
PHYSICAL REVIEW B VOLUME 7, NUMBER 8

Hall Coef6cient of Potassium Determined by a Helicon Transmission Method
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The magnetic field dependence and magnitude of the high-field Hall coefficient of potassium have been

determined experimentally by studying the propagation characteristics of high-frequency helicon waves.

Between 20 and 100 kG no significant ( 0.5 jo}field dependence is observed in the Hall coefficient for
two different crystalline orientations. Absolute measurements yield values which are, depending on the
orientation, 4 or 8% larger in absolute value than the free-electron Hall coefficient. Accuracy of the

magnitude measurements is estimated at + 2%. Sample thicknesses are measured in situ using a
transducerless ultrasonic technique. The temperature dependence of the Hall coefficient has also been

measured. To within 0.05% no change in that quantity is observed upon cooling the sample from 4.2
to 2.2 K. The experimental results are discussed in the light of recent theories on the

magnetoresistance of potassium which predict a decreasing Hall coefficient with increasing magnetic
field.

I. INTRODUCTION

A long-standing discrepancy exists between trans-
verse magnetoresistance measurements in potas-
sium and semiclassical galvanomagnetic theory.
Numerous workex's using a variety of experimental
techniques have observed a linear term in the high-
field magnetoresistance (MR) of both single and
polycrystalline potassium. The semiclassical
theory of Lifshitz, Azbel, and Kaganov (LAK) can-
not yield such a linear term unless a magnetic-
field-dependent scattering probability is allowed.
Recent attempts to explain the linear MR obtain a
field-dependent scattering probability either by
magnetic breakdown of open or holelike orbits to
closed electron orbits ' or by the less drastic pro-
cess of magnetic-field-fed umklapp scattering.

A consequence of theories which rely on magnetic
breakdown of open or holelike orbits to explain a
linear MR is that they also give a field-dependent
Hall coefficient R„. Such behavior has been ob-
served in potassium by Penz and Bowers using a
low-frequency helicon-standing-wave technique;
they find that above about 20 or 40 kG, RH de-
creases with increasing magnetic field B.~ At
110 ko the decrease amounts to about 7%. Their
measurements of the absolute value of RH show a
6-12%%u~ enhancement over the free-electron value
R p FE ~ deduced froIQ an x rRy deterIQlQRtlon of
the lattice constant. 8 %'hen the appropriate finite
specimen correction factore is applied to these and
previous helicon measurements of R„,' agreement
with RH FE is obtained within the experimental un-
certainties of a few percent. The semiclassical
LAK theory predicts that the high-field Hall coef-
ficient of a closed-orbit uncompensated metal
should be independent of magnetic field and inverse-
ly proportional to the effective carrier density,
Goodman, using the appropriate solution of the

boundary-value problem calculated by I egendy, '
deduces a value of RH at 25 and 35 kG from helicon
measux'ements on long polycrystalline cylinders
which agrees with R„,vz to within —,'%. Direct-
current experiments on R~ in potassium are sum-
marized by Alderson and Farrell, '3 whose own re-
sults on the temperature dependence of RH extend
from 6 to 300 K. The accuracy of their absolute
measurement is 4/z, and agreement with Rs rz is
obtained to within 2% at 6 K. All of the above re-
sults quoted for R& are in the high-field limit.

It is the purpose of the current study to measure
the absolute high-field Hall coefficient and its
field dependence between 20 and 100 kG in single-
crystal potassium and to avoid the shortcomings
of both the direct-current experiments and the
standing-wave hellcoQ method. We hRve studied
high-frequency helicon-wave propagation through
plates of thickness d & 50', where X is the helicon
wavelength. From the field-dependent helicon
transmission characteristics, we have been able
to deduce R„with 2% absolute accuracy and field
and temperature changes in Rs to better than —,

'
/o

Rccux'Rcy Rt T= 4.2 K.
In Sec. II we summarize the basic theory neces-

sRry for the interpretation of our measurements.
Section DI describes the various experimental
techniques that were employed, and Sec. IV' dis-
cusses the pertinent aspects of data reduction.
The results and discussion are presented in Sec.
V.

