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The de Haas-van Alphen (dHvA) effect was used to measure the Fermi surfaces of pure
antimony and antimony alloys with up to 0.29-at. % tin. At the highest concentration, the hole
dHvA frequencies increased by 75% and the electron frequencies decreased to less than half of
the pure-antimony values. Cyclotron masses of electrons and holes at absolute frequency min-
ima increased and decreased for holes and electrons, respectively, giving a definite indica-
tion of nonparabolic conduction and valence bands. A comparison of the hole- and electron-
Fermi-surface volumes with the number of tin atoms added showed that one tin atom removes
one electron from the alloy as expected from the unit valence difference between antimony and
tin. This result corrects that found by other workers using different techniques. Extrapolation
of the hole and electron densities in the alloys indicates that the electron pocket will be empty
at -0.35-at. % tin while the hole pocket will disappear at about the same concentration of a
hexavalent element such as tellurium. The rigid-band predictions without any corrections for
changes of lattice parameter describe the observed frequency shifts quite well at low concen-
trations. At higher values there is a deviation caused by the mass and Fermi-surface-shape
changes. The Fermi-surface shape and cyclotron mass are also discussed in terms of a
band structure determined from the Falicov-Lin pseudopotential.

I. INTRODUCTION

Extensive studies of the Fermi surface of pure
antimony (Sb)~ ' considered in light of the pseudo-
potential band structure of Falicov and I in indi-
cate that there are three electron pockets centered
at the L point of the Brillouin zone along with six
hole pockets centered at II near the 7.

' point. Each
pocket is roughly ellipsoidal with deviations that
can be measured experimentally. ' ' There are
5. 5& 10' electrons/cm~ with an equal number of
holes. The present work explores the band struc-
ture near the Sb Fermi level by changing the Fermi
level by doping with tin (Sn).

The present work was undertaken to determine
how the Fermi surface of antimony alloyed with a
small amount of tin differed from the pure-antimony
Fermi surface and whether the differences observed
were in agreement with theories of alloying, par-
ticularly the rigid-band theory. Previously, gal-
vanomagnetic studies have been made on antimony
alloys with less than 0. 8-at. % tin3 and for concen-
trations between 2- and 8-at. % tin. Also Ishizawa
and Tanuma took de Haas-van Alphen (dHvA) mea-
surements on a 0. 1-at. %-tin alloy. These authors
indicated that the band shapes do not change greatly
with alloying. The Fermi surface increased and
decreased for holes and electrons, respectively.
However, such measurements were not very sensi-
tive to the detailed shape of the Fermi surface, in
contrast with the high sensitivity to shape of a de-
tailed dHvA experiment. This previous work sug-
gested that only 0. 3 electrons per atom were re-
moved by adding tin, a value much smaller than the

valence difference of one between antimony and tin.
Theoretically such a large discrepancy was not ex-
pected.

In the description of the experimental method in
Sec. II, attention is given to the care used in the
preparation and annealing of the alloys; it also de-
scribes a method of determining cyclotron mass
from Fourier components even with several dHvA

frequencies present. Experimental results in Sec.
III give dHvA frequencies and cyclotron masses for
directions in the trigonal-bisectrix and trigonal- bi-
nary planes of Sb and five alloys. In Sec. IV the
rigid-band model, changes in band shape with al-
loying, and nonrigid bands are discussed in sepa-
rate parts. Section V consists of a summary and
conclusions.

II. EXPERIMENTAL

The alloys were prepared from high-purity Sb
and Sn in a carbon-coated pycor tube. A horizontal
zone-leveling procedure' was used to mix the ele-
ments and grow large single crystals. Annealing
had a large effect on the dHvA frequencies. Unan-
nealed alloys showed a much smaller change of
dHvA frequency from pure Sb than annealed sam-
ples. A check of the frequencies after annealing
for one and two weeks indicated that one week was
sufficient for good solution of Sn in Sb. The alloys
for which results are reported were annealed for
one week at 600'C.

Single crystals were spark cut from ingots and
were oriented by x rays in the trigonal-binary and
trigonal-bisectrix plane. The samples were ana-
lyzed by atomic absorption which gave values of
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shown in Figs. 1(c) and 1(d). Fifteen to seventeen
values of temperatures between 4. 2 and 1.2 'K were
used to find a mass and Dingle temperature. The
concentration dependence of the cyclotron mass is
shown in Fig. 5.

