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the model and the small number of parameters de-
termined from experimental data. Since no in-
formation about no(T) was used in setting up the
model, the ability of our model to predict a value
of oo(T) at 290'K that is within 3% of the experi-
mental value is quite satisfying. Nevertheless,
the larger discrepancies between the predicted and
experimental values at lower temperatures (see
Fig. 5) indicate that the model still needs consid-
erable refining, Probably the most serious short-

comings of the ADD model, as used here, are its
neglect of the coefficient P'4' in the expansion of
the free energy and its failure to accurately ap-
proximate the experimental values of C44 and

(8C44/sP)r . If known, the second pressure deriva-
tive of the bulk modulus could be used to determine

while agreement with the experimental
values of C4~ and sC4~/sP could be obtained by
including next-nearest-neighbor overlap forces
in the model.
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Monte Carlo methods are used to evaluate pressure, energy, and specific heat for solid and liquid

argon for volumes and temperatures at or near melting. The potential energy is assumed to be the sum

of pair-wise-additive potentials recently determined by Barker and co-workers plus the Axilrod —Teller
three-body interaction, Quantum corrections are included. The agreement with presently available

high-pressure data is excellent.

I. INTRODUCTION

The dynamical behavior of solids with large-am-
plitude motions is an active area of contemporary
solid-state physics, and all the powerful and ele-

gant techniques of many-body theory have been ap-
plied to this problem, as well as Monte Carlo '3

and molecular dynamics techniques4 that had proved
so successful for fluids. At the same time, the
problem of the interatomic forces between simple



4708 J. A. BARER R AND M. L. KLEIN

atams, ' along with the questions of nonadditivity in
the condensed phases, s is 'one of the continuing
problems of molecular physics. These research
activities are not completely orthogonal but are,
as might be expected, intimately connected. One
of the simplest examples of this is solid Ar which,
for many reasons, has become the testing ground
both for models of the dynamics of many-body sys-
tems as well as madels for the interatomic forces.

This paper is one of a series that has been con-
cerned with these questions and in particular is de-
voted to a Monte Carlo study of solid and liquid Ar
for volumes V and temperatures T, at or near
melting. Under these conditions we have at pres-
ent no adequate dynamical theory of the solid~ al-
though cell models appear, for reasons not clearly
understood, to provide a good approximate method
for calculating certain thermodynamic properties.
Here, however, we wish to study both the solid and
the liquid using realistic pair potentials as well as
including three-body farces. The work of Barker,
Fisher, and Watts (BFW) has shown that the Monte
Carlo methods can be adapted to do this. Thus,
our work can be regarded as extending BFW's
liquid studies to higher pressures and to the solid
phase. Low-pressure solid-state results have
been presented by Fisher and Watts. ' Unfortu-
nately, it is still costly to simulate melting directly
on the computer7'~'~o so that we choose to fix V and
T and then calculate by Monte Carlo methods the
pressure p, energy E, and specific heat C„. The
melting line of argon has recently been studied in
detail up to about 15 kbar and we will make exten-
sive comparisons with these data. " ' Other high-
pressure studies on argon include the (P, T) iso-
chores and a direct measurement' of C~. These
too will be compared with our calculations. An

outline of our method of calculations is given in
Sec. II and the results are discussed in Sec. III.
We shall see that ther is over-all excellent agree-
ment with all of these experiments.

