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Al NMR in ferromagnetic RA12 (R=Pr, Nd, Sm, Gd, Tb, Dy, Ho) has been studied. The
easy direction of magnetization has been observed experimentally for the first time and a the-
oretical calculation, in accord with the observation, has been developed. The s-f exchange
parameters have been examined and in addition to the isotropic exchange parameter 1,~, the
existence of a small but significant anisotropic s-f exchange term is verified experimentally
for the first time. The accurately determined (+1%) isotropic exchange parameters are com-
pared with presently available theoretical predictions.

I. INTRODUCTION

Magnetic properties of the RA1, (R = rare earth)
intermetallic compounds' were studied extensively
during the last ten years. Magnetizationa and
neutron-diff raction3' measurements verif ied that
the compounds order magnetically below a transi-
tion temperature and form, in most cases, ferro-
magnets. Studies of magnetic transition tempera-
ture, paramagnetic ~A1 Knight shifts, and
more recently, susceptibility" and resistivity"3
have been conducted in attempts to illuminate vari-
ous aspects of the interactions between the pre-
sumably localized R spins and the electronic con-

duction band. Several groups ' "have studied
the ~A1 hyperfine interactions in the ferromagnetic

GdA12, and it was demonstrated' ' " th
a slightly modified Ruderman-Kittel- Kasuya-
Yosida (RKKY) model can adequately account for
the relevant experimental observations.

The present report describes an extension of the
Al hyperfine field study to the ferromagnetic

phases of compounds with non-S-state ions, ranging
from PrAl~ up to HoA13, with the exception of
EuAlz. The investigation was aimed at studying
two phenomena: (a) the magnetic anisotropy and
its variation across the group and (b) the varia-
tion of the s fexchange acros-s the series. Very
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little has been reported previously2 concerning
the magnetic anisotropy of these compounds. In
the present study the easy direction of magnetiza-
tion for all the compounds has been determined for
the first time, and a unified model is developed
which can account-with the exception of HoA12-
for the experimental results and predict the easy
direction of magnetization all across the RAl~
series.

Concerning s-f exchange polarization of conduc-
tion electrons, one would expect the RA12 to be
nearly ideal for such study: The crystals are cubic,
the R sites are well separated, ' minimizing direct
R-R exchange, the Al sites where the s fpola-riza-
tion is sampled carry no localized magnetic mo-
ment, 3' and finally, all of the RAl~ form an iso-
structural family with lattice-constant variation of
less than 3% across the system. However, most
of the pioneer investigations, including those con-
cerned specifically with the variationof the effective
exchange parameter I'» across the system, ' ' were
based on the inherently inaccurate, technique
of deriving I',

&
from the paramagnetic ~Al Knight

shifts. Subsequent reexamination of the Knight
shifts, ' "while still not accurate, indicates a
different I',

& behavior, more in accord with ex-
change-parameter values derived from measure-
ments of the paramagnetic Curie temperature O~
and of resistivity, ~~'~~ The latter two techniques,
however, do not provide I& in a direct manner.
1 values derived from 8~ could include direct ex-
change contribution of unknown size and sign whose
variation across the system does not have to be
even proportional to I'&. On the other hand, I &
values derived from resistivity depend on knowing
a priori the effective-mass values of the conduction
electrons, which have not yet been measured in-
dependently in any of the RAl~.

With the advent of band-structure calculations
in rare-earth crystals, '7'"' ' ' more realistic
model calculations have become possible. A gen-
eral theory concerned with the variation of the
s-f exchange in rare earths has been developed by
Watson, Koide, Peter, and Freeman'~" (WKPF)
and it was felt that more accurate determination
of the pertinent s-f exchange parameters is desir-
able. The present study provides, within the
framework of the RKKY model, highly accurate
exchange parameters and indicates the existence
small but significant anisotropic s-f exchange.

The report is organized as follows: The experi-
mental part which consisted of obtaining the ~7Al

NMR absorption in ferromagnetic domains of RA1~
is described in Sec. H. The derivations of the
easy direction of magnetization and of the ~'Al hy-
perfine fields are described in Sec. III. A model
calculation of the magnetic anisotropy is given in
Sec. IV and the behavior of the exchange interac-

tion, as derived from the ~A1 hyperfine fields, is
discussed in Sec. V.

