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Low-energy-electron-diffraction calculations have been extended to the (110) and (111) surfaces of
aluminum in order to determine the spacing between the surface and bulk layers of the crystal. The

Al(110) surface is found to be contracted by 10% to 15% from the bulk interlayer spacing, and the

Al(111) surface is found to deviate from the bulk spacing by less than 5%. This amounts to a
0

determination of the surface-layer position to within 0, 1 A. Results of calculations on all experimentally

measured beams for these surfaces are compared with the experimental results for several assumed

interlayer spacings. These comparisons are made with respect to qualitative peak shapes, peak positions,

and relative peak amplitudes of the specular and all measured nonspecular beams from each surface. In

order to achieve this agreement, it has been necessary to include the four outermost crystal layers and

to describe the ion-core potential with five phase shifts in the 40-150-eV energy range.

I. INTRODUCTION

Encouraging progress has been made recently
on the problem of crystal-surface-structure analy-
sis by Iow-energy-electron diffraction (I RED).
Several theoretical approaches to the multiple-
scattering problem have led to the assembly of a
variety of computer programs whose results have

appeared recently in the literature. Multiple scat-
tering has been taken into account by calculations
based on a band-structure approach, ' 3 a, t-matrix
approach, 4 6 and the layer Korringa-Kohn-Ros-
taker (KKR) method. ~'8 In addition, two perturba-
tion methods have been proposed to reduce the
computer-time requirements of the more exact
methods.

In this paper we report on I.EED calculations
performed on several beams of the aluminum (110)
and (111)surfaces. In Sec. 11 we describe the
multiple-scattering method employed to construct
the computer program. In Sec. III we discuss the
parameters used throughout the calculations, and
in Secs. IV' and P we present the results of the
aluminum (110) and (ill) calculations, respective-
ly, and compaxe them with experiment.

These calculations indicate that the position of
the surface layer with respect to the bulk can be
determined to within - 5% of the bulk interlayer
spacing. The Al (110) surface layer is found to be
located between 1.285 and 1.214 p from the next-
underlying layer which represents a contraction of

10-15%from the bulk interlayer spacing. The
Al (111)surface-layer spacing is found to be equal
to the bulk interplane spacing to within - 5%. In

each case the surface-layer spacing is determined
to within 0. 1 A.

II. DESCRIPTION OF CALCULATION

The computer program we have developed is
based on the t-matrix approach to the multiple-
scattering problem as formulated by Beeby, and
extended by Duke and Tucker to include inelastic
damping of the electron beam. The reader is re-
ferred to a paper by Laramore and Duke' in which
the formalism that we employ in our calculation is
set forth. Finite-temperature effects are accounted
for in the Debye approximation, and the bulk lattice
and surface layer can be assigned different Debye
temperatures.

The scattering amplitude from a subplane X,
parallel to the surface, is proportional to a quan-
tity T~(g, k;; E) [see Ref. 12, Eq. (5)], which is
the t-matrix element for scattering from an incident

plane wave whose wave vector is k& into an outgoing
wave k&, at constant energy E. This quantity is
expanded in an angular-momentum representation
and one is concerned with evaluating a square ma-
trix of dimension (I+ 1) x(l+ I), Tz, where I is the
angular-momentum quantum number corresponding
to the highest-order phase shift [5,(E)] used to
characterize the ion- core potential.

The evaluation of this matrix can be accomplished
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FIG. 1. Intensity curves for the (00)
beam of the aluminum (100) surface as
a function of incident-electron energy
calcula, ted with three layers and five
phase shifts. The single-scattering
(kinematic) intensity curve is compared
to curves obtained from a dynamic cal-
culation with double diffraction, triple
diffraction, and the "matrix-inversion"
result.
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by means of a matrix-inversion technique, ' or by
use of a perturbation series expansion. Perturba-
tion calculations have been reported in the litera-
ture which truncate the expansion at second ' and
third order. ' The method employed in this paper
is to perform a perturbation expansion of arbitrary
order which should approach the true matrix-in-
version result if enough terms are included and
provided the ion-core scattering matrix f~(k&, k „.
E) is not too large. ' In Fig. 1 we present the re-
sults for such calculations on the (100) surface of
aluminum. It is seen that for the (00) beam of this
surface, the convergence is rapid and that no new

features emerge beyond the second order of the
expansion.

