluded). The solid curve shows the
calculations with force-constant
changes (y=1.2pp x 1p sec and
y~=-0. 025x10 6 sec ) and the
dashed curve represents the calcu-
lations of mass defects only. The
solid circles and the triangles repre-
sent the measurements of Svensson
and Kamitkahara (Ref. 3).

)/ 0

-0.08-
I

4
FREQUENCY 0 (THz)

0

and 9. In the (0, t', $)T, branch, the calculated
shifts compare very well with the experimental
ones.

In the (0, 0, g)T branch, the calculated negative
shifts are, on the whole, smaller than the experi-
mental ones, but the shape of the curve has been
well reproduced. However, the experimentally
measured shifts are quite uncertain because of the
possibility of relatively large systematic errors in
the experiment. For example, these errors may
be as large as 50% (or 80gp) of the maximum ob-
served shifts in the (0, 0, g)T or [0, g, $)T,] branch.

B. Cu —3.0-at.% Au

For this alloy, the calculated values for the pho-
non shifts and widths have been shown in Figs. 10-
13 along with experimental measurements. For
the (0, g, $)T, branch, in the low-frequency region,
the calculated shifts compare well with the experi-
mental ones, whereas in the high-frequency region
the calculated values are larger. The situation is
different for the (0, 0, $)T branch, where an over-
all reasonable agreement is observed throughout
the whole frequency range. Any attempt to remove
the discrepancy in the high-frequency region ob-
served in (0, $, $)T~ branch by varying X and X' was

Cu-1.17at. 'L Au

(O, f,f) Tt BRANCH
0.12-

f'}
I

(

I
I

(
I
I

Cg-1.37 at. 'L Au

(0,0,7) T BRANCH
0.12-

I}
I 'L

I
I
I
I
I

0.08—
XI-
9

0.08—

0.04— 0.04-

0 2 4
FREQUENCY 0 (THz)

2 3
FREQUENCY )J (THz)

FIG. 9. Cu-1. )V-at. %-Au alloy; the calculated pho-
non widths in (0, 0, $) T branch. The solid curve shows
the calculations with force-constant changes (g=1.200
x j.p 8 sec ' and g '=- p. 02' x 10" sec-') and the dashed
curve represents the calculations of mass defects only.

FIG. 8. Cu-1. 17-at.%-Au alloy: the calculated pho-
non widths in (0, (, $) T~ branch. The solid curve shows
the calculations with force-constant changes (&=1.200
x 1p" sec-' and y~=-p. 025x10" sec-') and the dashed
curve represents the calculations of mass defects only.

PHONON FREQUENCIES AND WIDTHS IN DILUTE Cu-Au ALLOYS



5160 K. M. KESHARWANI AND B. K. AGRAWAI

0,04 I I

Cu-3. 0 ot. '4 Au

(O,f,f) T) BRANCH

0.0
~ ~ Il

H

--O.oa-
I
tL
x

4P
X
LLI

~~-0.08—
LIJ

-0.12-

~ ~

lkI'

~ li

.. ~ I

I-
~ i

I
N~C

~ I ~ ~ ~ r

t I

2 3
FaEGuFNCV ~ (THz)

FIG. 10. Cu-3. O-at. %-Au alloy: the calculated fre-
quency shifts in (0, g, $) T& branch (volume effect in-
cluded). The solid curve shows the present calculations
with force-constant changes (y=1, 200x 10 sec and y'
=-0.025 x 10 6 sec ) and the dashed curve represents the
calculations of mass defects only. The solid circles rep-
resent the experimental meaaurements of Svensson and
Kamitkahara (Ref. 3). The calculated results of Briino
and Taylor (Ref. 12) are shown by the dotted curve.

found to be unsuccessful.
The obtained yhonon widths are in good agree-

ment with those of the experimental ones in both
the measured symmetry directions. In the (0, $, $)
T& branch, the calculated widths show maxima at
the appropriate place but the maximum values are
smaller than the experimental ones. The observed
values tend to higher values in the high-frequency
region. In the (0, 0, $) symmetry direction again
the place of maxima (at the resonance frequency)
is approximately reproduced and the calculated
values are in good agreement with the experimen-
tal ones except for some discrepancies in the low-
frequency region where the calculated values are
large,