II. THEORY AND METHOD

The helicon is a transverse circularly polarized
electromagnetic wave which can propagate in an
uncompensated closed-orbit metal under the fol-
lowing conditions of low damping: (i) ~,v» 1,
where &,= eB/m* is the cyclotron frequency, e is
the electronic charge, 8 is the flux density, m~
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is the carrier effective mass, and 7 is the elec-
tronic relaxation time; (ii) q. v„& &„where q is
the helicon wave vector and v~ is the Fermi veloc-
ity. The first condition places a lower limit on the
magnetic field and is analogous to the requirement
thai the helicon wave vector be largely real. At
constant field the second condition sets an upper
limit on the helicon frequency. For q v~=&, the
charge carriers undergo Doppler-shifted cyclotron
resonance, and when )q j (v„( &(o, the helicon will
be strongly damped as a result of this resonant
absorption.

To calculate the dispersion relation, we begin
with the nonlocal scalar wave equation derived by
Baraff,

(
da 2 00

;+~ E(z)=-@up, o(~z —z'~)E(z')«',

where ~ is the angular frequency of the helicon,
o(~z —z' ~) is the nonlocal conductivity, po is the

permittivity of free space, c is the speed of light,
and E(z) is the electric field anywhere in the in-
finite medium. Propagation along the static mag-
netic field, which is parallel to the g direction,
has been assumed. Implicit in Eq. (1) is the as-
sumption that the metal may be adequately repre-
sented as a free-electron gas. Following Baraff, '
one substitutes the infinite-medium conductivity of
Heuter and Sondheimer, which is derived for
free-electron charge carriers in the standard re-
laxation-time approximation. After evaluation of
the integrals, Eq. (1) reduces to

3 pa~&ne
2 3

C

x —+ 1 —~ ln ' =0, 2

where n is the electron density and Nk~ is the Fer-
mi momentum. The (+) refers to left- or right-
circular polarization, only one of which will propa-
gate depending on the sign of the charge carrier
and the direction of the magnetic field. The term
b, is given by

5~ = —g'Uy / (T Q3& + l/7')
&

where ~ has been neglected compared to &, . It is
understood that the logarithm vanishes when ( b, )

=0. Similar derivations are given by Platzman
and Buchsbaum'6 and Miller and Haering.

As it stands, Eq. (2) is not in a convenient form
for computation. Exploiting the fact that ~,v» 1

(generally no less than 40) and
~ b

~
& ~~, one obtains

a simple expression which is still accurate to or-
der (~,v) ~. The logarithm is expanded, and the
following approximation is substituted in Eq. (3):

He(q, )'/Im(q, )' = ~,v.

Keeping only the dispersive real part and suppress-
ing the polarization notation, Eq. (2) may be re-
written

= ((d jap/RsB) (1+gK +~( K +' ' ' )

where

~ =qv„/u),

and q is understood to be entirely real. Note that
within the abovementioned limitations, this result
is valid for all q/ "; 7 is the mean free path.

In our transmission experiment we employ the
rectangular-plate geometry, generating the helicon
by inducing currents in the skin depth on one side
of the slab and detecting the emergent helicon mag-
netic field at the other. Since high frequencies
are used (2-10 MEIz), the finite-slab effects cal-
culated by Legendy' can be shown to be negligible
compared to experimental uncertainty, and there-
fore the infinite-medium dispersion relation, Eq.
(2), is a, valid approximation.

An important feature of this experiment is our
determination of the specimen thickness which is
performed simultaneously with the helicon experi-
ment and in the same apparatus. An acoustic
shear wave propagating normal to the surface is
created by an elec tromagnetic generation proces s. '
From the time of flight of the acoustic pulse and
the known elastic constants of potassium, the
thickness of the specimen can be inferred. It is
worth noting that a sound wave generated in this
manner measures the actual distance between the
two surface-current sheets in which the generation
and detection of the helicon occur.

