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distortion, dipolar fields, and especially the
anisotropy of the Fe-R exchange interactions.
These last terms are probably also responsible
for the existence of the transition regions.
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Magnetic hyperfine fields acting on the nuclei of diamagnetic atoms in rare-earth intermetallic

compounds are generally assumed to follow a form Hh, =H, (g» —1) '(J, ).i However, such an exp«»ion
is inadequate to describe the detailed dependence of the transferred hyperfine fields as the rare-earth

ion is changed. It is shown that an expression based on a Hamiltonian which includes orbital

contributions to the hyperfine field can describe the available data on several series of rare-earth

compounds. This dependence has the form Hhf=[(g» 1)Hol+(2 g»)Hlo+c H2l] ( J & where the c„
are appropriate rare-earth reduced matrix elements. By fitting the extant data to this expression, we

find that the orbital contributions H, and H, are appreciable. The general form of this expression is
found to be valid for a variety of mechanisms which produce transferred and supertransferred hyperfine

fields.

I. INTRODUCTION

The magnetic hyperfine field acting on the nuclei
of diamagnetic atoms in rare-earth intermetallic
compounds is generally considered to be a result
of the s fexchange interac-tion between conduc-
tion electrons and the rare-earth atoms. This
produces a conduction-electron polarization which
causes a hyperfine field on neighboring atoms di-
rectly through the contact interaction and indirect-
ly through core polarization. Since both of these
contributions are proportional to the conduction-
electron polarization, measurements of the hyper-
fine fields have frequently been used in attempts to

obtain information concerning the s-f interaction.
In the most common approach, this interaction is
written

X,~ = —2I'@(g~ —1)J s„„~,
where I',

&
is an exchange coupling parameter, g~

is the Lande g factor for a rare-earth ion with
total angular momentum J, and s„,„ is the conduc-
tion-electron spin. In a series of isostructural
compounds in which the rare-earth atom is
changed, the resulting conduction-electron polar-
ization produces a hyperfine field EIhf at the nuclei
of neighboring atoms which should vary with the
rare-earth component according to
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H„, = H, (g, —1) (Z, ), (2) explaining the variations of these fields in rare-

earth compounds as the rare-earth ion is changed.
where H, will depend on the conduction-electron
susceptibility as well as the electronic structure
of the diamagnetic atom.

This relation has been used a, number of times
in discussions of hyperfine fields obtained from
Knight-shift, angular-correlation, 3 and Mossbauer-
effect4 studies. While the rough dependence of
H„, on the rare-earth atom is obtained this way,
it is riot possible to explain the deta. iled behavior
of the experimental results. Figure 1 shows data
obtained by Knight-shift mea, surements on ~P

for the series of compounds RP (R = rare earth).
The dashed line shows the behavior of Eq. (2),
where we have taken (8,) = J' at magnetic satura-
tion. The degree of discrepancy between the ex-
pected behavior and the experimental results is
typical for a number of other systems as well.
Inclusion of crystal field effects, which generally
tend to reduce (J', ), improves the fit somewhat for
the heavy rare earths; however, it increases the
discrepancy for most of the light rare earths. In
no case does it provide a satisfactory resolution
of the problem.

There have been some attempts to parametrize
the data in other ways4'; however, no widespread

improvement has been obtained. It has been ob-
served that similar deviations from the predic-
tions of Eg. (1) occur for a wide range of other
phenomena. ~ One can imagine a number of mecha-
nisms which may cause changes from the simple
dependence of Eg. (1). The effects of interband
mixing between conduction and loca.l-moment elec-
tron orbitals has been frequently discussed. ~'0
The result of such a mixing is to cause the effec-
tive exchange parameter to vary as the rare-earth
ion is changed, and calculations indicate that this
can account for discrepancies similar to those dis-
cussed here. In the present work we wish to
point out a separate effect which should in princi-
ple be included when considering these complex
phenomena. We will consider effects such as in-
terband mixing to be small by assuming a constant
1& across the rare-earth series. One should
realize, however, that this is done for the sake of
simplicity and emphasis, and does not imply that
such effects are truly negligible.

