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This report is concerned with exciton interactions in CdS at 4.2°K in a range of concentrations where
exciton densities are very large ( ~ 10'°/cm®) and the independent-particle description of the exciton is
no longer valid. The exciton interactions are studied by monitoring the photoluminescence emission
from this compound when excited by intense laser radiation. The exciton-emission spectra of CdS were
studied as a function of excitation power in the region of the M band (4904 A). As the laser power is
increased from 100 kW/cm? to 8 MW/cm?, several new emission bands appear on the
long-wavelength side of the M band shifted by several meV from the M band. Both of these new
bands show a superlinear dependence on laser power. Several theories for the behavior of high-density
exciton systems are examined, and it is shown that the formation and subsequent decay of an excitonic
molecule can consistently explain the observed photoluminescence behavior. We deduce a molecular
binding energy of 3—4 meV for the excitonic molecule in CdS.

I. INTRODUCTION

The history of the bound electron-hole pair in
solids dates from the 1930’s with the preliminary
work of Frenkel®! and Wannier.? It is only in more
recent times, however, that the concept of the ex-
citon has been effectively used to explain and un-
derstand the interactions of electron-hole pairs in
solids. The work of Dutton® and Thomas and Hop-
field* on the optical properties of excitons in CdS
provided the first coherent understanding of the
band structure and excitonic energy levels in this
II-VI compound, Their work utilized the conven-
tional photoexcitation sources capable of producing
exciton concentrations of the order of 10'*/cm?®,
This density corresponds to an exciton separation
of ~1000 & and an exciton-exciton collision fre-
quency, (f )=(v)R™Mq~10%/sec, where (v) is the
thermal velocity at 4. 2°K, R=28 A is the Bohr
radius of the exciton, and 74 is the exciton concen-
tration. The measured exciton lifetime of 0.5
nsec’® in CdS shows that at these concentrations ex-
citons rarely meet and that the treatment®* of the
exciton system as a dilute gas of noninteracting
particles is completely justified.

As the density of excitons is increased from the
low-density value discussed above, new features
appear in the photoluminescence spectra of sev-
eral II- VI compounds that cannot be explained by
noninteracting-particle theories. Magde,® Magde
and Mahr,” and, earlier, Benoit & la Guillaume
et al.® reported the observation of a new emission
band in the photoluminescence spectra of CdS,
CdSe, and ZnO at He temperatures. The new band,
referred to as the M band, appeared in CdS for
laser powers at 3471 &, greater than 1 kW/cm?
Assuming an absorption constant of 10° cm™ for
CdS, we can calculate the photondensity onthe sam-
ple as F = il /Fw, where k is the absorption con-
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stant and we have assumed 50% reflectivity from
the surface of CdS. For Ip=1kW/cm? we find F
=10%/cm®sec. For an exciton lifetime of 0.5
nsec this gives a steady-state concentration (steady
state is valid since the laser pulse width is much
greater than the lifetime) of 5X10%/cm®. This
gives an average separation of 270 A for the exci-
tons. The average collision frequency (f) can be
calculated as previously and we find (f)=0,5
x10% sec™’, We can summarize the situation for
an intermediate concentration of excitons by the
following picture. The separation of the individual
excitons is sufficiently large so that the electron-
hole interaction will not appreciably be modified
by couplings between individual excitons. We also
note that the average interaction time between ex-
citons is now comparable with the lifetime of the
exciton itself. Thus, it is not unreasonable to ex-
pect evidence of processes involving exciton-exci-
ton collisions. This was observed by Magde and
Mahr.” They found that the new emission band in
CdS, CdSe, and ZnO was red shifted by approxi-
mately the binding energy of a free exciton. Thus,
the new band was envisioned as arising from a
free-exciton—-free-exciton scattering process in
which one exciton gains an energy equal to the ex-
citonic binding energy and is excited to the conduc-
tion band and the other exciton loses an amount of
energy equal to the binding energy and emerges as
a luminescent photon.

The least explored and most interesting region
of the exciton system is the high-density phase.
By high density we mean that the average separa-
tion between excitons is comparable to the linear
extent of the exciton. For CdS we saw that the ex-
citon radius was 28 A, Using the requirement that
the particle separation is 28 A we can calculate,
by the method used in the intermediate case, the
laser power required to generate this density and
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find I,=900 kW/cm?, This corresponds to a par-
ticle density of 5xX10'%/cm®. The average interac-
tion time is now about 102 sec. For the high-
density exciton phase we see that (i) each exciton
suffers many (~500) collisions within its lifetime,
and (ii) the exciton separation is so small that it
is not unreasonable to expect the electron-hole in-
teraction to be modified or changed completely.
The precise manner in which the electron-hole in-
teraction is changed at high concentrations has
been the subject of much controversy.

