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td ' = t —1 = ( s' —s)/s.

These relations simplify the computation of the ma-
trix elements in the primed frame. Beyond this
we just grind it out by expanding S'" and S'" in terms
of raising andlowering operators and using their
known properties. One must consider many special
cases, find a formula fitting all of them, put these
results in (A2), and do the sums. We give here the
results of this procedure up to n = 4. The detailed
calculations are found in Ref. 13.

Let 5„zbe the Kronecker 5 and & „ the usual
completely antisymmetric tensor. Then

(8, tt(&t™bt(8, $)= —(5,-X X +i&,„X"), (A3)

where X is a unit vector in the direction (8, p):
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The conduction-electron contribution to the electric field gradients in the heavy rare-earth metals has

been calculated using a modified orthagonalized-plane-wave approach. Experimental results can be easily

explained within the confines of the model and the amount of 5d character mixed into the

conduction-electron wave function (characterized by a parameter e„) agrees well in both magnitude and

sign with previous independent methods of determination. An attempt is made to correlate the

magnitude of the 5d admixture with the d density of states in the conduction band.

INTRODUCTION

It is to be anticipated that the presence of con-
duction electrons in a metal may substantially
modify the crystalline electric fieids (CEF's) and
electric field gradients (EFG's) f rom those which
one might expect on the basis of insulator theory.
One could envisage strong screening effects which

would reduce the effective fields to below the point-
charge values. However, experimental evidence
shows that the point-charge fields may be enhanced
and even changed in sign. ' ' It is therefore clear
that conduction electrons must play an important
role in this respect. A growing experimental in-
terest in the determination of CEF's and EFG's by
susceptibility, neutron- scattering, and Mossbauer-
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effect measurements, as well as many other meth-
ods, has led to an increased theoretical effort to
explain the results obtained. Two principal meth-
ods of describing the conduction electrons have
been proposed, one using an augmented-plane-wave
method and the other using a modified orthogonal-
ised-plane-wave (OPW) technique. In the former
case, which has been applied to both the calculation
of CEF's and EFG's, agreement with experiment
is apparently not yet satisfactory. The latter
method has previously been applied only to the cal-
culation of CEF's in heavy rare earths and their
alloys with noble metals. Agreement with experi-
ment is found to be reasonable although an adjust-
able parameter is contained in this approach which
has not yet been given a clear physical interpreta-
tion. In the present paper we will apply this theory
to the EFG problem in an effort to both understand
more clearly the importance of the aforesaid pa-
rameter and to give a further test of the QPW tech-
nique in this application.

A comprehensive survey by Pelzl~ has concen-
trated on EFG's in heavy rare-earth metals. He
has found that the experimentally measured field
gradient originating from the lattice of point charges
and the conduction electrons may be as much as
1000 times larger than that expected on the basis
of calculation using a simple lattice-sum point-
charge model. It is suggested that the origin of
this large enhancement may be the combined effect
of the lattice of point charges and the conduction
electrons exterior to the atomic sphere together
with the Sternheimer antishielding effect. Other
workers, however, in discussing EFG's in metals
and alloys propose that the dominant contribution
may come from the electrons within the atomic
sphere. In the following we shall essentially rec-
oncile these two views and find that the magnitude
of the EFG can be explained consistently within the
OPW model. We shall first outline the method of
calculation and then compare the theoretical re-
sults with those given by Pelzl for Gd, Tb, Dy,
Ho, and Tm. Finally, we will discuss the neces-
sity to admix the 5d character into the OPW used
to represent the conduction electrons in terms of
the d-band character in the heavy rare earths.