II. EXPERIMENTAL PROCEDURES AND RESULTS

The samples RAl& were prepared by arc melting
rare-earth elements and aluminium of 99. 9%%uo and
99. 99%%uo purity, respectively. X-ray diffraction
showed the as cast samples to be free of any sec-
ond phases. It was found for some of the samples
that annealing (about 45 h at 900 'C) did not change
the NMR spectra significantly. The present in-
vestigation was therefore performed with as cast
samples which were then pulverized to ensure ade-
quate rf penetration.

For GdAl~, several samples were prepared with
varied exposures to hammering during the milling
process and with particle size ranging between
-100 p to smaller than -30 p, . Only one sample
for each of the other RAlz was prepared, all with
a relatively long time in the milling machine, with
particle sizes & 50 p. The powder samples were
then usually immersed in silicon oil in glass vials
and placed inside the spectrometer coil with both
coil and vial immersed in the He bath.

The VAl NMR line profiles were obtained with a
"Bruker" variable-frequency spectrometer. The
procedure consisted of measuring, under zero ex-
ternal field, the spin-echo amplitude as a function
of frequency at 200-kHz intervals. The value of
H& was optimized at some frequency where echos
could be observed, and then kept usually constant
throughout the frequency range. In all cases, a
combination of rather large H, (10-50 6) and nar-
row (-1-3 Ij.sec) pulse widths was required to
optimize the spin-echo amplitude, indicating that
most of the signals came from nuclei in domains.
The over-all gain and sensitivity of the spectrom-
eter throughout the frequency range was calibrated
by a sample of protons. The spin-echo amplitude,
extrapolated to y= 0 to correct for T2 variation
across the line profile and corrected by the gain
calibration function, was plotted for each sample
as afunction of frequency. The results for T = 4. 2 'K
are shown in Fig. 1. The absorption profiles for
various GdAl~ samples-prepared as discussed
above-are plotted in Fig. 2. Frequency shifts of
prominent peaks in the line profile could be detected
upon application of external magnetic field. As
shown in line 3 of Table I, positive shifts were
observed for R = Pr, Nd, and Sm and negative
shifts for Gd, Tb, Dy, and Ho. The approximate
zero-field relaxation times, T, and T~, observed
for some samples are also listed (lines 3 and 4 of
Table II) although no discussion of relaxation is
intended in the present paper. In several samples,
notably in GdAl„HoA1„TbAl„and NdAl, echo-
amplitude oscillation was observed as a function of
the separation y between the two rf pulses. A pre-
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FIG. 1. Calibrated Al NMR profiles in ferromag-
netic RA12.

liminary study of the oscillation in GdA12 was re-
ported previously, ' and while a detailed report of
the phenomenon —which is attributed to static elec-
tric quadrupole interaction —will be given else-
where, the approximate fundamental oscillation
frequencies, f(v), are listed (line 2 of Table II) for
the sake of completeness.

III. DERIVATION OF MAGNETIZATION DIRECTION AND
A1 HYPERFINE FIELDS

The GdA1~ profiles [Figs. 1(d) and 2] have been
identified with VAl NMR previously. ' For the
other compounds, measurements in the ferromag-
netic phase have not yet been reported and it is
necessary to establish the identity of the profiles
[Figs. 1(a)-1(c)and 1(e)-1(g)]. For non-8-state R
ions, the NMH absorption of R nuclei is expected
usually at the 1-6Hz frequency range because of
large orbital effective fields. While large single-
ion quadrupole interaction could lead to absorption
also in the 50-100-MHz range, no such transitions
have so far been observed. ' Moreover, there is
experimental evidence that the present profiles are
not due to R nuclei: (a) T2 values expected for R
nuclei at 4. 2'K are in the 10 '-sec range, "where-
as T2 values observed presently (Table II, line 3)
are in the 10 —10 3-sec range; and (b) the shift
of the profiles, upon application of external field,
reverses sign (Table I, line 3) when crossing from
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For rare-earth crystals with J as the good quantum
number, ~'b' (2) can be rewritten in the form

A 2~(0)
H„, = (const) F,~(gJ —l)(J) . (3)

sum of two contributions

H, = H„~+H„. (l)
The first term H„& arises from the contact interac-
tion between s fexc-hange-polarized conduction
electrons and the ~7Al nucleus, and for a parabolic
conduction band, one can express H„, in terms of
the RKKY model as