Mott® suggested that as the density of excitons
is increased, the electron-hole interaction is
screened by a Fermi~Thomas interaction and,
finally, excitons cease to exist. A number of in-
vestigators have reported anomalous behavior in
the properties of semiconductors at high exciton
(or impurity) concentrations, most prominently in
Ge,10-13 Te,* InP,'® Cds,'® which they ascribe to
a Mott-type transition from an insulating to a con-
ducting state, This supra-Mott-density phase has
recently become the focus of particular attention
in Ge 1= gsince the first observation of such a
phase as electron-hole drops.”

The second proposed modification of the elec-
tron-hole interaction is the creation of a bound
exciton-exciton pair, the so-called excitonic mole-
cule. It is assumed that a weak attractive poten-
tial exists between a pair of free excitons. At
sufficiently high exciton concentrations the two
free excitons will bind to form a single molecule
consisting of two electrons and two holes in a H,-
like configuration. The appearance of new emis-
sion bands in the photoluminescence spectra of
Si!® and CuCl,*® CuBr,? Cul,® and, very recently,
CdS # have been attributed to the formation of ex-
citonic molecules. Stimulated emission has also
been observed from the excitonic molecule.?® Cal-
culations® % of the binding energy, based on the
formal analogy to the H, molecule, yield differing
results but are in qualitative agreement with the
measured values in Si and CuCl. These calcula-
tions predict binding energies for the CdS exciton-
ic molecule that are between 0.3 and 3.0 meV.

A third suggestion for the exciton interaction at
high densities was made by Moskalenko? and
Casella.”” They pointed out that the exciton, since
it is composed of two fermions, should obey
Bose-Einstein (BE) statistics. In particular for
sufficiently low temperatures and sufficiently high
concentrations, the excitonic system should under-
go a BE condensation to a state of zero momentum.
For a given temperature 7, the critical density for
BE condensation is given by Moskalenko as

1, =2.61 (MET/2n1%)3/2 (1)

where M is the mass (m,+m,) of the boson and &
is Boltzmann’s constant. BE condensation in

CdSe has been reported.?®

In the foregoing sections we have shown that the
question of how a system of excitons behaves at
high concentration is quite complicated in some
cases and poorly understood in other cases. The
situation can be characterized by two basic ques-
tions that have yet to be answered for the high-
density exciton system in CdS. First, do exci-
tons continue to exist even when their density is
greater than the Mott density? Second, if excitons
do continue to exist, what is the form of the inter-
action between them? Is it attractive or is it re-
pulsive? X it is attractive, is it strong enough to
bind two or more excitons into a stable complex?
For CdS the situation is doubly confusing. First,
there exist several different, and in some cases
orthogonal, theories of the electron-hole interac-
tion and the exciton-exciton interaction at high
densities. Second, there are few experimental in-
vestigations of the high-density phase of this semi-
conductor to provide a basis for discrimination
among the proposed theories. The intent of the
present experiment was to investigate the proper-
ties of the high-density exciton phase in CdS at He
temperatures with the hope of providing new infor-
mation that would allow one to construct a coher-
ent picture of the high-density interactions. We
have chosen to study the exciton interactions by
monitoring the low-temperature exciton photo-
luminescence. There are several compelling rea-
sons for this choice: (i) The optical properties
of semiconductors in the region of the band gap are
largely determined by excitons and their interac-
tions. (ii) The low-density spectra are known
and well understood so that the appearance of new
features at high densities can be readily identified.
(iii) Such studies have been extremely useful in
the past for identifying new phenomenon at higher
exciton concentrations.

