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of the values given by Hayse ((aa) = 0. 033) from an
-analysis of microwave-absorption measurements
on Zn.

V. CONCLUSIONS

Although the absolute precision of the pure-Zn
parameters reported here is restricted by the Nn
corrections, the uncertainties associated with
previously reported values have been reduced. The
individual quantities To, Ho, y, and (dH, /dT)r. r
measured herein all fall within the range of pre-
viously reported values. An examination of these
previously reported values shows that low values

of To correspond to low values of Ho, and both
are probably due to magnetic impurities.

The determination of (a2) to be 0.03+0.005 by
means of Eg. (7) is only slightly affected by the
Mn impurities. The effects of magnetic impuri-
ties are such that they would tend to give an over-
estimate of (aa) rather than an underestimate. "
It is felt therefore that the value of (a2) = 0. 035
which was obtained from the uncorrected data
(see Fig. 3) represents an upper limit to the (a~)

determination and is so indicated by the error
limits imposed on the best estimate of (a ) which
is 0.031.
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Pure-state data are presented for ultrasonic attenuation in clean Nb (resistivity ratio~7000) in the

domain 0.4&ql &6, where q =2m/X is the phonon wave vector for phonons of wavelength X and l is

the electronic mean free path. These results are presented in light of the models of Fate and

Trivisonno, Lacy and Daniel, and Maki. In general, no model is found completely adequate. I

INTRODUCTION

The ultrasonic measurement' of the supercon-
ducting energy gap of pure superconductors has
long differed both from the idealized models
and from other energy-gap measurements such as
tunneling. -' '~ Most recently niobium of extremely
high purity has become available, primarily
through Dr. R. E. Reed of the Oak Ridge Labora-
tories, permitting measurements on samples char-
acterized by phonon-limited mean free paths. In

this case the ultrasonic attenuation for phonons
with ql & 1 shows marked deviation' ' from that
expected by simple models. In this paper we brief-
ly summarize the models presented thus far, along
with their domains of "good" fit. In addition we
present shear and longitudinal-attenuation data on
high-purity niobium in the normal and supercon-
ducting states. Where it is possible these data are
compared with available theory. Our data fall in
the region 0. 4 & ql & 6, where q = 2v/X is the pho-
non wave vector for phonon of wavelength X and E
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is the electronic mean free path.
The first model proposed to account for the at-

tenuation for long-mean-f ree-yath suyerconductors
was that of Maki" who used the Green's func-
tions of Eliashberg. Maki accounts for deviation
of the data from BCS-like behavior by taking into
account the increased absorytion of yhonons by
electrons of energy near the edge of the gap. This
increase in absorption is due to the singularity in
the density of (final) states near the edge of the
energy gap compared to the density of states for
the normal state. Thus the electron-phonon por-
tion of the mean free path is decreased in the
suyerconducting state. This model provides a de-
viation from BCS which increases with increasing
temperature since the contribution of the electron-
phonon portion of the mean free path compared to
the impurity-scattering portion increases as the
temperature increases. Specifically Maki finds
that the mean free path is energy dependent and
given by

/((u)= /0 + 2 2 gyp 8()re[ b)BTr 3

for the superconducting state and /„= (/o'+BT )
'

for the normal state. In the above + represents
the electronic energy, /0 is the zero-temperature
mean free path, 8(x) is zero for x & 0 and equal to
1 otherwise, and B=-1. 2/K3cm ' is considered a
constant for niobium independent of purity. If the
energy gap is assumed to be BCS like, Maki pre-
dicts two limiting values. b, sos(0) is the zero-tem-
perature gap parameter at low temperatures (f = T/
T, &0. 4), and n, „(0) is the zero-temperature gap
parameter for t & l. The ratio of these energy gaps
is expressed' as a function of purity b, „(0)/n ec8(0)
=f(x); x=/OBT'„where 1&f(x) & ,'m for 0&x& ~.—

Trivisonno et a/. modify the model of Fate et
a/. (hereinafter FT) which employs a mean-free-
path influence on the ratio o., /n„ for q/ & 1 where
the electronic mean free path is not impurity lim-
ited. In their view n, / o[Q(q/, )/Q(q/„)]2E, where
F = (e '+ 1) ' is the BCS distribution function and

