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Zero-Sound Elastic Constants of Solid Krypton at T = 114'K
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The phonon dispersion of a single crystal of krypton has been measured for the [110]L, [110]T„and
[100]T modes at T = 114'K in the region 0.03 & q &0.15 A '

by the inelastic scattering of neutrons.

Analysis of the results based on a nearest-neighbor-force-constant fit gives for the zero-sound elastic constants

C» ——(289 + 4), C,2
——(185 + 4), and C44 ——(144+ 1) && 10' dyn cm '. This results in an anisotropy

c4 = 2 C44/(C i l C I2): 2.76 + 0 05 and a departuI'e fI'om the Cauchy I'elation of 5 = (C44 C &2)/C &2

= —0.22 + 0.02.

I. INTRODUCTION

Theoretical calculations of theproperties of rare-
gas solids has progressed considerably in the last
decade. Computational capability has been increased
and hence calculations need not be restricted to sim-
ple interaction potentials of limited validity, i.e. , the
Lennard-Jones potential. One property of impor-
tance is the elastic constants and the present paper
is directed towards their measurement in krypton.
Such measurements can give a measure of the im-
portance of three-body forces by comparison of the
results with calculations which have utilized asuit-
able two-body potential. ~ ~ One indication of three-
body effects is the deviation of the Cauchy relation
5 = (t.«- C~a)/C, a at liquid-helium temperatures,
where departures due to quantum effects have been
minimized by the heavy mass of the krypton atom.
The three-body effect acts in opposition to the quan-
tum effect and Huller et al. ' give for krypton, at
T= 0, a value for 5 of +0.02 and —0. OV for calcula-
tions using a Lennard-Jones potential without and

with a three-body force, respectively.
While the measurement of elastic constants on

single crystals through the use of ultrasonictrans-
ducers is well known, its direct application to the
case of rare-gas solids has not been straightfor-
ward. The main difficulty is obtaining one orient-
ed single crystal of sample to which transducers
can be satisfactorily bonded; the bonding problem
as the temperature changes is maximized by the
large volume expansivity in these solids. Ultra-
sonic measurements have been made as a function
of temperature for the transverse and longitudinal
sound velocities inpolyc rystalline krypton, 3 6 which
alone do not give the elastic constants. Korpiun
et gl. 6 have furtherused circuitous reasoning to jus-
tify the assumption of a measurement in two samples
as being made i.n the [100]direction, thus obtaining

Cg f C44 and thence C» from the polycrystalline
measurements.

Recently Brillouin scattering has been used by
Gornall and Stoicheffv and Stoicheff et al. to mea-
sure the sound velocities of oriented single crystals
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of xenon and neon, respectively. The light scatter-
ing, however, requires optically uniform surfaces
as well as optical quality of the bulk crystal; the
measurements at this time have been limited to the
triple-point temperature (the growing temperature
of the solid). Here, there is the problem of bond-
ing the optical surface of the capillary tube in which
the sample grows to the sample. The method has
the advantage that x-ray orientation and the light
scattering are done on only a smallportionof theto-
tal sample in the capillary tube and that this portion
alone needs to be single crystal.

Another method which also requires only the pres-
ence of a large grain in the sample is the inelastic
scattering of neutrons. Here the problem has
been that measurements must be made at small
values of q to ensure a reliable determination of
the limiting slopes of dispersion curves as q-0.
Additionally, the low-q measurements must neces-
sarily be corrected for the systematic effects of
instrumental resolution, The first such fully cor-
rected low-q measurements have been reported by
Peter et ai.~o on krypton at T= 77 'K. The results
for C» and C44 agree to within two standard devia-
tions of the indicated errors of the ultrasonic data
of Korpiun eI; al. ; however, -a large discrepancy
in C&2 was found. The neutron value of the bulk
modulus Bo= ~ (& qq+ 2C qq) = (330+ 9) && 10 dyn cm
was also higher by 25%%uo than the measured thermo-
dynamically related adiabatic bulk modulus, B,."'

This difference between Bo and B, could well be
indicative of a large difference between zero and
first sound ~ in krypton at 7V 'K, although theoreti-
cal estimates put the difference at & 5%%u~.

'4 ~' It is
worth noting that in neon at 5 K, '~ measurements
of Bo and B, agree to within 3%, which is the re-
ported accuracy of the measurements. At 5 K,
the difference between zero and first sound is ex-
pected to be small as the difference tends to zero
at r=o.