II. EXPERIMENTAL APPARATUS

The apparatus used to measure the emission
spectra of CdS was of conventional design. A ro-
tating @-switched ruby laser was used in conjunc-
tion with an ADP(ammonium dihydrogen phosphate)
second-harmonic generator to produce a 2 MW/cm?,
26-nsec pulse of 3471-A radiation. The second
harmonic was separated from the fundamental by
use of a CuSO,-liquid filter cell. The reproduc-
ibility of the second harmonic was +10% as mea=
sured by a ballistic thermopile. In order to pro-
vide a controlled and reproducible attenuation of
the 3471-A laser radiation, a liquid absorption cell
filled with a calibrated mixture of NiSQO, in H,O was
used. The laser radiation is passed through the
cell to the sample cryostat. The photolumines-
cence was analyzed with a grating monochromator
having a linear dispersion of 33 A/mm. For most
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experiments the spectral resolution used was 0. 8A.
The monochromator was calibrated using several
known lines from an argon-ion laser. The output
from the monochromator was viewed with a photo-
multiplier. Normalization was provided by viewing
the 3471-A beam with a second photomultiplier.
Both signals were then fed to a 551 Tektronix os-
cilloscope. The CdS samples were single-crystal
platelets, 2xX4X0.1 mm thick grown by a vapor-
transport method using ultrahigh-purity CdS by the
Eagle-Picher Co. The samples were mounted,
nonoriented, and cooled by immersion to 4.2 °K.
The crystal platelets were used as received; no
surface treatment was attempted. About six laser
shots were fired for each wavelength setting of the
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analyzing monochromator. The total scatter of the
results as well as the average value was recorded.
As used later in Fig. 1 the vertical length of the
hash mark with each data point represents the scat-
ter limits of the individual results.

III. EXPERIMENTAL RESULTS

Figure 1 shows the photoluminescence from CdS
at 4.2 °K for several excitation powers. Curve a
shows the emission observed when a conventional
low-power (200 W) Hg arc is used as the source of
the exciting radiation. The I; and I, bound-exciton
lines plus a phonon replica of I; are clearly seen.,
Curves b—g show the emission spectra observed
with laser excitation at 3471 A. The relative laser
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FIG. 1. Photoluminescence
from CdS at 4.2 K for various
excitation powers. Curve a:
Hg-arc excitation, resolution
~4 A, Curves b—g, 3471-4
laser excitation, resolution
0.8 A with powers as follows:
b: 24 kW/cm?, ¢: 180 kW/cm?,
N d: 380 kW/cm?, e: 700 kW/cm?,
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FIG. 2. X; and X, peak amplitudes normalized to M
peak amplitude as a function of laser excitation power.
Circles, triangles, and squares denote data from dif-
ferent experimental runs.

powers are accurate to + 10%. The absolute powers
are accurate to a factor of 2. At the lowest inten-
sity of 24 kW/cm? we see that the ,-, I,-, and M-
band emissions are all of comparable intensity,
in agreement with the earlier results of Magde®
and Magde and Mahr.” As the excitation power is
increased to 380 kW/cm? (curve d) a new emission
band emerges on the long-wavelength side of the
M band. As the excitation power is increased
further, from 700 kW/cm? (curve ¢) to 2 MW/cm?
(curve g), the emission to the low-energy side of
M is seen to be composed of two new emission
lines, one at 4910 A designated X; and one at
4920 A designated X,. At lower powers X, grows
faster than quadratic and then begins to saturate
for powers above 400 kW/cm?, M shows a simi-
lar behavior, increasing as P8 (P is the laser ex-
citation power) at intermediate powers and begin-
ning to saturate for powers above 400 kW/cm?,
The peak amplitudes of X; and X,, normalized
to the amplitude of the M band are shown in Fig. 2
as a function of laser power. X,/M is seen to
vary as P" with n=2 over a range of powers from
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200 kW/cm? to 8 MW/cm®, The results for X, /M
are not consistent and suggest a power-law depen-
dence with » between 0 and 1.

Using mildly focused beams, excitation powers
between 2 and 8 MW/cm? were obtained. The ob-
served photoluminescence at these powers contin-
ued the trends of Fig. 2. At the highest powers
used in the experiment, 8 MW/ cmz, we observed
a series of emissions at 4910, 4917, 4924, and
4930 A, At these powers, samples were destroyed
frequently.