Q(q/) is the Pippard formula ' for normal-state at-
tenuation. For q/ & 1 this reduces to n, (T)/o. „(T)
= (/, //„) 2E. This result is usually the next to the

,
last step in deriving the BCS result, ' where the
mean free paths are then cancelled due to pre-
sumed equality. Since the normalized attenuation
falls faster below T, than the BCS result n, /n„
= 2F predicts, the ratio /, //„& 1 is in agreement
with the result of Maki. There is no technique sug-
gested by FT for evaluating /, //„except as a best-
fit procedure. Hence there is no firm temperature
dependence implied for /, //„, and some difficulty
is experienced in comparing this model with ex-
periments due to the large number of parameters
which must be fit. This much is clear in the mod-

el of Maki and the model of FT: The temperature
dependence of the actual ratio o., /o. „differs most
from the temperature dependence of BCS near the
transition. At lower temperatures the attenuation
is BCS-like, implying that $, and $„have the same
temperature dependence. For t near unity the tem-
perature dependence of the ratio is quite substan-
tial indicating that a simple model for l, is im-
practical. For small t the normal-state electronic
mean free path changes little and the ratio n, /n„
is BCS-like, leaving the conclusion that for small t
l, and E„have the same weak temperature depen-
dence, which is to be expected since they are im-
purity limited.

The most recent model for the normalized ul-
trasonic attenuation in yure niobium is that of
Lacy and Daniel'6 (hereinafter LD) after the the-
oretical work of Garland. Here one considers
the different energy gaps and (possibly) different
transition temperatures characteristic of the s-
band and d-band electrons. 6 For impure samples
the electrons interact so strongly with the lattice
that both bands contribute equally and have the
same energy gap. With increasing purity the in-
terband-coupling term g« is sufficiently weak that
the superconducting energy gaps are estimated to
approach the ratio A~/6, = 10 while retaining T',
=T",=9.24 K. Hafstrom ' 'et al. after Suhl, Mat-
thias, and Walker~ visualize a second gay with
temperature dependence varying with purity be-
tween two limits. The upper limit of b,,(T) is the
case of n~(T)/n, ,(T) = const, and the interband cou-
pling is moderately strong. The lower limit is the
intraband limit where g«= O. Here 6,«A„and
T,'«T,". Intermediate between these two is the
weak-intraband-moderate-interband case where
n, „(f)/h, (t) = const at lower temperatures; here 4,
does not vanish at a lower T'„but takes an unde-
fined path to become zero at T,". In the latter case
the s-band gap parameter b,,(T) is thought to be
much smaller than it would be if n~(T)/b, ,(T)
= const.

Specifically Lacy and Daniel' construct a nor-
malized attenuation which is a weighted sum

~Q 2 2
~, par I+[ I-&i (T)] ~, par 1

and choose

and

(T) n (0) BGB( )
l. 74uT,

Lacy and Daniel show that this model provides ex-
cellent fit to data taken near the transition al-
though it is difficult to judge the quality of the fit
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over the entire region 0& t & 1 from the comparison
given. ' A weakness of this model may be that the
weighting is taken to be independent of tempera-
ture. In addition, this model, as it stands, leaves
no room for the regularly observed frequency de-
pendence of n, /n„.

Thus there are three models for the ultrasonic
attenuation ratio n, /n„ for pure niobium. The
model of Maki takes into account an exact depen-
dence of the attenuation on the reduced electronic
mean free path in the superconducting state. Fate
and Trivisonno modify the BCS equation by multi-
plying the attenuation ratio by an empirically ob-
tained mean-free-path ratio. Lacy and Daniel
pass over mean-free-path considerations to focus
on the effects of multiple electron bands in attenua-
tion. Of the three the theory of Maki is based on
first principles and leaves no after-the-fact param-
eters, the model of Fate and Trivisonno contains fre-
quency dependence and the model of Lacy and Dani-
el takes. into account the two-band nature of nio-
bium. A vigorous development of the two-band
model attenuation has been undertaken by I-Ming
Tang for the mixed state, but thus far there is
no continuation of this work for zero-field state.

