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A simple theory is developed to study the influence of grain boundaries and lattice defects on the

optical properties of metals. It is shown that even for well-annealed thin-film samples the influence of
grain boundaries on the optical properties is not negligible when the reflectivity is high. The model is

used to show that the anomalous absorptivity in alkali-metal films evaporated onto cold substrates

recently reported by Palmer and Schnatterly is due predominantly to a plasma resonance in the grain

boundaries. It is also found that the non-Drude behavior of Ag in the visible and the supplementary

absorption in poorly crystallized Au films, observed by Devant and Theye, most probably is due to
such plasma resonances in the grain boundaries.

I. INTRODUCTION

Optical measurements have been used extensively
as a tool for investigating the electronic structure
of matter for many decades-and the interest in
such measurements has been particularly strong in
recent years. These measurements have been
helpful in establishing values of parameters used
in band-structure calculations.

The optical properties are often sensitive to the
sample structure. Two types of samples are used
in optical measurements: bulk crystals (often sin-
gle crystals) and evaporated films. The former,
prepared by mechanical- and electrical-polishing
techniques, will always have scratches, bumps, and
pits in the surface and these will influence the mea-
surements. These types of sample imperfections
have been studied extensively over the last few

years. Thin evaporated films consist of small
crystallites of diameter generally less than 1 p, .
These crystallites are often randomly oriented;
there are dislocations, lattice vacancies, and other
defects along the grain boundaries. Little has been
done to study the influence of the crystallite struc-
ture on the optical properties but, as shown by De-
vant and Theye, ' the optical properties may depend
dramatically upon the sample structure.

In this paper the influence of grain boundaries on
the optical properties of some metals is examined
using a simple model. In Sec. II the model is out-
lined and in Sec. III a simple theory is presented.
In Sec. IV the general effects caused by grain
boundaries and sample imperfections for the met-
als K, Ag, and Au are discussed. An attempt is
made to estimate the minimum grain size necessary
to give essentially bulk conditions. What effects
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FIG. 1. Grain structure of a typical thin-film sample.
The ellipsoids used in the model calculations are indi-
cated along a fear grain boundaries.

might be expected in samples which have very
small grains and large amounts of crystal imper-
fections are also studied. Finally, in Sec. V it is
shown that several effects observed by previous
authors and hitherto unexplained can be understood
in terms of sample imperfections.

II. THE MODEL

The dielectric constant of the material in the el-
lipsoids was assumed to differ from the bulk di-
electric constant only in the Drude part. The grain
boundary provides additional scattering, hence the
lifetime of electrons near the boundary will be
shorter than in the bulk material. It is not known
if the scattering by the grain boundary is complete-
ly diffuse or not. Throughout the calculations it
was therefore arbitrarily assumed that about half
of the electrons were diffusely scattered, the rest
being specularly scattered by the boundary or
transmitted without scattering.

Dislocations, voids, and other defects along the
grain boundaries will make the electron density dif-
ferent from that of the bulk material —hence the
plasma frequency of the material in the ellipsoids
was assumed to be different from the bulk-material
plasma frequency. This plasma frequency will
vary from grain to grain and the variation was rep-
resented by a distribution function of plasma fre-
quencies g(u&~) which was taken to be Gaussian.
For lack of knowledge, the Gaussian was always
centered at the plasma frequency of the bulk mate-
rial and its width is a measure of how large density
variations are found along the grain boundaries.
Such density variations are illustrated in Fig. 2
which shows the lattice structure near a grain
boundary, Small voids in the lattice still have a
finite electro~ density. If the smallest dimension
of a void is only a few angstroms, the electron den-
sity may easily be 25%%uo of the average electron den-
sity. (This has been ignored in a recent paper by
Galeener treating the resonant absorption in mi-
croscopic voids in amorphous Ge. ) Such voids rep-
resent the largest variation of the electron density