II. OUTLINE OF THEORY

We assume, following BFW, S that the potential
energy of solid and liquid Ar can be written as the
sum of pair-wise-additive forces plus a correction
due to three-bady forces:

U= U2+ vU3,

where

U2= 5 u(kl) and vU, = R u(klm) .
0& l &et=1

For the pair potential u(kl), we use either the
BFW pair potential that gave the best fit to the
liquid studies or the earlier potential of Bobetic
and Barker (BB)which gave an equally good fit to
solid-state properties at low temyeratures. '6 As

in earlier work, 6 the triplet potential is taken to
be the triple-dipole potential. We shall be con-
cerned with solid and liquid Ar at temperatures
where the h term in the Wigner-Kirkwood expan-
sion ~ of Helmholtz energy F is adequate. If we
assume that vU& is small, the Helmholtz energy
can be further expandede in powers of v. From
the usual thermodynamic relations and ignoring
terms of order v, vga, and fg, we fi.nd

Eq = —gNkT= (U2)+ veg+k eo,
s(pp) 3

eg
PV= —V —=NkT+ (Pz&+ vPS+ k P,

p' -='N+ p-'(«~U2& «~-&')
k BP

+ vC3+h C .
Here P= I/kT and the ensemble average is over the
classical system with only two-body forces:

J ~ ~ I e 'v&Xdv, ~ ~ ~ d~„
f ~ . ~ J e ~dr, ~ ~ ~ dry

and we have used the following definitions:

P, = —Z — " u(ij),
$&j kj

U, = (P/l2m) Z V', u(~q) .

The quantities P3, Pz, &3, &, C3, and Cz are de-
fined in the Appendix, together with some other
quantities appearing in the thermodynamic Grunei-
sen parameter.

III. RESULTS

Our method of calculation is identical to that of
BFW.~ Briefly, we use 108 particles arranged in
a cubic box with periodic boundary conditions. Po-
tentials: are truncated at a distance equal to one-
half the box edge and we correct for this using the
the continuum approximation as discussed in detail
by BFW and McDanald and Singer is Apart fram
this we make no correction for finite-system ef-
fects. For a given V and T, our Monte Carlo pro-
gram evaluates the pressure p, energy E, , and

specific heat C~. We carried out calculations us-
ing the BFW pair potential that spanned the whole
range of precision studiessi-&3 of the melting line
of the solid and the region from 5 to 15 kbar in the
liquid. In these calculations we used as input the
experimentally determined V, T. We also ca,rried
out a single run in the liquid and solid for volumes
1% smaller than the melting volume. In this way
we can assess the sensitivity of the calculations to
possible errors in the experimental volumes and
also obtain the bulk modulus E~. Lattice dynami-
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cRl calculRtlons have shown thRt in the solid Bp
Rnd C~ for the BFW M1d BBpotentials differ by
only about 1% over the whole temperature range
of the zero-pressure solid. Thus, we would ex-
pect the pressures from these potentials to show

only small systematic differences. To test this,
we have compared the BFVf and BBpotentials at
volumes corresponding to the zero-pressure solid
and the solid at 180 'K on the melting line. Final-
ly, we have used the BBpotential to derive three
points on the isochore for 7=23.65 cmsmole ~.

For these points a sufficient number of configura-
tions were sampled to obtain C» to better than 2%%uo.

All these results are collected in Table I. It
should be noted that the values of C~ in Table I do
not include the contributions from C3 and C@. Sta-
tistical errors for the 900000 configuration run are
estimated as + 6 Jmole ~ for the energy E, and +10
bar for the pressure p. For other runs the error
should go roughly inversely as the square root of
the number of configurations.

Before proceeding to a comparison of our calcu-
lations with the available experimental data, we

shall discuss the evaluation of C~. As in previous
work, s the fluctation terms that occur in qs, g,
P~, Po were evaluated on a subset (every 1000th
configuration) of the main Monte Carlo chain. This
procedure is adequate for these terms as well as
for cz, c, d3, Rnd d'„. However, a detaQed
study of the term a~3 revealed very poor statistics
using the above procedure (see Table II). In fact,
becRuse of the poor statistics lt ls impossible to
distinguish the term C3 from zero. There are bvo
reasons for believing C3 to be very small. First,
the three-body energy terms are known to depend
little on configuration but only on the density.
Second, from the point of view of quasiharmonic
lattice dynamics, the C~ differs from 3Njg by a
term proportional to the average of the square of
the frequencies of vibration. Three-body forces
only contribute about +2% to the latter~s so that
C~-$ Cs, which is negligible. Of course, there
will also be an effect of the three-body terms on
the anharmonic terms but these also are likely to
be small. For these reasons Table I lists only the
two-body C~. No attempt was made to calculate

TABLE I. Monte Carlo results.