EXPERIMENTAL RESULTS

Ultrasonic attenuation measurements were made
using the standard pulse-echo technique employing
the Matec ultrasonic attenuation measuring sys-
tem. The sample was mounted in a low-pressure
chamber immersed in liquid helium which was
maintained at T = 1.4 K during the course of all ex-
periments. A 15-MHz (fundamental) quartz crys-
tal was bonded to one of two cylindrical niobium
samples oriented along the [100] axis. These sam-
ples were cut from Oak Ridge Niobium No. 68 and
were found to have a resistivity ratio of VOOO.

Sample data is summarized in Table I. At all

times, save during the few minutes required to
bond transducer to sample, the samples were
stored in liquid nitrogen. The bond used was the
standard "dried" and pressed Nonaq bond. '~ In
the course of a "run" the sample was heated by
being in good thermal contact with a copper block
which was in good thermal contact with a resis-
tance-wire heater. The ambient pressure in the
space between the sample and the vacuum case was
found to lend considerable error to temperature
measurement unless it was kept between 2 and 5
Torr. Temperature was measured by comparing
the voltage generated across the "voltage" junc-
tions of a Cryocal Cryoresistor (No. 1313) to the
voltage dropped across a standard resistor by the
same current. The temperature measurements
are considered to be accurate to a 2/o with about
0. 2~/& precision. The attenuation measurements
accuracy depended on the total attenuation, being
about 1% for the first 10 dB, 3% for the second
10 dB, and 5% for the third 10 dB. This error is
due to operating out of the linear regions of the
logarithmic amplifier.

NORMAI STATE ATTENUATION

In order to form the ratio n., /n„, the normal-
state attenuation n„was measured in zero field
and in H&H, 2(0). The zero-field data were taken
for T, & T & 35 K and the high-field data were tak-
en for 1.3 & T & 35 K. Following the approach of
Tsuda and Suzuki the high-field data were com-
pared to the zero-field data after correcting lin-
early for the effect of the field:

n„= o.„(measured) (nH+P).

The factor n corrects for shortening of the ef-
fective electronic mean free path due to Landau-
like orbiting and the factor P is usually viewed as
a correction for drift in the attenuation measuring

TABLE I. Niobium sample data: o.'300K/p4 q K=7000; Orientation, [100t; Length (cm) =0.853 (Nb No. 11), 0.498
(Nb No ~ 14) j Tg(JI 0) 9 ~ 24 + 0 ~ 02 Ky Hg2 (0) 3992 + 20 0 +1101Img 3 ~ 8 y f(x)n~~ 1~ 56 ~

Phonon Longitudinal Shear

Frequency

T= 0; Q~ —Q~

l(0) Temperature
dependence

0.287

32x 10+

0.953

44x 10+

75

1.85

44x 10+

105

3.03

44x 10+

1.35

30x 10 4

6.74

40x10 4

MHz

cm ~

cm

l (0) Frequency
dependence

33 x10~ 20.4x 10 4 38x 10+ 30.2x 10 4 30x 10 4 40x10 4

0.634

1.93+ 0.03

0.951 ~ 271.291.32 1.42

4.05+ 0.15 3.74+ 0.12 3.75+ 0.14 3.52+ 0.1 5.20+ 0.15 3.78 + 0.1
1.98+ 0.02 3.59+ 0.15 '.96+ 0.03

Age s (0)/k T 1.74+ 0.4 1.72+ 0.02 1.72+ 0.02 1.78+ 0.02 1.45+ 0.1

~(0)/k T,

f(x)~=~(0)/Bees(0) 2.33+ 0.1 2.17+ 0.03 2.16+ 0.03

Bounded to nearest harmonic of 15-MHz transducer.

cm~K3
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system. n and P a,re evaluated to make o.„(H= 0)
exactly agree with o.„[H)H,2(0)] at T = T, . The
zero-attenuation calibration point for o.„(H= 0) is
found by extrapolating the superconducting attenua-
tion down to T = 0 K for the same run.

