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host to another, since the absorption bands 4f~- 4f 8 5d

are at about the same energy and show similar
crystal-field splittings in all three hosts. ' We
have made the further observation that the intensi-
ties of the impurity-induced spectra scale among
these crystals in rough proportion to the intensities
of the one- and two-phonon scattering in the pure
crystals T. his evidence suggests that the f dtra-n-
sitions may not be of primary importance in deter-
mining the change in the local polarizability deriva-
tives as has been assumed in this work. ~~

V. CONCLUSIONS

The primary results of this work has been the dem-

onstration of the inadequacy of the nearest-neigh-
bor coupling model for calculations of impurity-in-
duced phonon spectra even in highly ionic crystals,
such as the alkaline-earth Quorides. The apparent

success of this model is some of the alkali-halide
lattices' is possibly due to the more similar anion
and cation masses in the host crystals studied in
Ref. 1. However, there remains the possibility
thai the electronic states responsible for the impu-
rity scattering are perturbed band states in the flu-
orite systems discussed in this paper, whereas they
are more localized for Tl' in the alkali halides.
This is unlikely, since the 6s 6p excited states of
the Tl' ion, which are most likely the intermediate
electronic states responsible for the scattering in
the alkali halides, ~ are also not very well localized
compared with inter-ion distances. We, therefore,
feel that the nearest-neighbor coupling model will
not give an accurate representation of the impurity-
induced scattering in any but the simplest lattices
in which all ions vibrate with roughly equal ampli-
tudes throughout the phonon spectrum.
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'4' te added in proof: Recent Raman scattering measurements

in BaF2 containing Ca ' impurities and CaF2 containing Ba '
impurities show no observable impurity-induced scattering. This
suggests that neither perturbed electronic band states nor perturbed
phonon eigenvectors contribute measurably to the scattering ob-
served with Eu2+ impurities in the work reported here. The
decreasing scattering efficiency of Eu + in the series BaF, SrF,
CaF~ apparently results from the decrease in the electron-phonon
coupling for the Sd electron in these hosts. This effect is also
apparent in the increase in the absorption strength of the zero-
phonon lines of Eu~' in this series (see Ref. 13).
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Thermal Conductivity of Cerium Magnesium Nitrate
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The thermal conductivity of cerium magnesium nitrate has been measured over the temperature range

0.2—1.5'K. When an assumption is made that the surface of the crystal is damaged to a depth of 150

LLf,m by sandblasting, the conductivity measurements are entirely described by the Casimir theory of
boundary scattering of phonons.

I. INTRODUCTION

Cerium magnesium nitrate (CMN) is a Kramers
salt that has been extensively investigated largely
because of its application in low-temperature re-

frigeration and thermometry. Some years ago it
was found that at very low temperatures the thermal
relaxation between CMN and He' was several or-
ders of magnitude faster than expected either
theoretically or empirically if judged by other
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materials. ' Subsequent experiments showed that
this was a valid physical phenomenon. ~ Later, a
theoretical paper confirmed that the enhanced
coupling should in fact have been so. It seemed
that a quantity of interest would be the Kapitza
resistance measured in the usual way, and we
have set out to measure this. However, during
the course of these experiments, a paper on the
thermal conductivity of CMN was published. 4 The
conclusion of this work was that even at the lowest
temperatures the phonon mean free path in ChIN
is limited internally by invisible cleavage planes,
rather than by the boundaries of the crystal. As
our method of measuring Kapitza resistance de-
pended upon a phonon mean free path equal to the
size of the crystal, it was important to investigate
the size effect of the thermal conductivity of our
crystals. As a matter of course it had been con-
firmed that the crystals had a high conductivity,
but the work of Robichaux and Anderson has shown
that high thermal conductivity is not necessarily
commensurate with phonons traveling across the
crystal. In addition, it has recently been proposed
that in molecular crystals, the phonon mean free
path will never approach crystal dimensions. '

II. SAMPLE PREPARATION

The starting material for the samples was ob-
tained from G. Frederick Smith Chemical Co. The
crystals were grown by evaporation from saturated
solution at 4 'C. They were not uniformly flaw-
less, unlike others described. ' Macroscopically,
the crystals exhibited the usual sixfold symmetry,
but in all cases the hexagonal crystal showed three
clear sections and three cloudy sections. We have
no explanation for this curious behavior. How-
ever, the three clear sections were indeed very
clear optically, and as it had been found that these
sections produced samples with liquid-helium-tem-
perature thermal conductivities as high as
3 W cm ' 'K ', there was little incentive to try for
completely flawless crystals.