Table I summarizes the data at important places
in the trigonal-binary and trigonal-bisectrix planes.
The hole mass increases with increasing concen-
tration while the electron mass decreases. The
Dingle temperature rises with concentration for
both holes and electrons. The frequency values of
pure Sb are in excellent agreement with Windmil-
ler's results, ' The mass values for Sb are a few
percent lower for both electron and holes.

IV. DISCUSSION

A. Rigid-Band Model

When a small number of impurities are added to
a pure metal, the rigid-band model assumes that
no change will occur in the band structure and
states that the electron concentration will be raised
or lowered by gt."X„where Z is the valence differ-
ence between host and impurity, C is the atomic
concentration of impurities, and No is the number
of host atoms per cm3. This can be expressed

FIG. 3. Principal hole frequencies vs field directions
in the binary- and bisectrix-trigonal planes for Sb and
Sb(Sn) alloys.

temperatures were found at the electron and hole
minima in the trigonal-bisectrix plane. Figure 2

shows a typical dHvA frequency versus angle plot
with harmonic and sum frequencies removed. Fig-
ures 3 and 4 show data of the principal branches of
holes and electrons, respectively, for the different
samples. The electron frequencies decrease to
less than half the Sb value while the hole frequen-
cies increase by V5% with the addition of 0. 29-at. /z

Sn. The surfaces are nearly ellipsoidal in shape,
as suggested by the data, but closer examination
indicates that the hole-surface maximum and mini-
mum in the trigonal-bisectrix plane are not 90
apart as required for an ellipsoid but actually are
95' apart. There is no significant shift of the tilt
angles of the Fermi-surface pockets with concen-
tration, but there is a slight change in the axial
ratio of the hole surface. The maximum-to-mini-
mum frequency ratio in the trigonal-bisectrix plane
decreases to 2. 8 at 0. 24-at. % Sn from the value
of 3. 2 in Sb. Our experiments were unable to re-
solve the higher-frequency regions of the electron
branches and no conclusions about the change of
shape of the electron pockets with alloying can be
made.

Each mass value is an average over field, as
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where A -Ao is the change of Fermi surface area
from the area Ao of the pure metal, and Fo and

nz~ are the dHvA frequency and cyclotron mass in
the pure metal. The cyclotron mass m* is defined
by

0.05-

0.04-

0,0 0.1 0,2 0.3 0.4 0.5
ATOM I C % Sn

In deriving Eq. (3), A -Ao and hE have been relat-
ed through Eq. (4). If m* is a function of Ez, Eq.
(3) is only approximately correct. If A -AD is ex-
panded in a Taylor series in E up to second order,
then

FIG. 5. Dependence of cyclotron mass on tin concentration
at electron and hole minima.

more exactly 2 by writing the change of Fermi en-
ergy 4E as

m = ZC/D, (E,),
where Do(E„) is the density of states in the pure
metal at the Fermi energy E~. It should be pointed
out that this expression assumes that 6E is small

mc mp inj'I+I (C))
he

FOLDO(E„)

2m)

where m" (C) is the mass of the alloy. If m*(C)
= m$, Heine's result [Eq. (3)] is obtained. The
* signs in Eqs. (3) and (5) indicate whether the
Fermi-surface area increases or decreases on al-
loying. We compare the rigid-band model with
experiment by plotting (F —Fo)/Fo against C and
rearranging Eq. (3) to give

(F —Fo)/Fo = 1.85 && 10 (Zm )C/Fo) .

TABLE I. dnvA frequencies, cyclotron masses, and Dingle temperatures in Sb-Sn alloys.

Tin concentration (at. lo)

Minimum electron
frequency (T) in
trigonal-bisectrix plane

Cyclotron-mass
electron minimum
(free-electron mass)

Dingle-temperature
electron minimum
('K)

Minimum hole
frequency {T) in
trigonal-bisectrix plane

Cyclotron-mass
hole minimum
(free-electron mass)

Dingle-temperature
hole minimum ('K)

Maximum hole
frequency {T) in
trigonal-bisectrix plane

Maximum hole
frequency (T) in
trigonal-binary plane

0.00

0.080

2.9

61.5

0.063

2.5

197

216

0.035

0.078

4.5

0.064

211

234

0.17

46.5

0.063

7.6

0.072

6.2

249

281

0.23

0.058

0.078

271

0.24

34

0.057

8.5

101

0.076

11.5

287

0.29

26

0.054

109

0.085
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FIG. 6. Comparison of observed relative frequency
shifts with rigid-band theory. Solid lines are calculated
from the simple rigid-band model of Eq. (3). Dashed
lines are predicted by the mass-dependent model, Eq.
(5).