III. EXPERIMENTAL TECHNIQUE

Our experiment utilizes the conventional helicon
transmission geometry depicted in Fig. 1. Small
spiral coils, which serve to generate both the heli-
con and acoustic waves, are embedded in epoxy
and held parallel in copper irises. The coils are
placed on either side of the flat-plate specimens,
which are typically 12xl2x2. 5 mm. As shown in
Fig. 2, the copper rings slide on two stainless-
steel tracks to permit damage-free mounting and
demounting of the specimens. Wound from No. 38
copper wire, the coils are Formvar insulated, and
connections to them are made via two well-
shielded balanced transmission lines. These lines
consist of Teflon-insulated twisted pairs of No. 30
copper wire about 1 m long and potted with epoxy
in stainless-steel tubes. Low-loss ferrite-core
isolation transformers placed in brass housings
provide coupling to single-ended sources and ampli-
fiers. With this arrangement the zero-field ratio
of direct-leakage voltage to drive voltage can be
made less than —110 dB. The magnetic field is
measured with a 2500-turn magnetoresistanee
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I"IG. 1. Coil-sample arrangement. The coil windings
are approximately 0.25 mm from the sample surface.

probe wound bifilarly from No. 46 copper wire and
positioned within 1.3 cm of the specimen. The
probe is NMR calibrated from 20 to 100 kG. Re-
producibility to 0. 1% has been verified during the
course of several runs.

All specimens for these measurements have
been prepared from high-purity potassium. Typi-
cal values for the residual resistance ratio are
about 3000, as measured by the eddy-current-de-
cay method. The large single-crystal boules
from which the specimens were ultimately cut are
grown by a standard Bridgman technique described
in detail by Taub. Potassium, in a sealed glass
ampoule from the supplier, is melted under vacu-
um (-10 Torr} into a clean tapered glass crucible
which has been lightly coated with dry outgassed
paraffin oil. Maintained at slightly above the
melting point for 8-10 h, the metal is allowed to
outgas at 10 Torr. After a cooling cycle of about
3 h, the boule, which slides easily from the cruci-
ble, is etched and examined for grain boundaries.
Orientation to within 1' is accomplished by x-ray
Laue-transmission methods using the radiographs
for a bodycentered-cubic lattice published by Maji-
ma and Togino. With the oriented crystal mounted
on a goniometer, slices are taken with a string
saw using a mixture of water and alcohol for the
etch. At each stage, care is exercised to prevent
unnecessary straining of the specimens.

The f inal preparation of the specimen surfaces
is accomplished in one of two ways. In the first
method, the rectangular plate is successively
mounted in two stainless-steel lapping rings, 3-
and 2. 5-mm deep. Using only the weight of the
rings, the crystals are gently hand lapped on bond
paper soaked with paraffin oil and secondary butyl
alcohol. This procedure produces high-quality
surfaces only occasionally; also, there is a pos-
sibility of introducing strains. A more sophisti-
cated method of preparing smooth surfaces involves
the use of a crystal-facing instrument. This de-
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FIG. 2. Schematic of the apparatus. The balanced
transmission lines are brought to the spiral coil through
flexible cf pper braid to allow adjustment of the irises.