n„measurements were made for several odd-
harmonic frequencies of the transducer over the
temperature range of interest. The data are com-
pared firstly with the free-electron model of Pip-
pard and others~ which gives the frequency and
mean-free-path dependence of e, and secondly
with the same free-electron model but only consid-
ering its mean-free-path dependence and sup-
pressing the frequency dependence. In the free-
electron model we have chosen /= (/0'.+BT ) ',
where L0=40&10 cm and B=1.2 cm 'K, 'm*=m

9.11~10 g, ''v~=5. 41x10 cmsec ', andÃ
= V. 84&&102~. The formulas are

mNvgo qL tan 'qL 1
2 povz, 3(q/ —tan 'q/) q/

for longitudinal waves and

mxvo 1-g
pov) g

where

3 [(q/) +1]tan 'q/

2qL qL

for transverse waves. As before q = 2m/X is the
phonon wave vector for phonons of wavelength X,

v~ and v, are the sound propagation velocities, vo

is the Fermi velocity, and po is the density. Fig-
ure 1 shows the experimentally determined n„ in
comparison with the two models. For comparison
the data for T & T, is differentiated according to
whether the sample was in zero field or high field.
This agreement is excellent. Here the values
n„[H )H, (0)] have been corrected as described
above. The dashed line in Fig. 1 is the predicted
attenuation from the free-electron model. These
curves have been drawn from parameters evaluated
for 15-MHz data. The measured attenuation is
progressively larger than the predicted attenuation
for larger frequencies. This type of deviation.
from the free-electron case has been noted in rhe-
nium' which is electronically somewhat similar to
niobium3' and in copper and aluminum' (which
are not). The solid lines are drawn from the free-
electron model where the parameter N has been al-
lowed to vary freely. This approach implies that
the free-electron model is acceptable except that
the entire Fermi-surface electronic population is
not allowed to interact with the applied phonons. In

reality a deformation-type correction is more justi-
fiable. Our purpose in the construction of the fits
shown in the solid lines in Fig. 1 is simply to ob-
tain a functional form for n„(T) usable in forming
the ratio o., /a„. These data as well as those for
shear waves shown in Fig. 2 have very low-attenua-
tion limits for high T as shown in the graphs. In
these data a constant background attenuation has

4.6

a„Longitud)nal

4.0

E0
0

2.0
O

a H=Q l lOOMHz

H 4"~ 8ooMHz
H=O

0 H=4kg 42 5 MHz
x H=Q

2 I .0 MHza H=O

best fit
——theoretical

FIG. 1. Normal state longitudi-
nal data vs temperature. Data
taken in high field is corrected for
magnetic field depression of the
attenuation. Both sets of lines are
drawn for an electronic mean free
path proportional to T . The bro-
ken lines represent the Pippard
free-electron model.

0.0
0

i

0.4
I

O.II l. 2

t =T/Tc

~ L ]
x o s

x 0

l.6 2.0 2.4
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0)
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~3

O

FIG. 2. Normal-state shear data
vs temperature. Data taken for
&&&~2(0) is correctedfor magnet-
ic field depression for the points
t &1. The departure of the best-
fit curve from the data for t &0.8
is thought to be due to magnetic
field effects.

0
0.0

i

0.4
I

0.8
i i

1.2
t = T/Tc

I

1.6

I

2.0 2.4

been subtracted. Figure 2 shows similar data and

theory for shear waves. Once again points are
shown for both zero-field and high-field attenuation
where the high-field attenuation has been "cor-
rected. " The dashed line is the free-electron
model with the parameter N fit at T=O K for 16.6-
MHz phonons. The solid lines are free-electron
model functions independently fit to each run for
t &0. 8. The domain 0&t&0. 8 is characterized by
having the experimental points well below the "best-
fit" lines. The failure of the high-field data for
t & 0. 8 to lie on the expected curve is attributed to
magnetic field effects. Earlier work of Levy'~ et
al. comparing transverse and longitudinal attenua-
tion along the [110]direction on dirtier samples
has shown that the ratio n„'(T=O)/o„(T=O) is higher
than the expected value of 8. 38 by about 30%.

