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crystal phonon spectrum. '

(iv) Since the renormalization bE is asymptotical-
ly of order 1/Z, we add to the CPA corrections of
order 1/8", n = 1, 2, ~ ~ ~ . According to recent discus-
sions, '7 we expect to have at least the same num-
ber of exact moments, i.e. , eight. Our density
of states will have to intersect at least eight times
the CPA density of states. This can be seen on our
numerical results.

Though somewhat more tedious, the iterative cal-
culation is not in principle more complicated than
in CPA and does not require the introduction of a
small imaginarypart. We did not meet the analytic-
ity difficulty reported in some one-dimension cal-
culations of pair effects. ' The only problem seems
to be the possible occurrence of a pole in the self-
energy Z(z) at z=- Z=- [xE„+(1-x)Ez]. For the

exact averaged Green's function, it has been
proved that this pole always occurs in the band
gaps. In the CPA, the pole may occur before the
exact subbands are split, depending on the model
density of states, but always lies outside the nar-
rower CPA bands. In the BPA, since the bands are
broader than in CPA, this pole can appear in a
nonzero density-of-states region and gives in some
cases at E=- E a narrow unphysical gap.

In conclusion, we think that this approach, with-
out increasing too much the computational difficul-
ties, yields more precise results on the shape of
the density of states and can be of valuable interest
in all problems, namely, magnetic, when the local
density of states is of primary importance.

We want to thank J. Van der Rest for help in the
preparation of numerical calculations.
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Cyclotron resonance experiments in tellurium carried out over a wide and continuous range
of microwave frequencies are described and analyzed; the influence of temperature and of the
orientation of the magnetic field with respect to the crystallographic axes received particular
attention. A11 the results are consistent with a k p perturbation model of the valence band
structure. We determined the parameters of this model and find a quantitative agreement be-
tween theory and experiments.

I. INTRODUCTION

The first cyclotron resonance experiments in tel-
lurium were performed at low frequency by Men-
dum and Dexter working at X = 4 mm and by Picard
at X= 0.9 mm, and were in agreement with a con-
ventional ellipsoidal model of the isoenergetic
surfaces. However, in the first experiments at
higher frequencies we found a splitting of the cy-

. clotron resonance line in the B ~ c direction, and we
showed that this feature was in good agreement with

the theoretical model of Hulin, ' in which the va-
lence-band maximum is close to the corner of the
Brillouin zone giving a camel back" shape to the
top of the band. Betbeder and Hulin, among
others, calculated the forked shape of the Landau
levels in that case.

Cyclotron resonance experiments were then per-
formed at higheW frequencies by Dreybrodt et el. ~'8

using a cyanide laser (2. = 337 p, 2. = 195 p). Yoshi-
zaki and Tanaka, working with a monochromator,
reached the wavelength range 300', &X &80 p. . A
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large number of new transitions were observed;
however, although they were interpreted using
qualitatively similar models of the band structure,
there remain quantitative divergencies between the
values of band parameters that have been put for-
ward by different authors. Essentially this is due
to the strong nonparabolicity of the valence band
near its maximum, which in turn leads to a com-
plicated and violently nonlinear dependence of the
Landau energies on the magnetic field: In such con-
ditions, it is difficult to ascribe nonambiguously
the observed absorption maxima to definite transi-
tions between Landau levels.

We present here the results of experiments per-
formed over a large range of frequencies (0. 3 &X

&4 mm) at temperatures 1.5'K &T &30'K. A

splitting of the Landau levels n=0', n= 1', n=2', is
directly observed: Semiclassically, it can be de-
scribed as resulting from intravalley magnetic
breakdown inside the valence band; a complete de-
scription of the first Landau levels can be deduced
from the experiments. This allows a precise de-
termination of the band parameters.

Transitions due to impurity levels are also ob-
served and interpreted. Finally, we present the
results and the interpretation of experiments per-
formed with the magnetic field along all the inter-
mediate directions between the c axis and the bi-
sector axis. These experiments, which in partic-
ular show up very clearly how the splitting of the
cyclotron resonance line appears when the angle
between the magnetic field and the c axis ap-
proaches 90', bring a supplementary confirmation
of the valence band parameters.

II. SUMMARY OF PREVIOUS THEORETICAL RESULTS

A. General Features of the Valence Band

The valence band of trigonal tellurium has been
studied through a number of experimental tech-
niques (cyclotron resonance, ' Shubnikov-de Haas
effect, infrared absorption and magnetoabsorp-
tion, " ' and magnetophonon measurements )
which, together with theoretical investigation, have
led to the adoption of the following semiempirical
model (see Ref. 16 for a summary).

