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Thermal and magnetic properties of CeCl, have been measured between 0.050 and 4.2 K in magnetic

fields up to 14 kOe. The magnetic contribution to the specific heat CM was estimated from the total

measured specific heat using additional measurements on diamagnetic LaCl, which indicated a Debye
temperature Sf, = 155+ 2 K. From the variation of C „between 3.5 and 4.2 K it was possible to
estimate the energy of the first excited doublet to be 59+ 3K. Between 1 and 4.2 K, CM followed a
law of the form CMT'-/R = {170+10) )& 10 " ascribed to interactions between the Ce'+ ions.
Between 2 and 4.2 K, the susceptibility could be described by a Curie —Weiss law of the form

X = C/(T-g), where the value of 8 could be determined self-consistently from each of two possible

sets of interaction parameters for the Hamiltonian of the system. These parameters were found from

the present data in combination with earlier EPR results. At low temperature the specific heat exhibits

a peak. near 0.11 K, while the susceptibility appears to level off to a value near 3.0 emu/mole. An

anaylsis of the data shows it to be impossible at present to distinguish which set of interaction

parameters is correct, and a consideration of simplifying one-dimensional-model approximations shows

them to be inadequate in describing the behavior of CeC13,

I. INTRODUCTION

A number of papers have attempted to explain
the properties of the rare-earth trichlorides using
optical methods, ' electron-paramagnetic- reso-
nance (EPR) techniques, ' ' and by studying the bulk
thermal and magnetic properties. ' This work
has shown a range of unusually interesting and
complex behavior, but has also been complicated
by a number of significant features.

It appears that many of the trichloride crystals
previously studied have contained small amounts
of phase impurities, the presence of which may
give rise to large and so far unexplained anomalies
in either or both the specific heat and susceptibility.

Another complication arises from the nature of
the interactions between the rare-earth ions. Some
are quite anisotropic, and while an Ising-model
Hamiltonian may be used as a first approximation,
there are significant non-Ising contributions which
vitiate any quantitative comparison between experi-
mental results and predictions based on such a
simplification.

A third difficulty arises rather surprisingly
from the unusually simple structure of the trichlo-
rides" "(Fig. 1). As a result of this, several
different antiferromagnetic spin arrangements be-
come degenerate in energy, and the nature of the
actual ordered state cannot be readily predicted.

In order to facilitate the study of some of these
features, it seemed desirable to obtain a fairly
complete set of magnetothermal data on good single
crystals of the one compound of the series which
one might expect to be the simplest. This is
CeCl„and in the present paper we shall report on
specific-heat and susceptibility measurements

from 4. 2 to below 0. 1 K. Complementary EPH ex-
periments and a preliminary analysis of the inter-
actions have been published elsewhere. ' '

The magnetothermal properties of CeC13 might
be expected to be simple because the ground state
of Ce" ions is an almost pure I J', =+ +3) doublet
belonging to the free-ion state (4 f') 3E~13.'3'4'7'0
This doublet is well separated in energy from the
first excited state, and previous optical, '~' re-
laxation, ' ' and susceptibility' '" experiments gave
values for the splitting hE between 53 and 68 K.

0 = RARE EARTH

= CHLORINE
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STRUCTURE OF RARE- EARTH TRICHLORIDE S
LANTHANUM = GADOLINIUM

FIG. 1. Structure of the rare-earth trichlorides for
rare earths between lanthanum and gadolinium. For
LaCl&, a =7.483 'A, c = 4.375 A for Ce Cl~, a = 7.450 A,
c=4.315 A (Refe. 15—17).
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At helium temperatures the ions are thus well
represented by effective spins 8'= —;.

The g values for Ce'+ in LaCl, are found to be
g„=4. 037+ 0.002 and g~ = 0.20+0. 10, ' and as
will be seen, they are essentially the same in con-
centrated CeC13. Moreover„ the relatively large
difference between the J, values of the ground-
state components (M, = 5) suggests that the inter-
actions between neighboring spins should be highly
anisotropic. Indeed, EPR experiments on Ce3'

pairs in LaC1, ' have shown such an anisotropy
for the interaction between nearest neighbors.
Quite surprisingly, the next-nearest-neighbor in-
teractions were found to be almost isotroPic and
this can only be explained by invoking a significant
contribution from a high-degree anisotropic-ex-
change interaction of the form (Zf )5(J&)~.8'3'

Another rather minor advantage of studying
CeC13 is that cerium is the only rare earth all of
whose isotopes have zero nuclear spin so that there
are no hyperfine interactions to complicate the in-
terpretation of the low-temperature measurements.

In this paper we shall combine the results of our
zero-f ield specific-heat and susceptibility mea-
surements with the earlier results of EPR experi-
ments on Ce3' pairs in LaC13 to derive values for
the different effective spin-spin interactions, using
a previously published analysis' which was based
on preliminary measurements. ~3 The final values
for the experimental parameters are essentially
unchanged; but as the low-temperature scale used
in the earlier work was found to be in error„ the
low-temperature measurements were repeated and

the range substantially extended. A consideration
of these data shows that it is not yet possible to
unambiguously choose between two alternative sets
of 'solutions for the interactions, as has been at-
tempted in the past.

The experimental methods used are described in
Sec. II and the results of the measurements are
given in Sec. III. The analysis in terms of various
thermodynamic functions is discussed in Sec. IV,
while in Sec. V consideration is given to the attempt
to choose the proper spin-spin interactions. The
conclusions are summarized in Sec. VI.

II. EXPERIMENTAL METHODS

A. Sample Preparation

Single-crystal samples used in all the experi-
ments were grown by Mroczkowski of this labora-
tory using a version of the Bridgeman-Stockbarger
method. 3

The starting material was obtained in the form
of polycrystalline nominally anhydrous CeCl, (pu-
rity 99. 99%%uo) from Nuclear Corp. of America.
Since purity is of primary importance in the growth
of high-quality crystals, this material was sub-
jected to additional purification procedures. In

order to prevent the formation of oxychlorides it
was first exposed to a further dehydration process.
This was achieved by a method similar to that used
by Pong and Yocom. ~4 The material was placed in
the upper portion of a quartz tube which was divided
into two sections by a quartz frit (pore size 40-90
p) and heated in a stream of gaseous HC1. The
HCl gas was purified and dried by first passing it
through two traps containing concentrated 83804.

The temperature of the quartz tube was slowly
raised to 120 'C where it was held for a period of
12 h. The temperature was then raised to 450 'C
and heM for a similar time and finally was in-
creased to slightly above the melting point (902 'C)
where it was maintained for four more hours. This
slow heating and dehydration process, especially
the first step, is essential if the oxychloride phase
is to be suppressed.