vice consists of a vertically mounted stainless-
steel lapping wheel 25 cm in diameter, over which
high-grade wool cloth is stretched. The polishing
solution of isopropanol, paraffin oil, and xylene in
a proportion of 9:6; 1 fills a container through
which the wheel passes. A roller regulates the
amount of solution left on the cloth. Paraffin wax
secures the specimen in a shallow stainless-steel
cup, and the rotating sample assembly is sus-
pended against the wheel by thin stainless-steel
bands, which allow a small, but reproducible, lap-
ping pressure to be sustained. Both wheel and
sample mount are motor driven asynchronously,
averaging any bias in the wheel's rotation. After
lapping, the surface is immediately washed with
xylene and protected with dry petroleum jelly.
The procedure is repeated for the opposite surface,
taking care not to degrade the one already prepared.
With this method we achieve surface flatness con-
servatively estimated, from ultrasonic pulse-echo
measurements, at 0.01 mm. The sample is then
dismounted from its holder and cleaned thoroughly
in xylene. When the last traces of jelly are re-
moved, the specimen is slowly cooled to 0 'C,
then dried with a tissue and cooled to 77 K where
it is stored until needed.

A block diagram of the instrumentation employed
in this experiment is shown in Fig, 3. An ampli-
tude-modulated radio-frequency (rf} signal of
stable frequency is fed to a power amplifier and
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the reference channel of an rf mixer. The ampli-
fier output drives the transmitter coil producing
a helicon wave which propagates to the far surface
where it is detected by the receiver coil. After
60 dB of amplification and some filtering, the pick-
up voltage goes to the signal channel of the mixer
where it is phase-sensitively detected. The 1-kHz
amplitude modulation of the rf is then removed by
a final phase-sensitive detection. If desired, the
resulting signal can be actively differentiated to
remove a linear-field-dependent background volt-
age that is sometimes present (possibly caused by
the magnetoresistance of the potassium). Since
the magnetic field is varied linearly in time, the
differentiation gives a field derivative. The signals
from the MR field probe and either the phase-
sensitive detector or the differentiator are fed to
an X-F recorder. This method is described in
more detail by Hansen, Grimes, and Libschaber.

Two superconductive solenoids are used in this
experiment. The first produces a maximum field
of 55 kG with a homogeneity of about 0. 5% in a 2-
cm diameter spherical volume (dsv). A constant-
current supply controlled by a linear voltage ramp
powers the magnet. The second is a 100-kG sole-
noid manufactured by General Electric Corp. and

produces a field homogeneous to better than 0. i%%

in a 2-cm dsv. This magnet is driven by a super-
conductive -flux pump.

As mentioned previously, the sample thickness
is determined in the same apparatus as that used
for the helicon measurements. The instrumenta-
tion, however, differs. Briefly, a 0. 5- psec
duration 10-MHz pulse is delivered to the drive
coil, and simultaneously, a gated integrating

b, = [(Li/z) sinqd +cos qd] fp„ (7)

where d is the sample thickness, b, is the excita-
tion field, and g (» l) is the refractive index of the
metal, it follows that b~ assumes an extremum
whenever

qd =ng.

From Eqs. (5) and (8),

Rz= (Po(dd /n 1r B„)f(n1),

(6)

(9)

where cv is defined by Eq. (6), B„is the field of the
nth extremum, and f(m) is the so-called nonlocal
correction factor. Once the fringe index n has
been established, the absolute value and field de-
pendence of Rs may be calculated from Eq. (9).
Figure 4 shows that b, is a smooth function of 8,
having the expected shape and symmetry. The
position of the extreme. a may be determined with an
accuracy greater than 0. 1%.

The assignment of n is accomplished by perform-
ing a least-squares linear fit on (n', B„'~z) data
pairs, where n' is a trial value for the fringe index.
By shifting the values of n' in the data pairs until

amplifier receives a trigger signal. The receiver-
coil voltage passes through a multistage i.f. ampli-
fier, then a detector, and finally to the gated
amplifier. This permits the echo-decay pattern
to be recorded. Similar ultrasonic methods are
discussed more extensively elsewhere. ~8

IV. DATA ANALYSIS

Equation (5) gives the relationship between R„
and the helicon wave vector q. From the expres-
sion for the transmitted helicon magnetic field,
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10 to 20 kG, but between 20 and 55 kG a 8% de-
crease was seen. Polycrystalline samples ex-
hibit a change of about 1% in R„fron". 10 to 60 kG,
then a steep descent of 6% from 60 to 110 kG.