The top of the valence band lies in the vicinity of
the corners H (an alternative notation is M '4'~'7)
of the Brillouin zone which has the form of a hex-
agonal prism. In the following, a corner II of the
Brillouin zone will be taken as the origin in k space
with orthogonal axes for the k components. (k, is
parallel to the trigonal c axis, k„ to a binary axis,
k~ to the bisector" direction between two binary
axes. )

Owing to the influence of the spin-orbit interac-
tion, there appears a set of two bands, originating
at the nondegenerate levels H4 and II&, (an alterna-

tive notation is M„Mf), the energies being given,
to the lowest relevant order in I k I, by the expres-
sion

E(k) = —a.k, —P'k, +t(A+P'q)Pj, ) +4n t; kg]
~2 —C,

where

k', = k„+k„, C = ng +A /4a t,",
and the + sign corresponds to the upper and lower
bands, respectively.

In fact, we are only interested in the upper va-
lence band. For the values of the band parameters
that are suggested by previous studies, ' '" (1) then
reduces to

E= k2 —Pk2 + (AR+ 4 2$2k2)1 2 —C

where

p= p'(1 —t}/to), to= 2o.g /A

without any significant loss of precision.
Perhaps we should point out here that Eqs. (1)

and (2) take no account of terms in Ikl, Ikl4 and
so on, which have formally been introduced by
other authors: Such terms do not lend themselves
to a quantitative treatment (for instance, in the de-
termination of Landau levels) so, in the following,
we shall only give qualitative indications on their
influence. (Similarly, we have ignored additional
spin effects which have been shown to be of negli-
gible importance;. )

In (1) and (2), the origin for electron energies is
taken at the top of the valence band, which corre-
sponds to two-band maxima lying at k, = + k,o on the
k, axis. At k, = k, =. 0, there appears a saddle point
in the band structure (state H4), owing to the camel-
back shape of the upper band E(k, ; k, = 0) (Fig. 1).

We can profit by the rotational invariance of the
isoenergetic surfaces around the k, axis to comple-
ment Fig. 1 by showing E as a function of k, and k&

(Fig. 2). This representation will prove useful in
the following discussion.

We shall call (&) the energy difference between
the band maxima and the saddle point:

& = C -A = nt; (1 -A/2o. &3)

Previous analysis of experimental results have
yielded: (a) a precise value, 2A = 126. 1 +0.2 meV,
of the spin-orbit splitting between K4 and 05 ', this
figure, which is obtained from infrared absorption
studies, will be directly entered in the calcula-
tions. (b) A value for & ranging from 2-2. 5

meV, ' ' which we shall redetermine here, but
on the order of magnitude of which we shall rely in
the following discussion.

B. Landau Levels

The Landau quantization' corresponding to this
band structure has been investigated by several
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authors. '6 ' Let us summarize the main re-
sults corresponding to the simplest orientations of
the magnetic field B with respect to the crystallo-
graphic directions. (From now on, we shall re-
verse the sign of electron energies, which amounts
to evaluating hole energies, the origin being still
taken at the top of the valence band. )

(i) B II c axis. k, remains a good quantum num-
ber; owing to the quadratic dependence of E vs k,
in (2), the Landau quantization assumes the class-
ical form corresponding to parabolic bands, the
energy for the nth Landau level being

E„(k,) = [nb, (A +4n f k, )'~ + C]+ (n+ o) %o,

%o,= 2PeB/5= h(eB/m„), m„,= I /2P. (4)

](E(kz) k =0 )

Electric dipole transitions under the influence of a
rf field are allowed only for ~=+1, so one ex-
pects to find essentially a classical cyclotron reso-
nance line for a frequency v= ~a, , the ratio og/B
directly yielding the value of P.

Let us remark that including higher order terms
in (2) would lead to the possible appearance of har-
monics, and introduce a slight dependence of ~,
with k, . At low temperatures however (e.g. , for
kT «, that is T 20 'K) only the vicinity of the
band maxima is populated with holes, so that one
should essentially measure the transverse effective
mass m„ for I k, I

= k,p. This conclusion is en-
hanced when one takes into account the smearing

FIG. 2. E(kg, kg surface near the top of the valence
band. Notice the semiclassical trajectories (S~ and S2)
in a magnetic field perpendicular to the c axis for cyclotron
energies below and above 4. The shaded region indicates
the shape of the effective potential curve for holes mov-
ing in a magnetic field tilted by an angle y from the
binary axis (cf. Sec. V).

out of the singular points in the density of states by
collision broadening. '

(ii) 8 j-c axis Let u. s for instance take B II k„
(bisector direction). It has been showno that the
Landau levels can be determined starting from the
eigenstates for an electron moving in a one dimen-
sional ' effective" potential V(X), which reproduces
the camel-back curve on Fig. 1, but for a change
in the scales of (a) the abscissa X, which is given
by the transformation )'o, - (P/n) (eB//&) ~ X, and

(b) the energy, which is referred to the "unit"

Eo = (nP) (eB/h). Ultimately, the Landau energy
E will be derived from the eigenvalue E of the
Schrodinger equation

ZO

FIG. 1. Schematic band structure of tellurium. (The
wave vector origin is taken at the corner of the Brillouin
zone. )

o+ V(X)g= &g,

with

V(X)=X —(A + 4g X )
i +C

where

A =A/E, C = C/E, g = (o /P) ~4 (eB/jg) ~ ~o t

through the relation

E = Ep&+ Pk~.