Unexplained and heretofore unreported magnetic
field effects were observed for shear waves in the
experimental geometry q J H. Figure 3 shows
shear data at 15 MHz taken at T = 1.5 K in various
fields [all greater than H,a(0)]. The solid line is
a theoretical conjecture for the qualitative behavior
of the electromagnetic portion of the attenuation.
The electromagnetic contribution to the attenua-
tion is caused by the production of a net current
by the field produced when ionic motion is imper-
fectly followed by the motion of the electron cloud.

This current subsequently suffers resistive-type
losses. For ql & 1 the electrons responsible for
this type of attenuation occupy a limited portion
of the Fermi surface. Thisportion is characterized
by containing electrons traveling such that their

I 1 I

OIp
I

I
f I I I I I I

3.4—
= IIO

3,2—

3.0

l5MHz shear q, lH

R) H = 4500g

H 9600g Wo o
/a

2.8
a=A+8 cos 28

8 (deg)

I I I I

I80

FIG. 3. Shear data in the normal state at t= 0. 16 for
various values of magnetic field as a function of the angle
between u and H. The orientation of u in the crystal lat-
tice is fixed. The solid line represents a simple model
for the behavior of e„(0). The inset is a schematic show-
ing the orientation of q, n, and 5 with respect to the crys-
tal lattice and defines 8(u, H).



4128 F. CARSE Y AND M. LEVY

velocity component in the direction of propagation
is equal to the sound-wave velocity. Essentially
these electrons are those having volq, where vo
is the Fermi velocity. In addition, electrons hav-
ing vo 2 u, where u is the acoustic translation vec-
tor will be accelerated in a direction perpendicular
to their motion without a change in energy and
hence, for a spherical Fermi surface, into free-
electron states of nearly the same energy. These
electrons will still reside on the equilibrium Fermi
surface and will not have many lower energy states
to scatter resistively back into. Onthe other hand,
electrons with vo II u are pushed by the shear phonon
perturbation into energies radially displaced (in
momentum space) and these electrons will relax
into the equilibrium Fermi surface from these new

states. Hence more of the attenuation will be due
to electrons having vo II u. Applying a magnetic
field to the samp1e such that q l H will affect this
type of attenuation depending on the angle 8 = (u, H).
This is because the mean free path of the attenuat-
ing electrons is unaffected when H II u since then
H II vo for these electrons and there is no inter-
action between a moving charge and a magnetic
field parallel to it. On the other hand, when Ht. u
then H l. vo and the attenuating electrons are mov-
ing at right angles to the field and are accelerated
and hence moved prematurely out of the attenuating
region of the Fermi surface. It is worth noting
that this (u J.H) is the case at all times when q tl H.
These arguments lead to the modification of the at-
tenuation for shear waves of q I H by predicting
"ripple" proportional to cos28, or an attenuation
depression when q II H. The ripple is represented
by the solid line of Fig. 8.

The sharp peak of attenuation for 28'& 8&40'
and correspondingly at —140' & 8& —150' is with-
out explanation. The [100] crystal orientation along
which q is directed defines a plane with fourfold
symmetry. Any phenomenon characteristic of the
Fermi surface' for H along the [110]direction (as
shown in Fig. 3) should appear for H at every [110]
axis. This would require four peaks as opposed
to the two in the- displacement vector u. This sug-
gests that some quality of the Fermi surface was
probed by the attenuating electrons when u was
more nearly parallel to H than when u was more
nearly perpendicular to H. These questions lead
to further work in this area.

SUPERCONDUCTING-STATE ATTENUATION

Superconducting-state data were taken for shear
and longitudinal phonons in the same fashion as
normal-state data except that the domains l. 3& T
& 2. 5 K and 9 & T & 9.24 K were inspected in greater
detail and at very slow temperature-drift rate.
The data were analyzed in three stages: First the
ratio o., /o. „was formed employing the "best-fit"

1.0

8.0—

0.4—

2.0—

o I IO.0MHz
80.0 MHz LONGITUDINAL+ z)2 5 MHz
2 I.0MHz

H=O

r

/~

/
/

/
/

5(OIBCS/kTc = 1,90
0

/ op
z,+g~ ~+0&

o I I I I

I I I 1 1 I I

0.8—

0.6—

o 5I MHz
SHEAR

+ 17 MHz

H =0
0
+

0.2—

+
0

0
0

p +
0 i+

p +
00

0 +
p i +

+ +
I I

od+P++
I I0.0

0.0 0.4 0.6 0.8 1.0
7/ Tc

I IG. 4. Temperature dependence of G,~/n„ for longi-
tudinal (a) and shear (b) waves at different frequencies.
The broken line is taken from BCS weak coupling limit
for a(O) =~. Boar, .