THEORY

Heavy rare-earth metals have an hexagonal
closed-packed structure and the point symmetry
of any one nucleus is D&I,. The nuclear-quadrupole
interaction is found to be solely dependent on the
s component of the EFG tensor where the s axis is
defined to be the c axis. Inside the above metals
the EFG q at a nuclear site assumed as the origin
of a set of spherical polar coordinates is given by

q= f 2 [I —y(r}]p(r)r»P»»(cos8) dv,

where p(r) is the charge density at the point with
position vector r = (r, 8, Q) which includes the den-
sity due to valence electrons, conduction electrons,
and positive point charges which will describe the
environment of the ion in question. I' is an as-
sociated Legendre polynomial of the first kind of
degree 2. The integral in Eq. (I) is over all space
and y(r) is the antishielding factor studied by
Sternheimer~ and is a means of modifying the elec-
tric-quadrupole interaction to take into account the
distortion of the closed shells in the presence of a
source field. There are three main sources of the
measured field gradient in a metal, namely, that
from the valence electrons, the contribution from
the CEF and the component from the conduction
electrons so that the total gradient is often written

lelq..=(I-~-)lelq! -(I-Ito)lelq4I- lelq::
(2)

In Eq. (2) the factors y„and Ro describe the anti-
shielding of the CEF by closed shells and the
shielding of the partially filled 4f shells, respec-
tively. The EFG's from the lattice, the valence
electrons, and conduction electrons have been de-
noted in (2) by q,',", q„~, and q,",, respectively.

The dominant contribution to the EFG for the
rare earths comes from the term q„~ in Eq. (2)
arising from the 4f electrons localized on the ions.
This may be determined directly from Mossbauer-
effect measurements or calculated in terms of the
nuclear-quadrupole interaction (see Ref. 6). How-
ever, we shall in this paper be specifically inter-
ested in that part of Eq. (2) which arises from the
conduction electrons and the lattice of point charger
so that we take a simplified form.'

(3)

We examine the contribution from the conduction
electrons, I e I q,",, first. To calculate the charge
density of conduction electrons at a point r we
adopt a wave function Q» developed in a previous
theory and given by

N
mrs ~ -+ &gaA~-+ 'id&-4n&PM)IP&V t

(4)
where the conduction electrons have been assumed
to be noninteracting with wave vectors k on the
Fermi surface. V is the volume bounded by a
metal ion and its 12 nearest neighbors. Ã is a
normalization constant given by

1 py»
and the coefficients b», c,~, and 5& are defined by

b»»=fe" y ~' c»=fe
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The sums over p and t are, respectively, over all
4f orbitals which are occupied in the ground term
with spin down for one ion and over all core orbit-
als of any one rare-earth ion and its 12 neighbors.
Strictly speaking the sum over P should be over all
the 4f orbitals of a rare-earth ion and its neigh-
bors but it can be shown that, at least for CEF's,
the incomplete 4f shells of neighbors produce a
negligible contribution to the CEF seen by the ion
at the origin so we shall neglect these parts. In a
similar way the term premultiplied by b& is a com-
ponent describing the Sd character of Q» but only
for the ion at the origin. The physical reason for
the latter inclusion is that in the case of Gd ', the
ion has a ground configuration of 4f'5d and a
ground term D2 which suggests that for this term
the 5d orbital with angular dependence F2 is oc-
cupied. It is therefore possible that the other
heavy rare-earth metals have 'conduction bands
which contain 5d character. Indeed this is found
to be the case from a number of band-structure
calculations. ' b„ is defined to be the plane-wave
overlap with the 5d orbital of the particular ion
concerned (we have assumed the Gd 5d orbital
tabulated by Herman and Skillman to be appropri-
ate to aQ ions considered). For simplicity we
have assumed that the 5d orbital with m =2 will
have a dominant effect so that g is zero for all
orbitals except the 5d orbital with angular depen-
dence F2. &~ is a "mixing" parameter which in
some way makes allowance for 5d character in the
conduction-electron wave function, its physical
significance will be discussed in more detail later.

It is well known that the normal electrostatic
interaction between a conduction electron and a
magnetic ion favors the conduction-electron spin
parallel to the net spin of the ion. " However, in-
terband mixing sets up an effective exchange in-
teraction which can dominate the purely electro-
static exchange" so we have chosen to take (t)» with

spin down, i.e. , postmultiplying by the spin state I p).
From Eq. (3), we obtain the probability density

(t)»(t)» at the point r and hence the charge density
which is substituted into Eq. (2) to give the con-
duction-electron component of q„, namely, q,",
in the form

a» = f f41(r)j 3(kyar)r» dr,
and np is the number of conduction electrons in
the volume V. The localized 4f and 5d wave func-
tions have been assumed to take the form of prod-
ucts f4 f(r}F» (8, (1)) and f»(((r)&p(8, Q), where m
is the component of orbital angular momentum

l& = 3 along the axis of quantization. j, and j2 are
spherical Bessel functions.