The eigenstates g of (5), owing to the invariance
of V(X) under the inversionX--X, are either
even or odd in X. They will accordingly be labeled
by the index n' (n = 0, 1, 2. . . ) and appear, when
taken for increasing values of &, in the order, 0',
0, 1', 1, 2'. .. .

The essential features of the energy spectrum in
this situation are the following ' 6:

(a) For low values of B, the effective potential
V(X) presents two deep, well separated, symmetri-
cal potential wells, with minima at

X=+Xo Xo= (P/a. )
'~4 (eB/@) ~~o 0,
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FIG. 3. Landau levels at low and high magnetic field
(8 parallel to bisector axis).

(so that Xp is actually large for small B). The
height of the barrier between these wells is
Z= 6/Ep«B 'b, (which accordingly increases as B
decreases) (Fig. 3).

To each valley, which is nearly isolated from its
neighbor, there corresponds a series of wave func-
tions, g„(X -Xp) or $„(X+Xp)with identical ener-
gies e„= (n+ &)¹,(n=0, 1...) closely resembling
those of a harmonic oscillator (at least for n small
enough to verify e„«&), the spacing hv, , which
will yield the cyclotron energy Nw, after multiplica-
tion by Eo, being determined by the curvature of
V(X) at X = +Xp, a quantity which is readily shown
to be independent of B, as well as @z, itself. Ac-
tually, there is a small interaction between the two
valleys, through the barrier: The eigenfunctions

gp, however, do not differ appreciably from the
(anti)symmetric linear combinations

g„g -2 '~P[g„(X -Xp) a)„(X+Xp)]

and the degeneracy —for sufficiently small n —is
nearly unaffected, so that we can take

&e=&n ~

Consequently, the hole energy spectrum itself ex-
hibits a twofold degeneracy and a linear dependence
on the magnetic field and we can write

E„~=Epa„~=Ep&„= (n+ p) (keB/m, ), (7)

where m, = (m„m, )'~ is the appropriate cyclotron
effective mass associated to the nearly parabolic
parts of V(X) near its maxima.

(b) When B increases, both Xp and 4 decrease,
and the interaction between levels associated with
both valleys increases, this coupling being felt the

sooner the higher the value of n.
The previously observed degeneracy between

even and odd levels i.s progressively removed,
first for high values of n, then for n = 2, n = 1 and
finally n = 0, as the corresponding i„becomes com-
parable with &.

As a result, the curves E„~(B), which are not
distinguished for low values of B, progressively
separate one from the other, finally yielding the
characteristic pattern which will be shown on Fig.
9 in relation with the interpretation of the experi-
mental results. All these results can be inter-
preted in a semiclassical scheme taking account of
possible magnetic breakdown (Ruvalds and
McClure' ' ' ). For ~, &&, the semiclassical
trajectories are quasielliptic (curve S, on Fig. 2),
hence the conventional linear dependence of &, with
8 for low enough magnetic fields.

For ~, &&, the semiclassical trajectories look
like curve S2 on Fig. 2: They correspond to the
junction of two of the previous ellipses. The quasi-
classical quantization rule on the area inside the
curve here involves an area which is approximately
twice that of an isolated ellipse. Hence we can
predict that the energy distance between Landau
levels will be approximately half that which would
be obtained by extrapolating the results obtained
for small B; this corresponds to the removal of
the degeneracy between + and —states. In this
process, all levels keep a definite parity with re-
spect to the reversal of X. It can be shown that
electric-dipole transitions should couple levels
with opposite parities (e. g. 0'-1, 0 -1'). This
follows from the fact that the perturbation Hamil-
tonian of the rf field is itself odd with respect to
the transformation X- -X, since it appears, apart
from some constant factor, either as X or ~/SX

depending on the polarization, so that its matrix
elements vanish between eigenfunctions $„~ of iden-
tical symmetry properties. However, introducing
higher order terms in k in the dispersion equation
(2) and the corresponding Schrodinger equation (5)
removes this selection rule. One should then be
able to observe transitions such as 0'-1', 0 -1,
etc. , although they can be expected to lead to
weaker absorption peaks than the fully allowed"
transitions of the previous type. It should also be
stressed that the classical harmonic oscillator
selection rule &n= + 1 no longer holds in this mod-
el, so that harmonics" should appear in cyclotron
resonance.