4Q
~ ~

~ ~

~~~+e~

50 55 60 MHz

FIG. 2. Effects of strain and particle size on 2'Al

NMR in ferromagnetic GdA12. (a) &50 p, milled for a
relatively long time; (b) -60 p, only briefly milled; (c)
90-120 p. Particle sizes larger than rf skin depth,
~- I/O v, and thus reduced absorption at higher fre-
quency; (d) same as (a), but annealed following the mill-
ing process. 3(n r, )r, —n +H, , (4)

From (3) it is evident that H„, is isotropic, in the
sense that )H„, ) is independent of the direction of
M and is pointing parallel or antiparallel to M,
depending on the signs of I",z and (g~ —l). The
second term in (l), H~, represents the magnetic
field induced at the Al site by the localized mag-
netic moments residing at the R sites. Using the
Lorentz technique, we can actually calculate H„.
For point dipoles p, in a domain with magnetiza-
tion direction n,

ions with J'=L —S (up to SmAlz) to ions with J=L
+S (GdA12 and up), and such sign reversal is not
expected for R atoms in which H, « is mostly of
orbital origin. Finally, we note that ~7Al satura-
tion effective fields derived from Knight shifts ' '"
fall within + 30%' oi the effective fields derived
in the present study. We therefore conclude that
all of the absorption profiles shown in Fig. 1 are
to be associated with effective field H, «acting on
~7Al nuclei.

A simple physical model can account phenomeno-
logically for the profiles of Fig. 1. In this model
the total effective field is written as the vector

where a is the lattice constant and r, is the vector
distance from an R atom at site i to the Al site,
measured in units of a. The summation is over
R atoms in a sphere, around the Al site, large
enough to ensure proper convergence, and H, is
a correction term for nonspherical domains, given
by

H, = (~~ -u)M,
where D is the demagnetization tensor whose ele-
ments are bounded, 0&D „&4m. H, can assume
positive and negative values and for more or less
"regular" random shape domains, IH, ~

&
3 mM.

Until otherwise stated, we shall assume spherical

TABLE II. Decay times and echo-modulation frequency in ferromagnetic RA12 in zero external field.

Echo modulation
observed at 4.2 'K

I'rA12

no

NdA12 SmA12

very weak beating,
-5% weak

GdA12

yes

TbA12 DyAl&

no

HoA12

yes (- 50%)
(for a)

Frequency, f (7)
(KHz) 334 + 25

g: 520+50 g: -460
5: 330 ('?) 5: 240+20 5: 286+25

g: 510+45
Q: 260+10

T2 (@sec)
460+150 174 + 25

-100 msec -10 msec -1 sec

550 + 100 b -500 ~30
g:104+5

-20 msec &10 msec

480 + 50 g: 86+20
y 124+25

& 100 msec &10 msec
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FIG. 3. The RAl& unit cell. Large circles represent
R sites and small shaded circles represent Al sites.
The coordinates of representative Al sites are a (8,
3 3 1 1 . 1 3 1 1 1 3
8) s ~1 (Ss Ss 8) s ~2 (Ss Ss 8) s b3 (Ss Ss 8) ~

domains, i.e. , H, =O. In order to preserve max-
imum possible accuracy for various derived pa-
rameters, H„values had to be calculated with
+ 2%o accuracy. This was achieved by extending
the summation in (4) over 100-A radius, including
approximately 2. 5&&10 R sites. Unlike H„„ the
dipolar field as given in (4) is not isotropic. There
are 16 Al sites in the RA13 unit cell (Fig. 3) form-
ing four corner-sharing tetrahedra. While the
point symmetry of the R sites belong to the cubic
(T„) group, the symmetry around the Al sites is
much lower, belonging to a rhombohedral point
group. As a result, when M is pointing in arbi-
trary direction, each of the four Al sites in a tetra-
hedron, such as sites a, 51 62 and b3 in Fig. 3, is
subjected to a different H„, and therefore different
H, «, value. Thus, there are in the general case
four groups of magnetically inequivalent Al sites.
The number of inequivalent groups is reduced when
M is directed along one of the cubic symmetry
axes, as can be verified either from symmetry
consideration or by actually performing the sum-
mation (4). This is demonstrated in Table III,
where H„as given in (4) is calculated with
p= Vp.s and a(GdA13) = V. 900 A, for [111], [110],
and [100]domains. To obtain the directed angle
between the vector fields in Table III, as well as
for the other compounds, the direction of H„„with
respect to M, was assumed to follow the sign of
the shifts (Table I, line 3). This assumption is
valid as long as the relation

holds even for the maximum possible ~H„~, which
is indeed the case for all of the present compounds,

H, ff(a) =H„,(a)+HP'(a), (V)

H.'„(b) = H'„, (b) + [H'"(b)]'

—2II„,(b)H„"(b) cos[H„,(b), H"'(b)] . (8)

The notation H„"' is used throughout to denote di-