C. Cu —9-at.% Au

In this alloy, one may expect to observe the high-
impurity-concentration effects. However, we have
shown the frequency shifts and phonon widths cal-
culated on the basis of a low-concentration theory
in Figs. 14-19, In the two transverse-polarization
branches (0, $, g)T& and (0, 0, ()T, the calculated

resonant frequencies are seen to be smaller than
the experimental ones. This appears to be true
if we examine further the calculated phonon widths
which have been compared with the experimental
results in Figs. 16 and 17. The fitted curves can
be definitely improved if we vary the force-con-
stant changes to obtain a higher value for the reso-
nant frequency. The obtained phonon widths in the
high-frequency region in the (0, $, f)Tq branch are
much smaller than the experimental ones (Fig. 16).
They may arise due to high-concentration effects
where the widths are expected to increase due to
enhanced interference effects. But in the (0, 0, g)T
branch (Fig. 17), the discrepancies between the
calculated and experimental widths are not seen to
be so large.

For this alloy, a systematic experimental study
has also been made for a (0, 0, $)L branch. In Figs.
18 and 19, we report the results of the calculations.
We observe that the calculated frequency shifts are
larger than the experimental ones throughout the
whole frequency range. It might appear due to
large-volume effects estimated in the present cal-
culation of the mode y's. The use of a value which
is approximately 50/q of the present mode-y value
can give a very good fit to the experimental data.
Finally, in Fig. 19 we observe that the predicted
shape of linewidths has not appeared in the experi-
mental measurements. The low concentration the-
ory considered here does not hold at all for such a
high concentration of impurities. Also, the inclu-
sion of force-constant changes around an impurity
has allowed enhanced interference of the impurity
spaces of two nearest-neighbor impurities via pho-
non scattering because there are 12 nearest neigh--
bors of an impurity. Thus the failure of low-con-
centration theory in discussing a high-concentration
alloy is not at all amazing.

V. COMPARISON WITH BRUNO —TAYLOR RESULTS

Very recently, Bruno and Taylor 3 have dis-
cussed the phonon shifts and widths in Cu-3-at. %
Au. These authors have employed a nearest-neigh-
bor perturbation model with a central and two dif-
ferent noncentral force constants. Their results
for shifts and widths are very similar to the pres-
ent ones for a Cu-3-at. $0-Au alloy except in the
high-frequency region along the (0, $, g) direction
where these authors have found a better agreement
for the phonon shifts with the experiment. In order
to account for the lattice-expansion effect, they
used a Morse potential for interatomic forces and
calculated the force-constant changes for five
neighbors. The force constants calculated on the
basis of the Morse potential for the pure-copper
lattice were found to be different from those ob-
tained by Svensson et al. '6 after analyzing the ex-
perimentally determined dispersion curves. In or-
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FIG. 12. Cu-3. 0-at. %-Au alloy: the calculated pho-
non widths in (0, (, ]) T& branch. The solid curve shows
the present calculations with force-constant changes (g
=1.200& 10~6 sec 2 and ), '=-0.025x10 8 sec ) and the
dashed curve represents the calculations with mass defect
only. The solid circles represent the experimental mea-
surements of Svensson and Kamitkahara (Ref. 3). The
calculated results of Priino and Taylor Q.ef. 12) are
shown by the dotted curve.

der to obtain similar force constants, they deter-
mined percentage corrections for each of the calcu-
lated force constants. These corrections mere ap-
plied to obtain the force constants for the effective
lattice (i.e. , the pure-copper lattice after expan-
sion due to doping). The mode y's were then de-
termined aftex' calcUlating tee pho'no11 frequencies
for the effective lattice with these force constants.
For comparison, these mode y's are reproduced in
Fig. 5. %8 observe appxeciable structures in
their mode y's which are different from the pres-
ent ones. The only advaritage with their calculation
mas that they found a structure in the mode y along
the (0, $, () direction and the value of the mode y
mas seen to be much smaller than the elastic-con-
stant mode y in the resonance frequency region
where the experimerkal shifts are found to be much
smaller. Consequently, their calculated negative
shifts in this region mere smaller in this particular
bxanch as compared to the present ones. But there
is an arbitrariness in their procedure of calculating
the mode y's. Further, the values of the elastic-
constant mode y' s obtained by them for transverse
branches (0, g, $)T& and ($, $, ()T (see Fig. 5) are
in disagreement with the experimental ones. Fi-
nally, a very high negative value for one of the non-
central force-constant changes obtained by them is
not convincing (see Table H). On the contrary,
there is no such a1'bitrariness in the determination
of mode y' s in the present calculation and the ex-
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FIG. 13. Cu-3. 0-at. i-Au alloy: the calculated pho-
non widths in (0, 0, ]) Tbranch. The solid curve shows
the present calculations with force-constant changes (X
=]..2ppx ].026 sec and g'=-p. p25x 1p" sec ) and the
dashed curve represents the calculations of mass defects
only. The solid circles represent the experimental mea-
surements of Svensson and Kamitkahara {Ref. 3). The
calculated results of Briino and Taylor {Ref. 12) are
shown by the dotted curve.
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FIG. 15, Cu-9. 0-at. %-Au alloy: the calculated fre-
quency shifts in (0, 0, () T branch (volume effect included).
The solid curve shows the calculations with force-constant
changes (g=1.200x 1p26 see and g'=-0. 025x 1p 8 sec
and the dashed curve represents the calculations of mass
defects only. The solid circles denote the experimental
measurements of Svensson and Kamitkahara (Ref. 3).