The iterative method was compared to the true
matrix-inversion method in the evaluation of the
quantity v„(kz, k;; E), which is the f matrix for the
scattering of an incident wave k; into a final wave
k& from subplane X., in the absence of any other
subplanes. The iterative method is found to be up
to 20% faster in computer-time requirements and
generally converges in fewer than ten iterations.
The subplane and interplane propagators G~,~ (k, )
and G~",~~ (k, ) were calculated using Eqs. (46) and
(50) of Ref. 12.

III. PARAMETERS USED IN CALCULATION

The scattering potential at a lattice site is speci-
fied by a number of precalculated energy-dependent
phase shifts g, (E). These phase shifts may be ob-
tained at present from self-consistent augmented-
plane-wave (APW) potentials" or by the ab initio
method of Pendry. '8 Apparently, the description
of the scattering process by these two methods is
of sufficient accuracy to yield qualitatively correct
theoretical beam-intensity-versus-incident-elec-
tron-energy (i-eV) curves.

The first numerical results obtained by Duke and

Tucker ' were based on an s-wave approximation
to the scattering amplitudes. Since that time, cal-
culations for aluminum have appeared utilizing
from three to eight phase shifts. vive, 10,17,18 In Fig.
2 we plot the I-eV curve for the (100) face (00)
beam of aluminum. The plots are for normal in-
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FIG. 2. Calculated (00) beam intensity vs incident
electron energy for a normally incident beam on the alu-
minum (100) surface including the five outermost layers.
The lower two curves are computed using Pendry's ion-
core potential with one and two phase shifts. The inten-
sity scale of the lower curves is ten times that of the
upper curves. The labeled lm~ values refer to the largest
angular-momentum quantum number whose phase shift

(E) appears in the summation.
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cidence of the electron beam, with the sample
temperature at 298 K [p~(surf) = pD(bulk) = 426 K].
Five surface layers have been included in the cal-
culation. Throughout this paper we employ the
ion-core potential obtained from a computer pro-
gram supplied by Pendry. ' The first four of these
phase shifts agree with those reported by Tong and

Rhodin and will thus not be reproduced here.
Although no experimental results exist for nor-

mally incident (00) beams, the curves thus obtained
using five or six phase shifts bear a close qualita-
tive resemblance to experimental results whose
incident beam impinges at 6' from the normal.
From Fig. 2 it is apparent that the I-vs-ep curves
calculated using only the first two phase shifts are
poor approximations to the observed intensity pat-
terns. Furthermore, the intensity scale of the
lower curves compared to that of the upper curves,
in which three or more phase shifts are included,
shows that an almost insignificant portion of the
total scattering power arises from the first two
partial waves. The upper set of curves in Fig. 2
demonstrates a remarkable qualitative similarity
between all curves which include more than two
phase shifts. Tong and Rhodin have pointed out
the dominance of d-wave scattering for energies in
excess of 24 eV. Equally striking, however, is
the sharp decrease in scattered intensity upon add-
ing the l = 3 phase shift to the calculation. Peak
positions are altered by up to 2 eV as each addi-
tional phase shift is included. The two most in-
tense peaks (corresponding closely to the locations
of single scattering or kinematic peaks) appear to
be most sensitive to this variation, whereas the
two smaller multipLe-scattering peaks are more
stable with regard to peak location. Marcus et al.
have shown that for the (100) surface of aluminum
the inclusion of four layers parallel to the surface
yields substantial agreement to a treatment in-
cluding the entire semi-infinite solid. In Fig. 3
we confirm this result for the (110) surface of
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FIG. 4. LEED spot positions for (a) the (110) surface
and (b) the (111)surface of aluminum. The spot labels
and the azimuthal angles .ft} are defined to be identical to
those of Jona (Ref. 21).

aluminum by plotting intensity curves in which
three, four, and five layers are included. We use
four layers in all subsequent calculations.