The model taken for the grain boundaries was a,

disordered array of polarizable scatterers embedded
in a homogeneous medium. The grain boundaries
were represented as flat ellipsoidal disks with a
dielectric constant different from that of the bulk
material. The ellipsoids were embedded with their
short axis parallel to the sample surface, but had,
apart from that, a random orientation. The thick-
ness of the disks was taken to be 10 A; i, e. , a few
times a typical screening distance. The other di-
mensions were determined by the average grain size
in the material. This can vary from typically a
hundred angstroms along the sample surface to a
few thousand angstroms, depending upon preparation
method and sa.mple quality. The depth of the ellip-
soids was taken to be a few hundred angstroms
(i. e. , of the order of a typical skin depth). This
is illustrated in Fig. 1 which shows the crystallite
structure of a typical thin-film sample. A few of
the ellipsoids representing the grain boundaries in
the model are drawn in as illustration.

FIG. 2. Possible lattice structure near a grain
boundary.
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and in the calculations the variation of the plasma
frequency was restricted to a region which was
chosen to be + —,

'
(d~ around the plasma frequency of

the bulk material; i.e. , the Gaussian distribution
function was cut off at ~~+ —,

' ~~. The dielectric
constant of the material representing the grain
boundary was then obtained by changing the Drude
part of the dielectric constant of the bulk material
to that appropriate to the plasmon frequency and

lifetime of electrons near the grain boundary. The
interband part of the dielectric constant was not
changed. Since the electron density changes, the
interband part will also obviously change. Hence
the results apply mostly to the intraband region.
As will be shown later, though, this is where one
finds the largest and most prominent effects.

The ellipsoids were assumed to have sharp
boundaries. This was probably not too serious an
assumption. A continuously varying density in the
ellipsoids would broaden resonance structures but
the main effects would remain.

The results obtained with this model were not
particular to the choice of model. Representing
the grain boundaries as a thin spherical shell of
grain-boundary material in an otherwise uniform
medium gave nearly identical results as those pre-
sented below as long as the thickness of the shell
was much smaller than the diameter of the grain.

III. THEORY

The theory presented here is an extension of the
theory developed previously for the ref lectivity of
a model rough surface by Hunderi and Beaglehole. 4

There we considered a model with small spheres
located just above the surface of a metal. Here
one considers a random array of ellipsoids embed-
ded in the material below the surface.

If a polarizable scatterer is illuminated by a
plane wave propagating along the g direction in a
medium of dielectric constant q (refractive index
N),

e-SNiff. +2 Cvt

by the dipole approximation'

S(v) = ik'N' n,

where a is the electrostatic polarizability of the
particle. Inserting this into (3) one obtains

u = —upwGp (5)

1 E~ —6 E~ —6
(7)2 E+ (&~ —&)Lg e+ (E~ —e)L2

Lj and L2 are the depolarization factors for light
polarized along the two major axes parallel to the
sample surface. V& is the fractional volume of the
sample occupied by the ellipsoids. Note that one
major axis of the ellipsoids was assumed always
to be oriented normally to the sample surface and
thus along the direction of the incident light.

When light is incident normally upon a sample
containing a fractional volume V& of such ellipsoids,
the ref lectivity is found by summing all the
reflected waves. Taking multiple reflections be-
tween the scatterers and the sample surface into
account, but neglecting multiple scatterings be-
tween the ellipsoids, one obtains for the reflec-
tivity R,

R = (r+ r, )/(1+ r, r)
~

(6)

with r= (1 —N)/(1+N) and r, = ——,
'

Vfnf. Thus

For nonspherical particles, n is polarization
dependent. For light polarized along one of the
major axes of an ellipsoid, n is determined by the
depolarization factor L; along that axis and is
given by'

V
CV ~ =

4w e + (fg —e)L,

V is the volume of the ellipsoid and &, is the di-
electric constant of the material in the ellipsoid.
For randomly oriented ellipsoids, Eg. (5) takes
the form

1u = —up —,V~o'f up Q Uy',

u=S(8, y)e ' "' '"/¹kr (2)

the scattered wave is a spherical outgoing wave,
1 —~ Vfnf [(1+N)/(1 —N)] l 2' 1 —~Vfnf [(1 N)/(1+N)]

l

(9)

Assume the half-space z & 0 filled with particles
which are all identical and all identically oriented.
Summing over the scattered fields from all scat-
terers, the total amplitude of the backscattered
wave becomes, neglecting near-field effects,

u = u (m/iN k )p S(w) .