polar field calculated with p, =g~ p,~J.

At this point, if we prefer to adhere to our mod-
el, (V) and (8) can be solved separately for H„, after
substituting experimental values, 2w p/y27, for
H,«, and using H„values from Table III. ' How-

ever, a more physical approach would be to solve
(V) and (8) simultaneously for H„and H„,. Such a
solution is possible if we assume Hhf(a) = Hhg(b)

TABLE III. Dipolar field H& at Al sites in GdAl&

(in G).

Direction of M Site H&(x) Hd(y) Hd(&)

a
bl

b2

b3

—4100
4100

0
0

—4100
0

4100
0

—41 00
0

0
4100

cos Nd, Hhf)

7101 1
4100 —1/v 3
4100 —1/W3
4100 —1/v 3

[110j

a
bl
b2

b3

—2511
2511
2511

—2511

—2511
2511
2511

—2511

—5022 6151
0 3554
0 3554

5022 6151

1/W3
—1
—1

1/W3

Q 0 —3550 —3550 5021 0
bl 0 3550 3550 5021 0
b2 0 —3550 3550 5021 0
b3 0 3550 -3550 5021 0

'The site coordinates are: a(8 8 8) ~i(8 8 8) l
1 3 1 1 1

&2 (8 8 8):&3(8 8 8).
"Computed with a = 7. 900 A, J=~&, from Eq. (4). For

other a and J values, multiply by (7.9 x10 /a)3-gz J.

except for the lower resonance of HoAl~. Using
Table III, it is concluded that for [111]magnetiza-
tion, two site groups are formed, with a number
ratio of 1:3. For [110]magnetization, two groups
with 2; 2 ratio are formed and for [100] domains,
and all four sites become equivalent. For random
shape [100], [111], [110]or [other] domains, the
present model predicts one, two (3:1), two (2:2),
or four (1:1:1:1)2'Al absorption lines respectively,
each broadened, or smeared out, by distribution
of H, values which are typically in the range of

-'. M. -
Turning now first to the GdA12 profiles [Fig. 1(d)],

it is seen that apart from some background absorp-
tion, it consists of two peaks centered around p
= 49. 45 MHz and p= 61.15 MHz. The half-width
of each peak is of the order of 3 MHz or 3 kOe,
comparable to the expected distribution of H, =

3 pM,
and the ratio of the areas under the two peaks is
very nearly 3:1. In accordance with our model
and Table 111, we must conclude: (i) At 4. 2 'K,
GdA12 forms mostly [ill] domains; (ii) the low-
frequency peak is to be associated with (b&) sites
(i = 1, 2, 3) and the high one with (a) sites. With
the help of Eqs. (1)-(3) and Table III, we may
write
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Hhf because there is a simple relation between
the dipole field at (a) and (b), independent of the
size of p. and given by

In following this procedure, the assumption of
completely isotropic s-f exchange-polarized con-
tact term and a strictly point dipole term are
abandoned: H„, will represent the isotropic part
of a more general s fex-change contact term and
the dipolar term, denoted II/", will represent the
combined contribution from point dipoles at R sites
and the anisotropic part of the total s-f exchange
contact term. This modified model", in which
a non-negligible anisotropy of the s fexcha-nge in-
teraction would manifest itself by H„'"" being sig-
nificantly larger than H„"', is adopted for anal-
ysis purposes throughout the present investigation.
The results for H„, and H„'"",as applied for GdA12,
are listed in the Gd column. of Table I. The over-
all accuracy of H„, is close to+2K (+5% for most
other compounds) and HP" is "enhanced" by about
13% over the calculated H~"' value, i.e. , n=H~""/
H„"'= 1.13. Before turning to the other compounds
a final note concerning the background absorption
in GdAl&. As seen in Fig. 2, the character of the
background depends on sample preparation tech-.
niques. A more detailed discussion has been
given in Ref. 16, where it is concluded that back-
ground may be attributed to strained domains in
which fluctuation of the direction of M is to be ex-
pected. The effect of such fluctuating M on ab-
sorption profiles is more pronounced for [111]do-
mains than, say, [100] domains, because in the
latter the anisotropic field H„adds up only in quad-
rature to H„,.

The absorption profiles of the other compounds
can be analyzed in much the same way as the GdA12
profile, and in the next subsection we shall merely
point out special features pertaining to the indi-
vidual cases.

T5A/2. In view of the remark concerning back-
ground absorption, and since, except for GdA1~,
all compounds were subjected to long milling during
the preparation process (see Sec. II) the poor reso-
lution of the TbAI~ spectrum [Fig. 1(e)] is to be
expected. Actually, the general shape of the TbAl~
profile is quite similar to the profiles of strained
GdA13 samples (Fig. 2). Analyzing the spectrum
exactly in the same way as for GdAl~, the poor