In this paper we consider orbital contributions to
the transferred hyperfine coupling between a rare-
earth ion and the nuclear spin of a neighboring ion.
In general we find isotropic and anisotropic, linear
and higher-degree contributions to the hyperfine
field at the neighboring site due to the rare-earth
ions. In light of the limited available data, we then
consider the linear isotropic contributions for a
discussion of the data. It is found that the orbital
contributions to the hyperfine field are capable of

II. THEORY

In analyzing the experimental data on a variety
of physical properties, modifications of Eg. (1)
have been found to occur when the anisotropy of
the s-f exchange interaction is fully accounted
for. ~» 4 To determine the corrections to Eg. (2)
associated with these modifications, we consider
the indirect coupling of the rare-earth 4f electrons
and the nuclear spin of a neighboring anion. We
explicitly consider the following process: The s f-
exchange interaction polarizes the conduction
electrons and these electrons in turn produce the
hyperfine field at a neighboring site. As we will
discuss later, the form of the coupling derived
using this process applies equally well to trans-
ferred and suyertransferred hyperfine fields due
to other processes.

Corrections to Egs. (1) and (2) will be signifi-
cant if the conduction electrons have some orbital
degeneracy. The simplest wave function which is
orbitally degenerate is of the form

0»; (r)=s'"'tl~„„; (r), (2)

where

y„„,. (r+H)=g„„, (r) .
The translation R is by an integral number of lat-
tice spacings. The wave function g„„~ (r) resem-
bles the wave function for the hydrogen atom.
When the origin of this function is placed at a rare-
earth site, the variables j and m only label the
conduction-electron wave function at the anion
site; they do not represent the total angular momen-
tum at this site. We have written the above function
in an Ilsjm) representation. When the conduction
electrons are in spin-orbit coupled states, we con-
sider only one j manifold; if there is negligible
spin-orbit coupling we consider all j manifolds
arising from an (l, s) term to be degenerate. The
electrons on the magnetic rare-earth ion are de-
scribed by an atomic wave function of orbital angu-
lar momentum L, and spin 9".

4SL NLSJlfs '

By confining ourselves to single-pair interactions
between the localized and itinerant electrons, the
"s-f" exchange interaction is written as

3C,y
——f(L; Rjm, k'j'm) (—,

' c. + 2P 8 ~ s)

=RA, (kj, 0'j')(U"'(L) && U'"(/)]"'
PE

&([g IK3
&& [K3] [03 (4)

where

A~K=( c'&KoS+2P& s)& ~K(&t ki &L, & j ) ~

These exchange parameters are related to the I"p~
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R =La Ce Pr Nd Pm Sm Eu Gd Tb Dy Ho Er Tm Yb Lu
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20 FIG. 1. Comparison of experi-
mental and calculated hyperfine
fields for the compounds BP. Ex-
perimental points (solid circles) .

are obtained by Knight-shift mea-
surements on 3 P (Ref. 2). Calcu-
lated curves are for Eq. (2) (dashed
line) with Hs =-19 kOe and Eq. (12)
(solid line) using parameters given
in Table III. Since insufficient data
are available to correct for crystal
field interactions, we have taken

&~t =&Fr ~

-80 —— I I I I I I I I I I I I

previously defined' '4 as follows:

le
r,» = A,»y„X fsj

(P.Fl

where

y03= 1/47 ~ y3e= —1/2&21, y23 ——1/$42

(4')

X is a W'igner 9-j symbol, and the Isj are the quan-
tum numbers of the conduction. electrons [Eq. (3)].
The orbital operators 0',~' are written as irreduci-
ble tensors that transform as the spherical har-
monics. We define these operators by specifying
that their reduced matrix elements are