Pair
potential

Solid
BB
BB
BB
BB
BB
BB

Fluid
BB

Solid
BFW
BFW
BF%'
BFW
BF%'
BF%'
BF%'
BF%'
BF%'
BFW
BFW

Fluid
BFW
BF%'
BFW
BFW
BF%'
BFW

No. of
configs.

0.0')

0.3
0.6
0.9
1.3
1.3
0.8

0.6

0.9
0.9
0.6
0.6
0.7
0.6
0.9
0.4
0.4
0.4
0.4

0.6
0.4
0.6
0.4
0.4
0.4

V
(cm3 mole ~)

23.66
24.44
23.65
23.65
23.65
22.09

23.10

23.75
24.30
24. 03
23.05
22.55
22. 09
21.70
21.47
20.12
19.92
19.41

23.66
22.96
23.10
21.31
21.09
20.46

60.0
50.0
65.0
90.0

115.0
180.15

63.10
77.13

108.12
140.88
160.4
180.15
201.32
197.78
273.11
273.11
323.14

180.15
197.78
201.32
273.11
273.11
323.14

(Cy/2')

2.89
2.80
2.82
2.81
2.82
2.92

3.03

2.85
2.75
2.76
2.74
2.89
2.80
2.86
2.94
2.86
2.96
3.12

2.89
2.80
2.96
2.90
3.08
3.21

—g]
(kJ mole" )

7.481
7.156
7.438
7.201
6.941
6.382

5.203

7.471
7.227
6.964
6.794
6.586
6.382
6.118
6.104
4.927
4.810
3.93V

5.428
5.169
5.171
3.934
3.866
2.780

p(Calc)
(bar)

27
57

174.9
846.3

1536
5036

1
28

1028
2650
3808
4964
6199
6593

11974
12686
15988

4907
6319
6143

11645
12585
15513

0
0.40'

~ ~ s

4999'

0L

0.25
1051"
2708~
3805'
4999'
6335'
6140'

11380c
s ~ ~

15354'

4999'
6140~
6335'

11380o
s ~ s

153540

~P. Flubacher, A. J. Leadbetter, and J. A. Morrison,
Proc. Phys. Soc. (London) 78, 1449 (1961).

'Reference 12.
'Reference 13(b).
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TABLE II. Specific heat of solid Ar at 23.65 cm3 mole ~.

r (m) c,/ze h Cg/A%

65
90

115

2.82
2.81
2.82

—0.18
—0.09
—0.06

0.05
0.05
0.05

—0.08
+0.01
—0.04

We shall consider first the solid near zero pres-
sure. The BFW potential yields pressures that are
a little high at VV 'K. The statistical error is be-
lieved to be around +10 bar and the errors in-
curred by the use of the continuum approximationfor
the tail connection are believed smaller than this.
Thus, there is a small residual disagreement with
experiment. The 80 K results for the BBpoten-
tial appear to be about 30 bar above those of the
BFW potential in agreement with lattice-dynamical
calculations.

For the solid and liquid along the melting line,
the p, T data from three different laboratories ap-
pear~~ ~3' ~ to agree within their claimed uncer-
tainties in regions where they overlap. However,
the volumes sometimes appear to differ by rather
more than the claimed uncertainties. This is un-
fortunate because an error in the volume of only
0.02 cm3 mole ' in the solid at 108 K on the melt-
ing line will give rise to a systematic error of
about 20 bar in our Monte Carlo calculations. At
higher pressures such errors are even more seri-
ous. With this in mind, the agreement of the BFW
potential with the data of Crawford and Daniels up
to 180 'K is excellent. The latter experimental
point lies between the values predicted by the BB
and BFW potentials. The data of Stishov and
Fedositov~s for the solid and liquid are systemati-
cally lower than the BFW potential values. The
differences are about three times larger for the
solid than for the liquid. We believe this is in
part due to a systematic error in the experimental-
melting volumes. This claim appears to be borne
out when one considers the results around 200 'K.
If one takes the BFW potential as a guide, Craw-
ford and Daniels's solid and liquid volumes at 201