The samples for the present series of measure-
ments were cut with a string saw from a clear
section of a crystal, and then water polished to
size. Occasionally a cleave would develop within
a sample during polishing. These cleaves were
clearly visible under appropriate illumination.
Such a sample was rejected.

The samples were sandblasted with 600- p, m

glass beads to ensure diffuse phonon scattering
at the crystal walls. '

III. METHOD OF MEASUREMENT

The measurement technique was quite standard.
Figure 1 shows the sample mounting schematically.
The sample holder and lower section of the mix-
ing chamber of a dilution refrigerator were from

CONTROL HEATER

CONTROL
THERMOMETER

-MIXING CHAMBER

SAMPL| HE*Ha

one piece of copper. The samples was attached
to the holder by an indium-faced phosphor-bronze
clamp and also by copper foil glued with GE7631
varnish to the lower part of the crystal and to the
holder. Mechanically the sample &as in antiphase
to the rest of the refrigerator, hopefully to reduce
vibration. The two sample thermometers were
ground-down —,'-W matched 100-0 Speer carbon
resistors. They were bonded to the sample with
GE7031 varnish. The heater was a 1000-Q length
of nichrome wire wound onto a 1-mm-diam copper
rod. The rod in turn was thermally connected to
the sample with copper foil and GE7031 varnish.
Attached to the outside of the mixing chamber was
a 1000-0 nichrome heater and —,'-W 220-Q Speer
carbon resistor; these together with a resistor
net, a PAR phase-sensitive detector, and a power
amplifier made up a temperature-control circuit.

The primary thermometer for the experiment
was a Solitron SP5401 germanium thermometer
that had been calibrated against the vapor pressure
of He' and the magnetic susceptibility of cerium
magnesium nitrate. The low-temperature limit of
the experiment was determined by the 0. 2 'K low-
temperature limit of this thermometer. Measure-
ments were made and the data analyzed by the
method described by Seward. '

IV. RESULTS

The dimensions of the samples and their thermal
conductivities are shown in Fig. 2. In all cases,
the heat current was in the basal plane of CM¹
The second dimension, the thickness, was in the
c direction of the crystal. It can be seen that the
thermal conductivity z for the samples shows a

THERMOMETERSGERM ANIUM
THERMOMETER~

INDIUM - PAC ED

I
MOUNTING CLAMP

SAMPLE HOLDER

FIG. 1. Schematic diagram of the sample mounted
in the sample holder.
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cubic temperature variation. This is brought out
more clearly in Fig. 3, which shows x/7' plotted
as a function of temperature. An analysis of these
curves shows that the conductivity of all four
samples can be represented by

K oc T", where n = 3.0 + 0. 1.
V. DISCUSSION OF RESULTS

The first conclusion is that the thermal con-
ductivity of the CMN samples shows the cubic
temperature variation expected for boundary scat-
tering of the phonons. Next, we must compare the

magnitude with that expected. The results will
be compared to the Casimir model for boundary
scattering" as this has proved successful in the
past. ~ Following Casimir, we write the heat flux
as
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FIG. 3. Plot of ~/T as a function of temperature for
the same four samples as shown in Fig. 2.
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where do, and d02 are, respectively, increments
of a cross section of the sample and of the surface
of the sample, x» is the distance between do, and

do„and 8, and 0, are the angles between r» and
the normals to do, and d03. z& is the velocity of
the ith phonon mode, which is in general a function
of angle, and z is the axial direction of the sample.
Now, it happens that the sound velocity in lan-
thanum magnesium nitrate, and so presumably
also in cerium magnesium nitrate, is quite iso-
tropic. ' Thus, the velocity term can be taken out
of the integral, and an analytic solution obtained
for a long rectangular crystal. The expression
for the thermal conductivity in terms of the heat
capacity becomes

K=3cy 5 l~

FIG. 2, Thermal conductivity of CMN as a function
of temperature. The dimensions shown are the width and
thickness of the rectangular samples. The thickness
was in the direction of the crystalline c axis. The
straight lines have a slope of 3.

where

u=Zv, Z v, ', 1=1.115af(x),

(x) =
1+x' (1+x')"'

=4. 45 x
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predicted expression. Note that the point for the
largest sample has been plotted as if the dimen-
sions were 0. 350@0.360 cm instead of the actual
0. 375&&0.335 cm. That is, the thickness was ad-
justed up for this slightly wider sample so that
all four could be represented on a single plot of
x/T' as a function of sample thickness. While the
experimental values are about the correct magni-
tude, in all cases they are low. Vfe have inter-
preted this deviation as due to a damaged surface
layer of the crystal. This after all was the pur-
pose of sandblasting the surface. Figure 5 shows
the comparison of the experimental results with
the Casimir theory on the assumption that all sur-
faces of all samples havea 150-p, m layer with zero
conductivity. There is seen to be good agreement.
The 150- p. m layer of damage is not unreasonable
in view of the 600- pm glass beads used for sand-
blasting.