23 Bg»3"N

x ~—,[C''3xsn3]"'+ —5(r)s ~ I, (5)

where p, ~ is the Bohr magneton, p,„is the nuclear
magneton, and gN is the gyromagnetic ratio for the
nuclear spin. The three terms of Eq. (5) corre-
spand to the orbital, spin-dipolar, and contact
interactions, respectively. C'~' is a spherical
harmonic, 3~ and the product [C'23x sn3],'33 trans-
forms as a vector. The hyperfine interaction can
be put into a form similar to Eq. (4):

Z„,=2i3,g„33„Z[B"'(pZ) xI "3]"', (5')
pE

where

Their ranks p are limited only by the orbital angu-
lar momentum /& of an electron in the open shell
of the magnetic ion, e. g. , for f electrons I&

= 2

a,nd p & 6. The operator 5'~' is a constant for E
=0, and for %=1 is the spin 8 in spherical-tensor
notation. If the interaction consisted of only di-
rect exchange and if the ion had only one magnetic
electron, the parameters z and P would simply be
unity.

The hyperfine interaction between a nuclear spin
and the surrounding electrons (conduction or anion)
is given as~6

B"'(01)=- B s = —, 5(r)sOi g' 3

Bn3(21) —B [g L23 x [13](33

(g 3O) [gl23 x s &33 ] 03

and all other B'"3(pK) are zero
The lowest-order coupling between the 4f elec-

trans and the nuclear spin of a neighboring anion
comes from the second-order perturbation of the
ground-state energy of the system, &a, is

fi 11ed bands emy tr bands

E = g Q =
—,

— (e ' ' '
& s'(ykIm~K; y'k'j'm') (Imzk'y'm'~ +, ~

Im3kj m)
kfm k' j'm' kgb k' j' m'

+ e"" ""'"' "'(Im'kjml&hf
~

Im&k'j'm') (V k'i'm'~ X &~ V'kjm)) . (&)
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The vectors B„give the positions of the rare-
earth ion and nuclear spin with respect to an arbi-
trary point in the crystal. We define an effective-
coupling Hamiltonian 3C

' ' by

Z"&-=(0 1m, ~z "'~ q'Im,') .
In the energy denominator of E(l. (6) we have
neglected energy differences between the states
0& and 9&' of the 4f electrons. This is not a serious
omission because we will be evaluating the cou-
pling Hamiltonian only for crystal field states of
the 4f electrons 0& and 03' whose energy difference
is small compared to the Fermi energy of the con-
duction electrons.

We have derived an explicit form for the coupling
Hamiltonian by using wave functions like E[i. (2)
for the conduction electrons, and the Hamiltonians
(4) and (5) for the ion-conduction-electron (s-f)
and hyperfine interactions. By using Bacah's
algebra[2 the interaction can be written as a scalar
triple product:

X(2& „p p[$[»3(pK, R„,)XZ[r3(pK)I 3] o

PZr
7)

we make ihe spherical-band approximation and
also neglect the dependence of the conduction-elec-
tron energies Z„-& on the spatial quantum m, we
can average over all angles in k space and sum
over m and m' [see E(l. (6)]. In this approxi-
mation we find

'(p«R»3&) = &"'(p« IGNI)c"'@~3&) ~

If the spin-orbit coupling of the conduction elec-
trons is weak, their energy is independent of the
quantum number j as well as m, i.e. , E& =Zg.
By summing over j and j' as well as rn and m'

(which is e(luivalent to summing over m, and m, ),
we find that the coupling coefficients (' ' are sim-
plified through the relation

b '(PKr, P'K'1) = b' (PK2'& P'Kl)5(K, K')6(P, P', A) .
(8')

The function 6(p, p', A) vanishes unless Ip —p'
i

~&1+1'
The coupling E(I. (7) contains isotropic (A= 0)

and anisotropic (Av 0) terms. In analyzing the
data on the rare-earth compounds, we will make
the simplifying assumption of considering only
isotropic coupling, i.e. , take only the terms A=O
and &= 1:

[r3 = [I[ [P3(L)X $ l»3 ] lr3

~@K
m

is a coupled product which refers to the orbital and

spin operators for the 4f electrons. The param-
eters y~» are defined in E(l. (4'). The coefficients
t„'~3 have been arranged to transform under rota-
tions as the spherical harmonics and depend on the
interionic distance R» =—R„-RB. These coeffi-
cients contain sums over conduction-electron
states [see E(l. (6)], the exchange integrals I'~»,
the expectation values E~, K, of the hyperfine-in-
teraction operators B~ K, for electrons in the con-
duction-band states, and Wigner S-j, G-j, and 9-j
symbols that are used to couple the orbital and

spin operators into scalar triple products. The
primary condition on the ranks of the operators is
that their sum p+ K must be odd. In addition, if
the operator J ["3(pK) is used only on states within
one manifold of total angular momentum, the rank
z also must be odd. For f electrons 0 & p & 6, K
= 0, 1, and 1 & y & 7. Each coupling coefficient
('~3(pK&) contains a sum over the coefficients
B~, K, , and can be written in the form

(PKx, R )=Z b' '(PKx, P'K'I;R„) . (8)
p' K'

In general, the dependence of the coupling

/ [~3(R») on the orientation of the interionic pair
axis A„a is a complicated function. In addition
to the anisotropy attendant to the A and B sites be-
ing at different spatial points, anisotropy is also
present in the band electron wave functions. If

~(2& gN [ N [( I)( [03(011 R )gz AB

where

+ (2 -g~)/[03(101, K„a)

+ c„g[03(211,R„,)]i I, (8)

1 (gi i[@[23(L)x$"']"'
i ig)

(Zr iZ "3i iZ)

We have included the subscript g as a reminder
that this coefficient depends on the number n of 4f
electrons. Values for c„ together with (g~ —1) and

(2 -g~) are given in Table I for all iona in the rare-
earth series. For conduction electrons in spin-
orbit coupled states, E(l. (8) gives

Kl) b o (pKl Oll)+b o3(pKl, 101)

+ b 3(pK1, 211), (10)

whereas for conduction electrons in states with
negligible spin-orbit coupling

o3(pK1) = b[ 3(pKl, pKl) . (10')

Thus, without spin-orbit coupling, the interaction
term ][03(pK1) depends only on the term B~» [the

56(2& ~ Q ([03 (pKI R )[d [13(pK)xi[13][03''
pK

(7')
If we restrict the use of this Hamiltonian to states
within one manifold of the total angular momentum
J of the 4f electrons, the coupli. ng takes on the
Sl.mple fol m
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TABLE I. Constants for trivalent rare-earth ions.

J
tg~ —1)J
(2-g,)~

cQ

Ce

5/2
—5/14
2O/V

-6/v

-4/5
24/5

—52/V5

Nd

9/2
—2V/22
126/22

—63/242

4
—8/5
28/5
14/55

Sm Gd

5/2 V/2
—25/14 V/2

3O/V O

13/21 O

Tb Dy

6 15/2
5/2

3 5
-1/2 —1/2

Ho

8
2
6

—1/5

Er Tm Yb

15/2 6 V/2
3/2 1 1/2
6 5 3
1/5 1/2 1/2

expectation value of the operator B~~ defined in
Eq. (5')], while with spin-orbit coupling, each
term ]'p'(pZI) depends on all three terms Bp&,
T3'», arid B». In either case, the form of the ef-
fective interaction Eq. (9) is the same. It is only
in the interpretation of the coefficients g'p' that
the spin-orbit coupling of the conduction-electron
states makes a difference.