perimentally observed elastic-constant mode y' s
are, in general, well reproduced. Also, we do
not find an inflated unphysical value for the change~ ~o AU
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FIG. 14. Cu-9. 0-at. %-Au alloy: the calculated fre-
quency shifts in (0, ],]) T& branch (volume effect in-
cluded). The solid curve shows the calculations with
force-constant changes (A. =1.200 x 1026 see"~ and g'
=-p. 025 x 1026 sec 2) and the dashed curve represents the
calculations of mass defects only. The solid circles
represent the experimental measurements of Svensson .

and Kamitkahara (Ref. 3).
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FIG. 16. Cu-9. 0-at. %-Au alloy: the calculated pho-

non width 1n (0 $ $) T( branch The 8011d curve shows

the calculations with force-constant changes (X=1.200
x 102 sec" and g'= —p. 025 x 10 sec" ) and the dashed

curve represents the calculations of mass defects only.
The solid circles denote the experimental measurements
of Svensson and Kamitkahara (Ref. 3).
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FIG. 17. Cu-9. 0-at. %-Au alloy:
the calculated phonon widths in
(0, 0, $) T branch. The soM curve
shows the calculatione with foree-
conetant changes (&=1,200' 1026
eec" and ~'= —0.026&& 10 6 sec"2)
and the dashed curve represents the
calculations of mass defects only.
The solid circles denote the experi-
mental measurexnents of Bvensson
and Kaxl1itkahara (Ref ~ 3) e

in the noncentral force constant.

VI. DISCUSSION

In general, there is an over-all good agx cement
of the low-concentration theory viith the experiment
for the case of two dilute alloys containing 1- and
3-at. %-Au atoms. For a high concentration Cu-9-
at. %-Au alloy, the results for the shifts and widths
suggest that the experimentally measux"ed resonant
frequency is larger than that obtained in a low-con-
centration theory by about l5%. This increase in
resonant freguency IQRy Rrlse due to lntex'fex'ence
between the scatterings of impurities in the crys-
tal. This result is in agreement with that obtained
earlier by Taylor for isotopic impurities (see Fig.

6 of Ref. 8) in a self-consistent manner. R may
be noted that the two other calculations made by
Behera and Deo~~ and by Hartmann have shown
totally different results, i.e. , the resonant fre-
quency ls seen to decx'8Rse with incx'8Rse in im-
purity concentration. Thus, for high-concentration
alloys, the Elliott- Taylor approximation does not
seem to be adequate, and one should perform a
self-consistent calculation such as that of Taylor.

Further, there exists discrepancies between the
theory arid the experiment in the high-frequency
region in the (0, $, g)T& branch and in (0, 0, $)L
branch for the whole frequency range. It is not
possible to remove this discrepancy by any chosen
set of the parameters X and A, '. %'8 do not feel that

FIG. 18. Cu-9. 0-at. jo-
Au alloy: the calculated
frequency shifts in (0, 0, ))
I branch. The solid
curve and the curve with
croeeee represents the
results of force-constant
changes (X=l.200 && 1026

sec ~ and g' =-0,025x 102~

sec" ) (with and without
volume effect; respective-
ly). The dashed curve
ehovre the calculations of
maes defects only (with
volunM effect). The solid
circles represent the ex-
perimental Measurements
of Svensson and Kamitka- .

hara (Ref. 3).
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the use of a long-range perturbation associated with
the impurity might be of any help in improving the
results. An important source of error may arise
due to incorrect calculated values of the mode y's
because the discrepancies can be removed easily if
we assume smaller values for the mode y's. Al-
most all the observed discrepancies between theory
and experiment suggest that the mode y's should
decrease in the high-frequency region. The doping
of a crystal may alter the volume-dependent effects
like the screened ion-ion interaction via the elec-
tron gas. In the calculation of the mode y's, we
have not considered this effect except for a very
small correction which arises in Kreb's model in a
natural way due to changed interelectronic spacing in
the expanded lattice. Probably, a calculation of this
changed electron screening requires more attention.