The HCl stream was then stopped and the lower
section of the quartz tube partially evacuated
through a small side arm. This drew the molten
salt through the porous frit, which eliminated the
possibility of contaminating the melt by oxychloride
or transition-metal impurities since these would
be present as precipitates in the molten salt. A
small amount of residue was generally observed to
remain in the upper portion of the tube, but its na-
ture was not investigated. It might be speculated
that it is related to the anomalous behavior found
in earlier experiments. 8'~ In any case some as-
pect of our purification procedure must be signifi-
cant since our untreated starting material did in
fact show the anomalous peak in the specific heat
but was absent in.the purified samples. ~'

The quartz tube was once again exposed to the
gaseous HCl and cooled. It was then evacuated and
sealed off. To produce a single crystal from the
fused sample obtained in this way, the sealed sam-
ple tube was lowered through a temperature gradi-
ent in a Bridgeman furnace over a period of seven
days. The crystal was then cooled slow1y for two
days to prevent cracking. Generally clear crystals
25 mm long and 15 mm in diameter (-20 g) could
be obtained in this way. (One large single crystal
of LaC13 was also grown using the same technique. )

Analysis of one of the CeCl, samples showed
0.01-at. '%%uo Ca and 0.0l-at. %%uoEra s th eonl y impuri-
ties in greater abundance than 0.001 at. %, though
the analysis would not have been sensitive to the
most likely harmful impurities involving oxygen or
hydrogen. However, our results on the physical
properties suggest that the crystals were in fact
quite free from such contaminants.

B. Specific-Heat Measurements

Specific-heat measurements were obtained in
either a Hes cryostat or dilution refrigerator, both
of which are described elsewhere. e~'~ The sample
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mas suspended by threads below the Hes pot or
mixing chamber, and in both apparatuses a mechan-
ical heat switch could be used to cool the sample in
a m.agnetie field. A typical starting temperature
fox a, demagnetization mas -0. 5 K, and mas gen-
erally limited by the deteriorating thermal contact
between switches and samples as the temperatures
of the cryostats were reduced. %hen the magnetic
field (12-15 kOe) was removed, the samples would

cool to - 0.080 K from which point the measure-
ments began.

Specific heats were measured by the standard
heat-pulse method. The sample mas usually heated
for 50-100 sec and drift rates were measured until
thermal equilibrium mas reestablished. The nec-
essary times ranged from 200 to 1400 sec after
each heating interval. The total heat input to the
specimen mas measured with a Dymec 2401C in-
tegrating digital voltmeter.

The thermometers for all the specific-heat mea-
surements vere type-1002 3%', 4VO- or 220-A
Speer carbon resistors; the detection circuit was
an ac %heatstone bridge run at 33 Hz with an PAR
Hr-8 lock-in amplifier serving as both the oscillator
and null detector. The pover dissipated in the re-
sistor ranged from about 10 8%' above 1 K to less
than 10 %' at 0.080 K.

Between 0.4 and 4. 2 K, the resistors mere cali-
brated against He3 and He~ vapox-pxessure mea-
sux'ements. Below 0.4 K the resistor used in the
He' cryostat mas calibrated against the susceptibil-
ity of chromic methylamine alum, mhile the re-
sistor used in the dilution refrigerator was cali-
brated against the susceptibility of cerous mag-
nesium nitrate. The former calibra, tion was sub-
ject to a larger error due to uncertainties in the
T-T* relation for chrome alum, but an accuracy
of 5% or better was expected. ~9 '~

%e mere able to measure the specific heat of
CeCl, in zero field from 0.080 to 4. 2 K. (The re-
sults are given in Sec. IIIA. ) We have also mea-
sured the specific heat of CeCl, mith magnetic
fields up to 12 kOe applied along the c axis. The
lowest temperatures achieved in the presence of a
magnetic field vere of course higher than that for
the zero-field case, e.g. , 0.31 K for 4. 55 kOe and
0.62 K for 12.1 kOe. The fields in all cases were
produced by a Pacific Electric Motor Co. electro-
magnet and were measured with either a Rawson
rotating-coil gaussmeter or a Bell Hall probe.
Both devices mere calibrated to an accuracy of
0. 1% using NMR.

The heat capacity of the sample holder including
the resistance thermometer and heater vas mea-
sured separately and subtracted from the results
which included both the sample holder and sample.
In order to estimate the lattice contribution to the
specific heat of CeCl, the specific heat of a single
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crystal of LaCl3 mas measured in another separate
experiment. Below 1.5 K the corrections to the
heat capacity of CeCls for both the addenda and the
lattice were negligible, but at 4. 2 K the respective
contributions were as large as 1V and 66% of the
total heat capacity.

The estimated aeeuracy of the specific-heat mea-
surements was 1% between 4. 2 and 0. 45 K. Below
this the accuracy became worse, falling to 5% at
0. 2 K. Below 0. 2 K, the specific-heat data are
characterized by a large amount of scatter and the
accuracy fell still further to 15-20%. The reason
for this scatter is not entirely clear, but probably
ref Jects a combination of effects arising from the
long thermal equilibrium times encountered in this
region and a relatively large heat leak to the sam-
ple. The uncertainties encountered in thi. s tem-
perature range did not seriously affect the conclu-
sions to be dramn from the data, howevex.

The measurements of specific heat in a magnetic
field had an additional small uncertainty due to
possible errors in the corrections for the magneto-
resistance of the thermometer. Nevertheless, for
T &0. 5 K, the specific heat should be accurate to
3% or better.

Entropy measurements mere made using several
different techniques. The first involved numerical
integration of C s//T, where Cs is the specific heat
in a constant applied field corrected for the lattice
contribution and the small Schottky tail due to the
first excited state. This yields entropy changes
AS relative to the entropy at the highest measured
temperatures (-4. 2 K). Since these temperatures
are far above the ordering temperature, the ab-
solute entropy in zero field may readily be esti-
mated using the high-temperature appxoximation

8/ft ~ ln2 - 5/2T,
where 5 is the leading coefficient in the zero-field
specific-heat expansion (see Sec. IV B).

To obtain the absolute entropies for the curves
in nonzero fields, one must either fit the different
curves to high-temperature approximations in a
similar manner, which can introduce quite large
errors, or one may relate them all to the zero-
field entropy by finding 8 as a function of H at a
single temperature (-1.25 K in our case). This
may be done either by a calculation using the tables
of Hull and Hull or by a direct measurement of
the isothermal heat of magnetization,

In the former case, one neglects spin-spin inter-
actions. This is a good approximation for CeCl,
since the interactions are relatively weak com-
pared with the effect of typical applied fields. The
error incurred in this approach may be checked
theoretically by calculating the first-order corree-
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tion term from the expression for the free energy
given in Sec. IVB.

To measure the entropy of magnetization experi-
mentally one must make the very reasonable as-
sumption that magnetization processes are revers-
ible, at least at high temperatures. The entropy
of magnetization may then be measured readily
from the amount of electrical heat hQ(H) required
to maintain a fixed temperature while the field is
reduced to zero: S(0)- S(H) = hQ(H)/T, where S(0)
is given by Eq. (1). In practice, b,Q(H) was found
from the output voltage of a lock-in detector (PAR
HR-8) monitoring the temperature of the sample
and controlling it by means of feedback to a heater
located on the sample. The accuracy of these di-
rect determinations of entropy was quite good
( + 4%) and it was confirmed by the good agreement
with the calculated values.

D. Magnetic-Susceptibility Measurements

The magnetic susceptibility was measured using
a standard ac mutual-inductance method. For
temperatures greater than 0. 5 K, the He' cryostat
was used. The sample was cooled to some initial
temperature in a magnetic field by the use of an

change gas, the exchange gas was pumped away,
and the field then reduced to zero. The susceptibil-
ity was then measured as the sample was warmed

by a heater, and the temperature was measured
with a resistance thermometer. Since the He'

cryostat employed a vertical measuring field while

the electromagnet provided a horizontal field, it
was necessary to mount the sample with the c axis
(i. e. , axis of large g value) at a 45' angle to the
vertical. This allowed the sample to be demag-
netized to a reasonably low temperature, while the
fact that g„»g~ ensured that essentially only the
component of the susceptibility parallel to the c
axis would contribute to the measured inductance.
A second arrangement was also tried in which the
large CeCl, sample was aligned with its c axis
parallel to the magnet's axis, while a smaller
ellipsoidal sample was suspended by a bundle of
copper wires below the large crystal. The smaller
crystal had its c axis aligned parallel to the axis
of the mutual-inductance coil. By demagnetizing
the large sample we were able to cool the small
ellipsoidal sample to -0.090 K.