Vfe have considered other processes which pro-
duce a hyperfine field. Instead of polarizing con-
duction electrons, the 4f electrons can polarize
the anion electrons through a direct or superex-
change interaction. In this case it is the polarized
anion electrons which create a transferred hyper-
fine field. Another possibility is a three-step pro-
cess: The s-f exchange interaction polarizes the
conduction electrons, which in turn interact with
the anion electrons. The polarized anion electrons
then produce the major contribution to the trans-
ferred hyperf inc field. Supertransferred hyper-
fine-interaction processes have also been consid-
ered. Whereas all these processes enter in vary-
ing orders of perturbation on the ground state of
the system, they all have the same form of coupling
between the magnetic ion and the nuclear spin as
in Eq. (7). However, the interpretation of the co-
efficients $' '(pI&) does depend on the details of
the process considered. For example, if the
electrons which create the hyperfine field have
orbital character, then the coupling coefficient
$' '(PKI) contains contributions from Bpg & Byp&

and B&q while for orbital singlet states only the
Fermi contact-interaction term Bpq contributes.

Whether all coefficients b (PICI, P'K'1) exist
or only b' '(p&1, p&1) exists depends on the details
of the intermediate coupling, i.e. , whether it is
direct exchange (p = p', %=K') or indirect exchange
that is involved and whether the intermediate elec-
trons are in spin-orbit coupled states. When the
electrons which create the hyperfine field at the
anion have no orbital character but there is spin-
orbit coupling of the conduction electrons about the
rare-earth sites, the hyperfine coupling K ' mill
depend on the expectation values (L)„Eand
([& '(L) &&S "] ')aa of the rare earth -ion. If, in
addition to no orbital character at the anion site,
there is no spin-orbit coupling of the intermediate
electrons, the isotropic coupling, Eq. (7), does
not have any orbital contributions for the simple

process considered above. However, there is an
orbital contribution to the anisotropic (A &0) bilin-
ear coupling. For more complicated indirect pro-
cesses the hyperfine coupling in the above case
will have orbital contributions to the isotropic hy-
perfine coupling, but only the term ([U' '(L)
xS ' '] ' ')aa makes a dominant contribution when
the intermediate states are not spin-orbit coupled.

III. HYPERFINE FIELD

The hyperfine field Kh, acting on a nuclear spin
I due to the time-ave~aged magnetic moments of
the surrounding ions is defined through the hyper-
fine Hamiltonian

gNI EHhf ' I ~

By comparing this expression to Eq. (9), we find
the hyperfine field at the anion site is given as

Hhg= [(gg —1)Hpg+ (2 —gg)Hgp+ c&Hpg] (J) &i (11)
where

&ps =—
3

+~ 5 "(P&I,IIAa)
RAB

and (Z) is the thermal expectation value of the total
angular momentum of the rare-earth ion. The
lattice sum in Eq. (11) is over all magnetic sites
with the nuclear spin at the origin. We see that
there are contributions to the hyperfine field from
the orbital angular momentum of the rare-earth 4f
electrons. For intermediate states +», +p& with
little orbital character, e.g. , plane-wave states,
the orbital contributions K» and K» are small com-
pared to the spin term Ko, ."' However, when the
intermediate states have appreciable orbital char-
acter these terms may be important. This will be
especially true when the intermediate electrons
are in spin-orbit coupled states. If we assume the
K&~ are constant for a given series of rare-earth
compounds, the transferred hyperfine field [Eq.
(11)]has two additional parameters available when
compared to Eq. (2). It will naturally be possible
to improve the fit to the data. However, the three-
parameter expression is required to fit many data
points which vary substantially in magnitude and,
in some cases, cover both the heavy and the light
rare earths. Therefore these fits provide a fair
test of the existence of the additional terms K&0 and
Hp& in the hyperfine field, Eq. (11).
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If the exchange interaction, Eq. (4), is much

stronger than the crystal field interaction, we may
take (J,) =Z. However, in a majority of the sys-
tems we studied this approximation is inadequate.
Instead, (J', ) is a thermal average of Z, over the
energy levels of the rare-earth ion:

/ye ~~" &jlJ, I j)
gl ~ -Ey/AT

where E& is the crystal field plus exchange energy.
This thermal average is related to the experi-
mental magnetic moments of the rare-earth ions
as follows:

Pexotlkri= (~a)/~ g

where p, ,„,t is the experimental magnetic moment
of the rare earth and p, » is the free-ion value.
Equation (11) is then written as

&oi = [(g~ —I)&m~+ (2 Zz)&io~-+ &n&oi~)V ex, t /VF r ~

(»)
In deriving Eq. (12) we neglected the higher-de-

gree contributions o &I [see Eq. (7)j. If these
terms are important we would not find a simple
linear relationship between the hyperfine field and
the magnetization. Data on the variation of the
hyperfine field with temperature would be useful
to substantiate this point. However, at present
few experimental data exist and it is not possible
to verify the simple, linear dependence of Hb, on
p. ,„„. (One should note that Sm and Eu a.re excep-
tions. Even when we consider only a linear, iso-
tropic hyperfine interaction, the hyperfine field is

not directly proportional to the magnetization. In
the Appendix we discuss the case of Eu. )

IV. RESULTS

We have used Eq. (12) to fit the hyperfine-field
data on several series of rare-earth compounds.
In Table II the hyperfine fields obtained from a
least-squares fit to the data by using Eq. (12) are
compared with experimental results on the rare-
earth compounds, BAs, AP, AA12, RIr&, R28n,
Hf as a dilute impurity in the rare-earth metals,
and Sn in rare-earth iron garnets. Equation (12)
has been used for those cases where the values
p, ,»t are known. ' When such data are not avail-
able, we have assumed p, ,„,t = p, F&. In all cases,
the variation of H~& with the rare-earth ion is
rather well reproduced. The calculated and ex-
perimental points are compared with data for the
compounds RP in Fig. 1 and for the impurity case
RHf in Fig. 2. In the latter case, error bars are
quite large. However, the rapid decrease of the
hyperfine field, becoming zero long before Lu is
reached, is quite clear and can easily be under-
stood as arising from a simple cancellation of
terms in Eq. (11).

The supertransferred hyperfine field of "Sn in
a series of rare-earth iron garnets has been mea-
sured recently and analyzed to provide the contri-
bution arising directly from the rare-earth ions.
Anisotropic exchange is important in these sys-
tems, ' but no definitive parameters have been
determined for the anisotropy in the exchange in-
teraction. We have fit the data to Eq. (12) to
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demonstrate that even isotropic orbital contribu-
tions to the supertransferred hyperfine field can
explain the discrepancies between the observed
fields and those calculated by considering only spin
polarization, Eg. (2). In Table II and in Fig, 2,
we give the results of fitting Eq. (12) to the
data. ' ' %Rile the isotropic terms can describe
the data, quite well, the parameters H&~ will not be
meaningful if future determinations of the aniso-
tropic exchange show that it is as large as the
isotropic exchange.

Values for the parameters Ho&, H10, and H3j ob-
tained for the various systems are listed in Ta-
ble III. Because of the different crystal structures,
it is not possible to make a detailed comparison
of the results. However, some general comments
can be made:

(i) The contributions to the hyperfine field Hqo

and H21 are of importance when the conduction
electrons (or those electrons which produce the
hyperfine field) have significant orbital character.
This dependence on the orbital character can be
seen by comparing the values for the parameters
H10 and H2& with H01 given in Table III. For BAlq,
the aluminum ion has p-type valence electrons and
H» is approximately 30% of H», for &ir, (d outs~
electrons) H» is over 60% of Ho, . In general the
hyperfine-field coefficient H» is comparable with
the spin coefficient Ho&, about 50%, while the orbit-
al coefficient H&0 is smaller, i.e. , about 10%.
One should not be misled, however, into thinking
this infers that the orbital term may be neglected.
In fact, the hyperfine contributions (2 g~)Hqg-
Rnd c„H31eJ Rre frequently comparaMe ln magnitude,
as is illustrated in Table IV by the RP system.