Here p is the density of scatterers. This is the
usual Fresnel expression modified to account for
the absorption by the surrounding medium which
gives an extra factor 1/2Ni.

To first order the amplitude functionS(v) is given

which to first order gives for the ref lectivity

R=RO(1-2Re(Vfnf[N/(I ')]N])-
Here R~ is the ref lectivity of the sample in the ab-
sence of scatterers.

Equation (9) can easily be inverted to give the ef-
fective dielectric constant &„

= e[(l+& Vf f I/(1 —~ Uf f)] (11)

To first order this is the same as the Sillars-
Clausius -Mosotti equation
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e~ = t(1+ Vyo!g),

but the author feels that Eq. (9) is a better approx-
imation to the ref lectivity in the high-ref lectivity
regs. on since it takes multiple scatterings between
the sample surface and the ellipsoids into account.

Multiple scatterings between the ellipsoids can
be taken into account by considering one ellipsoid
to be in an effective field generated by all the other
ellipsoids. ~

u& in (11)would then be given by

e~ -e~ e~ t~ -(
)

2 fg+ (e~ —eI, )Lg 6g+ (e~ —eg)L2

and e, in Eq. (11) could be calculated by successive
approximations.

When one has more than one type of particle, the
term V&n& is substituted by a sum V&g; g&n&. V& is
the total fractional volume occupied by ellipsoids,

g& is the fraction of ellipsoids of type i and Q.& is
the polarizability of particles of type i.

Expression (9) has been used to calculate the in-
fluence of grain boundaries, represented as flat el-
lipsoidal disks, on the ref lectivity of some noble
metals (Au and Ag) and some alkali metals (Na and

K). One has thus neglected multiple scatterings
between the ellipsoids. The results are discussed
in Sec. IV

In these calculations, all the ellipsoids represent-
ing the grain boundaries in a particular sample
were assumed to be of the same shape; i.e. , have
the same L& and L2. As discussed in Sec. II, the
dielectric constant of the material in the particles
varied according to the distribution function of plas-
mon frequencies g(~~~) .

IV. GENERAL RESULTS

In this section some general results for the re-
flectivity change of samples containing grain bound-
aries and lattice imperfections are presented after
first discussing the parameters entering into the
calculations.

There are three independent parameters in these
calculations: the average grain size in the sample,
the lifetime, and the width W of the distribution of
plasmon frequencies for electrons in the grain-
boundary material. If the average grain size is
given, the depolarization factors L& and Lz and the
volume fraction V& are also determined, since the
short axis of the grain-boundary ellipsoids was
kept constant (10 A).

Flat ellipsoidal disks have a depolarization fac-
tor L&= 1 for a field perpendicular to their plane
and L2= 0 for a field in their plane. Strongly elon-
gated spheroids (needles) have Lq=0 along their
length and Lz= —,' across. Spheres have L&= L2 3 .
Ellipsoids which are 10 A wide, 500 A long, and
200 A deep have L,=0. 93 for a field perpendicular
to their plane and Lz= 0.02 along their longest axis.

Round disks 10 A thick and 100 A in diameter have
L&=0. 84 and L2=0. 08. A long ellipsoidal disk
10 A thick, 200 A deep, with a length larger than
2000 A has Lj=0. 95 for a field along its short axis
and L~= 0 along the longer axis. The values of L&

and L~ have been calculated using the approximate
formulas in Ref. 5. It is interesting to notice that
a narrow range of values of the depolarization fac-
tors (0. 8& L&&0.95, 0. 0& Lz&0. 1) covers all rea-
sonable shapes of ellipsoids representing the grain
boundaries.