FIG. 4. Mean values of tc/T3 shown as a function of
sample thickness. The solid line is the variation ex-
pected from the Casimir model of boundary scattering.
We note that there is an empirical fit to the data of
~/T3= 0. 88 Q —0. 035) W cm ~ K 4, where t is the thick-
ness of the crystal in cm.

VI. CONCLUSION

The measurements show that the Casimir theory
of boundary scattering is valid to describe the low-
temperature thermal conductivity of cerium mag-
nesium nitrate. In addition, it is clear that even
in such a complex structure as crystalline cerium

3x (1+x ) + 1 3 (1+x
(1+x2)I/2 1 2 (1 + x2)1/8 Q.4

a is the width of the sample and x is the ratio of
thickness to width.

We note that in the region of x = 1, f(x) - (1+x)/2
and over the range 0&x& 1, f(x) can be well ap-
proximated by x '; this is close to the x ' de-
pendence one might naively expect.

For CMN, the Debye temperature has been deter-
mined from heat-capacity measurements as 61.5 'K
in the low-temperature limit. " The sound veloc-
ities are given by

v»„=3.65~10' cm sec ',

v„„,=2. 08~10 cmsec ',
vtrans = 1' 92 & 10 cm sec

Thus
C„= 1. 10& 10 ' T' J cm ' 'K '

v = 2. 12 ~ 10' cm sec ' .
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As has been noted by McBride, the Debye tem-
peratures determined from heat capacity and from
sound velocities are identical. Substituting into
the expression for x, we obtain

tc = 0. 867T'af(x) W cm ' 'K ' .
In Fig. 4, we compare the experimental deter-
mination for v/T' for the four samples with this

FIG. 5. Mean values of K/T shown as a function of
effective sample thickness. A damaged layer of jL50-pm
depth is assumed on all sample surfaces. The error
bars correspond to 150+50-pm depth. The solid line is
the variation expected from the Casimir model of bound-
ary scattering. Note that the expected conductivity is
slightly lower due to the lower effective width of the
samples, and that the conductivity values are higher due-
to the lower effective cross-sectional area.
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magnesium nitrate, the phonon mean free path can
be at least as long as 3. 5 mm. Further support
of this conclusion is given by recent heat-pulse-
propagation experiments which clearly show bal-
listic-phonon propagation across 5-mm samples.
This work will be described elsewhere.
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The density of phonon states and infrared absorption of RbF microcrystals have been calculated using

a rigid-ion model. The microcrystals were assumed to be rectangular solids containing up to 144 atoms.
The density of states of the microcrystals, although shifted to lower frequency, was found to have the
same shape as the density of states assuming cyclic boundary conditions. The fundamental infrared

absorption could be characterized as three distinct bands due to edge modes, surface modes, and

volume modes. These absorption bands split in crystals with noncubic shape, in surprisingly good
agreement with a continuum theory. In addition to the fundamental absorption, the calculation

displayed a weak low-frequency absorption which resembled the density of states.

I. INTRODUCTION

Considerabl. e attention has been given to the
macroscopic phonon properties of finite crystal. s.'
An important macroscopic effect in smal. l. polar
crystals is a shift in the optically active modes of
vibration due to surface polarization. This macro-
scopic effect can be cal.cul.ated using a continuum
model of the crystal, i.e. , by applying the ap-
propriate electromagnetic boundary conditions to
a material described by a frequency-dependent
complex dielectric function. With the inclusion of
retardation, the continuum model can be applied
to crystals of arbitrary size. Polariton modes
localized at a plane surface have been predicted
by this model ' and have been observed experi-
mentally. 4'5 Although many surface effects have
been successfully explained by the continuum
model, it has distinct l.imitations. The model

contains only one characteristic frequency, the
pole of the dielectric function, which describes the
crystal. Clearly, such a model cannot be expected
to describe effects which are dependent on the
structure of the phonon density of states. In addi-
tion, the continuum model cannot be used for modes
so highly localized that the crystal. 's atomicity is
important.

Less attention has been given to the microscopic
phonon properties of a finite crystal, that is,
those properties that depend on the perturbed na-
ture of the atomic layers at the surface. One
reason for this lack of attention is that the contin-
uum model is not appropriate to predict micro-
scopic effects. An alternative approach, which is
appropriate, is a lattice-dynamical. calculation
which considers the finite crystal. to be a large
molecule. Such a calculation has the advantage
that it contains a microscopic description of the