K appear to be too large while the volumes of
Stishov and Fedositov appear to be too small. We
do not show a comparison of the values of E, with
those derived by Crawford and Daniels. The

g which appear to be similar to c3, instead Cz
was evaluated by numerical differentiation of values
of &o using Co= —P (Be@SP). Values of dP/dT for
V= 23. 65 cm~ mole ~ can be obtained by direct dif-
ferentiation of the pressure values in Table I. No
attempt was made to program the detailed expres-
sion of Sec. II. Similarly, C„can be obtained
from BE/BT.

IV. COMPARISON WITH EXPERIMENT

agreement up to about 180 K is excellent, but there
appears to be a large disagreement at 200 'K.
This may be related to the possible error in melt-
ing volume mentioned above. The changes in in-
ternal energy &E upon melting follow quite closely
the results of Stishov and Fedositov'3 and the mini-
mum in ~E as a function of T that occurs around
200 'K is confirmed. The small differences be-
tween the calculated values of ~E at 2V3 and 323 'K
and experiment can be correlated with differ-
ences in the pressure (Table I) due to a possible
experimental error in the melting volume of the
solid.

Figure 1 shows a comparison of our Monte
Carlo specific heats C~ taken from Table II with
the experiments of Haenssler, Gamper, and Ser-
in." These values were computed using the BB
potential which is slightly less accurate than the
BFW potential, but the effect of this on C~ is too
small to justify repeating the computation. The
excellent agreement between the Monte Carlo cal-
culations and experiment also confirms the failure
of C~ based on self-consistent phonon theories at
high temperatures. '9 The values of C~ obtained by
numerical differentiation of E&(T) in Table I con-
firms the value of C~ shown in Fig. 1.

Finally, the isochore for V= 23.65 cm3 mole '
can be compared with values interpolated from
Benson's thesis. 4 The agreement of p and (dp/d T)»
appears to be good.
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FIG. 1. Specific heat of solid Ar. The full circles are
calculated using the BBpair potential and ISC (improved self-
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mole



MONTE CARLO CALCULATIONS FOR SOLID AND LIQUID ARGON

V. CONCLUSION C3 83+ C3

Monte Carlo calculations using the BF%' pair po-
tential and the triple-dipole three-body force are
seen to be in excellent over-all agreement with the
thermodynamic properties of solid and liquid argon
at or near melting over a wide range of pressures.
There are no clear indications that nonadditive
forces, other than those considered here, are im-
portant. However, in this connection we must
remember the relatively large uncertainties in the
currently available volume determinations at high
pressures. Three-body long-range dipole-quadru-
pole interactions have recently been considered by
Doran and Zucker, ~~ and Johnson and Spurling. 3

It is apparent from the results of the former au-
thors that there is substantial cancellation between
these interactions and the fourth-ox der triple-di-
pole interaction. In fact, within the uncertainty of
the estimates the net contribution of these terms,
to the ground-state energy Bt zero pressure, could
be as low as zero or as high as 90 Jmole . Even
the latter figure is relatively small, being only
about 15% of the three-body triple-dipole contribu-
tion. The contribution of these terms to the prop-
erties considered here should be relatively even
smaller. Our results give no evidence for sig-
nificant effects due to three-body exchange or over-
lap interactions.

APPENDiX

We list here certain quantities needed for evalu-
ating three-body and quantum corrections used in
the text. With the definition

4=21((vsva&- (U. & «, &)

os=- p ((Uavsva&-2&vs& (UsVa)

Also,
+2(va&'«s)- (UaVa&(v, &) .