In addition, it should be indicated that previous
studies '6' ' '" have shown that the foregoing de-
scription should be complemented by introducing
impurity levels corresponding to maybe several
acceptor states, the fundamental of which should
lie at ED= 1.3-1.4 meV above the valence-band
maxima (a figure which is supported by a variation-
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al calculation within the effective-mass model ).
When a magnetic field is applied, this level should
essentially follow the zero Landau level, with a
slight possible variation of the ionization energy Eo
with I3. The presence of these levels naturally
adds to the complexity of the energy spectrum and
to the difficulty met in interpreting cyclotron reso-
nance experiments.

Thus, while preliminary investigations have re-
vealed the characteristic branching phenomenon"
due, for instance, to the separation of levels 1' and
1 for sufficiently high magnetic fields, the im-
provement of experimental techniques naturally
leads to an increasing complexity of the absorption
spectrum, and makes it necessary to exercise
much care in the attribution of the observed lines
to definite transitions. This can only be done by a
precise investigation of these lines through a wide
and, as much as possible, continuous range of
magnetic fields and microwave frequencies, with
constant reference to the theoretical model. The
next sections will describe the present state of the
fulfillment of this program.

III. EXPERIMENTAL SETUP

A. Samples

Whatever the preparation techniques used, all
tellurium samples are extrinsic and P type. We
used samples from two different origins: Ultra-
pure samples with hole concentration p & 5x10 scm 3

and samples doped with either bismuth or antimony
with P-10' cm . The carrier mobility is of the
order of 100000 cm /V sec at T= 1.5'K. For
p-10 cm the plasma frequency&-50 GHz is
always smaller than our working frequency 130 GHz
&w &1000 GHz.

Tellurium is well known for its pathological sen-
sitivity to external mechanical treatments. The
best samples are obtained by cleaving them along
planes parallel to both the c and binary axes. We
use small plates (5&&5&&1 mm) with the main sur-
face containing both the c and binary axes, and
perpendicular to a bisector axis.

S. Sources

For these experiments, we used a large number
of different microwave sources; seven backward-
wave "carcinotron "oscillators, ' from Thomson-
C. S. F. Co. , emitting, respectively, in the wave-
length ranges 2 mm, 1 mm, 900, 700, 600, 500,
and 400 p, and a cyanide laser emitting at 337 or at
311 p. The typical output power of the submilli-
metric carcinotrons is of the order of 20 mW and
the emitted microwave is monochromatic. The
stability in frequency and power is -10 . By tuning
the line voltage one can shift continuously the emit-
ted frequency inside the emission band of the car-

cinotron, the typical broadness of which is (+ ~
—ur«, )/&o -0.1. Hence we could work at almost any
wavelength X between 400 p. and 1 mm. Two gaps
in frequency separate these experiments from
those at 2 mm on one side and from those at 337 p,

on the other side.

C. Detection

The sample being reasonably transparent, a
transmission technique is used. Special care must
be taken in designing the sample holder (Fig. 4),
which permits the heating of the sample up to tem-
peratures T &30'K. The sample holder is located
at the end of the waveguide in a chamber filled with
a low pressure of exchange gas. The increase of
temperature of the sample holder is obtained by a
heating wire and measured by a bolometer. The
microwave power transmitted through the sample
is measured by another bolometer (an Allen
Bradley resistor reduced to a thickness of O. 3
mm) immersed in the superfluid helium bath be-
neath a Mylar window.

D. Magnetic Field

The experiments with B parallel to the bisector
axis were performed in the Faraday geometry
(kllB) in the axial magnetic field of a superconduct-
ing coil which provides a field up to 58 kG.

For the other crystallographic directions, a
Voigt configuration (k &B) was used. The sample
plate is then vertical, parallel to the axial field of
the coil, and can be rotated so as to investigate all
the crystallographic directions contained in the
plane of the sample, between the binary axis and
the c axis. The microwave is polarized with E lB
by means of a grid. Other experiments were per-
formed in the Voigt geometry using the transverse
magnetic field of an electromagnet (for B&27.5
kG).

IV. RESULTS AND DISCUSSION

The spectrum at low frequencies in both crystal-
lographic directions, 8 parallel to the c axis and
5 parallel to the binary axis, is relatively simple.
At higher frequency a large number of new absorp-
tion lines appear, which at first sight seem rather
inextricable.

Characteristic recordings of the transmitted
power as a function of magnetic field in the direc-
tion Bparallel to the bisector axis at T=1.5'K are
shown on Fig. 6.

The evolution of each line can be followed through
the recordings performed at a large number of fre-
quencies. Thanks to the wide frequency range
covered by our microwave sources, a plot of the
position of the lines in a ar(B) diagram can be
drawn with accuracy. Figure 5 shows this plot for
B parallel to the c axis, Fig. 8 for B parallel to
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A. Transitions between Landau Levels

Nave guide

I

ir ~& &i ir

0 0
5%%M Sam~le

—Bolometer 1

Heater eire

Vacuum chamber

Mylar

-Bolometer 2

FIG. 4. Experimental arrangement. The sample
holder is heated by heating wire. Bolometer (1) mea-
sures its temperature. The bolometer (2), which mea-
sures the transmitted microwave power, is immersed in
the superfluid helium of the cxyostat.