For T& 0. 5 K, susceptibility measurements
were obtained using the dilution refrigerator. For
most of these measurements, a small (-8-mm
diameter) single-crystal sphere of CeC13 was
coated with Apiezon N grease and wrapped in a
cylinder of coil foil. 34 The foil was then wrapped
in approximately 1000 No. 42 A%G copper wires
and fastened with GE 7031 varnish. One end of the
wire bundle was hard soldered to four copper posts
which in turn were hard soldered to a copper ring.

The latter was coated with Apiezon N grease and
screwed tightly to the bottom of the copper mixing
chamber. The other end of the bundle of wire was
thermally anchored to a 100-Q 2-W Speer resistor
which was calibrated against the susceptibility of
cerous magnesium nitrate. A small mutual-induc-
tance coil placed around the sample but thermally
isolated from it, allowed the susceptibility to be
measured.

For some of the susceptibility points at the low-
est temperatures (T & 0. 1 K), the sphere was iso-
lated from the mixing char ber, cooled with a heat
switch in the presence of a magnetic field, and
then cooled further by adiabatic demagnetization.
A small mutual-inductance coil again surrounded
the sample and the c axis of the crystal and the
axes of the coil and of the electromagnet were all
parallel. A carbon thermometer was also attached
to the sample in this configuration.

III. EXPERIMENTAL RESULTS

A; Specific Heat of LaClz

Above 1 K an increasingly important contribution
to the specific heat of CeC13 comes fromthe lattice.
In order to estimate this contribution we have mea-
sured the specific heat of the isomorphic diamag-
netic salt LaC13. The results can then be scaled
to give a good estimate for CeC13 (see Sec. IVA).

The heat capacity of the sample holder plus 22. 5

g of LaC1, was measured, as well as the heat ca-
pacity of the sample holder alone. Comparison of
the two gives an indication of the magnitude and un-
certainty of the holder correction (see Fig. 2).
For the CeCl, measurements, the relative correc-
tion was even smaller.

For LaC13 we would expect a heat-capacity vari-
ation close to a law of the form aL«, , T3 while for
the hoMer we would expect a variation of the form
a'Ts+ PT, where the linear term is due to the elec-
tronic specific heat of the metal parts. In Fig. 2
we have therefore plotted C/T as a function of Ta,
and, as can be seen, both sets of data lie on
straight lines within the experimental uncertainty.
Taking the difference between the two sets we find

a„,o, =(6, 26+0. 15)x10 ~ J/mole corresponding to
a Debye temperature e~ = 155.2 + 1.3 K for one
formula unit of LaC13.

B. Specific Heat of CeCl3

Preliminary measurements were made on a
fused and not carefully purified polycrystalline
sample. Since the sample was composed of many
small randomly oriented crystallites with g~ = 0,
we were unable to reach temperatures below 0. 29
K (starting from a fieM of 15 kOe at l. 15 K). For
this reason we were not able to reach the ordering
temperature. Moreover, the results of this mea-
surement showed a small peak near 1 K, presum-
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Specif ic Heat of Ce Clz and La Clz
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FIG. 4. Specific heat of LaC13 and CeCl3 vs temperature from 1.2 to 4.2 K: CeCls. +, 0; LaC13. g.

were used primarily as a check on the consistency
of our temperature calibrations from run to run. )
In zero field the specific heat showed a rounded

peak at about 0. 115 K. ' The absence of peaks at
0.345 K, as in the susceptibility reported by other

authors, or at 1 K as in the fused sample results
(and other specific-heat measurements" ), leads
us to comment again on the necessity of using high-

ly purified single crystals for these kinds of mea-
sureIQents.
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PIG. G. Susceptibility of CeC13. Measurements were made on a large cylindrically shaped single crystal with %=3.2
+ 0.2 () and a small ellipsoidally shaped single crystal with N=0. 63 + 0.03 (G). The results have been corrected to
a spherical sample using Eq. (2). The insert shows the susceptibility obtained on the small spherical sample below

0.2 K: continuous cooling data (&), data obtained after adiabatic demagnetization QQ.
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1 1 g 4
Xsshere Xssmsls+ ( 3 + N) a (2)

where N is the demagnetizing factor for the sam-
ple.

To find the susceptibility, the measured mutual
inductance between 1 and 4 K was fitted to an equa-
tion of the form

M(T) =A/(7- B)+M t, (3)

where Mo includes temperature-independent con-
tributions from diamagnetic and Van Vleck para-
magnetic effects. The constant A is proportional
to the Curie constant C, where C =Kg„l/, s/4k = 1.53
+0. 01 emu K/mole. The ratio A/C could then be
used to relate inductance changes for T &1 K to
absolute susceptibility changes.

The two sets of results match well near 0. 5 K.
The susceptibility shows a rounded peak of about
4. 8 emu/mole near 0. 2 K, after which it falls
smoothly, and then appears to level off to a value
near 3.0 emu/mole at the lowest measured tem-
peratures.

It was originally feared that the leveling off of
the susceptibility might actually be an indication
that the thermal contact between sample and ther-
mometer was being lost. In that case, the ther-
mometer might have been cooled by the mixing
chamber to a temperature below that of the CeC13
sample. To check this possibility, the spherical
sample was subsequently isolated from the mixing
chamber and cooled by means of a mechanical heat
switch in a magnetic field, the switch was opened,
and the sample was then demagnetized. After de-

The specific heats of CeC1, and LaC13 from 1.2
to 4. 2 K after subtraction of the sample holder con-
tribution, are shown in Fig. 4. From this figure
it becomes clear that the magnetic contribution is
quite small above 3 K. In fact, the magnetic spe-
cific heat is only 48% of the total at 3 K, and drops
to 14% at 4. 2 K.

The specific-heat curves with fields applied along
the c axis closely resembled Schottky curves as
may be seen in Fig. 3. Ne shall discuss all the
specific-heat results more fully in Secs. IV and V.

C. Susceptibility of CeC13

The measured susceptibility of CeC13 for the
large cylindrical specimen and the smaller spheri-
cal sample is shown in Fig. 5. The large crystal
used for these measurements was in the shape of a
cylinder with rounded edges. The cylinder was
2. 1 cm long and 1.65 cm in diameter and its weight
was 22. 8 g; the effective demagnetizing constant
was estimated to be N = 3.2+ 0.2. '~ For the small
ellipsoidalsample, N=O. 63+0.05. For the non-
spherical samples the susceptibility values have
been corrected to those expected for a sphere,
using the relation

magnetization, the thermometer attached to the
sample indicated a temperature loaves than that of
the mixing chamber, and hence could only have
been cooled by the sample.

As can be seen in Fig. 5, the values of suscepti-
bility obtained when the sample was demagnetized
agree excellently with those obtained when the
sample was continuously cooled by the mixing
chamber. Hence, the leveling off of the suscepti-
bility at low temperatures appear to be a real ef-
fect. The susceptibility measurements are dis-
cussed further in Sec. IVF.