VII. CONCLUSIONS

The inelastic-neutron-scattering experim. ents
performed on dilute Cu-Au alloys can well be under-

stood on the basis of a low-concentration Green's-
function theory if one includes the effects of the
changed host-impurity interaction along with the
effects of lattice expansion on alloying. Some ob-
served discrepancies between theory and experi-
ment in the high-frequency region suggest the need
of the development of a more realistic theory (for
the lattice-expansion effect} which properly takes
into account the changes in the electron screening
on alloying.
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We have obtained an expression for the magnetic pseudopotential which includes spin and
spin-orbit-interaction effects and is vahd for noble metals. The method consists of separating the d
states in the crystal from the core states and expanding them (d states) in terms of atomic d states,
core functions, and plane waves. The tight-binding functions for core and d states in the crystal and
orthogonalized-plane-wave functions are constructed such that they have the symmetry of magnetic
Bloch functions. These are then taken as the basis states for the wave function of the eigenstate of the
problem and an effective Hamiltonian is obtained which contains the magnetic pseudopotential. This
expression for the magnetic pseudopotential is further simplified and is written in a form such that it
can be calculated to any order in field strength. The magnetic pseudopotentials obtained by Misra and
Roth, Misra, Das, and Misra, as well as the zero-field pseudopotenial, are obtained from this expression
in appropriate limits. The generalized magnetic pseudopotential can be used to calculate the total
magnetic susceptibility of noble metals.

I. IwmonunIOW

Misra and Roth and Misra have introduced a
modified pseudopotential method to treat the prob-
lem of Bloch electrons in the presence of a mag-
netic field. Recently Das and Misras have gen-
eralized the above formulation to construct a mag-
netic pseudopotential which includes the effects of
spin and the spin-orbit interaction. The method
consists of constructing tight-binding and orthog-
onalized-plane-wave (OPW) functions (which have
the symmetry of the magnetic Bloch functions and
which form a complete set) for the wave function
of the Hamiltonian of the crystal in the magnetic
field. These are then used as basis states for the
wave function of an eigenstate of the problem and
an effective Hamiltonian is obtained which contains
the magnetic pseudoyotential. Thus it becomes
possible to use perturbation theory to calculate
different properties directly without making re-
course to traditional band calculations. As an
example, the diamagnetic susceptibility of simple
metals and metals having complicated crystal
structure has been calculated by this method.

However, this magnetic-yseudopotential method
was not extended to noble or transition metals on
the grounds of the failure of the pseudopotential
approximation for these metals. The failure is,
of course, due to d states which are not sufficiently
localized to treat them validly as the same in the
metal as in the free atom. At the same time they

retain enough of their atomic character so that if
they are treated as conduction-band states, the
pseudo-wave-function is not smooth, the pseudo-
potential is very large, and perturbation theory
becomes inapplicable. This difficulty has, how-
ever, been overcome by Harrison'ss generalization
of the simple-metal pseudopotential method to the
case of transition and noble metals. Harrison's
pseudopotential for noble and transition metals
does not contain spin or spin-orbit-interaction ef-
fects and is constructed for a field-free case.

In a recent paper Borchi and De Gennaroe have
reformulated Harrison's' pseudopotential method
for noble metal and have then directly generalized
the Misra-Both theory to the case of noble metals.
But they have not included spin and spin-orbit-
interaction effects in their foxmulation.

In the present paper we construct a generalized
magnetic pseudoyotential for noble metals which
will include the effects of spin and the spin-orbit
interaction. Following Borchi and De Gennaro, 6

we write the d states in the metal as a linear com-
bination of atomic d states, atomic core states,
and plane waves. %e also construct an OP& in
which, in addition to projection to core states,
projection to metallic d' states is explicitly in-
cluded. This is then taken as the conduction state
and the Misra-Both's' procedure is invoked to
formulate the pseudopotential. Thus an expression
for the general magnetic pseudopotential for noble
metals is obtained in a form such that it can be