In the present work we have concentrated on
calculating the LEED intensity curves for all ex-
perimentally measured beams ' of the aluminum
(110) and (111)surfaces. In Fig. 4 we show the
beam geometry used in these calculations. We in-
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FIG. 5. Experimental I-vs-eV curve
(c) is compared to calculated curves for
the (00) beam of the aluminum (110)
surface. The solid curves [(a), (b), (d)]
and the dotted curve (d) utilize five
phase shifts and four layers in the com-
putation. The dashed curves utilize
four phase shifts and four layers.
Curve (a) is obtained from an undis-
torted surface (i.e. , interlayer spac-
ing equal to the bulk value 1.43 A). In
curve (b) the outer layer is contracted
by 15% to 1.214 A, and in curve (e) it
is contracted by 20% from the bulk
value to 1.142 A. Curve (d) is com-
puted for incident beam angles 8 =5'
and /=90', which are the same angles
as measured for the experimental curve
(c). The remaining curves are calcu-
lated at normal incidence. The theo-
retical curves are all shifted by 3.65
eV to account for the metallic work
function.
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FIG. 6. Experimental I-vs- eV curve
(c) is compared to calculated curves
for the (10) beam of the aluminum (110)
surface. The descriptions of curves
(a)-(e) are given in the caption to Fig.
5. AII curves are computed or mea-
sured at normal incidence.
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FIG. 7. Experimental I-vs- @~curve (c) is compared
to calculated curves for the (01) beam of the aluminum
(110) surface. T'he descriptions of curves (a)-(e) are
given in the caption to Fig. 5. All curves are computed
or measured at normal incidence.

elude only x'esults obtained fox' incoxnlng beaIQs at ox'

near normal incidence. From an experimental point
of view, normal incidence can be determined to a
greater degree of accuracy than other angles can
be measuxed. From a theoretical point of view,
one would expect the beams incident at large an-
gles to the normal to be more sensitive to details
of the surface (i.e. , directional properties in the
electron gas, dipole-layer effects, etc. } than
beams at or near normal incidence. Furthermore,
we have restricted our incident-energy range to
energies in excess of 40 eP. Small stray fields in
the vicinity of the sample will deflect an incident
beam of low enexgy more than they will a higher-
energy beam. Also, several models for the elec-
tron self-energy within the metal have been pro-
posed. These models, which include the free-
electron-gas calculation by Lundqvist and the
optical-model potential are in substantial agxee-
ment over a wide energy range for E & 40 eV. In
the 20-e7 region, the real and imaginary parts of
the self-energy predicted by the Lundqvist model
differ considerably from the constant values as-
sumed in the optical model. We use 150 eV as the
upper limit of our calculations because of the
greater number of phase shifts necessary to ade-
quately characterize the ion-core potential at high-
er energies.