IV. INTERPRETATION OF RESULTS

In this section we wish to return to the question
of the behavior of the exciton system at high exci-
ton concentrations. To put the problem in perspec-
tive we shall review some of the more important
results of Sec. III, At low laser excitation powers
the photoluminescence spectra of CdS is dominated
by the M-band emission at 4904 A. At higher
powers at least two new emission lines appear at
lower energies, X; at 4910 A and X, at 4920 A.
The first point to emphasize is that these are new
lines and not merely energy shifted versions of
lines that are present in the low-intensity spectra.
Such line shifting as a function of excitation power
has been reported in silicon,? InP,* 1% and Cds.3°
In the case of X,, the line can be followed as the
excitation power is changed by nearly two crders
of magnitude. The second point we wish to empha-
size is that of the dependence of the line ampli-
tude on excitation power. At the lower laser in-
tensities, I; and I, were linear in the laser power
P, M was superlinear, and X, was superquadratic.
For sufficiently high powers all lines saturate or
begin to saturate. When the line amplitudes of X;
and X, were normalized to the amplitude of the M
band and were plotted against laser power, we
found that X, /M was approximately constant over
the small dynamic range that we could accurately
follow it. For X,, we found that X,/M was qua-
dratic in the laser power over nearly two orders
of magnitude of laser powers.

It is most important to recognize that conclu-
sions, to follow below, do not depend on the special
exponent of a power law, What is used in the fol-
lowing is the fact that some lines rise more than
linear in laser power (whereas I; and I, lumines-
cence does rise linearly), and X;/M rises linear-
ly and X,/M quadratically in laser power.

These comments are in order for two reasons:
(i) The mode structure of Q-switched ruby lasers
is notoriously bad. The local mode behavior is
nonuniform in space and time and changes from
shot to shot. (ii) The penetration depth of the
radiation is very small, about 10-° cm; lumines-
cence is emitted from regions exposed to very dif-
ferent levels of laser power.
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Because the phenomena reported here depend on
the absolute value of the laser power, any inhomo-
geneity due to local mode structure or nonuniform
penetration of the exciting radiation tends to smear
out spectral features. The observed spectra will
be the superposition of the spectra of several laser
levels. Also, the power-law dependence of the
spectral features will be affected by the inhomoge-
neous illumination. We feel, however, that super-
linear behavior or the particular X; /M or X,/M
peak ratio cannot be “produced” by inhomogeneities
alone; these features are, then,” typical of the ma-
terial involved.

To summarize then: Any theory or model that
seeks to explain the above phenomenon must suc-
cessfully account for (i) the appearance of new
emission bands rather than shifted emission bands,
and (ii) the superlinear power dependences of all
the high-excitation power lines and in particular
the observation that Xj o M and XzoCPaM. We shall
now consider some of the proposed theories of the
behavior of a high-density system of excitons as
outlined in Sec. I. We shall show that most of
these theories are inconsistent with our present
results.

The first proposed theory we shall consider is
that of a Bose~Einstein condensation (BEC) of ex-
citons at high exciton concentrations. Calculations
for the expected emission from the condensate,
whether this emission is spontameous“’1 or stimu-
lated, s predict shifts of the emission frequency
that increase with increasing density of the con-
densate. The luminescence intensity should simply
be proportional to the number of excitons in the

condensate, Hence neither of our explicit observa-
tions are explained from the viewpoint of BEC.

Nor is one implicit observation explained either.
The BEC should be abrupt. Once the critical den-
sity is reached every additional exciton enters the
condensate. In our experiments no abrupt transi-
tion in the photoluminescence behavior is seen.
For these reasons we rule out the possibility of a
BEC.

A second proposal is that at sufficiently high ex-
citon densities the system undergoes a Mott-type
transition. Although the exact character of this
new phase is somewhat unclear, there are several
current ideas, In one case the excitons ‘are as-
sumed to be totally ionized and behave as a plasma
of free electrons and holes, The new emission
could then result from either direct or phonon-as-
sisted electron-hole recombination across the band
gap. No combination of band gap and available pho-
non energies is capable of reproducing the emission
energies of X; and X,. It the band gap were a func-
tion of exciton density, decreasing with increasing
exciton concentration, it would be possible to fit
the observed energies of X; and X, at one value of
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the energy gap. However, as the exciton density
in the sample was varied the value of the energy
gap would also change giving rise to a continually
shifting emission line,%® This is not consistent with
our observation that the new emission occurs at a
fixed wavelength. In either case the intensity of the
luminescence again would be proportional to the
number of excitons in the plasma phase. In the
second case it is assumed that the new supra-Mott
phase consists of liquid drops of a condensed exci-
ton gas.™% This model could predict a discrete
shift in the energy of the emission spectra. The
energy shift would just be equal to the energy the
exciton lost in going over to the liquid phase from
the gas phase, i.e., the heat of vaporization for
the excitonic liquid. Simple calculations by
Ashkinadze et al.? for the liquid-drop model show
that the emission intensity should be proportional
to the number of condensed excitons. Thus we see
that both versions of the plasma model fail to ex-
plain all of our observations in a consistent way.
We now turn to the final model that we will con-
sider, that of the formation of molecular excitons.