resolution is reflected by the -

&& 5 larger probable
errors quoted for v(a), H~*" and H~ (Table I). It
is concluded that TbA12 forms mostly [111]do-
mains, and in spite of the quoted errors, the ex-
istence of a largely enhanced H„(n = 1.43) is evi-
dent.

SmA/q. Two points to be noted. (i) HP' for this
compound is an order of magnitude smaller than

1.0-
~ ~

ILJ

30

~r
I I

35 40 MHz

FIG. 4. Reconstruction of the SmA12 profile with
[11.1j domain assignment.

in all other compounds (see Table I, line 4) and is
of the order of magnitude of the typical spread,
-+3', arising from the distribution of the de-
magnetization field H, [expression (5)]. (ii) As
can be derived from the positive sign of 8H/Bv,
the direction of H„, in SmA12 is along M, compared
to the antiparallel direction in GdAl~ and TbAl~,
and therefore in the present case v(a) & v(&). In-
deed, in accordance with the above remarks, the
unresolved asymmetric line shape shown in Fig.
1(c) can be reconstructed (Fig. 4) by adding up
two closely spaced line shapes of unequal intensi-
ty, with the smaller one at lower frequency, each
with a half -width of -

3 mM and a small background
intensity. It is thus concluded that SmAl~ forms
[111]domains. The smallness of H~ results in a
large fractional error bracket on H„'"", with a
=1.25+0. 25, but for the very same reason, H„&

could be determined with an accuracy of +0.6~0

in spite of the unresolved profile. As a matter of
fact, even if for some reason the [111]domain
assignment is erroneous (e. g. , supposing the pro-
file represents unsplit sites from [100] domains
or equal intensity doublet from [110]domains and
the observed asymmetry is spurious. . . ), the val-
ue of Hh& will remain essentially unchanged.

It should be pointed out that an "anomalous"
negative 2~A1 Knight shift (KS) has been observed
in the paramagnetic phase of SmA12, ' '" in appar-
ent disagreement with the positive ev/8H reported
presently for ferromagnetic SmA12 at 4. 2'K. The
negative KS indicates a complete breakdown of the
relation S - (gJ —1)Z, used in the transformation
from Eq. (2) to Eq. (3), for the paramagnetic
phase, possibly through the interplay between
crystal field and higher Sm" excited levels occur-
ring at the elevated temperature range in which
the KS study has been conducted.

PxA/z. From the single line spectrum [Fig.
1(a)] it is concluded immediately that PrA12 forms
[100] domains. For the [100]configuration there
are no longer two independent relations, such as
(7) and (8) connecting H, «, H„, and H„,. Instead,
we have in this case
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H.~r =Hbr+Hd2 = 2 2 (10)

Ignoring shape anisotropy, the magnetic anisot-
ropy energy in crystals with localized magnetic
moments arises from the interplay of three ma-
jor interactions, and the relevant Hamiltonian
K is written

Km Kdiy+Kcf +Kex s

where Kgb represents the magnetic dipole-dipole
interaction between the localized moments, X„is
the crystal field Hamiltonian representing the in-
teraction of the electron shells with the crystalline
environment, and K,„represents the spin-spin ex-
change interaction between the localized spins. In
the case of the RA1~ system (except for GdA1,
which is excluded from the present treatment) all
three mechanisms lend themselves to a convenient

and it is no longer possible to determine H„'"" and

H„,separately. However, since H„ is much smaller
than Hb, and since for [100] domain H~ is added
only in quadrature to H„„ it makes hardly any
difference on derived H„, values whether one uses
in (10) H„' or some reasonably enhanced value.
The Hb, results listed in Table I for all of the
[100] samples were derived by using H~"~"d

= 1.3 H„'", where the value of n = 1.3 is about the

average of the enhancement factors obtained in the

[111]compounds GdAlz, TbAlz, and SmAlz (HoAlz

was not taken into account for reasons given be-
low).

NdAl2. The analysis and the remarks are iden-
tical to those of PrA12.

DyAl2. The analysis and the remarks are iden-
tical to those of PrA12.

HOA/2. From a comparison of the intensities of
the two lines at 12. 8 MHz and at 25. 6 MHz [Fig.
1(g)] and from a comparison of the echo modula-
tion frequencies of the different [111]samples, it
must be concluded that [111]domains are pre-
ferred in HoA12, too. Since a lower value of the

dipolar field H„'"" is derived than expected from
free-ion arguments, n cannot be interpreted in a
definite way. Both anisotropic exchange interac-
tion and deviation from free-ion moment may be