As the difference between zero and first sound
should be largest at the melting temperature, we
have undertaken the measurement of the zero-
sound elastic constants at T=114'K in krypton
(T = 116 'K). At this temperature, the various
methods should be able to be reliably compared
since the light scattering experiments are present-
ly performed near the melting temperature and
since the ultrasonic measurements should have
minimum bonding problems near T .

II. SAMPLES AND METHOD

Previous experimental studies of rare-gas solids
by the Brookhaven group have concentrated on
isochoric studies whereby the samples have been
grown at high pressures, typically 1-5 kbar. How-
ever, in order to more directly compare the neu-
tron results with those obtained by other methods,

in the present instance we have investigated a
crystal grown at atmospheric pressure in the man-
ner of Peterson et al. Growth was in a Kapton
tube (polypyromelitimide film 0.05 mm thick
rolled into a cylinder 9 mm i.d. by 20 mm high)
which was contained in an isothermal chamber
connected to the copper-block base of a variable-
temperature cryostat. Temperature control was
possible to + 0.002 'K and a 3.5 K differential
was established across the Kapton cell during
growth. After solidifying, the base of the sample
was controlled at 113'K; the top of the cell, how-
ever, could only be reduced to 115 'K due to heat
conducted down the stainless-steel tubing which
supplied the krypton gas into the top of the Kapton
cell.

The measurements were performed on a triple-
axis spectrometer at the Brookhaven high-flux beam
reactor. A [001] zone of scatteringwasobtainedwith
the Dewar tilted 20' from the growth axis. A neu-
tron Polaroid picture of the (200) reflection showed
the cell to be 95-100% one' single crystal, and a
rocking curve indicated a full width at half-maxi-
mum (FWHM) for the mosaic spread of less than 5
min. At 114'K we found g=5. 830+0.002 A inagree-
ment with the more accurate work of Losee and
Simmons. ~ A cylindrically curved monochromator
and a flat analyzer~ of pyrolytic graphite (002)
were used with initial neutron energies of 8. 5 meV
[this was required in order to make some of the re-
quired measurements at the Brillouin zone centered
on (2, 2, 0)]. A few additional phonons of the [100]T
branch measured from (2, 0, 0) were done with Ea
= 5. 5 meV. All collimators were 10 min for mea-
surement of the [110]T&modes, while 20 min was
used for the [110]Land [100]T modes.

The [110]T~modes were measured in the con-
stant-Q mode of spectrometer operation, whereas
the constant-E mode of operation was predominantly
utilized for the other two branches. In this regard,
it is worth noting that for small-q measurements of
the longitudinal modes, the constant-E mode of op-
eration appears to be mandatory. The reason is
that one observes the response of all modes appro-
priately weighted with the instrumental resolution.
The relatively coarse vertical resolution (here it is
0.06 A ~ FWHM) permits a response to be observed
from low-energy modes (primarily from one of the
energy surfaces associated with the transverse
modes) which is more intense than the desired lon-
gitudinal response. In the constant-Q scan the lon-
gitudinal response is at best a shoulder on the lower-
energy peak, whereas in the constant-E scan these
low-energy modes are predominantly unobserved.

As the observed peak in a scan is due to a weighted
response of all modes within the instrumental res-
olution, 23 each scan has been analyzed as described
by Peter et al. ~0 in order to find the desired (q, E)
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FIG. 1. Krypton phonon dispersion at 114 K. The
errors are about the size of the data points. The solid
lines are a nearest-neighbor Born-von Kfrmln fit to the
data. Note that the zone boundary in the [100]direction
is at @=2'/a=1. 078 A"~.

point of the phonon dispersion. Briefly, a set of
Born-von Kl.rmhn force constants 4, determined
from the combined measurements of Daniels et
gl. ~ and Peter et gl. 0 at VV 'K has been found for
the lattice spacing at 114 K, assuming a Grunei-
sen y= 2, &@i/4, = —Gy(&a/a). These force con-
stants have then been used in a program described
by Werner and Pynn which calculates the expected
phonon response due to the finite instrumental
resolution. The peak in the calculated response
can then be compared to the expected value (q, E)
in the particular direction being measured.