A value of Do(E+) = 4. 6Vx 10 ~ (atom/eV) deter-
mined from the electronic specific-heat con-
stant~~'~4 was used. A plot of (F Fo)/Fp vs con-
centration is presented in Fig. 6 where the rigid-
band predictions of Ecl. (3) are shown by the solid
lines. The dashed lines are the results predicted

by the mass-dependent R of Eq. (5). The agree-
ment is quite good for the electron branch and at
the lower concentrations of the hole branch but
deviates somewhat for the three highest concentra-
tions of the hole branch. Part of this deviation is
due to the mass and shape change found for this
band.

The change of total carrier concentration was
calculated from the dHvA frequencies using the el-
lipsoidal approximation. For the hole surface, the
three extremal frequencies were found from the
data. For the electron surface, it was assumed
that the relative axial ratios remained the same as
in pure antimony so that the volume of the Fermi
surface could be scaled as the three-halves power
of the ratio of the minimum alloy and antimony fre-
quencies. Table II shows the carrier densities,
total change of carrier density, the number of tin
atoms added, and the ratio of the carrier-density
change to the tin density. The last row indicates
that all the tin atoms added are effective in chang-
ing the carrier concentration. The average value
of carrier-density change to tin-atom density is
1.02, quite close to the rigid-band prediction of
1.00. A combination of error in the tin concentra-
tions and the approximations made in calculating
the electron volume probably accounts for the ob-
served difference from 1. If the rigid-band mod-
el holds, the results suggest that the electron
pocket has been slightly underestimated in size,
indicating that the axial ratio increases slightly
with concentration. 3.'he fact that the number of
carriers agrees quite mell with the rigid-band
model implies that the deviation found in Fig. 6 is
caused by changes not accounted for by the simple
rigid-band model. It appears that Ishizawa and

Tanuma had less tin in their sample than they
thought because the change in frequency is too
small for their stated concentration according to
our results. Also, Epstein and Juretschkes found
that tin removes 0. 3 electrons per atom, less than
that found here. No evidence of an extra set of
holes as suggested by Saunders and Oktu was
found. This is not too surprising since the concen-
trations of our alloys were considerably less. Ex-
trapolation of our change of electron density with
alloying indicates that the electron pocket will be
empty at - 0. 35-at. % Sn. This contradict previous
workers'" who suggested from l to 2 at.% is re-
quired. Finally, when our results are extrapolated
to the case of antimony doped with atoms of valence
6 such as tellurium, it is suggested that the hole
carriers in the valence band will disappear at ap-
proximately 0. 35 at. %.

B. Band Shapes

TABLE II. Carrier densities in Sb-Sn alloys and change
of density from that of pure Sb.

Tin concentration (at. %) 0.00 0.035 0.17 0.23 0.24 0.29

Number of Sn atoms
(10i3 cm+) 0.0 1.2 5.7 7.'6 7.9 9.6
Number of electrons
(10'3 cm~)

Number of holes
0.0" cm~)

Total change
of carrier density
(10~ cm+)

Total change/
number of Sn atoms

5.55 4.74 3.11 2.08 l.96 1.58

5.52 6.18 8.19 9.61 10.2 11.1

1.44 5.08 7.53 8. 24 9.5

1.20 0.89 0.99 1.04 0.99

Three types of bands will be considered: the el-
lipsoidal-parabolic band, ' the ellipsoidal-nonpa-
rabolic Kane band, "and finally a pseudopotential
band.

The ellipsoidal-parabolic band has the well-.
known form (F. in Ry, k in a. u. )

k., k kgg

m& ma ms

which gives ellipsoidal Fermi surfaces and energy-
ind6pendent cyclotron masses. This band can be
taken as a first approximation to the actual Fermi
surface of Sb to describe the gross features. How-
ever, it does not predict any change of shape with
energy, observed nonellipsoidal behavior, or the
observed energy-dependent cyclotron mass. This
band does enable certain calculations to be made
easily, such as the carrier concentration, and will
be useful later in the calculation of the overlap of
energy bands.