IV. ALUMINUM (110)

Of the three low-order surfaces of aluminum,
the (llo) face has proved to be the most elusive in
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FIG. 8. Experimental J,-vs- gV
curve (c) is compared to calculated
curves for the (11) beam of the
aluminum (110) surface. The de-
scriptions of curves (a)-(e) are given
in the caption to Fig. 5. All curves
are computed or measured at nor-
mal incidence.
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metal. The I-vs-eV curve [Fig. 5(a)] calculated
for the (00) beam is seen to have its most promi-
nent peak 13 eV lower in energy than the corre-
sponding experimentally observed peak. Similar-
ly, the smaller peak near 90 eV is 6 eV lower than
experiment. Results obtained for the nonspecular
beams (Figs. 6-8) show the same general charac-
teristic whereby the calculated major and minor
peak positions are about 5 eV lower in energy than
the experimental values. It has been suggested
that a contraction of the spacing between the sur-
face layer and the bulk of the order of 1(F/o might
suffice to shift the calculated peak positions into
agreement with experiment. '~ In the curves la-
beled (b), (d), and (e) we perform contractions by
10, 15, and 20%, respectively, yielding surface
layer to bulk spacings of 1.285, 1.214, and 1.142
A. The expected energy shift of the peak positions
occurs, as well as changes in the ratios of the
peak intensities. Comparison of the calculated
solid curves of Figs. 5(b) and 5(d) with the experi-
mental curve [Fig. 5(c)] shows that the relative
intensity ratios of the two prominent (00) beam
peaks are in good agreement with experiment for
an outer-layer contraction of 10-15%%uo of the bulk
interlayer spacing. Laramore and Duke'~ have
pointed out that the secondary structure obtained
in their work near 100 eV in the (00) beam is too
small with respect to their peak near 70 eV. The
agreement we have achieved is improved partly
due to the contraction we have introduced into the
outer-layer spacing, and more significantly, as
can be seen by reference to Fig. 2, by the inclu-
sion of five phase shifts instead of three. Exami-
nation of curve (e) in Fig. 5 indicates that a con-

traction of 20%, leading to an outer-layer spacing
of 1.142 A', shifts the peak appearing near VO eV
to an energy 5 eV in excess of the experimental
result. Furthermore, a lower-energy peak of
about the same magnitude appears to be emerging
near 40 eV in contradiction to the observed (00)
beam curve (c).

The calculated results for the nonspecular beams
(Figs. 6-6) are likewise seen to improve upon
contraction of the outermost-layer spacing. The
peaks in the 100-180-eVregion for both the (01)
and (10) beams are seen to shift to higher energies
and to diminish in magnitude with respect to the
peaks near 50 eV. The results for the (ll) beam
are included for completeness, but the absence of
multiple prominent peaks makes peak-intensity
comparisons impossible since only the relative
intensities were measured experimentally. The
over-all qualitative agreement between calculated
and experimental nonspecular curves appears to
occur at an outer-layer spacing near 10%%uo and less
than 15% contraction from the bulk interlayer
distance.

The most serious discrepancies remaining un-
resolved in the present calculations occur in the
40-60-eV energy region for the nonspecular
beams. In Fig. 6 a peak near 50 eV is visible for
all the contractions for which we have performed
calculations, but the peak never approaches the
sharpness of the experimental peak, and this
makes it difficult to obtain a meaningful intensity
ratio between this peak and the one near 105 eV.
In Fig. 7 for the (10) beam, the relative intensities
of the two peaks near 45 and 65 eV are in good
agreement for a layer contraction between 10 and
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O
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FIG. 10. Experimental I-vs-eV curve
(c) is compared to calculated curves
for the (10) beam [ {11)= (01)] of the
aluminum (111) surface. The descrip-
tion of curves (a) and (b) are given in
the caption to Fig. 9. All curves are
computed or measured at normal inci-
dence.
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FIG. 11. Experimental I-vs-eV curve
(c) is compared to calculated curves
for the (01) beam [= (10) = (1X)] of the
aluminum (111) surface. The descrip-
tion of curves (a) and (b) are given in
the caption to Fig. 9. All curves are
computed or measured at normal inci-
dence.

0.002

0 I l

40 50 IOO

Electron Energy {eV)

I

l50

15%, but the small experimentally observable
peak at 56 eV cannot be resolved in these calcula-
tions.

In conclusion, we believe that the comparison of
all four diffracted beams of Pigs. 5-8 is sufficient
to establish that the spacing between the aluminum

(110) surface layer and the bulk is contracted from
the bulk interlayer spacing by an amount equal to
10-15%of that value, i.e. , an interlayer spacing
of 1.285-1.214 A. This conclusion is based on
the qualitative shapes of all four curves, peak
positions, and relative peak intensities. We em-
phasize the point that for LEED calculations of
presently attainable accuracy it is dangerous to
rely exclusively on relative peak amplitudes or on
peak positions which may be altered by several eV
by small changes in the ion-core potential or by
the model used to describe the complex electron
self-energy Z(Z).