III. RESULTS

Measurements of the [110]T~, [110]L, and

[100]T branches have been made and the resolu-
tion-corrected results are shown in Fig. 1. The
errors in most of the measurements are due pri-
marily to the precision with which the instrument
could be adjusted; e.g. , the analyzer setting could
be made with care to the nearest +0.005 . For the
initial energies of 8. 5 meV required to measure
near (2, 2, 0), this results in a minimum detect-
able precision in the energy setting of +0.003 meV
and in the q setting of + 0.0001 A . As the disper-
sion slopes are less than 10 meVA, the energy
setting is the more important source of error. All

C«
C(2

C44

C« —C„
2(C(f + (2+ 2C44)
A

B

289 +4
185 a4
144 +1

52 +1
380 +4
2. 76+ 0. 05

—0.22 +0.02
219 z2

299
107
119

96
322
1.2

+0, 11
171

275 +6
186+4
127 k3
45

357
2. 86 + 0.15

—0.32
216 +4

measurements are made relative to the Bragg peak
position and therefore a minimum error in the
measurement of + 0.004 meV might be expected.
Some of the higher-energy modes had an additional
uncertainty caused by a decreased scattering in-
tensity giving errors of +0.01 meV.

The data have been analyzed in terms of Born-
von Kkrmkn force constants using a program writ-
ten by Svensson et al. As the q range is quite
limited here, only a nearest-neighbor model was
calculated, giving an effective force constant fit
which is shown by the solid lines of Fig. 1. These
force constants have little meaning in themselves,
but they do allow the determination of the elastic
constants which are given in column a of Table I.
The three branches [100]T, [110]T&, and [110]L
give directly C«, 2(C,&

—C~z),
'

and —,'(Cqq+ Cqz

+2C44), respectively, and the latter two quantities
are also listed along with values of A, 5, and B.
All errors are single standard deviations given by
least-squares calculations.

The model fit does introduce a specific relation
into the second derivative of the dispersion. The
second derivative of the [110]T~branch at finite
small q is negative here, whereas a combined fit
of the data of Daniels et gl. 7 and Peter et al. ~ to
a two-nearest-neighbor-force-constant model gives
a positive second derivative. Vfe have therefore
attempted a more general fit to the data where
each branch is fitted to 8 = &+ nq+ Pq, where &

might relate to a systematic spectrometer mis-set
and z relates to the elastic constants. The results
are given for all three branches in Table II(a).

It is evident that only the two transverse branch-
es are appropriate for such general analysis. The
[110]Lbranch does not have sufficient low-energy
points to find a reasonable value for &. The val-
ues of g determined for the two transverse branch-
es are indicative that a systematic deviation of the
spectrometer setting was avoided. Table II(b)
gives the analysis with & = 0.

It is noted that the second derivative given by

TABLE I. Elastic constants (10 dyn cm ) of krypton
at 114 K. The present results are in column a, ultrasonic
results of Ref. 6 in column b, and theoretical results of
Ref. 26 in column c.
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TABLE II. General fit to the data. C represents the
particular set of elastic constants giving the slope of
each branch. The units are those appropriate for E in
meV and q in A-i. C is in units 10 dyn cm

(a) Data fit I.o E=&+G.q+pq

[100]T
[110]T1
[110]L

[1oo]T
[110]T1
[110]L

[100]T
[110]TI
[11O]L

0.
—0
—0

001+0.006 4, 72 +0.10 -2, 7+3.1
002+0. 002 2. 82+0, 03 3, 7+1.1
016+0.07 8.19+1.0 —31+29

(b) Data fit to E = nq+ Pq3

4. 73 + 0. 03 -3.1+ 1.6
2. 78 +0.01 4. 9 + 0. 7
7. 97 +0.22 —25+14

(c) Data fit to E=nq

4. 69 + O. 01
2. 84+0, 01
7. 60 + 0. 05

144 a6
51+1

435+ 100

145 +2
50+1

412+23

143 +1
52 +1

374+5

A general fit to the data indicates the values
in column a of Table I obtained from an effective
nearest-neighbor-for ce-constant fit are reasonable,
although the value of —2(C,&

—C„) is more probably
given by the general fit as (50+ 1)x 108 dyn cm ~.

The positive value of P found for [110]T~as shown
in Table II(b) is similar to a finding in krypton at
77 'K; the ratio P/n has increased from 0.4 Aa at
77'K to 2 A at 114'K. A positive value for P also
is found in the [110]T~branch of neon at 5 'K. '~

W'e show the values of Korpiun et al.s obtained
by ultrasonic methods in column b of Table I.
Theoretical calculations by Klein and Murphy'~

using a Monte Carlo technique with a Bobetic-
Barker pair potential and including three-body

5Pq ~ould be positive for the [110]T~branch at
finite q. Comparing the results of Table II(b) with
Table Ia, the elastic constant combinations re-
lating the slopes of the various branches are nearly
unchanged for the two transverse branches. While
the values for the [110]Lbranch overlap with re-
spect to their errors, it is felt that the general fit
finds too large a value of P = —25+ 14 meV As to be

physically acceptable when compared to the size
of the cubic term in the transverse branches. The
large uncertainties also evidence the difficulty of
treating the data of [110]I too generally. For
completeness, the results of a linear fit are in-
cluded in Table II(c).