The volume fraction U& is inversely proportional
to the average grain diameter. V& is about 0. 2 for
an average grain diameter of 100 A and 0. 01 for a
grain diameter of 2000 A. The typical volume
fraction was obtained for a well-annealed gold film
from an electron micrograph of the film. ' With
10-A-thick disks along the grain boundaries the
fractional volume occupied by grain- boundary ma-
terial was found to be 0.01.

Throughout these calculations the mean lifetime
of electrons in the grain-boundary ellipsoids was
taken to be 2. 2&&10 ' sec. For gold this corre-
sponds to a mean free path of 30 A. If a fraction
p of the electrons is diffusely scattered by the

0
grain boundary, 30-A mean free path corresponds
to p= 0. 5.

The calculations were done for three values of
These were W= 0, 4+~, and —,'w~, respectively.

Since the variations of the plasma frequency were
restricted to the range + —,'&~ around (d~, a width of
—,'(d~ may seem unreasonable. It corresponds to a
sample with a large amount of lattice voids.
Smoothing out the sharp cutoff of the distribution
function, however, or including larger variations
in the plasma frequency near the grain boundaries,
has no effect on the general conclusions which we
draw from these calculations.

A. Alkali Metals

In Fig. 3 the relative change in the ref lectivity,
nR/Ro, due to grain boundaries is plotted versus
wavelength for a potassium sample. bR is equal
to 8 -Ro, where 8 and Bo are the ref lectivity with
and without grain boundaries, respectively. The
parameters L, and L2 are characteristic of a well-
annealed sample and the volume fraction is nomi-
nally set at 0.01. For the dielectric constant the
values recently published by Palmer et al. 8 (which
in fact are the values for a sample with grain
boundaries) were used. We see a broad resonance
for W= 2. 0 eV and W= 1.0 eV in the region 0.35-
0. 60 p, with a weak additional structure at 0. 35 p. .
The maximum change in ref lectivity shifts to lower
wavelengths as W is decreased and approaches the
plasma frequency ~~ when W approaches zero. In
Figs. 4 and 5 the relative change in ref lectivity is
plotted versus wavelength for a potassium sample
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10—3dR
Ro

0,7
I

0.6 0.

0
I I

TABLE I. The error in 1 Rp due to a fractional
volume 0.01 of grain boundaries for one wavelength
near resonance and one wavelength well below resonance.

-2—
K

~=1 eV

~ (v) (1o-')
1-Rp

Ag
W=2 eV

X (p) (10-2)
1-Rp

Au
8 =2eV

& (p) (1o-')
1-Rp

0.45
0. 70

5, 5
6.2

0.40
0. 80

7.6
3.5

0. 58
0. 80

2.2
4.9

-6—

-10—

L,, = 0.95

-12—

FIG. 3. Calculated relative change in the reflectivity
~/Rp for .potassium plotted vs wavelength for three
values of W. The depolarization factors L& and L2 are
typical of a well-annealed sample and V&=0. 01.

0
with L& and L& characteristic of 500-A grain size
in Fig. 4 and 100-A grain size in Fig. 5. In boih
cases the volume fraction of ellipsoids was nomi-
nally set to 0.01. Again there is a broad reso-
nance in the region 0.35-0.60 p. , but now we see a
second resonance emerge at 0. 325 p., i. e. , just
below the plasma frequency in potassium. The
iong-wavelength resonances shift towards shorter
wavelengths as L& is decreased and La is in-
creased. The short-wavelength resonances shift
in the opposite direction.

The nature of these resonances is easy to under-

stand, Assume at first L&=1, L~=0. This corre-
sponds to a thin parallel slab of grain-boundary
material embedded in the sample normally to the
surface. As is well known, 9 a component of the
electric field normal to the surface of a very thin
slab will excite a plasma oscillation in the slab
when ~ = co~-the bulk-plasmon frequency of the mate-
rial in the slab, irrespective of the dielectric con-
stant of the surrounding medium. When L,c 1 the
resonance condition depends upon the surrounding
medium, but the nature of the resonance is essen-
tially unchanged. Both resonances in Figs. 3-5
are plasma resonances excited by light polarized
along the two main axes of the ellipsoids parallel
to the surface, respectively. The positions of the
resonances are remarkably insensitive to the shape
of the ellipsoids.