IV. DETERMINATION OF THERMODYNAMIC BULK
PROPERTIES

A. Specific Heat In Zero Field

The measured specific heat of CeC13 includes
contributions from the lattice, fromthe firstexcited
state, and from the interactions between the spins,
and to a good approximation these contributions
are independent. The dominant and most interest-
ing term at low temperatures is of course the in-
teraction or magnetic specific heat C&, but in order
to isolate this term we must first obtain estimates
of the other two. Fortunately, a very accurate
estimate of the lattice specific heat may be obtained
from measurements on LaC13 which is very similar
to CeC13, while the contribution from the first-
excited state becomes quite negligible below 3 K.

The lattice specific heat should be well repre-
sented by a term of the form aT', where a is very
close to the value found for LaC13. To estimate
the difference one might expect in going from LaC13
to CeCl, we can use the Debye approximation and
assume a change given by acso,,= a„sc,,[M(CeC1,)/
M(LaC1~)]', where M(CeCls) and M(LaCls) are the
molecular weights of the two crystals. This pre-
dicts a change of only 0. 7%. One can also use the
Lindeman melting law

R3/8T /MS/s)1/2 (4)

where p is the density of the crystal, M the molec-
ular weight, and B is a factor which can be con-
sidered nearly constant for LaC1~ [melting point
(M. P. ) 1025 Kj and CeC1, (M. P. 1075 K). One
then predicts ac,c, to be l. 6% greater than a„,c,s.

Combining these two predictions with the value
of a measured for LaC13, we conclude that a&,c,3
=6.31+0.20x10 SZ/mole. Thisgives aDebye tem-
perature of e~ = 154.0 + 2.0 K for one formula unit of
CeC13s As can be seen, this is virtually indistin-
guishable from the value obtained for LaCl, when
the error limits are considered. Hence, we have
simply chosen 0~ = 155.0+ 2. 0 K for both LaC13 and
Cecl3.

The specific-heat contribution from the first
excited state (the Schottky tail) has the form
C~h,«„s/R=(6/F) e /, where 6 is known from



High Temper@tare Spcific Heat of CeCI~,

0.020 .
~o =355.9 K

«8
e eg e

ee»
Oe e ~ ~ e ~ e

6=56 K

a 6=59 K
~~82 K

0035 .

0.020- ~ hs58 K

6"-59 K

+cog K

00)5 .

ee e e
e

gpss

e

0.0. Gl 0.2 03 0.4 0.5 0.6 0.7

FIG 6 Specific heat of CeC13 between 1 5 and. 4 2K
corrected for several assumed values of lattice and
Schottky contributions. Values of 8& and 6 are shown
for each of the curves. From these curves limits can
thus be set, ony=155. 0+ 2.0'K and 3 =59+ O'K.

previous work' to lie in the range 58-68 K. To
obtain an estimate for 4 from the specific-heat
data, me tried subtracting lattice and Schottky con-
tributions for several values of 6 and 8~ to look
for a combination which would give the expected
smooth variation for the residual m~etic specific
heat. This should follow a law of the form C„/R
= b/T + c/T'+ ~ ~ ., with the higher-order terms
quite small above 1K. Figure 5 shows C„T/If plotted
as a function of 1/T assuming various values of Oe
and d. It can be seen that only a small range of
6's does not lead to an unreasonable bend in the
curve at the highest temperatures and me can con-
clude that 6= 59+3 K. This is in good agreement
with the optical'3'4 and relaxation'O'I data. The
larger discxepancy with the susceptibility analy-
sis' '~l is readily explained by the relative insensi-

tivity of the susceptibility to &.
All further discussion mill be restx'icted to C„

obt81ned from the experimental data by subtx'acting
a lattice contribution corresponding to 6~ = 3.55.0 K
and a Schottky contribution corresponding to d, = 59
K. Below 3.2 K the uncertainty in C~ correspond-
ing to these corrections should be less than 1%.

To analyze the "high-temperature" behavior of
C„one would like to fit C„T /R to a power series
in 1/T starting with the constant b. Figure f shows
C„T'/& pi«ted as «~«i» «1/T between 0.5
and 4. 2 K. Unfortunately, the errors are such
that one can x'cally only fix the first term in the
series, and even the sign of the next-order term
remains uncertain. Figure (I' also contains x esults
obtained by Clover38'3 using a high-frequency re-
laxation method which measured C~ directly with-
out any corrections for the lattice specific heat.
The results are seen. to be in excellent agreement
mith our cox'x'ected values, and combining the tmo
sets of data we may finally estimate b = (1V0+ 10)
x10" K . This value mill be used in the analysis
of the intera, ctions in Sec. VA.

Below 1 K, the quantitative analysis of C„be-
comes more difficult. Near 0. 1 K there seems to
be evidence of some type or ordering, which would

be consistent with nucleax'-quadx'upole- resonance
(NQR) experiments on Cl in CeCl3, ln which a
gradual reduction of intensity mas observed below
about 0.2 K while the signal disappeared completely
below about 0. 110 K. Unfortunately, no NQR sig-
nal could be found below 0. 110 K so that thexe is
no indication of the nature of the long-range-or-
dered state.

8. SpccjIflc Hest Of COCA 1N Rs Apph88 Msg11ctlc F18M

A theoretical expression for the high-tempexa-
ture specific heat was derived by treating the fieM
exactly and considering the intex actions as a per-
turbation. ' The result will be valid as long as
the thermal and Zeeman energies are large with
respect to the interaction energy. It can be shown

that these criteria should be vabd for CeCl3 for
temperatures above 0. 5 K and fields above 2 kQe.
To a sufficient approximation me may wx"lte the in-
teractions between the effective spins in the form

X,eS, Sys (5)
fg-g»g» 4'

and neglect off-diagonal terms such as Z~~ which
are small (see Sec. V A and Ref. 5). Expanding
the free enex'gy per spin in powers of the interac-
tions dlvlded by kT» me find» cox'x'ect to second
order»

w& N(If/, ( w & x, , w=-ln 2cosh =) + tanh~~ ~+
—

~+ (K', ) sech~
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—S(IC) tanh'( )sech~ —(Ks)+(Its) sechs
(kT

(8)

where W= g„peH, (K,)=gzKJ~, and(K, )=g&(K'~ ) .
Because the spins are all magnetically equivalent,
the lattice sums (K ) and (K ) are independent of
the chosen starting spin t'. The entropy and specif-
ic heat are immediately derived from F,

\

To the first order in the interactions, we find

C„/R = [(W/kTP secha(W/k T)j

x {I—(Kg/W[2tanh(W/kT)

+(W/kT)(1-8tanh (W/kT)]). (8)

The corresponding second-order terms are rather
complicated and have been given by Landau, ' but
since they are all small under the conditions of
the present experiments they will be neglected
here. In fact, substituting values for the various
parameters, it soon becomes clear that even the
first-order correction terms are very small and
that CeC13 in a field should approximate well to an
ideal two-level Schottky system described by the
first termin Eq. (8). Figure 8shows acompari-
son of Eq. (8) with and without the interaction
terms for the case of H=12. 14 kOe. It may be
seen that the differences are very small and that
both curves agree mell with the experimental re-
sults. Similarly good agreement was found for
other field values.