In this model we assume two excitons interact
via an attractive potential to form a bound exciton-
exciton complex of two electrons and two holes in
an H,-like configuration. The energy of this new
state is lower than the energy of two free excitons
by an amount equal to the binding energy B of the
molecule. The initial formation of the molecule
requires two excitons and hence is quadratic in the
laser power. The molecular exciton model has
had good success in explaining the appearance of
new superlinear emission bands in silicon'® and
CuCL™ and recently in CdS.?? With this motivation
we now wish to show how the present experimental
results can be explained in a consistent way by the
application of the excitonic molecule model. We
shall deal with the X, emission first.

Figure 3 shows the proposed model for the X;
emission band. Also shown in the same figure is
the exciton-exciton scattering process that is re-
sponsible for the M-band emission. We shall re-
view briefly the M process to provide a background
and motivation for what is to follow. In exciton-
exciton scattering an exciton of energy A, collides
inelastically with another exciton of energy A;.
One exciton is scattered into the conduction band
gaining an energy equal to B, the binding energy
of the free exciton, The second exciton is scat-
tered down to the photonlike section of the disper-
sion curve and appears as a luminescence photon.
The energy of the M-band photon is just given by

hv,=E, -2B; , @)

where E, is the energy of the gap. Since the pro-
cess depends on the interaction of two particles the
luminescence intensity will be quadratic in the par-
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FIG. 3. Model for X; emission. Energy per particle
has been plotted for convenience.

ticle density and hence quadratic in the excitation
power., Now let us consider the X; emission line.

We propose that the X; emission arises from re-
combination radiation emitted from a bound exci-
tonic molecule in CdS. The process we envision
is as follows: Two free excitons of energy A, each
interact via an attractive potential and form a
bound excitonic molecule with a binding energy of
B,,. The excess energy is carried away by crystal
phonons, The excitonic molecule then undergoes
radiative decay by an Auger process. One exciton
is excited into the conduction band gaining an ener-
gy equal to 3B, + B;. The other exciton loses an
equal amount of energy and is deexcited to the
photonlike section of the dispersion curve and
emerges as a luminescent photon. The energy of
this emitted photon is given by,

hvx,=Eg=2(3B, +B,) . 3)

The dynamics of the exciton-exciton scattering and
the molecular-decay processes are the same.
Therefore, we would expect the X; luminescence
to be quadratic in the excitation power, or more
importantly, we would expect the X; luminescence
to be directly proportional to the AM/-band lumines-
cence. The energy difference of the two emissions
can be calculated by taking the difference between
Eqgs. (2) and (3). We find

Amv=hvy=hvy =B, . (4)
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From Fig. 1 we see that Az is equal to 3 meV.
Therefore, we find B,, =3 meV.

We can compare this result with theoretical cal-
culations.?'?® The important parameter is o, the
ratio of effective electron-to-hole mass of the
electron., With o about 0.15 and the binding ener-
gy of the A exciton about 30 meV a prediction of
about 2—-3 meV results from the various calcula-
tions. The situation is complicated by the fact that
CdS has an anisotropic hole mass, It is therefore
premature to calculate an exact prediction; the
order-of-magnitude agreement is encouraging,
however. A more recent experiment®® in CdS sug-
gests an experimental value of 5.4 meV for the
binding energy. To summarize, the molecular-
recombination model can explain the presence of
the new emission band at X; and it can account for
the linear dependence of X; intensity on M inten-
sity. We will now consider the X, emission.

The important observation regarding the X, band
is that the ratio of the X,-line amplitude to the M-
line amplitude is proportional to the square of the
laser excitation power. Since the binding of two
excitons to form a molecule is a process that
should be proportional to the square of the number
of excitons present, the above observation suggests
that the X, luminescence is emitted by a process
involving the interaction of two excitonic mole-
cules. We would envision this interaction as

molecule + molecule - X, .