(ii) Levy has used Eg. (4) to describe the spin-

disorder resistivity in the RA12 compounds, '3 and
the depression of the superconducting transition
temperature of LaA12 when other rare-earth
atoms are added. The values for the exchange
constants I"&~ thus obtained are also given in TR-
Me III. One sees that the relative signs and rela-
tive magnitudes of these parameters are in general
agreement with the corresponding constants H&~
obtained from the present work. In particular, the
ratios of the exchange parameters for BA12 de-
rived from the decrease of the superconducting
transition temperature 12'/I » = 0, 88 and I go/+»
= —0.05 are in good agreement with the ratios of
the hyperfine-field coefficients Hs, /Ho, = 0.29 and

H~o/H» = 0, 04
There is no u prim'i reason for these ratios to

agree. In general we find for spin-orbit coupled
intermediate states

H&& y& & P"(pal, p'Z'I)
Hoi gq. g.h' (011,p'K'1)

where

I lol Q f lOl(~ffl ~sf'.il. 8 )

whereRS for no spin-orbit coupling we find

e„P"(pZI, pxi)
H» P '(011,011)

When we make the assumption of retaining only the
8 partial wave in the expansion of the plane
wave e'" ", the coupling coefficients in Eq. (10)
can be factored:

&"'(&&I,P'&'I; Rs) = I'pz&p z f+~s),
where I'~& is an s fexchange in-tegral [Eq. (4')]
and

Lal

LL.

LLJ

LL.
-l5—

UJ
CL

x -20-
M

Tb

(Sn)& R IG

FIG 3 Comparison of experi-
mental and calculated supertransfer-
red hyperfine fields acting on Sn
nuclei in rare-earth iron garnets.
Experimental points (solid circles)
are obtained by Mossbauer-effect
measurements on ~~SSn (Ref. 22).
The experimental po1nt for Ex'IG ls
suspect since the data were analyzed
on the assumption of l111j as the
easy direction of magnetization,
whereas [001j is now known to be
the proper direction (see Ref. 25).
The calculated curves are for Eq.
(2) (dashed line) with H~=-8. 3koe,
Eq. (2) with crystal field corrections
{dash-dot line) taking p~~& from Ref.
28, and Eq. {12) {solid line) using
parameters given in Table IQ. The
point for EuIG is calculated using
Eq. (A2).
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TABLE III. Hyperfine-field constants HpK and exchange coupling constants for various rare-earth intermetallic
systems. Values for H are in kOe, values for I'are in 10 2 eV.

Compound H, o H2g Hgp/Hpg H2g/Hpg

RA12

RIr2

RAs '
R2Sn c

R(Hf)
RIG{Sn)

—64
—19
—34
—82

—120
—8.3

0.5

8
2

10
20
2.1

40
—6

—16
—32

80
—6.9

—0.04

—0.12
—0.10
—0.12
—0.12
—0.17
—0.26

0.29

—0.64
0.31
0.48
0.39

—0.67
0.83

73a
7.1"

—0.34 2.8
—0.71" 0.91"

—0.05
—0.10

0.38
0.13

aH, eference 14. 'Reference 13. 'Insufficient data available to correct for crystal fields.

Bpl Kp BplK/X l S

of the theory to explain results which not only are
rather different but also depend in different ways
on the pertinent parameters is a strong confirma-
tion of its importance.