V. ALUMINUM (111)

Calculated I-vs-eV curves are plotted in Pigs.
9-11 for the (00), (10), and (01) beams of the
aluminum (111)surface. Included in each plot for
reference is the experimental curve from the work
of Jona2' [Figs. 9(c), 10(c), and ll(c)]. Four cal-
culations are made for each beam. Two of them
treat the (ill) surface a.s a simple truncation of
the bulk structure and the other two are calculated
by assuming a 5% contraction in the spacing be-
tween the outermost two layers. The dashed
curves in each case represent calculations in
which four phase shifts and three layers parallel
to the surface are included. The solid curves in-
clude five phase shifts and four layers.

For aQ three beams considered, the calculation

using five phase shifts and an undistorted crystal
surface yields results in closest agreement with
the experimental curve. The calculated peak posi-
tions for the (00) beam are in close agreement
with the experimental peaks without making a shift
of 4.05 e7 to account for the work function of the
metal. However, the relative magnitudes of the
two peaks are quite different in each case. This
is not unexpected since the calculations are per-
formed at normal incidence and the experimental
measurements for the (00) beam are taken at 8= 5'
and P = 30'. The qualitative agreement between
the calculation and experiment is improved by
performing the computation for an incident beam
impinging at these angles [Fig. 9(d)]. The two
nonequivalent nonspecular beams show similar
agreement between the positions of the experimen-
tal and theoretical maxima (Figs. 10 and ll). In
these cases, moreover, the relative intensities
of the various peaks are also in good agreement
as are their qualitative shapes.

A rather small outer-layer distortion (contrac-
tion by 5% of the interlayer spacings from 2. 33 to
2. 216 A) suffices to shift the calculated curves to
higher energies, and to qualitatively alter the
shapes and intensity ratios of the various peaks.
%'e believe that the cumulative evidence from the
three beams considered is sufficient to establish
that the spacing between the outermost two layers
of the aluminum (111)surface is identical to the
bulk spacing to within less than 5%.

The good qualitative agreement attained in this
case allows us to point out certain limitations in
calculations of this degree of accuracy. The ion-
core potential calculated by the method of Pendry'
is sufficient to give the agreement obtained here,
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but does not allow the resolution of the 50-60-eV
peak of the (01) beam into the double-peak struc-
ture seen in the experimental curve. A similar
instance was noted in Sec. IV for the (10) beam of
the aluminum (110) surface in the same energy re-
gion. Discrepancies in the low-energy ( ~ 50 eV)
peak positions for the (111)surface are of the
same magnitude as those observed with the (110)
surface and indicate that such effects are attribut-
able to the form of the ion-core potential, or

to the model employed for the complex electron
self-energy rather than to the geometrical ar-
rangement of the crystal layers in the surface
region.
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Model calculations of the low-energy-electron-diffraction (LEED) intensity profiles for LiF (100) and of
the bulk electronic energy bands for LiF are performed using model potentials with quite different

degrees of ionicity. One potential is constructed using Li and F free-atom charge densities and the

other is constructed using Li+ and F free-ion charge densities. Although both model potentials yield

rather similar band gaps, the photoemission threshold and LEED measurements clearly favor the Li'F
form of the potential. Experimental LEED intensity profiles for LiF (100) at T =573'K are analyzed,

and certain features strongly suggest that the top lithium and fluorine sublayers do not lie in the same

plane but are separated by about 0.25 A in a direction normal to the surface. In order to motivate:,

further experimental work, additional intensity profiles are calculated for both the perfect surface model

and the reconstructed surface model.

I. INTRODUCTION

Thus far, all low-energy-electron-diff raction
(LEED) calculations utilizing a microscopic model
for the electron-ion-core potential have dealt with
scattering from metal surfaces. In spite of the

complete neglect of the effects of surface morphol-
ogy and the use of bulk electron-ion-core poten-
tials, in many instances these calculations have
achieved a reasonable correspondence with experi-
mental measurements of LEED intensities. '~
However, the intrinsic interest in LEED as a tool