(i) B ~~ c axis. For the reasons discussed in Sec.
IIIA, the experiments with 8 parallel to the c di-
rection were performed with a cleaved sample in
the Voigt geometry. The pure cyclotron resonance
cannot then be observed even in a sample in which
only one type of carrier contributes to the absorp-
tion. Instead, a magnetoplasma resonance occurs
at frequency

(d = (QP~+ 47p)
2 2 1/2

In our samples the plasma frequency is v~- 50 GHz,
while the working frequency & is &300 GHz. The
position of the observed resonance thus differs only
by a factor m~/2ur, & 1.4% from the cyclotron fre-
quency v, .

The (d vs B dependence of the main resonance
peak (F, line) is linear at high frequency (Fig. 5).
This is in good agreement with the parabolic k, de-
pendence of the energy predicted by the theoretical
model of Sec. II [cf. Eq. (4)].

The cyclotron resonance mass in this direction is

m„= (0. 108+0.001)ma .
When the temperature of the sample is increased,
the I", resonance peak broadens but no other ab-
sorption maximum appears.

We did not observe the splitting of the I', line

I

5-
O

the bisector axis. At low temperature in both these
diagrams the lines can be classified in three
categories: (i) The position of the lines labeled F
can be extrapolated to the origin B=O, +=0. (ii)
The S lines parallel to the F lines in the e(B) dia-
gram extrapolate at B=O to the same nonzero
transition energy If+-1.24 meV. (iii) The I lines
are very sharp ones, almost field independent.

The distinction between these three classes is
confirmed by the experiments performed at in-
creasing temperatures (Fig. '7). The intensity of

the F lines increases together with their linewidth.
The S (and I) lines disappear for a small increase
of the temperature. We will see that they are related
to impurity levels located above the valence band.

At higher temperatures new lines, that we shall
call T, show up.

We first limit the discussion to the I' and T lines
(Sec. IVA). In Sec, IVB we study the S and I
lines. We show that the & and T lines correspond
to transitions between Landau levels, the S lines to
transitions from an impurity level to a Landau

level, and the I lines to transitions between two

impurity levels.

1000—

800

600

400

200

I

10 20 ~o 40 8(hG)

FIG. 6, Plot of the position of minima of transmission
with 8 Il c axis: ~, temperature independent lines; O,
lines observed at T=1.5'K only; z, lines observed by
Yoshizaki et al.
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FIG. 6. Love temperature (T=1.5 K) cyclotron reso-
nance absorption spectra in tellurium at various frequen-
cies for 8 parallel to bisector axis. The recording at
~ =371 6Hz shows clearly the splitting of the line E into
three lines I'~, F2, and Ils.

described by Yoskizaki et a/. ' in their work at
higher frequency, and which they attributed to the
existence of high-order terms in the 0 dependence
of Ii. The cyclotron mass is then a function of k„
and the two observed lines should correspond to the
external masses at Ik, l =k,

o
and A, =O. This inter-

pretation has recently been criticized on theoreti-
cal grounds by Bangert and Dreybrodt; It appears
that the density of states for A, =0 is not sufficient
to lead to an absorption peak when the finite relax-
ation time 7 is taken into account. Perhaps the
broadening of the I", line which we noticed with in-
creasing temperature arises from such nonparabal-
icity effects.

The two weak lines 8,' and Ii,' which flank S, and
Jl, have not been observed in all samples. They
might be related to a stress effect on the sample.

(ii) 8 & c. The results we shall now describe and
discuss were obtained in the Faraday configuration
with B parallel to the bisector axis. Some experi-
ments have also been performed in the Voigt geom-
etry with B parallel to the binary axis; no signifi-
cant difference could be observed, which confirms
the limited importance of the trigonal warping of
the band structure.

10 20 30 50 S(&G)

FIG. V. Evolution of the cyclotron resonance spectrum
arith temperature at constant frequency (~=409 GHz).

At low frequency (&o-130 GHz) the cyclotron res-
onance line E is quite intense (Fig. 6), and its
linewidth is &8- 2000 G. & is flanked by a weak
line I"'. At high magnetic field a new line I'4 shows
up,

When the working microwave frequency is in-
creased, the E line first broadens (at 315 GHz for
instance 4B- 3500 G). At still higher frequencies
(co &350 GHz), the cyclotron resonance line splits
into three lines Eq, E~, and E3 (Fig. 6). At low
temperature, both I"3 and I"3 are weak. When the
sample temperature is increased, the intensity of
the line Es rapidly increases (Fig. 7). A plot of
all the absorption lines positions is an ia(B) dia-
gram is shown on Fig. 8.

Vfe shan now show that this strange behavior can
be qualitatively and quantitatively interpreted in
terms of transitions between the forked Landau
levels predicted by the theoretical model described
in Sec. H (Fig. 9).