Within the atomic sphere one normally assumes,
as, for example, in calculating the localized 4f-
electron contribution q+, that there is shielding of
the 4f term which may be taken into account by
using the shielding factor R@. Outside, we have
the antishielding factor y„. In calculating a con-
duction-electron term involving 4f-electron char-
acter we must clearly take account of the fact that
shielding and antishielding must also exist for the
conduction electron. It seems more realistic
physically, therefore, to assume a spacial. ly de-
pendent y(r) which varies from a value Ro (rep-
resenting shielding) to y„(representing antishield-
ing) smoothly as a function of r The .radial in-
tegrals involved in Eq. (6) have therefore been
performed using such a variation in y(r); we have
not divided up the range of integration into parts
inside and outside of the atomic sphere.

RESULTS

Using the Hartree-Fock self-consistent wave
functions tabulated by Herman and Skillman" we
have computed the various contributions to the
electric fieM gradient due to the conduction elec-
trons given by Eqs. (4) to ('7}. The requisite
values of k& were determined using the formula
given by Elliot' for hexagonal close-packed lat-
tices. Since the parameter E„ is essentially un-
known the results are best tabulated in the form of
constants of a law of type:

—
~

e
~
q,",= (ae~+ be ~+ c~) x l0 V cm (6)

where a and b are the calculated integrals from
Eq. (6) which must be multiplied by e, and e', and

c,z is the radial integral involving only the 4f radial
wave-function terms in the same equation. The
calculated values for a, b, and c& are given in
Table I for each metal as a function of y„. Varia-
tion of y„was performed since this parameter is
not well known for each of the metals considered,
and furthermore, this enabled us to study the
sensitivity of this pa, rt of the total field gradient

«2$'

XQ~
~

&» ~»pv»(cos8)sin8d8dp dr, (6)
P e)p p

where aM and a are defined by the integrals

aM = f fM(r)j»(k~r)r'dr,
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to y„. Changes in the shielding parameter R@ were
not taken into account since the contribution to the
conduction-electron field gradient coming from
this term was negligible with respect to the over-
all effect from terms involving y„.

Pelzl6 has given experimental values for the
electric field gradient due to point charges and
conduction electrons, obtained by subtracting the
localized 4f-electron contribution from the total
electric field gradient. The point-charge calcula-.
tions he also presents show that the experimental.
EFG due to the conduction electrons and point
charges must be dominated by the conduction-elec-
tron contribution, the ratio of experimental to
point-charge-cal. culated EFG varying from 74 to
nearly 500 for the metals we have considered. %e
therefore assume, for comparison with our own

results, that the experimental EFG's quoted by
Pelzl (referred to in his paper as V,'P) arise solely
from the conduction electrons. These values are
also quoted in Table I. The result for Tm is
changed in sign from that reported by Pelzl to al-
low for an apparent error made in interpreting the
original results of Uhrich and Barnes. '7

For Gd the situation is not complicated by the
c4& term arising from the 4f character in the con-
duction-electron wave function since the angular
integral involved in calculating c4& in Eq. (6) is
zero. From comparison with experiment, there-
fore, one should be able to obtain some feeling for
the magnitude and character of the &„ parameter.
In Table II we give the values for &„ needed to fit
with experiment as a function of y„. The value
taken for Rq, in the calculations was 0. 5. The
values are clearly all of the same order of magni-
tude and negative sign and are consistent with the
range of values found for other rare-earth metals
from calculation of the CEF parameters. '8 From
Table I one can see that such small values of e~
indicate that the 4f part of the conduction-electron
wave function provides the dominant contribution
to the EFG for the other heavy rare-earth metals
considered.