Co=2P(Vo)+ cq+ c'q,

where

~.=4P'((U. va&- (U. & (Ua))

&o=- p'(&UaVova)-2(VgVa) (Va&

=ds+d3 p

ds=2P'(&PsVa&- &Ps& &Ua))

d,'=- p'(&v, vp, &- &v, &&Up, &-&v, &&Up, )

—&P, ) & U, V, )+2& U, & & U, ) &P, &),

+2(v, )'(v, )-(v,v, )(U, )) .
For completeness, we also derive a quantity that
occurs in the thermodynamic Gruneisen parameter,
(Vjc,) (Spje 7 )„aumely,

= X+ p (&P,Va) —&P, ) (V, })+vD, + Is D, ,
P' e(pI)
k Bp

~s (Vs ) P(( Uavs ) (Ua) (Us )) t

~.=2«.&-P((v.v &-(U.&&v.&),

P, =3 &V, &-P(&U.P &- (Us) (P )),
PO = &Po& p(&VoPa—) &Vo & &P—a &) ~

The expressions for ~C and C~ are more compli-
cated. In particular,

where

d'o=2P'(&VoPa&- &Vq) &Pa&)

d o= —P ((UavoPa) (Ua) ( UoPa) —( Uo) ( UaPa)

-&P, & & U, v, )+2& V, & & V, ) &P, &) .

'Issured as NRC Report No. 12933.
'N. R. Werthamer, Phys. Rev. B 1, 572 (1970).
'J. P. Hansen, Phys. Rev. 172, 919 (1968).
'J. P. Hansen and D. Levesque, Phys. Rev. 165, 293 (1968).
'J. M. Dickey and A. Paskin, Phys. Rev. 188, 1407 (1969).
'M. Cavallini, G. Gallinaro, L. Meneghetti, G. Scoles, and V.

Valbusa, Chem. Phys. ' Lett. 7, 303 (1970); J. M, Parson, P. F,
Siska, and Y. T. Lee, J. Chem. Phys. 56, 1511 (1972).

J. A. Barker, R. A. Fisher, and R. O. %atts, Mol. Phys.
21, 657 (1971).

'R. A. Fisher and R. O. Watts, Mol. Phys. 23, 1051 (1972).
'T. R. Koehler, Phys. Lett. A 33, 359 (1970); M. L. Klein

and %. G. Hoover, Phys. Rev. C 4, 539 (1971).
'%'. G. Hoover and M. Ross, Contemp. Phys. 12, 339

(1971).
'M. Ross and B. J. Alder, Phys. Rev. Lett. 16, 1077 (1966).
' J. P. Hansen and L. Verlet, Phys. Rev. 184, 151 (1969); J.

P. Hansen Phys. Rev. A 2, 221 (1970).
"%. van %itzenberg and J. C. Stogland, Can. J. Phys.

46, 811 (1968).



J. A. BARKER AND M. L. KLEIN

"R. K, Crawford and W. B. Daniels, Phys, Rev. Lett.
21, 367 (1968); J. Chem. Phys. 50, 3171 (1969).

'3(a) S. M. Stishov, I. N. Marenko, V. A. Ivanov, and V. I.
Fedositov, Zh. Eksp. Teor. Fiz. Pis'ma Red. 11, 22 (1970)
fJETP Lett. 11, 13 (1970)];(b) S. M. Stishov and V. I. Fedositov,
Zh. Eksp. Teor. Fiz. Pis'ma Red. 14, 326 (1971) I JETP Lett. 14,
217 (1971)].

'"D. A. Benson, thesis (Princeton University, 1968)
(unpublished); D. A. Benson and W. B. Daniels, Bull. Am.
Phys. Soc. 13, 689 (1968).

"F, Haenssler, K. Gamper, and B. Serin, J. Low Temp.
Phys. 3, 23 (1970).