At low temperature and for our working frequen-
cies, the quantum-limit condition @co,» kT is real-
ized. Only the lowest Landau levels (s = 0') are
populated. All the Il lines must be attributed to
transitions from these levels to higher Landau
levels.

At low frequency (a& 130 GHz), E corresponds
to the transition from the degenerate states n = 0'
towards the degenerate states n = 1' at v = ru, = &B/~,
[«. Eq. (7)]. When the magnetic field increases
first the n=1' levels, then the n= 0'levels split.
Since the lowest Landau level 0' has the highest
hole population, the most intense line I'~ must be
attributed to the allowed transition 0'- 1 .

The other allowed transition 0 -1' must lead to
a weaker absorption peak at low temperature,
since the 0 level is less populated. However,
since the energy separation between 0' and 0" is
small, the intensity of this line should rapidly in-
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crease with temperature. This is precisely the
behavior of the F3 line.

The Ea line is fainter whatever the temperature;
this suggests that it is to be attributed to the for-
bidden transition 0' -1'.

Finally, the E4 line, which shows up at high
magnetic field and low energy, an be interpreted
as resulting from 0'-0 transitions.

Plotting the observed lines in an &a(B) diagram
(Fig. 8) thus gives precise inforination on the rela-
tive positions of the various Landau levels as a
function of B, and the cpmyarison with the ener-
gies computed within the theoretical scheme of
Sec. II permits a determination of the model pa-
rameters. The best fit is obtains with

A. =63 meV,

P= I'/2m„= 4.681'/m„
corresponding to m, (

= 0. 108mo

n = 5. 566)f /mp,

corresponding to m, = (0.220 + 0.005)mp

tp = 2ctf /A = 1.8,

corresponding to &=A(tp —1) /2tp= 2. 18 meV.

These values are entirely consistent with those ob-
tained from magnetoabsorption expex irnents. ~4

However, owing to our reevaluation of m&, as com-
pared with previous cyclotron resonance data
(Picard, Mendum) used in (2), one should now take

g=-0. 48'7 (instead of q= —0.86).

And, for the lower valence ban@ cuIminating at
level II5, the effective masses wouM then be

m) =0.039mo, mg =0.256ino .

The Landau levels which can be computed on this
basis lead to the identification of all the other ob-
served F lines. It thus appears that the secondary
E' line is the second harmonic transition n=0-n
= 2. It splits at B-12 kG, %o - 1.V meV into two
lines Ff(0' 2 ) and Ep(0 -2'). Moreover, it be-
comes possible to explain the origin of an extra set
of absorption maxima corresponding to the T lines.

T lines. At low magnetic field (B & 20 kG) an in-
crease of temperature up to 10'K causes holes to
appear in the 1' levels, thus permitting new transi-
tions starting from these states. However, in this
region, transitions 1'- 2' occur at a frequency too
close to that of the F line to result in an observable '

absorption peak. On the other hand, the predicted
frequency for the 1-3' jump exactly corresponds
to the T, line.

At higher fields (B &80 kG) thermal excitation at
temperatures T &25 'K successively populates the
1' and 1 levels; the transitions 1' 2, 1 -2', and
1' 1" are then possible. Their predicted positions
correspond to the experimental lines, T~, T„and
T4 ~

In conclusion, we have been able to identify all
the transitions responsible for the E and T absorp-
tion lines, and to observe the splitting of the three
first degenerate Landau levels n= 0' (at B-28 kG),
n = 1' (B-15kG) and n = 2' (at B 11 kG). A general
scheme of the calculated Landau levels and of the
observed transitions is displayed on Fig. 9. Fig-
ure 10 shows a comparison between predicted and
observed transitions.

B. Impu~ity Lines

In both directions B Il c and 8 Jc, the lines S, and

~~ occur for a given magnetic field, at a transition
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FIG. 9. General scheme of the energy levels for Blc
axis. The solid line gives the Landau levels as calcu-
lated using the parameter values of {8) in the text. All
arrows are representative of a measured absorption
maximum {the length of the arrow is equal to the micro-
wave energy used in the corresponding experiment, its
abscissa gives the magnetic field at the absorption peak).
As can be seen, the transitions E~ and E2 from the 0'
level to the 1 and 1' levels give experimental points in
excellent agreement with theoretical prediction. Starting
from these levels various transitions {F4 I' Tf T3 T4)
also occur, all of which fit in quite well with the computed
values of Landau energies up to n=3. Also shown below
the origin is the fundamental impurity level responsible
for the S& line.

energy equal to that of the main cyclotron lines
(F, and I") plus l. 24 meV. They shall consequently
be ascribed to transitions to the n=1 level, from
an impurity state located below the n = 0 level, witn
an ionization energy E„=1.24 meV.