When Ro approaches unity, && is proportional to
1-Ro. The error in 1-R0 due to a fractional vol-
ume 0. 01 of grain boundaries is given in Table I.
V& = 0. 01 was what one found for a typical well-an-
nealed gold film by direct measurement. The er-
ror in 1-Ro and thus in qz is not negligible. If one
increased the lifetime of electrons near the grain
boundaries the error far away from the plasmares-

10 dR
Ro

-2—

0
I I

103 dR
Rp

-2

0.7 0.6 0.5

-1

I

0.4

0
I I

~A [p]

-4

-6—

-8—

-10—

L, = 0.90
L2 = 0.018

-10

L, =0.84
L2

= 0.08

W=2eV

-12

FIG. 4. Calculated relative change in the reflectivity
bB/Rp for potassium plotted vs wavelength for two values
of W. The depolarization factors L~ and L2 are typical
of 500-A grains and v& ——0.01.

FIG. 5. Calculated relative change in the reflectivity
~/Rp for potassium plotted vs wavelength for two values
of W. The depolarization factors L& and L2 are typical
of 100-A grains and V&= 0.01.
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103 IR
Ro

10—
L1 = 0.95
L2

= 0.0

1—0.V. ——0.6

W = 0.001eV

-10 glit i-
40~ 0.3 0.2

2ev .
~

"[8)

W =5eY

FIG. 6. Calculated relative change in the reflectivity
~/Ro for silver plotted vs wavelength for three values
of 8'. The depolarization factors I.1 and L2 are typical
of a well-annealed sample and V&=0. 01.

onances would decrease but the error at resonance
would increase. Decreasing 5'decreases the error
at resonance, However„ there is reason to believe
that even in well-annealed samples, relatively
large variations in the electron density near the
grain boundary may still occur (see Sec. V). Un-

fortunately, the maximum change in &~ occurs in
the interband region of potassium and may easily be
mistaken for interband structure. One concludes
that the minimum grain size necessary to give bulk
conditions, defined as an error in qa of less than
1/p, is about 1.2 p, .

B. Noble Metals

Figure 6 shows the relative change inreflectivity,
bR /RO, for a silver sample as a function of wave-
length for different values of the parameter 5'.
The parameters I., and I & are characteristic of a
well-annealed sample (grain diameter & 0. 2 g).
The volume fraction has again nominally been set
to 0.01. For the dielectric constant of the noble
metals the values obtained by Beaglehole and Erl-
bach'o were used. The results are similar to those
found ln potRssiuIQ. %6 obsex've plRSIQR x'eso-
nances —a broad structure in the visible and near
uv for the two values of 8'40 with an additional
weak structure at 0, 335 p, just below the plasma
frequency ~~ in silver. For 8'= 0 the only struc-
ture is at 0. 335 p. AR/Ro changes sign in silver
This happens near the interband edge where dR/de,
changes sign from negative to positive. The sharp
positive stxucture at 0. 320 p, arises from the divis-
ion by Ro.

When L3 becomes finite a second resonance
emerges below ~~ just as for potassium. This is
shown in Fig. f where AR/R~ is plotted as a func-
tion of wavelength with I.j and L2 characteristic of
100-A grain size and with V&= 0.01. As in potas-
sium we see that the position of the resonances is
not vex'y sensitive to the shRpe of the ellipsoids.
For 8'= 1 eV one finds two peaks if ~R is plotted
instead of AR/Ro.