In the present case, the parameters in Eq. (8)
were all known from previous experiments, but it
is of interest to note that specific-heat measure-
ments in applied magnetic fields may in fact be

0,5—

Specific Heat of CeCI~ with

12.14 kOe along the c—axis

used to determine g values. Two approaches are
possible, their applicability being dictated by the
relative magnitudes of the interactions, W, and
kT.

If kT is large compared to the other quantities,
then the asymptotic form of the specific heat will
be described by

C/R=k/T +O'H /T,
where k is the zero-field coefficient (see Sec. III)
and b'=g„p, e/4k . Hence, a plot of the asymptotic
values of C~T/R vs H should give a straight line
with intercept k and slope proportional to get).

If, as is frequently the case, the interactions
are small compared with k T but larger fields are
used such that 5' is comparable with kT, then the
specific heat will resemble a modified Schottky
curve, as described by Eq. (8). By treating Wand
(K,) as adjustable parameters, gtt may again be
found.

It was possible to illustrate both methods using
our results for CeC13, the first for fields of 4. 55
and 6. 53 kOe and the second for fields of 9.20 and
12. 14 kOe. A consistent value of gl 4 00+0.06
was obtained, in excellent agreement with the value
from optical measurements on CeC13 and from
EPR on Ce ' in LaC13.

C. Zero-Field Entropy as a Function of Temperature

By integrating a smooth curve of C„/T vs T, one
can readily obtain an entropy versus temperature
relation between -0.080 and 4. 2 K, as shown in
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FIG. 7. Magnetic specific heat of CeC13 between 0 ~ 6
and 4.2 'K. Results of the present work are shown by
the symbols ~, O, 4; results of Clover use the high-
freguency relaxation method and are shown by O. The
intercept at 1/T=O of a straight line passing through the
points gives b = {170+ 10) x 10

l
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0.0 I I
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FIG. 8. Specific heat of CeCI3 in a strong applied
magnetic field: Experimental values for &=12.14 koe
{0);theory excluding interactions (i.e. , two-levelSchott-
ky anomaly) calculated for ~=gIIpg+p with gII=4. 04
{—-); theory including interactions as a perturbation
( ) bee Sec.IVB) g(K )=0.06 K.
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FIG. 9. Entropy vs temperature
of CeC13 in zero fieM. Results of
adiabatic demagnetization (g), in-
tegrated specific heat (—). The
critical entropy (S -S,) =0.5M.
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Fig. 9. As explained in Sec. HC, the entropy can
be put on an absolute basis by assuming the high-
est-temperature points to be given by Eq. (1),
where we now have a value for b = (1?0+10)x10
Figure 9 shows that a large amount of entropy
( 0.66R ln2) is associated with short-range order
above the "critical temperature" which is near
0. 115 K.

An independent check of the entropy-temperature
relation was obtained from a series of adiabatic
demagnetizations to zero field starting at a tem-
perature of about 1.25 K„The results are shown

as circles in Fig. 9. For each starting field the
initial entropy was calculated using the tables of
Hull and Hull for. noninteracting spins, and the
error involved in neglecting the interactions esti-
mated from Eqs. ('?) and (8). In each case the er-
ror in entropy was less than 0.0038.

Belovr a temperature of -0.16 K, the demagne-
tization points are seen to faQ consistently below
the solid line. The largest discrepancies in 8 oc-
cur at the lowest temperatures and amount to ap-
proximately 0. 05R. There are a number of factors
which may contribute to these differences, but it is
uncertain vrhich is primarily responsible.

The first is the possibility of irreversibilities
during demagnetizations. From a number of suc-
cessive demagnetizations and magnetizations, it
was estimated that the irreversible change in en-
tropy eras 68~0. 01R for T &0. 11 K. Below this
temperature, magnetizations mere not carried out
and the magnitude of irreversibilities in this region
is therefore unknown.

The second possibility is that errors were pres-
ent in the temperature calibrations. These vrould

have affected both the measured specific heat and

-O.l 0

I'IG. 10. Internal energy vs
temperature for CeCl3 in zero field.
The straight line is from the in-
tegrated smoothed specific heat.
The internal energy at absolute
zero is estimated as U0/8=-0. 139
+ 0.015K.

0.2

T(K)

0.5
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TABLE I. Entropy contributions above the highest
measured temperature T~ in applied magnetic fields.

H (kOe)

4.55
6.53
9.20

12.14

Tmw

4.043
4.038
3.765
3.890

S -S
II18X

0.012+ 0.001
0.025 + 0.002
0.053 + 0.004
0.080+ 0.006

(10)

The contribution above 4. 2 K can again be obtained
by extrapolating the specific heat according to a
8/Ta law. For the energy zero we take the fully
disordered state (T- ~) so that all energies due to
the interactions will be negative. Figure 10 shows
U/R as a function of T down to 0. OV6 K. Below
0.076 K the curve was extrapolated by assuming a
smooth variation of C„with T consistent with the
constraint that the total entropy should be 8 ln2.

the temperature indicated by the carbon resistor
after a demagnetization.

A third, and most likely, factor could be errors
in the measured values of the specific heat. The
entropy is extremely sensitive to such effects, es-
pecially at the lower temperatures where the scatter
in the data was largest.

D. Internal Energy in Zero Field

The magnetic internal energy U can be calculated
in a similar way by integrating the specific heat,

The resulting contribution to U in this region was
quite small, 0. 006R, and its uncertainty about
+ 0. 002R. The corresponding total internal energy
at T=O K is U, /R= —0. 139+0.015 K.

E. Entropy in Applied Magnetic Fields

The isothermal entropy of magnetization was
measured at 1.25 K using the feedback arrange-
ment described in Sec. IIC. The experiment gives
the time derivative (SS/St)r as the magnetic field
is swept at a rate SH/St. This is readily integrated
to give S as a function of H at the chosen tempera-
ture T. The result is shown in Fig. 11, which also
includes the theoretical curve calcu1, ated for negli-
gible spin-spin interactions. It can be seen that
the agreement is very good, in accord with our ex-
pectations that the effect of the interactions is very
small.

The temperature dependence of the entropy in
applied magnetic fields was obtained by integrating
the measured specific-heat curves. For tempera-
tures greater than those actually measured the
curves were extrapolated using a 1/T approxima-
tion [Eq. (9)], or the complete expression of Eq.
(8) as appropriate. The contributions to the entropy
from this region are given in Table I. The results
are summarized in Fig. 12. Entropy values taken
from these curves may be compared with the iso-
thermal entropy determined at 1.25 K and may be
used to test the consistency of the whole procedure.
The values thus obtained are shown as crosses in
Fig. 11 and it can be seen that the agreement is
excellent.