0.2

function o.„(T) described above; secondly the effec-
tive BCS energy gap was formed for each value of
n, by inverting the BCS equation n, /n„= 2F(h);
and thirdly the implied zero-temperature energy
gap b, (0) was calculated. This last is simply the
zero-temperature gap parameter of a BCS-type
gap which would have the value b.(T) (or n, /n„[T])
which was measured. In practice the parameter
n (0) is found by inverting the expansion of Ferrella'

I 4(t)/b (0) I
= 3. 016(1—i) —2. 4(1 —f), where f

= T/T
Figure 4 shows that temperature dependence of

the ratio n, /o. „for longitudinal and shear attenua-
tion data. The dependence predicted by BCS for a
gap of 6(0) = l. 90kT, is also shown. For this curve
b, (f) = 1. 90ZI, ecs(i)/1. 74kT, . Both longitudinal and
shear attenuation display the frequency dependence
previously observed and just apparent in the data
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(Fig. 3) of Ref. 16; the lower-frequency data fall
off faster below T, . We avoid using n, /o„curves
as a comparison with the models mentioned above
because the interesting regions at low and high
temperatures are characterized by attenuation data
which are essentially asymptotic.

Figure 5 shows longitudinal superconducting state
data. Figure 5(a) is a plot of the effective gap ob-
tained by solving the BCS equation for the energy
gap 4 = (In(2n„/n, —1) and plugging in values for
t and n., /n. „. The solid line is taken from the mod-
el of Lacy and Daniel. Here we have plotted 6/kT,
= fin(2/o. * —1), where

A~ 2 2

A+A e ~~&+ e~" &+11 2 1

and
2.4

(a

are presented in Fig. 7 which considers only the
region near the transition. In Fig. V(a) the drop in
normalized attenuation at the transition is clearly
visible. The drop for 51 MHz is slightly greater
than that for 16.6 MHz. This additional drop could
stem from the Meissner screening of the electro-
magnetic field set up by the lateral ionic motion. ' '

The divergences observed in Fig. V(b) for f &0.98
are produced by the uncertainty in determining T,
in the earth's magnetic field.

In both Figs. V(a) and V(b) the frequency depen-
dence of the superconducting attenuation is quite
evident. This dependence has appeared regularly
in the results presented here, and it is quite clearly
a factor in the attenuation. This tends to support

where b, (f) is the BCS weak coupling energy gap.
Lacy and Daniel employ the values A, =3.4, A3=10.
This model gives an excellent fit to the data for
f & 0, V and it correctly predicts a maximum in r/kT, .
It fails to predict the low-temperature behavior,
but the LD model applies to the limiting case ql = 0,
while the 21-MHz data shown here have ql (T = 0)
= 0.8. Hence the curve shown can be interpreted
as a limiting case. Another feature of Fig. 5(a)
is that the effective gap for high-frequency data
tends toward essentially flat BCS behavior at low

temperatures. Figure 5(b) is the zero-tempera-
ture gap implied by the effective gap values shown
in Fig. 5(a). On this graph data independent of
T/T, would be characteristic of BCS behavior.
Here again a frequency dependence is clearly visi-
ble with the low-temperatures higher -frequency
data behavior more BCS-like. The frequency, as
opposed to pure mean free path, dependence is al-
so shown by comparing the work of Perz et al. to
the work of Levy qt gl. in which the ultrasonically
measured gap of high-purity tantalum behaves BCS-
like for q/ = 10 while low-frequency results show

an effective gap with temperature dependence which
' is not BCS-like.