the reason for the observed behavior. 2 There-
fore, HoA12 was not used to derive the average
enhancement n.

For comparison, Table I includes also values of
H„and H„, which would result from the improbable
interpretation of the HoA1, signals as [110]domain
lines.

A concise summary of the properties derived or
calculated in the present section, such as experi-
mental easy direction of magnetization, H„"', H„'"",

a, and H„, is given in Table I.

IV. MODEL CALCULATION OF MAGNETIC ANISOTROPY

K,„=—2J,«S ]' S; (12)

is in fact an indirect interaction' arising through
the I'& coupling between the f shells and the con-
duction band. Strictly speaking, Eq. (12) is valid
only for isotropic I'@. As shown in the present
study (Secs. III and V) there is evidence for - 5%

anisotropy in the s fexcha-nge polarization and

therefore some anisotropy is to be expected also
for J,«. As will be shown below in the present
section, the observed [111]domains in HoAlz (and
perhaps also the [111]domains of GdA13) are in-
deed indicative of the importance of the anisotropic
exchange interaction. However, the lowest-order
term (i. e. , the dipolar term) of such anisotropy
does not contribute to 3C,„for the same reason that
causes K«, to vanish, and we shall first assume
therefore that (12) is a good approximation to X,„.
The explicit Hamiltonian used for the calculation
is thus written

K, q

(13)

where F~&(8, P) is the spherical harmonic of degree
& and azimuthal quantum number q, (x") is the
mean value of the Kth power of the 4f-electron
radius, and the AK's are parameters related to
the strength of the crystal field. S is the spin
vector of the rare-earth ion and H, is the exchange
field acting on it.

In addition to the ground-state level, we have
taken into acount in K„ the influence of the first
excited electronic level, and in Sm, both the first
and the second excited electronic levels. Therefore
we did not use Stevens's equivalent operator tech-
nique in obtaining the matrix elements of the crystal
term, but rather employed the method shown by
Elliot, Judd, and Runciman using operator tech-
niques developed by Racah. A detailed descrip-
tion of the method, followed by tabulation of the
relevant reduced matrix elements, is given by
Weber and Bierig. The matrix elements of the
term 2S ~ H, a,re the same as those of 2(gz —l)J H,
within a J manifold, and are given by Elliot and
Stevens27 for elements between states not belong-

theoretical treatment. K«, is the easiest to deal
with: It simply vanishes in the RA12 because of the
cubic point symmetry of the R sites (see Sec. III).
This can also be verified by performing a summa-
tion similar to that of Eq. (4), but with r, being
now the vector distance from R; sites to a given
R site. K,~ is well known theoretically, and apart
from a constant, it can be written explicitly for
the various R3' multiplets in the required cubic
symmetry. A question might exist as to the proper
form of K,„. The R;-R& exchange interaction which
is usually expressed in terms of an effective ex-
change constant J,«defined by
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TABLE IV. Calculated M direction for minimal free
energy in ferromagnetic RA.l2.

PrA12 NdA12 SmAl& TbA12

[100] [100] [111] [111]

DyAl, HoAl, ErAl,

[100] [100] [111]

I' = -kT lnZ,

where Z is the partition function given by

(14)

z Q e-E(IRT (15)

the summation being on all the sublevels partici-
pating in the Hamiltonian. The whole procedure
was carried out for the three major cubic sym-
metry directions, (100), (111), and (110), and for
T =4.2'K. The easy direction of magnetization,
which still depends on the size of A4 6, would be
the one possessing the minimal free energy.

Selecting A4 and A6 values to fit any one of the
experimentally determined easy directions, except
for HoAl~, the theoretically predicted easy direc-
tions of all the systems are listed in Table IV. A
comparison of Table IV with the experimental ob-
servations, with the exception of HoA12, (Table I,
line 1) is self-explanatory. It is found that to ob-
tain correct predictions, A4 must be positive, and
one cannot set limits to its magnitude. There is
no evidence for A6 not being zero, but if A64 0,
then A~ & 0 and no limit can be set on [A6/A4 ~.

It is reassuring to note that the above predictions
are also in agreement with experimental deter-
mination of A4 and A6 reported recently for CeA1~
[Ref. 2(b)] and ErAlz. '" However, there is at least
one compound for which the simple Hamiltonian
(13) seems to be inadequate. For A4& 0 and A &0