07
&

In 2

Ce Cl&

Entropy vs External Field

T =I.25 K

0.5-

0.4

0.5

FIG. 11. Entropy vs applied mag-
netic field at T=1.25'K: experi-
mental values from isothermal mag-
netization (0 ); values calculated
from integration of measured Cs/T
in various magnetic fields (x) (see
Fig. 13); theory for noninteracting
spine ( — ).
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F. Susceptibility Law of the form

%bile it is customary to analyze the high-tem-
perature susceptibility in terms of a Curie-gneiss it is also known that the true asymptotic form for
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FIG. 13. Magnetic susceptibility of CeC1&. Variation of (X1'} vs 1' uncorrected data OOO, corrected data Q '1"):
using parameters of solution I (O Q 0), using parameters of solution II (+++). Best fits to the data yield 8=+0.05 K for
solution I and 0&=+0.30K for solution II. Data were corrected using Eq. (14) with B2=0.027 for solution I and B2

=0.017 for solution II.
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(x'r)-'= (xr)-'- a, /cr'. (i4)

From a plot of (y'T) ' vs T ' we obtain a new value
of 8 and by continuing this process we obtain a
self-consistent solution. 43 Fortunately, the value
of Ba does not vary greatly as the interaction pa-
rameters change and the convergence should be
quite good. In Fig. 13 we also show the final cor-
rected susceptibility. Since Geo possible solutions
are obtained from the analysis (cf. Sec. V A) two
different values of B~ are available to correct the
susceptibility. Not only are the resultant plots
linear over a wider temperature range, but the
slopes have the oPPosite sign from that obtained
from the uncorrected susceptibility. If one fits the
final "corrected" values of y to a plot of (XT) ' vs
T ', a value of 8=0.040+0. 020 K is obtained,
where we have taken the average of the values from
the two corrected curves.

Below 0.4 K, additionalterms in the susceptibility
become increasingly apparent. There is a broad peak
in the susceptibility near 0.18 K (see Fig. 5) snd
near 0. 1 K there is a weak inflection corresponding
to a maximum gradient in XT. This point of. maxi-
mum slope occurs at the same temperature, within
experimental error, as the peak in the specific
heat. All this suggests that CeCl, orders antifer-
romagnetically along the c axis (or in the xy plane)
near 0. 1 K with a large amount of short-range order
in the temperature region above the onset of long-
range order. This is also consistent with the vari-
ation of entropy above the critical temperature.

One alternative which had to be excluded was the
possibility that the ordered state was actually fer-
romagnetic along the e axis and that the decrease
of susceptibility at lower temperatures was due to

the susceptibility is a power series,

X= (C/T)(1+8 /T+A, /T'+ ~ ~ ~ )

This means that the inverse susceptibility can be
written

(~ T)-'=(1/C)(i+a, /T +a, /T' + "), (i3)

where 8,=- e. We may therefore determine 8 di-
rectly from the experimental data from the slope
of a plot of (XT) ' vs T ' such as the one shown in
Fig. 13. The best fit yields a value 8„„„,=- 0.01
K although it is clear that the data do not obey a
li.near relationship over a very wide temperature
range. The smaG value of 8 and the curvature in
the data suggest that the next-order term in Eq.
(18), i.e. , Ba/T, is not negligible. Fortunately,
a fairly reliable estimate can be obtained for Ba in
the following manner. Using an approximate value
for 6 the interaction parameters can be determined
in a manner described in Sec. V. From these in-
teraction parameters we determine B~ ' and then
calculate the corrected susceptibility X 'where

Keg g PIs(~Q 3xg)I+1/ t (15)

where r&& and z,&
represent the relative coordinates

of spins i and j. These interactions are all quite
weak, the largest being those between third and
sixth nearest neighbors for which one finds

Xs",= 0. 025 K (antiferromagnetic),

X,",=-0.032 K (ferromagnetic).

The sum of all interactions from the third neighbor
out to an effectively infinite sphere was calculated
by direct summation of EQ. (15) alld tllis gives
4$ 'E„=O.OOVV K, where the prime indicates the
fact that the first- and second-neighbor contribu-
tions have been excluded.

For both the nearest and next-nearest neighbors
there axe clear indications that the interaction
mechanisms are quite complex with significant con-
tributions from electric quadrupole coupling and
anisotropic exchange. '6 Since the magnitude of
these cannot be predicted, one must use symmetry
to reduce the number of unknowns and experimental

relaxation effects associated with domain motion.
Howevex, if this were true one would expect g to
exhibit a maximum value close to 1/N near the
Curie point. For a sphere this gives 3/4v emu/cms
or 14.8 emu/mole of CeCl, . The experimental
peak, on the other hand, was almost a factor of 3
smaller than this. Moreover, we may also note
that the change in the out-of-phase component of
the susceptibility X"was much smaller than that
usually encountered in ferromagnets in the region
of their Cu1'1e points.

We conclude from all this that the cooperative
transition near 0. 1 K is in fact antiferromagnetic
in nature, though we shall see that the actual spin
configuration cannot be lIlferred readily froIQ the
present measurements.

U, DETERMINATION OF INTERACTIONS AND THE
ORDERED STATE

A. Interaction Parameters

The general interaction between any two effective
spins 8 '=

& has the form

Xl~ = Z 8 1'~ K~~~gS~P (15)
0 sS=Xsg eC

with nine independent constants E'~z. In any par-
ticular case, the actual number may be limited by
either symmetry or a knowledge of the actual in-
teraction mechanisms. Both of these are useful in
the case of CeCls.

For the third and more distant neighbors, EPR
experiments on Ces' pairs in LaC13 have shown
that the effective interactions are well explained by
magnetic-dipole interactions alone, and because of
the large g-value anisotropy these are characterized
by just one constant per pair,
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TABLE II. Interaction constants for CeC13 (K). In ad-
dition to the experimental uncertainty, the error limits
include an allowance for the estimate )Z~ [ &0.05 and
for the unknown value of the asymmetry parameter g
which was arbitrarily allowed to vary between + 1.

Solution I Solution II

0 33-0.09

+0.05
—0.11

+0.03'"-0 04

+0.03—0.14

)K~ ), (E~~ } &0.002

-0.06—0.03

—0 36—0.02

+0.02
0 03

0 00-0.05

data to estimate their actual magnitudes. For the
nearest neighbors (nn), symmetry demands only
two nonzero constants K,",(=K,", ) and -K„''„=K„„
(=-K,"). For the next-nearest neighbors (nnn) there
is only a center of inversion and six nonzero terms
are allowed. Of these, EPR experiments have
shown that two are very small (K'„", and K„'", ). If
we define

(K nnn Knnn)/(Knnn Knnn)

then the Hamiltonian for the nearest and next-near-
est neighbors may be written

&=Z [Kn'StS~+ n K~"(S)S~+StS~)]+Z [Kn", S)Sf
nn

+ n Kn (StSj+ Spy)+ n'gKn (StSy+S~Sy)] (18)

and is specified by five parameters which must be
determined from an analysis of the experimental
data.

Such an analysis has been discussed in an earlier
publication' using two preliminary results of the
present work, the values of 5 and e,»„,. Our final
values are only slightly different and the corre-
sponding X values are therefore not changed signifi-
cantly. The results are shown in Table II.

B. Choice of Solutions

As discussed in Ref. 18, there are two different
solutions which cannot be distinguished by the
asymptotic high-temperature bulk data and the EPR
pair measurements. While the parameters charac-
terizing solution I in Table II corresponded more
closely to the set of values predicted for magnetic-
dipole-dipole (MDD) and electric-quadrupole-
quadrupole (EQQ) interactions, this correspondence
should not be regarded as definitive evidence for
the correctness of the particular solution. The
possibility of additional anisotropic exchange suffi-
cient to account for the parameters of solution II

cannot be r'uled out.
Nor was it possible to distinguish between solu-

tions by an examination of higher-order terms in
the specific heat or susceptibility. While these
may be calculated in terms of the relevant param-
eters, the experimental accuracy was not sufficient
to allow a useful comparison to be made.