For the remaining rare earths for which calcu-
lations were made, we are somewhat hampered by
the fact that &„ cannot be determined so directly
as for Gd. Furthermore, y„ is known accurately
in only one case, ~ Tm, so that a scheme for in-
terpreting the theoretical results must be decided.
To cover what we consider to be "all possibilities"
and give a feeling for the sensitivity of the theo-
retical result to y„and &„ we have used two tech-
niques. First, we have assumed that y„decreases
linearly in going from —20 for Tb to -80 for Tm.
Coincidentally we have assumed that &„ is a func-
tion of y„and that, irrespective of the metal, the
given y„suggests a definite e~ as given for Gd in
Table II. Thus the value of y„chosen for a metal
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TABLE II. The ez parameter required to reproduce
the measured EP6 in Gd as a function of antishielding
parameter y .

TABLE DI. The EF6's calculated theoretically and
compared with experiment (qgq &) using two different
schemes for the va1ue of y . q~ .. g„varied from -20
for Tb to -80 for Tm. q~ .-y equal to -80 throughout.
The units are 10 7 V/cm .

-20
-40
-60
-80

-100

-2.4 x 10+
-1.4 x10-'
-1.0 x10~
-8.0x 10&
-6.3 x 10

6.40
1.39

21.4

10.67
2.1

20.0
0

Ho

6.26
0.70

6.3
0.7

Tm

-15.3
3.1

-15.3
3.1

enables us to ascertain e~ from Table II. Second,
we have taken a value of —80 for y„ for all of the
metals considered (approximately that value known
for Tm ) and a typical value for 8, of —10 s. Both
sets of calculated EFG's are given in Table III
together with their individual ratios with the exper-
imental values tabulated in Table I. As can be
seen, whichever method of assigning a y or &~ we
use, the discrepancy between theory and experi-
ment is never greater than a, factor of 5.

MSCUSSION

As is seen from the results given in Table III,
the agx cement between theory and experiment for
the conduction-electron contribution to the electric
field gradient is satisfactory. The greatest un-
certainty arises in l.ack of knowledge of the anti-
shielding pax'Rmetex' p Rnd its possible spRtlRl
variation. The theoretical result is not very sen-
sitive to the magnitude of the shiel. ding parameter.
We have used a linear-interpolation scheme, being
the simplest possible, for the radiaL dependence
of y(I') from Rz to y . It is not obvious that this
is necessarily correct, however;I in the worst case
tllat 0118 assumes y( Y) ellual 'to y ou'tslde 'tile atollllc
sphere, the theoretical result is increased by a
factor of 10 which means in the worst case a dis-
crepancy of a factor of 50 with experiment which
is still much better than predicted with a pure-
point-charge model. What seems more likely is
that y(I") will not vary linearly with radius and if
the initial slope is less than the linear-interpola-
tion slope then the theoretical. values will be
brought into closer agreement with experiment
than shown in Table III.

The results for Gd show that e~ is both negative-
Rnd of order of magnitude 10 ~, in agreement with
that found by an indepenaent calculation of the
crystal. -field parameters, '8 It is cl.early of in-
terest, but somewhat difficult, to give a physical
interpretation to this parameter. The parameter
as used here mixes into the conduction-electron

wave-function 5d character on the basis that the
atomic configuration for atoms of Gd and Lu, at
both ends of the heavy rare-earth-metal table, in-
cludes 5d electrons and these may lead, in a metal,
to 5d character in the bands. Such an admixture
effect has been suggested previously" in an ex-
planation, of the measured saturation magnetiza-
tion in pure Gd. c„was found to decrease in going
across the rare-earth table from Gd to Dy ls which
is consistent with a decrease in the d-band density-
of-states behavior calculated by Keeton and
Loucksls based on a 4f7 5d' 6ss ground configura-
tion for Gd and 4fla Ss s configuration for Dy.
is also calculated to increase again in going across
the series from Dy to Lu where one might expect
an increased d density of states arising from the
4f"5d' Gs' ground configuration. One is thus
tempted to suggest that the c~ parameter invoked
here and previously is linked to the 5d contribu-
tion to the d density of states in rare-earth metals
and perhaps ought to be directly correlated with
the d-band structure.