The ellipsoidal-nonparabolic band has the form
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where E is the energy gap separating this band
from another band near it. If E, is large, it is ob-
vious that the ellipsoidal-parabolic band is re-
stored. However, in the case of Sb and its alloys,
there is reason to expect that both hole and electron
bands will interact with neighboring bands having
nearly the same energy. 6

The energy surfaces for this band are again el-
lipsoids but the cyclotron mass in now energy de-
pendent. The cyclotron mass for an orbit in the

xy plane is given by

m+ = m, (l+ 2E/E, ),
where m, is the band-edge mass. The cross-sec-
tional area is

A = wmg(l+ E/Eg)E .
Equations (6) and (7) can be combined to give

m*'= m,'+ (4/~)~ (m, /E, ) . (6)

Since A is directly proportional to the dHvA fre-
quency, Eq. (8) can be tested experimentally for
the electron and hole minima as shown in Fig. 7.
The fitted least-squares line has a negative inter-
cept for holes and a positive intercept for elec-
trons. The scatter of the data points gives little
meaning to the intercept value. The slope of the
lines is more accurately determined and gives a
value of the k ~ p matrix element E~ (= E,/m, ). The
matrix element is 7. 3 eV for holes and 5. 0 eV for
electrons. These values compare with 20 eV for
III-V semiconductors and 8 eV for bismuth-anti-
mony. " The ellipsoidal nonparabolic model de-
scribes the mass changes reasonably well and gives
some insight into the band interactions, but it can-
not explain the deviation from ellipticity or change
of axial ratio with concentration. To incorporate
these nonellipsoidal nonparabolic features in one

0 20 40 60 60 l00 l20
FREQUENCY {T)

FIG. 7. Square of the cyclotron mass of electrons and
holes as a function of dHvA frequency compared with
least-squares-fitted lines predicted by nonparabolic
bands.

model, we carried out pseudopotential band-struc-
ture calculations.

The pseudopotential model is based on the work
of Falicov and Lin for pure antimony, diagonaliz-
ing an 89&&89 determinant to find the Fermi surface
and energy bands. We used the same pseudopoten-
tial to examine the hole and electron Fermi sur-
faces in more detail,

A grid of points was chosen in k space around
each pocket center and energy values were found
for each point. Two examples of the grid in the
mirror plane are shown in Figs. 8 and 9. Since
the electron pocket has inversion symmetry only
half the surface is needed. The dividing line cor-
responds to the Brillouin-zone boundary. The hole
band is separated from a nearby band by the spin-
orbit interaction with a spin-orbit constant of 0.02
Ry. Other grids parallel to the ones shown were
obtained to describe the Fermi surface away from
the mirror plane. Both surfaces are approximately
ellipsoidal, as expected. More exact comparisons
were made by expanding the energy E in a power
series in k up to fourth order and fitting this series
to the grid points. In this wa~cross-sectional
areas and cyclotron masses were calculated nu-.
merically for any orientation. Fourteen parameters
were used to describe the electron surface and 22
for the hole surface The extremal hole surface
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FIG. 8. Pseudopotential-hole-energy grid in the trigonal-
bisectrix mirror plane.
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areas are not central and a search was made for
the maximum area corresponding to the dHvA fre-
quency. The results are summarized in Table III.
The Fermi energy E~ is referred to the band edge,
and concentrations were estimated from a compari-
son of the calculated minimum areas with the data.
The alloy calculations were made by changing the
Fermi energy to fit measured dHvA frequencies.
This is using a rigid-band approach to alloying.

The theoretical hole surface does not describe the
observed surface very well. The theoretical fre-
quency ratios are too large, making the calculated
carrier density 25% too large. The calculated
masses are twice the observed values and do not
show much change with concentration. The model
does predict a shape change of nearly the percent-
age found from the data.

The theoretical electron surface agrees more
closely. The masses are nearly the right size and
show the downward trend with concentration found
experimentally. The frequency ratio increases
very slightly with concentration. In Falicov and
Lin's original paper, it was noted that the electron
surface was described much better by the pseudo-
potential than was the hole surface. Part of this is
attributed to the difficulties of calculation when the
pocket has no inversion symmetry.

C. Nonrigid Bands

We have investigated some possibilities for non-
rigid bands. The ellipsoidal-parabolic model was
used to estimate the band overlap energy E0 defined
as the sum of the hole and electron Fermi ener-
gies. E0 is constant within experimental error for
all the alloys with a value of 0. 016 Ry, indicating
that the bands are rigid. This value compares fav-
orably with 0.013 Ry found from the pseudopoten-
tial calculations.