Figure 6 shows energy-gap analysis for shear
waves attwo frequencies. In Fig. 6(a)theeffective
energygapis shownas in Fig. 5(a). In both plots of '

Fig. 6 there is a marked frequency dependence.
The high-frequency data is BCS like for 0. 18& t
&0.48 while the low-frequency data is nowhere so
behaved. It is interesting that the high-frequency
data d&splays a fairly abrupt change of form near
t = 0. 5. The domain 0. 9 & t & 1 is difficult to analyze.
This is due to the fact that the earth's magnetic
field causes a drop in the attenuation at t = 0.9999.

In order to better understand the domain 0.95
& t & 1 which is erratic in Fig. 6, experimental data
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FIG. 5. Superconducting energy gap implied by longi-
tudinal attenuation. (a) shows the energy gap evaluated
according to BCS prediction G.s/e„=2f(&) while (b) shows
the zero-temperature gap parameter E(0) predicted by
each value of (a). In (a) the model of Lacy and Daniel is
also shown. In (b) the 80-MHz data has been omitted for
clarity —it was largely indistinguishable from 42. 5-MHz
results.
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the approach of Fate-Trivisonno. On the other
hand, the effective gap results of Figs. 5 and 6 are
in good agreement with the model of Lacy and Dan-
iel. Here the difficulty is that the low-temperature
regime is the regime of poorest fit while this
should be the very domain where the LD model is
at its best since the two bands will contribute most
independently and the s-band condensation will
possess its largest gap. It is clear that the
FT and LD models are independent and noncontra-
dictory as well as incomplete. It is also clear that
both models are partly successful. %hat is needed
is a rigorous model, such as was undertaken by
Maki' ' ' and Tang, 3 which involves both the
mean free path and the two-band hypothesis.

In Table I the results of our investigation are
summarized. Energy-gap parameters are given for
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FIG. 6, Superconducting energy gap implied by shear
attenuation. (a) shows the energy gap evalutated accord-
ing to the BCS prediction o.~/o. „=2jqa) while (b) shows
the zero-temperature gap parameter 2 {0)predicted by
each value of 4(t) of (a).
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FlG. 7. Shear data near the zero-field transition. (a)
shows the ratio e~/e„while (b) shows the zero-tempera-
ture gap parameter 4(0) required to produce the values
of e~/a„of (a). The BCS temperature dependence of &
is assumed fol each point.

0.994

the low-temperature limit, rh, ace(0). In conjunction
with the model of Maki the function f(x) and the
parameter x are developed from both normal and
suyerconducting data. In general the model of Maki
is insufficient in predicting the deviation from BCS
expectations. The low-temperature gay parame-
ters, called b ecs(0) here, are larger than those most
often found' ' ~' 3 but are in good agreement with
the tunneling work of MacVicar and Rose.

In summary, we have measured the ultrasonic
attenuation in the normal and suyerconducting state
in pure niobium for both longitudinal and shear
waves in the frequency domain 15-110MHz and
for 0. 4&qE&0. 6. These data were compared with
the models of Fate and Trivisonno, Lacy and Dan-
iel, and Maki. Although the model of Fate and Tri-
visonno anticipates the frequency dependence ob-
tained for the ratio o, /n„, it does no provide a
temperature dependence for the ratio f, /f„which
is needed in the evaluation of the energy gap. Qn
the other hand, Maki does not consider the fre-
quency dependence but does predict the value of
the ratio f, /f„ in addition to its temperature depen-
dence. Maki's approach is partially successful in
explaining the behavior of the attenuation in moder-
ately pure samples, but appears to be inadequate
for the high-purity samples reported here. The
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interband coupling model of Lacy and Daniel ac-
curately predicts a maximum in the temperature
dependence of the effective energy gap as measured
ultrasonically. This model does not contain fre-
quency dependence for o, / o„ns has been reported
by many investigators, nor does it consider the
mean-free-path dependence. Furthermore, the
authors believe that in the absence of arguments to
the contrary an interband coupling model should be
most effective in the low-temperature regime
rather than the regime of the transition. Clearly
a vigorous approach such as that of Maki is called
for in which interband coupling terms as well as

mean-free-path and frequency effects are con-
sidered. Further experimental work should under-
take a study of the region ql «1 for long-mean-free-
path samples and should attempt to outline the dif-
ference between the l dependence and ql dependence
for ultrasonic attenuation in the superconducting
state.
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