IV. DISCUSSION

forces is given in column c of Table I. The theo-
retical fit is really quite a good save for C44. Ad-
ditional values of B, obtained from ultrasonic data
on polycrystals are (204+ 11) and (197+ 10)x108
dyncm 2 by Kupperman and Simmons4 and Bezuglyi
et al. ,

' respectively.
It is noted that whereas the latter two measure-

ments are in agreement within their indicated er-
rors, there did exist a systematic difference be-
tween the two investigations over the temperature
range at which the measurements overlapped.
These two measurements also differ considerably
from the work of Korpiun et gl.s The application
of the ultrasonic method which superficially should
be of high accuracy (& 0. 5%) is seen tobe quite diffi-
cult in the case of krypton. It is difficult to judge,
therefore, whether the difference between zero and
first sound, as evidenced by columns a and b in
Table I, is real. This difference is more directly
in doubt when one considers that the orientation of
the single-crystal ultrasonic measurements was
not determined. The 10% difference between Ba
in column a of Table I with B, ' is much less than
at T= 77 'K, where a 25/g difference was found be-
tween Bo and an adiabatically corrected B~.

Light scattering measurements on krypton com-
parable to -the work on xenon and neone might
well be expected shortly with which the present
measurements done at 114 K could be directly
compared. '7 However, a clear definitive differ-
ence between zero and first sound appears to de-
mand comparison with ultrasonic data. The ener-
gies involved in the three methods are 107, 2-4
&10, and 0.5-4~10 Hz for ultrasonic, light
scattering, and neutron diffraction, respectively.
The specific location of the transition region be-
tween zero and first sound could affect an interpre-
tation of the light scattering results, although if the
total difference between zero and first sound is
& 5%, such details may not be explorable within the
accuracy of the measurements.
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The thermal conductivity v of an anharmonic crystal is calculated based on the Green-Kubo
linear-response theory, using the Zwanzig-Mori projection-operator method. The appropriate heat-current
autocorrclatlon fUnctlon Is determined In thc Van Hove long-tIIQc weak-coupling limit and Is shown to
be real and of exponential form. The final result for I(.' has the well-known Debye-Pcicrls form, as
expected. The relaxation time is shown to be the half-interval Fourier transform of the time correlation
of a function which describes liIMar coupling of the phonon modes averaged over the harmonic lattice.

I. INTRODUCTION

The purpose of this work is to pxesent a theory
of the thermal conductivity of an anharmonic crys-
tal based on the Gx'een-Kubo linear-response tbe-
orys using the 2lwan2'ig- Mori projection-operator
method. The final result for the thermal conduc-
tivity is the famous Debye-Peierls form in terms
of phonon relaxation times.

As early as j.914 Debye~ succeeded in identifying
anharmomcity as the primary mechamsm of ther-
mal resistance in insulators. He was also suc-
cessful in providing on phenomenological grounds,
through classical theory, the general form for the
thermal conductivity in terms of relaxation times.
His result awaited theoretical justMication by
Peierlsa fifteen years later.

Peierls derived a quantum-mechaQical transpox't
equation for the phonon distribution function for a
crystal with cuhic anharmonicity and ohtained the
solution which led directly to Debye's expression
for the lattice thermal conductivity.

The present approach leads in a natural way to a
microscopic picture of phonon relaxation times.
YQ fact, we shall show that these times can be ex-
pressed quite simply as Fourier transforms of the
time correlation of a function which describes lin-
ear coupling of the phonon modes [Eg. (3)] averaged
over the harmonic lattice [Eg. (24)].

After introduction of the system Hamiltonian with
special attention given to the motivation for choice
of form, we state the Green -Kubo expression for
the thermal conductivity in a form weD suited to the
present work in terms of the heat-curxent autocor-
x elation func5, on. Next the usual Peierlsa heat-
current express&on in terms of the so-called pho-
non occupation numbers N& is used to express tbe
heat-current autocorrelation function bebveen two
modes k and O', C». (t) -=(5N, 5N„.(f)}, where 5N, is
the deviation of X~ from its mean value. After in-
troducing a projection operator we11 suited to the
present problem of the form