The energy shifts of the centers of the pseudopo-
tential bands were calculated allowing for changes
of lattice constant and pseudopotential on alloying
to check the rigid-band model in the pseudopoten-
tial calculation. The alloy lattice constants were

TABLE III. Results of a pseudopotential calculation
of the Fermi surface of Sb and Sb (Sn) alloys in the tri-
gonal-bisectrix plane.

Tin concentration

Fermi energy (Ry)

Minimum frequency (T)

Holes
0.00 0.23

0.003 0.006

57 95

Electrons
0.00 0.23

0.010 0.006

68.5 37

Maximum frequency (T) 248 375 427

Cyclotron mass at
minimum (re*/nf. )

Ratio of theoretical
maximum and minimum

frequency

Ratio of observed
maximum and minimum
frequency

0.14

4.4

3.2

0.13

4.0

2.8

0.073

6.2

0.060

6.3

taken from Refs. 20 and 21 except for the internal
displacement parameter which was estimated from
Ref, 22. The energy shifts found were -0.0008
Ry jat. % Sn. These are insignificant for concentra-
tions of 0. 8 at. % or less.

A final comparison was made with the scattering
theory of Soven. ~ We calculated the difference po-
tential from the pseudopotentials of Sb and Sn and
estimated the s-wave phase shift 50 from the Born
approximation and a numerical solution of the scat-
tering equation. Our value of 50=0. 1 with Soven's
results predicts a 20% reduction in Fermi energy
from the rigid-band prediction. This reduction
was not observed.

V. SUMMARY AND CONCLUSIONS

The hole and electron energy bands of pure antimony
and antimony-tin alloys with up to 0. 29-at. %Sn have
been studied using the dHvA effect. At the highest con-
centration, the hole frequencies increased by 75%
over the pure-antimony values while the electron
frequencies were reduced to less than half their
original sizes. The cyclotron masses were found
from the temperature dependence of the amplitude
at the principal hole-and electron-branch minima.

ELECTRONS
Mirror Plane

0.04- Energy in millirydbergs
x898 x898 x898

&x 896 x 8g5 x 892 x89& x 896 x 897
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x 898~x893 g@88 x85sx887 x 888~889 x 89Q
x 895 x 890~x885 x 885 x 885 x 885

0.00— ~x 893 ~xssexQ88 x 885 x 88q

x 897-0.02—

FIG. 9. Pseudopotential-electron-
energy grid inside the Brillouin-zone
boundary in the trigonal-bisectrix
mirror plane.
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The hole mass increased by 35% while the electron
mass decreased by about 32%. This gives a direct
indication of nonparabolic conduction Rnd valence
bands. The Dingle temperature increased by a fac-
tox' of 3 Rbove the pure-antimony vRlue of 2, 5 K.
The increase is roughly linear with concentration.
The rigid-band predictions without any cox'rections
for changes in lattice parameter describe the ob-
sexved frequency shifts quite well at low concen-
trations. At higher values there i.s a deviation
caused by the mass and Fermi-surface shape
change. Estimates of the Fermi-surface volume
allow us to find the hole and electron carrier con-
centrations in each alloy. The results show that
each tin atom removes one electron from the alloy.
This value is in agreement with the valence differ-
ence between Sb and Sn and is greatex' than that
found by previous wox'kers. U the electron and
hole carrier densities are extrapolated to higher
Sn concentrations oux' data suggest that the electron
pocket disappears at - 0. 35-at. % Sn while the hoie
pocket disappears at -. 0. 35 at. % of a hexavalent
element such as tellurium.

Vaxious features of the data have been related to
different band models. A Kane ellipsoidal-nonpa-
rabolic band was used to describe the mass change
with concentration. The k p matrix element de-
duced from the data was 7. 3 eV for holes and 5.0
eV for electrons. The mass and shape changes
were compared with the Falicov-Lin band-struc-
ture calculation in pure antimony. The electron
band of the alloy is much better described by this
model than is the hole band. A calculation based
on the ellipsoidal-parabolic model indicates that
the band overlap is constant throughout out concen-
tration range. An estimate of the scattering phase
shift was found from the pseudopotential difference
of antimony and tin and was used to predict the de-
viation from rigid-band behavior as calculated by
Soven. The theoretical deviation was larger than
that observed experimentally.
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