In Figs. 8 and 9 the relative change in ref lectivity
in gold due to grain boundaries is plotted for the
same set of parameters as in Pigs. 6 and 7 above.
The plasmons are strongly damped in the interband
region in gold and the maximum change occurs just

10—3bR
Ro

103 hR
Ro

L1 =0.84
L, =0.08

0.6 —0,5

-10
i

0.3 0.2
A [p]

xp,5

L, =0.95
L, = 0.0

--0-
i/I
I o~ 0.3 0.2

&[~]

FIG. 7. Calculated relative change in the reflectivity
~/Ro for silver plotted vs wavelength for two values of
TV. The depolarization factors I.

&
and 1.2 are typical of

100-A grains and V&
——0.01.

FlG. 8. Calculated relative change in the reflectivity
~/Ao for goM plotted vs wavelength for three values
of 8'. The depolarization factors I

&
and I-2 are typical

of a well-annealed sample and V&=0. 01.
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10—3b, R

o

3

L1 = 0.84
L2 0.08

0.7 0.6 0.5 0.4

"2

&3

FIG. 9. Calculated relative change in the reflectivity
~/Ro for gold plotted vs wavelength for two values of
O'. The depolarization factors are typical of 100-A. grains
and V&=0. 01.

In this section a few experimental observations
reported in the literature which the author feels can
be explained in terms of this model are discussed.

below the interband edge. 4R/Ro changes sign at
the interband edge as in silver, when dR/dna
changes sign. Since the calculations only take the
change of the Drude part into account, the results
in the interband region are of limited validity. A

local change in the electron density will also lead
to a change in the interband part of &. That, how-
ever, is outside the scope of these calculations.

From Figs. 6-9, the minimum grain size neces-
sary to give bulk conditions defined as above was
estimated to be about 1.5 p. in silver and 1.0 p, in gold.

V. COMPARISON WITH OTHER WORK

A. Alkali Metals

In a recent paper Palmer and Schnatterly ob-
served a large anomalous decrease in the reflec-
tivity of potassium and sodium below the ylasmon
edge when the metals were evaporated onto a cold
substrate. It disappeared when the samples were
annealed at room temperature and did not reappear
upon recooling. The anomalous absorption was at-
tributed to the excitation of surface plasmons which
coupled to the incident field via surface roughness.
They concluded that the surface roughness disap-
peared during annealing. This is, however, con-
trary to the author's experience with silver. '~

There, annealing of the film at high temperatures
(T = 500 C) produces roughness instead of remov-
ing it.

To explain the Palmer-Schnatterly data required
a rms surface roughness of 50 A. The scalar
scattering theory then predicts a total nonspecular
scattering of 1.6/p at 0. 5 p, and 2. 5% at 0.4 p, . '
In practice, the scattering would be even larger
due to plasmon reradiation. This should be clearly
observable with the eye. The calculations of a rms

0
roughness of 50 A is very approximate, and the
value could be a factor of 3 lower. This should
still be discernible with a strong lamp, but no
scattering was observed at all.

The same type of anomalous absorption has re-
cently been observed by Hunderi and Myers' in
silver films deposited onto cold substrates. Again
no appreciable amount of nonspecularly reflected
light was observed. Silver is well known to give
smooth films at room temperature and the author
sees no reason to expect a rough surface at lower
temperatures. Furthermore, in silver the maxi-
mum anomalous absorption occurred at a frequency
which was clearly separated from the surface plas-

-10 dRs -10 MRS

12—

10—

FIG. 10. Experimental change in
the reflectivity of s-polarized light
from annealing, ~„plotted vs energy
for potassium and sodium. The
angle of incidence was 45' and the
sample temperature was 77K (after
Palmer and Schnatterly, Hef. 8).

I

4
E (ev)

4
E {eV)
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FIG. 13. Derivative of the imagi-
nary part of the dielectric constant,
d&2/dE, at 77 K for silver plotted vs
energy (after Welkowsky and Braun-
stein; Ref. 17).
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sium and 4. 1 eV in sodium. Density fluctuations
will provide a coupling mechanism between surface
plasmons and an electromagnetic wave. ~4 Surface
plasmons are excited when &&= —l. In potassium
this happens at 2. 9 eV and in sodium at 3.89 eV.
This is close to where structure is observed and
surface-plasmon excitation may account for the
structure. In the present model this corresponds
to magnetic-dipole terms, which would give addi-
tional structure to the peak if included in the calcu-
lations.