'6M. V. Bobetic and J. A. Barker, Phys. Rev. B 2, 4169

(1970).
"E. Wigner, Phys. Rev. 40, 749 (1932); J. G. Kirkwood,

Phys. Rev. 44, 31 (1933).
' I. McDonald and K. Singer, J. Chem. Phys. 50, 2308

(1969).
"M. L Klein, T. R. Koehler, R. L Gray (unpublished).
'OJ. A. Barker and R. D. Murphy, Phys. Rev. A 3, 1037

(1971).
~'%, H. Hardy, R. K. Crawford, and %. B. Daniels, J. Chem.

Phys. 54, 1005 (1971).
'2M 8 Doran and I J Zucker J Phys C 4, 307 (1971)
23C. H. J. Johnson and T. H. Spurling, Aust. J. Chem. 24, 2205~.

(1971).

PHYSICAL REVIEW 3 VOLUME 7, NUMBER 10 15 MAY 1973
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Na, Sb, and Na, KSb
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Measurements of the transmittance spectra of alkali-antimony compounds K3Sb, Na3Sb, and Na, KSb,
carried out from 0.5 to 6.2 eV at room temperature, are analyzed by the Kramers-Kronig dispersion

relations to yield the refractive index and the extinction coefficient. The refractive index at photon

energies less than the lowest band gap is about 2.0 for these compounds. The e,(co) curve shows two

pronounced peaks at 2.3 and 3.45 eV for hexagonal K,Sb and at 2.7 and 3.6 eV for cubic K3Sb,
whereas it shows only one pronounced peak at 2.5 eV for Na, Sb and at 3.05 eV for Na2KSb.

I. INTRODUCTION

Because of their high-yhotoemissive yroyerties,
Cs~sb and multialkali antimonide Na~ „Kgb are
well-known and widely used photoemissive com-
pounds. In an earlier payer, ' the refractive index
and the extinction coefficient have been reported
for Cs381. For the other alkali-antimony com-
pounds, these two sets of the optical constants
have not been reported, despite the many publica-
tions concerning yhotoemission, light absorption,
yhotoconductivity, and crystal structure. These
yublicgtions were summarized by Sommer. 3

Transmittance properties of K38b have been in-
vestigated quite extensively by Spicer, Taft and

Philiyy, and Sommer and McCarroll. ' In a re-
cent yaper, 6 hereafter referred to as I, we have
presented the preliminary determination of the
optical constants of purple Kgb using a Kramers-
Kronig (KK) dispersion analysis of the transmit-
tance data. The present paper describes detailed
optical properties of KSSb; this compound has two
modifications, the purple hexagonal and the brown
cubic form. The optical constants of Na381 and

N~KSb are also presented. The results provide
the imyortant information needed for the future
systematic study of the electronic structure of
alkali- antimony compounds.

II. EXPERIMENTAL PROCEDURE

A. Materials Preparation

The preparation of Kssb was presented in l, so
that only a brief description is given here An.ti-
mony is evayorated on a quartz substrate of 1-mm
thickness at a pressure of less than 1&10~Torr.
The evaporated Sb film is then exposed to K vapor
at 160 'C until peak sensitivity to white light is ob-
tained. At the photosensitivity yeak, the resistance
decreases to a value of two or three orders of
magnitude less than the peak value. The film
shows pure purple color in transmitted light. Qn
the basis of the transmittance spectrum, this film
is believed to be K3Sb of hexagonal structure. In
fact, it has been reyorted that the K-Bb system
has the chemical composition of Kgb at the re-
sistance peak and K381 at the yhotoemission yeak.
The K38b film thus obtained is n type, in agree-
ment with previous work. ' ' Thus conductivity
tyye was determined by a thermoelectromotive-
force measurement. It has been suggested that n-
tyye conductivity is due to the stoichiometric ex-
cess K metal. ' When the activation process of the
evaporated 81 film with K vapor is continued beyond
the photoemission peak, the resistance continues .

to decrease by about one order of magnitude and
then it shows no change or only a very slow in-