More recently, induced-torque measurements
in potassium by Schaefer and Marcus indicate
the presence of a nonsaturating torque with in-
creasing magnetic field. In an uncompensated
metal the induced torque in the high-field limit on
a sphere has the same field dependence as the
transverse MR. ' Qverhauser has presented an
explanation of this anomalous behavior in which
open orbits are responsible for the nonsaturating
torque. There is evidence, however, that in spite
of the induced-torque anomalies, potassium has a
simply connected Fermi surface. Nonlocal-heli-
con-damping measurements carried out by Houck
and Bowers on polycrystalline potassium indicate
a close agreement with the prediction of free-elec-
tron theory. In principle, helicon damping should

be very sensitive to the connectivity of the Fermi
surface. Earlier, Reitz and Qverhauser discuss-
ing the MR of potassium referred to specific mod-
el calculations of Falicov and Sievert which apply
to magnetic breakdown of closed hole to closed
electron orbits. This case was chosen by Reitz
and Qverhauser to explain the observations in
potassium because it can yield a linear MR over a
fairly wide range of magnetic field. Q'Keefe and
Goddard proposed a similar scheme for lithium.
Qur results, showing no significant field depen-
dence in the high-field Hall coefficient from 20 to
100 kG, have relevance for the proposals which
seek to explain the linear transverse MR of potas-
sium by the mechanism of magnetic breakdown
of open or holelike orbits. The absence of any
substantial field dependence in R„, which mea-

sures the diff erence of electron and hole concen-
trations, could show either that the postulated
breakdown field of about 50 kG "' is too low, or
that the mechanism responsible for the linear MR
in potassium is not related to magnetic breakdown.
In the first instance a problem arises if a larger
breakdown field (consistent with our results) is
used in the model calculations. In that case the
onset of the linear term in the MR will be shifted
to higher fields. Experimentally, however, the
linear term persists from approximately 10 kG

to at least 100kG. ' Thus, the proposals which rely
on magnetic breakdown seem to be inconsistent
with the observation of a linear MR at low fields
and a nearly field-independent Hall coefficient up
to 100 kG.

Turning to measurements of the absolute value
of 8„, our results are given in Table I. Within

each orientation the magnitudes are in fairly close
agreement. In the [100] direction we find that R„
is about 4% greater than R„FE. For the [110]
direction the enhancement is 7 or 8%. One pos-
sible source of systematic error in the magnitude
of R~ is the sound-velocity measurement per-
formed by Marquardt and Trivisonno. These
workers claim for their results a precision of 1
or 2%. Since the sample thickness enters the ex-
pression for Rz guadratically [Eq. (9)], any er-
ror in the fast shear sound velocity will be re-
flected doubly in our values of 8&. However, it
should be noted that the ratio of R„in the [110]sam-
ples to R„ in the [100] samples is independent of
the sound velocity, since the [100] shear wave and
the [110]fast shear wave both correspond to par
ticle motion along a [100] axis. Thus, the ap-
parent anisotropy can be confirmed to a higher ac-
curacy than the absolute magnitude of RH in either

TABLE I. Measured absolute values of the Hall coefficient of potassium. All values were determined at a magnetic
field of 50 kG.

Sample

13
15
15
16
17
18
18
19
19
20
20
20

[110]
[110]
[110]
[110]
[100]
[100]
[100]
[100]
[100]
[100]
[100]
[100]

& (MHz)"

2. 0
7.0

10.0
6. 8
6. 0
3.3
7.3

10.0
12.0
2. 0
7. 8

12.5

d (mm) c

2.48
2.38
2.38
2.40
2.62
1.65
1.65
2. 825
2. 825
3.17
3.17
3.17

R~ {10-"m'/C)

4. 73
4. 79
4. 82
4. 80
4. 60
4. 74
4. 68
4. 65
4. 61
4, 60
4. 61
4. 65

RH -RH. zm x 100
RH FE

631

721

83
8
321

62
5

1
2

321

3—12
321

41

[kkl] represents the crystallographic indices of the
magnetic field and the sample normal.