In the same way for BLc, the weaker line Sz is
parallel to the E' line in the &o(B) plot; it will be
attributed to a transition from the same impurity
state towards level n= 2 (more precisely, for mag-
netic field high enough to remove the degeneracy
between 2' and 2, towards 2'). The 8~line can sim-
ilarly be ascribed to a transition impurity -n= 3.
The existence of impurity levels in tellurium is not
surprising; even the purest samples of tellurium
are all p type. There must be acceptor states close
to the valence band. Thanhao made a calculation of
the ionization energy for the ground state using the
effective-mass approximation and found E= 1.29

meV which is in very good agreement with our re-
sult, as well as with magnetoabsorption data. '

In this case, the Fermi level is located between
the acceptor level and the n=0 levels. As the tem-
perature is raised, it gets nearer to the impurity
band which rapidly depopulates. The intensity of
the S lines decreases with temperature increase;
they disappear at T-5 'K.

To identify the nature of the acceptors in the
purest samples, we performed experiments mith

samples voluntarily doped at p - 10' cm either
with bismuth or with antimony. In both cases the
intensity of the S lines is much stronger than with
pure samples, which fully supports our interpreta-
tion. The position of the lines observed with the
bismuth-doped sample is identical to that observed
in pure samples. The ionization energy is E= 1.24
meV. In the sample doped with antimony all lines
are translated and extrapolate at zero magnetic
field towards an ionization energy, which owing to
a chemical shift, is reduced to E-1.16 meV. This
suggests that bismuth might be the remaining im-
purity of ultrapure samples.

I lines. The I lines in the &o(P) plot have a posi-
tion which is almost field independent; the energy
transition increases only slightly with B. The
position of the lines Io and I& for 8 parallel to the
bisector axis, as mell as those of I, and I, for B

Cg

parallel to the c axis extrapolate to a transition en-
ergy E= 1.1 meV at 8= 0. The Is line extrapolates
to E = 0.22 meV. The characteristic narrowness
of these lines rules out the hypothesis that they
could be attributed to transitions from impurity
levels to a Landau level, because in such a case
they would have the same broadness as the S lines.
These lines are therefore to be ascribed to transi-
tions from an impurity level to another impurity
level. In particular, the lines Io and I, can be as-
sociated with a transition from the fundamental im-
purity level (located l. 3 meV above the top of the
valence band) to an impurity level located close
(0.2 me V) to the valence band.

V. FURTHER TEST OF MODEL: CYCLOTRON RESONANCE

IN MAGNETIC FIELD TILTED WITH RESPECT TO

CRYSTALLOGRAPHIC AXES

As a means of checking the model, we performed
experiments with the magnetic field parq. llel to the
intermediate direction between the c axis and the
bisector axis.

The experiments were carried out in the Voigt
geometry mith the sample plate parallel to the axial
magnetic field of the superconducting coil. The
sample could be rotated around its bisector axis so
that any crystallographic direction of the surface
between the c axis and the binary axis could be set
parallel to the magnetic field. We shall call 8 the
angle of the magnetic field with the c axis, and p
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FIG. 10. Bj.c axis. Scheme
of the predicted transitions between
the calculated Landau levels.
Solid lines represent transitions
from the lowest Landau levels 0'.
I'nterrupted lines represent transi-
tions from the higher energy
levels n =1~. ~, experimentally
observed transitions at T =1.5'K;
x, experimentally observed transi-
tions at T&10'K.
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= &g —e the angle between the magnetic field and the
binary axis. In the following, the discussion will
be restricted to the main cyclotron resonance lines
(&n = 1).

At very low frequency (ar 134 GHz) the position
of the magnetoplasma resonance ~ = (~, + &o~)'~

gives the value of cz,. The observedcyclotronmass

in the 6 direction is very close to the mass m, ob-
tained for an ellipsoidal isoenergetic surface having
a symmetry of revolution around the c axis (Fig.
11):

&cos 8 sin 8
mc= g +

with

I I I 5 =0 c Asia

50

8 =22'
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40
I), ~=581 GHx
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FIG. 11. Plot of the position of the fundamental cyclo-
tron lines as a function of the angle 8 (8= &x- p) between
the magnetic field and the c axis for three representative
microwave frequencies. y, experimental points; &&, cal-
culated points.

FIG. 12. Experimental recordings at a working fre-
quency co= 581 GHz realized at temperature T=4.2 K by
rotating the sample with respect to the magnetic field
from a position with B parallel to the c axis (8=90'-p = 0)

to a position with B parallel to the bisector axis (8=90').
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m([ = (0 108 + 0 001)mo, m, = (0.220 a 0.005)mo

At an intermediate frequency (w-315 GHz) the
position of the line agrees with this formula for
angles 8 &40'. For larger angles nonparabolicity
effects become important and shift the line to a
higher field.