A potentially appealing approach is to analyze the
behavior of CeC13 in terms of a one-dimensional
linear xy or linear Ising model, ' and indeed this
has been done previously. '~' However, it will now

be shown that such an analysis is inadequare. We may
begin by considering the characteristics of the two
sets of solutions.

An examination of solution II shows that all of the
interaction parameters save one are relatively
small. The one large parameter is X~" and is seen
to act only between nearest neighbors. Since these
neighbors are located along a chain parallel to the
c axis of the crystal, it appeared that the one-di-
mensional linear xy model might prove to be a good
approximation to the physical system.

The situation for solution I is somewhat more
complicated. However, as a first approximation,
the near-neighbor interactions are dominated by an
antiferromagnetic interaction in the z direction.
This suggests that the basic structure to be con-
sidered is a series of antiferromagnetic linear
chains. If this is indeed the case, then the next-
nearest-neighbor interactions will tend to cancel in
pairs. As a result, CeC13 might be expected to di-
vide itself into two noninteracting sublattices, each
composed of independent antiferromagnetic linear
chains, and such a situation can be approximated by
the linear Ising model.

Before proceeding any further with this approach,
it is important to interject several notes of caution.
The first is that the models considered are one di-
mensional in nature. It is therefore probably quite
invalid to expect them to describe the behavior of
CeC13 below the ordering point. For this reason,
although the behavior of these models will be in-
dicated even for T-0, it would be misleading to
expect good quantitative agreement between experi-
mental and model data at the lowest temperatures.
Second, the models are only approximations to the
real Hamiltonian in that they also neglect certain
nonzero interactions. The importance of such
omissions will be considered later when appropri-
ate. Finally, in all discussions it will be assumed
that q has been set equal to zero, unless other in-
dicated. There is no a priori reason why this
should be true, but it introduces one simplifying
factor into an already complex situation.

1. Specific Heat

The first quantity to be considered is the specific
heat. Figure 14 shows the smoothed experimental
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curve, together with predictions of the linear xy
and Ising models"'" with E~" and Xg chosen from
solutions II and I, respectively, as the appropriate
parameters for the two models. As can be seen,
neither model describes the observed behavior very
well.

This is not so surprising for the Ising model,
since this approximation neglects a number of im-
portant interactions. For example, at high tem-
peratures, C„/R =b/Z + ~ ~ ~, where b =QADI(K,'Iq)'

(and the K'~~ are now expressed in units of tempera-
ture). Experimentally, b = 1.VO+ 0. 10x1Q~K3,
while for the Ising model, b=,~ ( K'„' ) = 0. 69

x10 3X . The effect of neglecting the non-Ising in-
teractions is apparent.

For the linear xy model, the situation is quite
different. In this case, the approximation of solu-
tion II by such a model should be rather good since
the neglected interactions are quite small. This
can be seen by noting that b = + (K,")'= 1.62 x 10 ~K',
in close agreement with the observed value. How-
ever, the specific heat predicted by this model
shows serious discrepancies with the experimental
values below 0. 5 K.

This lack of agreement suggests two possibili-
ties. The first is that solution II is, in fact, in-
correct and should be eliminated. The second pos-
sibility is that solution II is correct but is not well
represented by the linear xy model. On the basis
of the specific-heat data, however, no definite con-
clusion can be drawn.

2. SNseeptibiIity

The experimental susceptibility may also be
compared with the behavior predicted by Katsura45'4~
for the two model Hamiltonians. In doing this,

6E' 1
X =Xq+~ g 3+~ g 3 Zz&Kt.

&gnP g Ng ))P g
(20)

The last two terms on the right-hand side above
can also be written in the form

y=(- 1/C)(f K';,'+e„,), (21)

where C is the Curie constant and e«, is the dipolar
contribution from third and more distant neighbors.
This result can also be found from a consideration
of a high-temperature expansion for X where it is
exact to order 1/T'. As noted earlier, e«, for a
spherically shaped specimen is 0.OOVV K.

Figure 15 shows the experimental susceptibility
points between 0.05 and 0. 5 K together with the
behavior of the two models corrected for the effects
of the more distant neighbors as described above.
At the higher temperatures, the linear xy model
seems to give slightly better agreement with the

however, a modification of the model results is
necessary. In Katsura's calculations, it was as-
sumed that only nearest-neighbor interactions
were present, while for CeC1, more-distant- neigh-
bor interactions in the chain have a non-negligible
effect. The effect of these more distant neighbors
can be approximated by an effective field H, = yM,
where M is the moment of the sample. If 'y~ is the
exact susceptibility of the nearest-neighbor linear
xy or Ising model, then the susceptibility X which
is modified by the effective field is given by X

'
where

~zIK& /+g aIIz' (19)

where z& is the number of ith neighbor spins and K&

is the ith-neighbor interaction.
For the case of CeC13, one can write
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SPECIFIC HEAT OF CeCI

AND ONE DIMENSIONAL MODELS

FIG. 14. Specific heat of CeC13
below 0.4 K. The theoretical curves
are for the usual one-dimensional
Ising model, K~=0.33 K (Ref. 46)
('-'-'-) and for the transverse
coupled Ising model I,ef. 46), K»
=0, K„=K„=0.36K (—-). The ex-
perimental results are shown by a
solid line except in the region near
0.11Kwhere scatter in the data
makes it impossible to determine
if the curve is rounded or has a
spike in it.
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data, although in view of the uncertainties in the
values of the interaction parameters (cf. Table II),
either model can be made to fit the experimental
points. At lower temperatures, the qualitative be-
havior of the data also resembles that of the xy
model. However, in this region the applicability
of one-dimensional models to CeC13 is more dubi-
ous, and a more careful consideration of the ex-
perimental behavior is called for.

The situation for solution II is relatively straight-
forward. The dominant E~" term would be expected
to align the spins perpendicular to the c axis.
Hence, a field applied along the c axis would mea-
sure a "perpendicular" susceptibility, which should
have a finite and nonzero value even at T =0.

The possibilities arising from. solution I are
more complicated. If the large K,", term produces
a spin configuration which is essentially Ising-like,
then one would expect a susceptibility characteris-
tic of such a state, and this implies g-0 as T-O.
However, the temperature at which this behavior
becomes evident depends upon the energy gap be-
tween the ground state and any low-lying energy
levels. If this gap is small enough, the suscepti-
bility would only vanish at extremely low tempera-
tures. Thus far it has not been possible to con-
struct a state with the required properties, but
neither has its existence been ruled out.

In addition, the presence of the non-Ising terms
might significantly alter the assumed Ising-like
characteristics of solution I.. In that case, the
ground state would not be an Ising-like one, and the
susceptibility as T-0 might be modified. For
example, if the Hamiltonian contains terms of the
form S&S&, then the ground state will have admix-
tures of state 1i) such that /Sf li) e0. It is then

possible to have a nonzero susceptibility through
the mechanism of a second-order coupling to ex-
cited states I e). The process is analogous to the
one responsible for Van Vleck temperature-inde-
pendent paramagnetism, and depends upon matrix
elements of the form (el/Sf li). The magnitude of
terms such as S&8&, however, were found to be very
small, and it is unlikely that such effects can ac-
count for the large susceptibility exhibited by CeCl~
at low temperatures.

Again, the data do not provide sufficient grounds
for a definitive choice of the proper solution, al-
though a finite susceptibility at T=O is more .asily
understood in terms of the parameters of so ition

II.
In summary, an analysis of the specific h d; or

susceptibility of CeC13 in terms of one-dime sional
models is inadequate and inconclusive.