Recently, additional structure has also been ob-
served in the plasmon absorption of p-polarized
light incident on very thin films. This is due to
the excitation of longitudinal plasmons. Similar
structure might also occur in the grain-boundary
plasma resonances.

B. Silver

The general behavior of the ref lectivity of silver
predicted by Fig. 6 for 5'= 5 eV is often observed
experimentally. Even well-annealed films some-
times show a small decrease in the ref lectivity in
the region 0.35-0.45 p, with a subsequent increase
for longer wavelengths. '

A very sensitive way to detect small structures
in the ref lectivity is wavelength-modulation spec-
troscopy. The non-Drude behavior of silver films
has been studied in this way by Welkowsky and
Braunstein. 7 Their result for the energy deriva-
tive of the imaginary part of the dielectric con-
stant, de&/dE, is reproduced in Fig. 13. Three
structures are observed in addition to the inter-
band structure at 3. 9 eV. One of these (at 3.3 eV)
is a result of the interaction of light with surface

plasmons; the coupling mechanism being provided
by surface roughness. Welkowski and Braunstein
suggested that the structure at 3.77 eV arose from
the splitting of the interband edge in silver. This
does not agree with recent measurements by Lil-
3enwall and Mathewson, ' who were able to sepa-
rate the edges clearly by measuring e& at different
temperatures.

The structure in de&/dE at 2. 25 and 3. Iv eV can
be interpreted as arising from grain-boundary
plasma absorption. In Fig. 14, nezfrom Eg. (12)
is plotted with Vzc z substituted by Vg, gzo. z and
with L, ,= 0. 95 and L~= 0. 025. V& has nominally
been set to 0. 01. In the calculations there is an
additional Drude background not included in the
Welkowsky-Braunstein results. Subtracting the
Drude background gave two maxima in d&2/dE, one

-10 hE2

4—
Lt = 0.9
L2 = 0.0
W=5e

4 E (eV)

FIG. 14. Calculated change in the imaginary part of
the dielectric constant for silver, 6&2, plotted vs energy;
Vg =0.01.
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orated onto substrates at room temperature, large
density variations may be found along the grain
boundaries.

C. Gold

In poorly crystallized gold films an additional
absorption band centered at 1.35 eV and of half-
width 0. 44 eV was observed by Devant and Theye. '
This additional absorption band probably arises
from plasma resonances along the grain bound-
aries. The change in &~ from such resonances was
calculated using Eq. (12) with V&n& substituted by

V&gg&n&. The total change in e~ was split into a
Drude part and an anomalous-absorption part. The
result is shown in Fig. 15, where the two contribu-
tions to the change in &~ are plotted versus energy.
We observe an additional absorption band centered
at I.6 eV and of half-width 0. 5 eV. The predicted
magnitude of the additional absorption is somewhat
small, which shows that the original choice of the
scattering parameter p = 0. 5 was probably an over-
estimate.

VI. SUMMARY

FIG. 15. Calculated change in the imaginary part of
the dielectric constant for gold, b,&2, divided into a
Drude part (dashed line) and an anomalous-absorption
part (solid line) plotted vs energy; V&=0. 01.

at 2. 4 and one at 3. 75 eV. The magnitude of
degdE at 2. 4 ev was 0. 16 ev ' for V& = 0. 01 and
about five times less at 3. 75 eV. Experimental-
ly, the low-energy maximum in d&z/dE was 0. 55
eV ', so V&= 0. 034 gave the correct magnitude.
The samples used in the experiment were evapo-
rated onto substrates at room temperature but not
annealed at higher temperatures, so V&= 0. 034
does not seem unreasonable.

Throughout these calculations the room-temper-
ature values of the dielectric constants were used.
It should be noted that the experiment was per-
formed at 80 K and the value of V&= 0. 034 is there-
fore probably an overestimate. Decreasing the
temperature decreases q~ both in the bulk and in
the grain boundary and hence increases the grain-
boundary resonance.