For the mechanism of the interaction we propose
the molecular analog of the M-band interaction for
free excitons, That is, we suggest that the X,~
band luminescence comes from an inelastic scat-
tering process involving two excitonic molecules.
The proposed process is shown in Fig. 4 and dis-
cussed in the following. Two excitonic molecules,
each with energy 2(E, - B, — 3B,,), inelastically col-
lide. As a result of the collision both molecules
become unbound: one exciton is scattered into the
conduction band, two excitons are scattered to the
A, band, and the final exciton is scattered to the
photonlike part of the dispersion curve and emerges
as a luminescence photon. The energy of the
emitted photon is approximately given by

hvg,=E,~2B; - 2B, . (5)
Recall for the M band, that
hvy=E,-2B; .

We see that the energy shift of X, from A, other
parameters being unchanged, is just
AE=hy,— hux = 2B,, .

Experimentally we find that AE=8 meV so that we
deduce a value of 4 meV for the binding energy of
the molecule. We see that this value of the molecular
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binding energy agrees favorably with the value of 3
meV calculated for the X; emission band. This
agreement obviously supplies a portion of the mo-
tivation and support for the above model for X,.
Both values are also within the range of predictions
of models of excitonic molecules,

At excitation levels of 8 MW/cm? or higher,
evenly spaced lines were seen at 4910, 4917, 4924,
and 4930 A. It is quite possible that at these power
levels stimulated emission® occurred in these
lines. Further investigation of the luminescent
behavior of CdS at these high excitation levels is
certainly necessary.

V. SUMMARY

We would like to summarize our experimental
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findings and attempt to answer some of the ques-
tions posed at the end of Sec. I by proposing the
following explanation for the behavior of a high-
density system of excitons at low temperatures.

At the lowest concentrations, the excitonic system
behaves as a dilute gas of noninteracting particles,
as was discussed earlier, and the luminescence
behavior is dominated by direct recombination
processes and trapping processes. As the concen-
tration is increased, exciton encounters are more
frequent., However, since the cross section for
M-band scattering is larger than the cross section
for competing processes, the M-band emission
dominates the long-wavelength photoluminescence
spectra. As the exciton concentration is increased
to its highest value of the present experiment (10*%/
cm?®), the rate of formation of excitonic molecules
increases because of the increased frequency of
encounters between free excitons. These excitonic
molecules can then undergo an inelastic scattering
process analogous to the exciton-exciton scatter-
ing process responsible for the M band., The rate
for the molecular scattering process now exceeds
the rate for M-band scattering and the X, lumines-
cence dominates the emission spectrum. The
molecules can also undergo a radiative-decay pro-
cess. These two processes account for the ob-
served X; and X, emission and predict a binding
energy for the excitonic molecule in CdS of 3—4
meV,

There are several points we wish to emphasize
in the above model that bear directly on the ques-
tions posed in Sec. I. (i) At even the highest den-
sities a bound state of the electron hole still ex-
ists.!® It is a moot point whether the single exci-
ton itself exists at the highest densities, however.
(ii) The interaction between excitons at high den-
sities is attractive rather than repulsive. (iii) The
attractive potential is sufficient to bind the exci-
tons into a binary molecular form.

After the completion of this work results were
published of the photoluminescence of CdSe at high
exciton densities by Bille et al.3® Results very
similar to those found in CdS at comparable power
levels were obtained.
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Lattice vibrations of the hexagonal graphite crystal are analyzed using two-body carbon-

carbon interaction potentials.

The potential parameters are obtained from estimates of the

long-wavelength frequencies of graphite and a knowledge of the nitrogen-nitrogen potential
parameters. The dispersion relations along high-symmetry directions are calculated showing
excellent agreement with the experimental observations along (00£). The elastic constants

of graphite are also calculated and compared with the available experimental data. There is
general agreement between the theoretical calculations and the experimental observations.

L. INTRODUCTION

The lattice dynamics of graphite have been dis-
cussed by several authors usirig few-parameter
Born-von Karman models.'~® The unknown param-
eters of the models are fitted to the experimental
data such as specific heat” and the measurements
of phonon dispersion relations.® The graphite
structure assumed in lattice-dynamical calculations
corresponds to the hexagonal crystal structure
where sheets of carbon atoms are stacked on one
another and held by van der Waals forces. The

forces in the sheets are due to the strong covalent
forces. This structure is highly anisotropic in
properties such as thermal expansion and elastici-
ty.”

In this paper we intend to analyze the lattice vi-
brations of graphite in the hexagonal crystal struc-
ture. The lattice-dynamical model employed will
be the usual Born-von Karman model in which sig-
nificant interactions between carbon atoms are
represented by finite-value force constants. How-
ever, our approach will be different from previous
attempts in the use of analytical potentials for car-