"v is the approximate helicon frequency.
d is the sample thickness.
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crystal orientation.
Striking agreement with semiclassical theory

is observed in the temperature dependence of RH.
By performing the experiment on the same sample
and at the same frequency, resolution of better
than 0. 1% can be achieved since the only limiting
factors are the noise on the transmitted helicon
signal (see Fig. 4) and the reproducibility of the
field probe. The sample was cooled from 4. 2 to
2. 2 K. Although a significant decrease in thermal
scattering occurs with this temyerature variation,
no change in either the absolute value or field de-
pendence of R~ between 30 and 52 kG could be ob-
served to an accuracy of 0.05%. The galvanomag-
netic theory of LAK predicts that no field-inde-
pendent scattering process can influence the Hall
coefficient of a closed-orbit metal in the high-field
limit.

The interpretation of the absot. ute measurements
presented in Table I is somewhat clouded by the
relatively large uncertainty, perhaps 6 or 4%,
when one includes the probable error in the sound-
velocity (thickness) measurements. Nonetheless,
there seems to be a definite trend in the data in-
dicating an enhancement over R~ ~E of a few per-
cent, and therefore a departure from free-electron
theory. In this connection a sample of single-crys-
tal indium has been run to test the reliability of our
method. An average decrease in R„of about 1—,'/c
with increasing field is observed between 30 and
50 kG at several helicon frequencies. This field
dependence is in qualitative agreement with the
results of Garland and Bowers, using a dc tech-

nique. Micrometer calipers were used to obtain
the dimension of the randomly oriented single-
crystal sample, and the measured absolute value
of Rs is found to be (1.66+ 0.05) x 10 ' ms/C. The
high-field value for indium is 1.60x10 '0 ms/C.
It should be noted that the presence of open or hole-
like orbits in potassium would lead to a Hall co-
efficient that is larger than R»E by the fraction
of carriers in open orbits or by twice the fraction
of carriers in holelike orbits. Estimates of the
possible enhancement range from 10 to 15%. 2'3~

In conclusion, the current study has sought to
provide an accurate determination of the field de-
pendence and absolute value of RH in potassium,
while avoiding ambiguities of the low-frequency
helicon method and probe effects inherent in the
dc method. We have used the propagation charac-
teristics of high-frequency helicon waves to infer
the field dependence of R~ and, together with a
dimension measurement employing electromag-
netically generated ultrasound, the absolute value.
Our results with the static magnetic field directed
along a [100] and a [110]axis show no field depen-
dence in R„from 20 to 100 kG within the experi-
mental error of +0. 5%. In the absolute-value mea-
surements we find R„ to be larger than the free-
electron value for potassium by about 6 or 4% in
the [100] samples and by about 8% in the [110]
samples. While we feel confident that the absence
of a field dependence in the Hall coefficient rules
out magnetic breakdown as an explanation of the
linear magnetoresistance in potassium, the pos-
sible existence of open orbits cannot be rejected.
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An identity is proved that allows impurity scattering to be calculated in terms of partial waves
by using conventional band-structure programs. It is particularly simple when used in con-
junction with a phase-shift parametrization of the Fermi surface and it then conveniently
gives the average scattering as sampled by the de Haas-van Alphen effect. The technique is
illustrated by applying it to impurity scattering in copper.

There has recently been some interest in pa-
rametrizing Fermi surfaces with band-structure
calculations by adjusting the phase shifts, which
characterize the scattering of the muffin-tin poten-
tials, to obtain agreement with experimentally

measured areas. It has been demonstrated in some
detail that not only can an accurate fit to the
Fermi surface be obtained with the first few phase
shifts (3=0, 1, 2 in copper) but aiso the accuracy is
remarkably independent of the choice of the energy