as determined above, the model prediction for
HoA12 is (100) easy direction if lA6/A4 I

& 0. 045
go, and (110) easy direction if ~A6/A4~ & 0. 045
xo, neither of which is in accord with the results
of Sec. III (xo is the Bohr radius). If, on the other

ing to the same J manifold.
As the point symmetry of the rare-earth ion

sites in the RA1~ system is cubic, the only non-
vanishing terms in the crystal field Hamiltonian
are those with E equal to 4 or 6 and q equal to 0
or 4. Furthermore, the ratios A4/A4 and A6/A6
are fixed so we are left with two parameters, A4
and A,

As a function of these two parameters, and taking
as H, the exchange fields obtained from the Curie
temperatures of the various RAl~ compounds using
the molecular field approximation, the Hamilto-
nian was constructed, diagonalized to obtain eigen-
values E, in each compound, and the free energy
of the rare-earth ion at temperature T was calcu-
lated by

hand, A«are adjust;ed to obtain agreement with
the (111)observation, it is found that A4 & 0, A8 &0

are required, i. e. , one will have to make the un-
likely assertion that the crystal field parameters
of HoA1~ have opposite signs to those of all the
other RAl~ on which data is available. In view of
the above discrepancies, it is reasonable to con-
clude that anisotropic exchange terms, not included
in the simple Hamiltonian (14), are not negligible
in at least some of the RA12 compounds.

V. s-f EXCHANGE INTERACTION

As stated earlier, the conventional relation be-
tween H„, and r,~ [Eqs. (2) and (3)] would hold only
when assuming that the conduction electrons form
a parabolic band. In fact, it has been demonstrated
theoretically' '" that even for a spherical conduc-
tion band, a relation like (3) holds only for S-state
localized moments and anisotropy in I',~ is expected
for non-8 R ions. We shall return to the anisot-
ropy problem below, but even granting the validity
of (3), it is clear that the r,& can be determined
experimentally only up to a constant factor. Thus,
assuming that A (0) and E& are constants, a "re-
duced" exchange parameter can be derived from
H„, values by writing

rex Ifhs/(f z —1)z
r„(GdAI, ) a„(GdAI, )/ ~

Variation of E& is not impossible (e.g. , in the
parabolic-band approximation with constant m*,
the 2. 5/o contraction of a as we move from PrA12
to HoA12 would result in a 5% overall increase of
E& across the system), but will be ignored in the
present discussion. I",'&~ values are listed at the
bottom of Table 1, and it is seen that the full ac-
curacy of the experimental measurements is re-
tained for the purpose of comparisons within the
series.

We return now to the problem of anisotropic 1",
&

which was mentioned at the beginning of this sec-
tion. To date, there has been no experimental
evidence for such anisotropy and we believe that
the significant deviation of H„'"" from H„" that was
observed in two out of the four (111)compounds
for which the comparison could be made provides
direct evidence for the existence of anisotropic
localized-spin conduction-electron exchange inter-
action in a metallic rare-earth system. The degree
of anisotropy for each compound can be expressed
numerically by the ratio between the maximum and
minimum exchange polarizations observed at dif-
ferent M directions. Within the framework of the
phenomenological model which was utilized in the
analysis (Sec. III), the anisotropic s-f exchange
term is expressed in a dipolar form and with the
help of Eqs. (3) and (4) we finally obtain
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I',I (max)
I' ~(min)

H„, + (a —I)H~"'(Mii [111j,a site)
H„, —(a —l)HP'(M[i[110], sites b, or bz)

Using n values from Table I and H„"' values from
TaMe III, it is found

5I

I

I

0
From Hhf in RAI&

Nt K PF Theory

Arbitrary Linear Fit

A „(GdAlz) = 0. 031 a 0. 008,

A„(TbA1~) =0. 1V+0.04 .

From the present data it is not possible to deter-
mine with certainty the origin of the anisotropy,
but a comparison of A„ in GdA12 to that of TbA12
supports a speculation that only a small part of the
anisotropy may be attributed to the conduction band
being aspherical (i.e. , in GdAlz), whereas most
of the anisotropy is caused by nonspherical local-
ized f shells (such as exist in TbAlz). The sec-
ond mechanism has been treated to some extent
in the WKPF theory, '7" but the effect of nonspher-
ical conduction band on I",~ has not been treated, .

as yet, in quantitative manner applicable to the
present system.

For a complete discussion of the behavior of I",
&

across the series, it would have been desirable