We find that the experimental results can be ex-
plained using the method of cal.culation presented
and that, except in the case of Gd, the 4f character
in the conduction-electron wave function gives rise
to the largest contribution in the conduction-elec-
tron EFG. The greatest indeterminacy arises
from lack of precise knowledge of the Sternheimer
antishieldiog factor. It appeax's not to be neces-
sary to differentiate between the regimes inside
Rnd outside the atomic sphex e as was done by
Pelzls and Watson et al. , especially since although
this may simplify the theoretical calculation it
may lead to a less realistic physical interpretation
and may underestimate the role of the conduction
electrons. The apparent correlation between
the &„ parameter used here and the 4 density
of states at the Fermi enexgy should be inves-
tigated further.
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Sublattice Magnetization of FeBO, Single Crystals by Mossbauer Effect
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Mossbauer-effect (ME) measurements of the hyperfine interaction of the iron nuclei in single crystals
of FeBO, have been used to study the temperature dependence of the sublattice magnetization. The
results are found to be consistent with previously published nuclear-magnetic-resonance results and agree
quantitatively with simple noninteracting-spin-wave theory for T & T„/3, where T„ is the Neel

temperature. The exchange integral calculated from fitting ME data to spin-wave theory,
J=27.3+0.5 'K, is in very good agreement with that calculated from the Rushbrooke and Vfood

T„relation, indicating that FeBO, is very dominantly a nearest-neighbor-exchange system. We estimate
that the upper spin-wave branch (out plane) has a gap of about 23'K, which is primarily due to
dipolar anisotropy but partly to the Dzyaloshinskii —Moriya field.

I. INTRODUCTION

Recently, there has been a great deal of interest
in iron borate, FeBQ3, a transparent, green, weak
ferromagnet, due to its possible application for
magneto-optical devices. ' The successful growth
of single crystals of FeBQS has led to studies of
crystal structure, magnetic properties, ' opti-
cal properties, 4 ferromagnetic resonance, ' mag-
netic structure, e nuclear magnetic resonance, ' 9

acoustic resonance, ' and Mossbauer effect. "
FeBQS was first prepared by Bernal et al. , ~ who

found it to have the rhombohedral. cal.cite structure,
space group R3c, with lattice constants a= 5. 496A
and a = 49' 38, (see Fig. 1). The compound is a
typical weak ferromagnets with a spontaneous mag-
netization4 4@M, at 300'K of 115 0 and a Noel tem-
perature TN = 348. 35 'K."

Neutron diffractions shows that the spins are
perpendicular to the rhombohedral axis, in agree-
ment with Mossbauer studies and symmetry con-
siderations for the calcite structure. The Fe3'
magnetic moment at 77'K is 4.7 p~. The threefold
[ill] axis is the hard axis and the (111)plane is
the easy pl.ane of magnetization. The bard-axis
anisotropy field (made up of dipolar and Dzyalo-
shinskii contributions) is 62 600 Oe at 300'K,

while the in-plane anisotropy field is less than
1 Qe, as measured by ferromagnetic resonance. '
All of the iron spins are in the (111)plane with a
small canting away from antiparallel configuration.
Symmetry considerations show that the canting
must also be in the easy plane.

The ferric ions in FeBQ3 are arranged essential-
ly in two sublattices which are strongly coupl. ed
antiferromagnetically. The sublattice moments
are slightly canted with respect to the antiferro-
magnetic axis so that a small net ferromagnetic
moment results in a direction perpendicular to
this axis. The angle between. sublattice magnetiza-
tion and the antiferromagnetic axis at zero ex-
ternal field is the canting angle. Petrov et al. ,
from their ferromagnetic-moment and sublattice-
moment measurements, deduced a canting angle
p=0. 016 rad, which is constant over a very large
temperature range. This result indicates that
antisym~etric exchange~~ is responsible for the
canting and the weak ferromagnetism. The same
conclusion has been obtained for other weak ferro-
magnets such as the orthoferrites. '

The sublattice magnetization is measured by
Petrov et al. ~'8 in terms of the hyperfine field (hf)
at the Fe nucleus from nuclear-magnetic-reso-
nance (NMH) measurements. The measurements