Typical recordings for high frequencies (&o &350
GHz) can be seen on Fig. 12. The same shift is
observed, in addition, for 8 larger than a value
8,- 82'; iwo new lines E, and E3 show up (Fig. 11).
Their intensity rapidly increases with the increase
of the angle, while the intensity of the central line
I"3 weakens. For B parallel to the binary axis, the
three lines &&, E&, and I"3 have the same position
as observed in the Faraday configuration with 8
parallel to the bisector axis. As was noticed
above, the +2 line is weak because it corresponds
to the forbidden transition (0'-1').

At very high frequency, w —964 GHz, an angular
region appears between 8=69' and 80', where all
the absorption lines broaden into a wide unresolved
absorption.

All these features can be accounted for, within
the model described in this paper, in the following
fashion.

When the external magnetic field B is neither
parallel nor perpendicular to the c axis, holes
move in reciprocal space along quantized orbits
situated in planes k&-—const, where k& is the com-
ponent of the wave vector k parallel to 8; such

orbital" planes are, of course, perpendicular to
the magnetic field. For a given value of k~, the
Landau energies can be obtained, in the usual way,
from the eigenvalues of a one-dimensional Hamil-
tonian describing a particle submitted to an effec-
tive" potential V(X). Apart from a 8-dependent
rescaling of the abscissa X and of the energies,
V(X) reproduces the variations of E(k) in Eq. (2),
with the k component parallel to the intersection of
the considered orbital plane with the plane k„=0
which contains the c axis, the binary axis, and the
magnetic field B. The shape of the function V(X)
is readily obtained from the intersection curve of
the surface E(k„k~) on Fig. 2 by a "vertical" plane
making the angle p with the k, axis, which it
touches at point k, = ks/sing. (Such a curve is
shown on Fig. 2 for a, plane with k, = k, . )0For any orbital plane, it is then possible to eval-
uate the transition energy km(y, B, ks) as the ener-
gy difference between the first Landau levels. The
cyclotron resonance peaks will correspond to the
transition energies for orbital planes which meet
the following requirements.

(i) The transition energy for these planes must
be extremal with respect to k~ (which means that
there is an appreciable range of values of k~ for
which the transition energy remains nearly con-

q)= 16'

10

q=e

=0'

+g
0

m'

FIG. 13. Sketch of the effective potential for a hole
moving in a magnetic field tilted by the angle y from the
bisector axis.

stant, so that a number of neighboring orbital
planes add their contributions to absorption at the
considered microwave frequency).

(ii) The lower level involved in the transition
must have a sufficient hole population.

For symmetry reasons, it is clear that the orbit-
al plane k~ =0 containing the origin in k space is
always extremal" in the sense defined in (i) above.
But this plane, except for small values of p,
avoids the region surrounding the band minima
where the hole concentration is high, so that it
does not satisfy condition (ii).

On the other hand, and since holes are concen-
trated near the band minima (k, = +k, ), condition
(ii) is met by orbital planes with ka = +k, sing,
which intersect the k, axis near the band minima.
Moreover, these planes are extremal for the two
limiting cases q =0' and 90'. This we shall take
as an indication that they are at least nearly ex-
tremal for the intermediate values of y. On these
grounds, we are led to admit that the observed cy-
clotron resonance energies should essentially cor-
respond to transition energies for orbital planes
containing the valence-band minima.

The effective potential which then determines the
Landau levels is shown on Fig. 13 for various val-
ues of y. Starting from the symmetrical camel-
back curve for y = 0', . (B i c axis), one gets first an
unsymmetrical graph with two potential wells, one
of which corresponds to a secondary minimum (k').
For y= 16', this minimum vanishes, leaving a
shoulder which progressively disaypears; for y
&40', V(X) is nearly parabolic.

The corresponding Landau levels are shown, as
a function of the magnetic field, in Fig. 14. For
y=0' (dotted lines), one obtains the 'forked"
curves associated with levels 0' and 1' which have
been abundantly discussed in Sec. IV.
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voted to other properties and characteristics.
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Test of the Virtual-Level Model of Bitte Alloys
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Measurements of the optical properties of dilute Ag: Pd alloys are described. The results are fitted to
a calculation on the Friedel —Anderson model of the alloy. The agreement is sufficiently good that all of
the free parameters of the model can be determined. Using these parameter values, other properties of
the alloy are evaluated and compared with measurements, providing a test of the validity of the model.

The result is generally favorable, and further work, both experimental and theoretical, can be done to
make the test even more quantitative.

I. INTRODUCTION

The electronic structure of dilute transition-
metal-noble-metal alloys has for many years been
described by the Friedel-Anderson model. ' This
model has been used as a basis both for compari-
son with experimental results and for further theo-
retical work.

In spite of the extensive use of the model, it has
never been direcQy tested. That is, no experi-
ment or e~erimm@8 have been performed at low
concentrtion vrhich overdetermine the free param-
eters of the mo4e1 to serve as a self-consistency
cheek. The fundamentil reason for this is that the
usual quantities measupod, such as resistivity,
specific hest, mk thermoelectric power, are each