to have at least ~,~ amE A„values for all of the
compounds. Unfortunately, as things stand now

only the isotropic pari of I',&, as represented by
in Table I, is available over a reasonable

range in the system. Moreover, these I",
& reflect

mostly variation of J,«(2kF), '~' ' whereas WKPF
treats the variation across the series only for
diagonal part J',«(0) of the exchange. It has been
demonstrated theoretically that in general J(0)
4 J(2k+), '7" and it is not clear that one can prove
proportionality between the two all across the
series. Anyhow, hoping that some scaling does
exist and assuming that the anisotropic part of
the exchange tends to average out during the inte-
gration over K in the WKPF theory, a comparison
is presented in Fig. 5 where the experimental F,&
and theoretical J',«(0) are displayed together in
reduced scale units related to GdA12. The theo-
retical curve has been "best fitted" to the data by
selecting kz -—1. 1 a. u. (to be compared with the
free-electron value, k~= 0. 86 a. u. , in the BAl~
system) and hE„=hE, = 2 eV, "but in view of
the remarks above and because of the general
nature of the VVKPF theory, one should not attach
too much significance to the actual values of the
adjusted parameters. The last point is manifested
by the fact that while there is a general agree-
ment between theory and experiment, there are
still deviations notably for NdAl~ and HoA1~ which
are at present larger than the experimental prob-
able error. Also plotted in Fig. 5 are "reduced"

i I I I I I I I I I I I

Ce Pr Nd Pm Sm Eu Gd Tb Dy Ho Er Tm Yb

FIG. 5. Experimental and theoretical variation of
across the BAI2 system (see text for details). Open

circles represent "reduced" I' values derived from To.

I' values derived from T, by the de Gennes rela-
tion. ""' As mentioned in the introduction, how-
ever, I'(T, ) may reflect also direct exchange
mechanisms which are not discussed in the pres-
ent study. We believe that Fig. 5 would have
served its purpose even if its sole effect is to in-
spire a theorist to develop a detailed exchange
theory tailored specifically to the BA1~ system.

VI. CONCLUDING REMARKS

We have been able to derive from the 7Al nmr
absorption in ferromagnetic RAlz (a) easy direc-
tions of magnetization and (b) anisotropic and iso-
tropic s fexcha-nge parameters.

A simple model calculation of the magnetic en-
ergy has been developed and the model predictions
are in agreement with the observation throughout
the system, except for HoA12. It should be re-
membered, however, that in developing the mod-
el, it was assumed throughout that the effective
R-8 exchange in all the compounds is isotropic.
The existence of higher-order anisotropy terms
in the exchange Hamiltonian may lead to other
pai'erns of magnetic anisotropy energy which are
not predicted by the present simple model. That
such anisotropy can exist is evident from the ex-
perimentally observed s fanisotrop-y. The small
(& 5%%uo) helical antiferromagnetism that had been
observed by neutron diffraction to be superimposed
on the ferromagnetic order in DyAlz (Ref. 3) and
the behavior of HoA12 as described in the present
study might be the manifestation of such aniso-
tropic R-R exchange. Because of inhomogeneous
broadening of the NMR lines in powder samples
(Sec. III) the present techniIIue may not be used
to detect small deviations of M, and small super-
structures like that of DyAlz, 3 even if they exist
in some of the RAl& that have been studied, will
remain unnoticed.

Concerning the s fexchange, we have demo-n-
strated the existence of -

10%%uII anisotropy in I',&.
A systematic experimental study of the phenom-



MAGNETIC ANISOTROP Y AND CONDUC TION- E L EC TRON. . .

enon is not possible with powder samples under
zero external field because many of the compounds
order spontaneously in the (100) direction, in
which case the anisotropy cannot be observed be-
cause of symmetry consideration (Sec. III). The
difficulty may be removed in principle by studying
the NMR profiles in uniformly magnetized single-
crystal samples where M can be directed at will
by an external magnetic field. In practice, how-
ever, the experimental difficulties involved in a
single crystal study are not very simple to over-
come.

The behavior of the isotropic part of I",~ seems
to follow the general theory —or perhaps it is the
other way around —but the relative accuracy of the

experimental data has yet to be matched by an
equally accurate theoretical treatment.
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