These results indicate that even in samples evap-

This approach to the interaction of light with
samples containing grain boundaries correctly pre-
dicts several experimental observations. The
large value of W necessary to fit theory and exper-
iment may seem unreasonable to some. A good
description of the experimental facts could have
been obtained with smaller values for S' if the
average electron density near the grain boundaries
was smaller than the bulk density. Experimental
observations in this laboratory ~ (Chalmers Uni-
versity of Technology) indicate that this may be the
case. The observed plasmon frequency in samples
with small grains are found to be much smaller
than the plasmon frequency in well-annealed sam-
ples.
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The zero-magnetic-field energy-band structure of the midplane of the second band of zinc is Fourier

analyzed and the coefficients K(R) are used to construct the magnetic effective Hamiltonian H(n)
= ZR E.(R) exp(i R ' n'/h) (m = p+ eA/c). This effective Hamiltonian is cast into the form of a matrix

operator, and the eigenvalues are computed by numerical means for a range of magnetic fields. These exact
solutions of the effective Hamiltonian display characteristics which can be compared with semiclassical

results. The energy levels of the effective Hamiltonian form bands in a "magnetic zone" which is a zone in

reciprocal space much smaller than the Brillouin zone. Within a magnetic zone the wave function and

energy are functions of a vector q which is in many respects similar to the zero-field wave vector k. These
magnetic bands can be associated with Landau levels corresponding to circular, lens, or triangle shaped
contours, and as the magnetic field is varied the energies of the magnetic bands evolve in the manner that
Landau levels are predicted to evolve from semiclassical arguments. The spacing of lens and triangle bands

confirms the Onsager rule of equal areas between Landau contours; however, a systematic deviation is

noted, the maximum deviation being about 5%. The Roth correction to the Onsager rule roughly predicts
this deviation. The bands associated with lens and triangle contours display considerable broadening

indicating strong coupling between these orbits.

INTRODUCTION

The problem of determining the energy-level
structure of an electron in a periodic potential with
a superimposed magnetic field is readily treated in
terms of an effective Hamiitonian. The validity of
such an approach is now well established. A
useful simplification of the problem can be ob-
tained by making use of the fact that the Hamiltonian
is invariant under a set of operations known as mag-
netic translations. ' By means of group-represen-
tation theory it is possible to determine the sym-
metry properties and degeneracies of magnetic en-
ergy levels. By means of this group-theoretical
method it is possible to construct the magnetic
analog of %annier functions from which it is a sim-
ple matter to prove the validity of a one-band ef-
fective Hamiltonian, the form of which depends on
the magnetic field.

Using this scheme, Butler' considered a tight-
binding form of a single-band effective Hamiltonian
and used accurate numerical procedures to obtain
a detailed level structure.

The present paper is an extension of the method
used by Butler to a model effective Hamiltonian
that approximates a real metal. Specifically an ef-

fective Hamiltonian is constructed which simulates
the midplane of the second band in zinc with the
magnetic field along the hexagonal axis. This sec-
tion of the band and field orientation were chosen
bees ~se it is considered likely that magnetic break-
down occurs here. This phenomenon has been of
interest for some time. ' In order to apply the
effective-Hamiltonian method to this problem prop-
erly it would be necessary to use a multiband
formalism including the second and third bands.
As a preliminary to such a calculation it was
considered worthwhile to investigate a single-
band model effective Hamiltonian in some detail.
An extension of this work based on a two-band
formalism has recently been carried out by
Zablotney.

Briefly the procedure is as follows: The zero-
field band is mapped using the nearly-free-electron
approximation. A sufficient number of Fourier co-
efficients are calculated for the truncated Fourier
series to give a reasonably good fit to this energy
band. The magnetic effective Hamiltonian is con-
structed using these coefficients. '6 Exact numeri-,
cal calculations of the magnetic level structure for
this portion of the energy band are carried out for
a range of magnetic fields. This level structure is