The function f(A») represents an integral over two
spherical Bessel functions of order zero. By us-
ing these factorized coefficients, we find that the
ratios for the hyperfine field are simplified. For
intermediate states with spin-orbit coupling

pK IpK

Ho1 I'01

while for no spin-orbit coupling we find

&pK I'pK BpKX
+01 ~01 @01

There is no general reason for the ratios B~z/Bo,
to be close to unity. In fact, one generally expects
B01 which arises from the contact interaction, to
be much larger than the other terms. Therefore,
the aforementioned approximate agreement between
the ratios of the hyperfine fields and the exchange
parameters supports the previous observation'4
that the bands in RA12 are spin-orbit coupled. In
this way we see that hyperfine-field data provide
information on the exchange interactions which is
compatible with that obtained from very different
phenomena.

In conclusion it should be noted that diverse
phenomena have been analyzed with Eg. (4): Curie
points, resistivity, depression of superconducting
transition points, and hyperfine fields. The ability

APPENDIX: HYPERFINE FIELD ACTING ON Sn" IN
EUROPIUM IRON GARNET

In the rare-earth series samarium and europium
are special cases. Their J levels are close enough
so that one should consider the admixture of other
levels due to various perturbations. Here we con-
sider europium.

The nominal ground state of Eu ' is I'0. It is
nonmagnetic and without a perturbation coupling in
the excited J states, the ground state would not
produce a hyperfine field. In europium iron garnet
the europium-iron exchange interaction is suffi-
ciently strong to admix excited states into the V/0

ground state. By using Eg. (7') and the defini-
tion of the hyperfine field H~&, Eq. (11),we write
the hyperfine field on tin nuclei in EuIG as

H„» = (S )P(g+ ( L)Hgo

([ p l2] x g L'l3]

llew)

If (Al)
1

~21

The angular brackets denote the expectation values
of the operators in the ground state of europium.
If one considers anisotropic terms in the hyper-
fine field t, Ac 0, Eq. (7)], an additional contribution
to Eg. (Al) enters, ([U"'xg'~']'~'). However, for
the isotropic hyperfine field, this term does not
enter because the corresponding hyperfine interac-

TABLE IV. Contributions to the P hyperfine field in RP compounds, calculated from the parameters of Table III.

(g~ —1)Hp1 J'

(2-gg)HgoJ

CeP

15

NdP SmP HoP ErP TmP

10

—10

Total Hhf 28
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tion, H'" (ll) [see Eg. (6')], does not exist.
We must have enough knowledge of the ground

state to evaluate the averages in E'l. (Al). From
the analysis of Wolf and Van Vleck 8 we find that
the magnetization for temperatures of 77 'K and
below can be accounted for by contributions from-
the off-diagonal matrix elements between the levels
J= 0 and J= 1. Inthis approximation we find that 6'

M, „= i'p (I,,+2S, ) = i'p(S, ) = —i"p(I., )

=16I"p H,„~j'
where 6 is the energy of the first excited 7E& Eus'

ionic state W. ith ~=480 K and p, pH, „,„/0=22'K,
the calculated and experimental moments agree
very well. 8' The hyperfjne field acting on Eus'

nuclei in EuIG is given by30

~B eXQ11
~

Since N= L —(0 10)[C'@&& S'"]"', one finds that

([CL'23xgD3]Lll) (g~)(g )
~21

and

([HIP3xs[11]B]) i($ )4 8 ~

This last result has been confirmed also by a
straightforward calculation. Within the above ap-
proximations one obtains for the hyperfine field of
the Sn'~9 nuclei in EuIG:

H„f(Eu) = (Hpg —Hgp ——, Hpg) (Sg ) .
Using the values of the parameters H~~ given in
Table III together with~e ME, = 0. V4p, » we find

H„,(Eu) = —6. 6 kOe.

This is in very good agreement with the experi-
mental value of —5 kOe.

A final note of caution. The value found by us-
ing E'l. (A2) is very close to that one finds had one
neglected the orbital contributions H&0 and Hpg.
This is due to a near cancellation of these contri-
butions for europium. It would be incorrect to
neglect these terms a priori.
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Energy Commission.
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