3. Internal Energy

In the previous discussions of thermodyna .ic
properties below the ordering temperature c CeC13,
the model calculations were of little use sini a
model which exhibits no ordering at finite te. pera-
tures can hardly be expected to describe a r
ordered state adequately. In particular, the models
fail to include precisely those interactions w..xch

are responsible for the finite-temperature ordered
state.

The internal energy at T =0, however, depends
only upon the ground-state spin configuration. If
this state consists of a system of ordered one-di-
mensional linear chains, and if these chains are
only weakly interacting, then U(T=O)/R may be
well approximated by the result for a one-dimen-
sional system. For solution II, all interactions

I I
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FIG. 15. Susceptibility of CeC13
for a spherical sample ( ~ ~ ~),
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t—--). Both theoretical curves
have been corrected for dipolar in-
teractions as described in the text.
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(23)

Applying this model to CeC1, and substituting the
appropriate parameters from solution II into the
above expression, one finds Uo/R =-0.120 K. Ex-
perimentally, Uo/R was found to be —(0. 139
+0.015) K.

For the nearest-neighbor linear Ising model, the
ground-state energy is given by Uo/R=- —,'X„. It
has already been seen, however, that this model
fails to include a number of interactions in solution
I which are comparable in magnitude with K'„'. The
effect of such interactions on the ground-state en-
ergy can be estimated by assuming a ground state
of antiferromagnetically ordered chains, and con-
sidering the effect of couplings to states with two
or more spins flipped by terms in the Hamiltonian
such as S',S&. It can then be shown that this leads
to a correction in the ground-state energy of mag-
nitude

(Knn)2 3(R mn)2 3~3(ff nma)3

4K" 8(2X"-X' ) 8(2' +X"')
(24}

Substitution of the K values for solution I gives

Up/R = (- 0. 093 —0. 018 rP ) K . (28)

For g=0, the result for solution I does not agree
with the measured value as well as the result for
solution II, but neither falls within the error limits
of the experimental value. Moreover, it can be
shown that if g is increased from zero to provide a
larger correction term, then Kg decreases, so
the discrepancy with the experimental result can-
not be easily removed in this manner. Thus, the
internal, energy of CeC1, is not adequately accounted
for by either of the two model calculations.

Since the obvious defect of the above models is

except K~" are quite small, and transversely or-
dered linear chains seem to be a reasonable as-
sumption for the ordered state. For solution I, the
tendency of the next-nearest-neighbor interactions
to cancel in pairs (giving a basic Ising chain struc-
ture) make it reasonable to consider the ordered
state at T= 0 as a system of noninteracting or
weakly interacting Ising chains.

The energies of both the linear Ising and xy mod-
el systems have been determined and may be com-
pared with the experimentally observed result.
For the xy model, 45

U, /R =- (I/v) i+,-i. (22)

In the presence of a perturbation of the form
K,", S&$&, it has also been shown that

that they are one dimensional, one would hope to
use the two solutions to draw some conclusions re-
garding the actual three-dimensional ordered state.
The solutions are really quite similar in that both
predict basically the formation of linear chains
along the c axis, each of which has three identical
nearest-neighbor chains. Moreover, for solution
I the coupling between these chains cancels to a
first approximation (due to symmetry), and for
solution II the interaction itself between chains is
essentially zero. The long-range order would then
be determined by interactions with more distant
chains. If these interactions are dipolar, as the
resonance results indicate, they would favor anti-
parallel alignment between z components of spins
in the same plane. Because of symmetry this is
possible for only four out of six neighbors (this is
similar to the problem of producing an ordered
state on an Ising-plane triangular lattice' ), and it
therefore appears likely that the actual spin con-
figuration will be an antiferromsgnetic state (possi-
bly complex) produced by the small off-diagonal
terms in the Hamiltonian.

In summary then, an unambiguous choice between
the two sets of interaction parameters is not yet
possible. In particular, the treatment of CeC1~ in
terms of one-dimensional models is not justified on
the basis of the avaQable data, but we cannot pre-
dict what the three-dimensional spin arrangement
will be.

VI. SUMMARY AND CONCLUSIONS

An extensive collection of magnetothermal data
for CeCl, is now known for temperatures ranging
from 0.05 to 4. 2 K. Above 0. 5 K, CeC13 was found
to behave as an almost ideal paramagnet in the
presence of a magnetic field. The susceptibility
could be closely approximated by Curie's law and
the specific heat in an applied field could be well
represented by a Schottky anomaly calculated for a
paramagnet without interactions.

Below 0. 5 K, CeC13 shows evidence of undergoing
an ordering process, but the nature of the ordered
state remains unknown.

It is interesting to consider what other types of
measurements might be sufficient to resolve the
problem of the proper choice of solutions.

A nuclear-quadrapole-resonance experiment on
CeC13 has been carried out by Colwell et a/. They
found that below 0.2 K, the resonance line de-
creased in intensity without broadening until it dis-
appeared at 0. 11 K. Efforts to locate the line below
this temperature were in vain, although it was
looked for down to 54 mK. They speculated that
0. 11 K marked the onset of short-range order with-
in the chains, while long-range order presumably
occurred at some lowex temperature. While this
is a possible explanation, it is not easily under-
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stood iri view of the rather sharp decrease of the
specific heat in the region below 0. 1 K. The spe-
cific-heat peaks found in the ordering of either
linear Ising or xy chains are more rounded than
the experimentally observed one for CeCl, and of a
significantly smaller magnitude. It seems more
reasonable that long- range-order sets in near 0. 1
K, but it is not clear how the behavior of the reso-
nance line is related to this.

If the spins align perpendicular to the c axis be-
low the ordering temperature, then the small g
value in this direction will result in only a small
internal field. This would be expected to leave the
main resonance line essentially unaffected. On
the other hand, spins aligned along the c axis would
produce a significantly larger field, and this might
be sufficient to shift the resonant frequency beyond
the range studied. On this basis, solution I ap-
pears to be the more likely one. A repetition of
the experiment, but with a wider frequency range
and extended to lower temperatures would be de-
sirable.

Neutron-diffraction experiments pose another
possibility, and perhaps hold the most promise for
determining the nature of the ordered state. How-

ever, even this method has potential difficulties.
In addition to the technical problems posed by
working at 0. 1 K or below, there is also the small
value of g~ to cope with. If the spin configuration
in the ordered state is perpendicular to the c axis,
the magnetic moment will be quite small, and the
scattering intensity correspondingly weak. It is
therefore possible that no magnetic superlattice
lines would be seen upon cooling through the transi-

tion temperature, leaving the nature of the ordered
state undetermined.

A final possibility is to examine the resonance
spectrum of Ce" triplets in LaC1,. Wu (private
communication) has shown that the spectrum tor
solution I differs from solution II. However, he
has also shown that the intensities of the triad lines
are at least a factor of 10 smaller than the intensity
of a nearest-neighbor-pair line. Moreover, a
number of the triad lines would be obscured by the
single ion line or by pair lines. While it is there-
fore possible that a triplets experiments could be
used to distinguish the solutions, it would be quite
a difficult task to accomplish.

CeC13 thus remains an intriguing material for
further study. A more refined statistical mechan-
ical treatment of problem of this nature would be
most useful, and might yet provide a, means of re-
solving the ambiguities still present.
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