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A suggestion of Coles and Orbach involving the formation of virtual bound states is shown to
account for the fourth-order crystalline field parameter in simple rare-earth-doped metals.

In a recent paper, ' Williams and Hirst reported
measurement of magnetic susceptibilities of dilute
alloys of heavy rare earths in Ag and Au, and at-
tributed departure of the susceptibility from a
Curie-Weiss behavior to the effect of crystal
fields. Williams and Hirst found that their results
could be fitted using conventional crystal field the-
ory, with the appropriate symmetry, provided C4
was negative. The magnitude, as well as the sign,
differs from that calculated using a point-charge
model. Invoking the hypothesis of a cubic crystal
field split by a 5d nonmagnetic virtual bound state
(vbs) at the rare-earth site, as proposed by Coles
and Qrbach, a large negative contribution to C4
was obtained. The magnitude, however, appeared
to be an order of magnitude larger than required
by the crystal-field-theory fit, and it was neces-
sary to invoke some mechanisms which would re-
duce this contribution. Specifically, they proposed
two mechanisms: "First, because the finite width
of the vbs will cause some population of the 5dy-
type orbitals, with consequent cancellation of the
nonspherical part of the potential; and second, be-
cause the total 5d population will decrease from
one towards zero as the 5d energy rises from be-
low to above the conduction-electron Fermi ener-
gy. "' Their calculation utilized only the Coulomb
interaction between the 4f and 5d electrons. The
exchange term was omitted "because of the small
4f-5d overlap. " The purpose of this note is to
point out that the exchange contribution to C4 which
they omitted is not small, cancels a large fraction
of the Coulomb term, so that the mechanisms they
proposed do not appear to be the dominant ones.

As noted in Williams and Hirst's treatment, the
three 5dg orbitals have lower energy than the 5dy

orbitals in a cubic host. The vbs model corre-
spondingly requires that it is three (nonmagnetic)
5dq orbitals which contribute to the effective crys-
talline field experienced by the (magnetic) 4f elec-
trons. Let the state of a 4f electron be labeled by
[ t'm') and the three 5dc orbitals be denoted by

g,a, ll'im'i), F,P, It'im'i), X,y, It'im'i), the
latter being linear combinations of atomic orbitals
with constant coefficients n p and y. The
Coulombic interaction Ec,„,between a 4f state and
the first 5dg orbital is given by

82
Zc.„,= Q n', (t'm'

~

(t' m'
~

—
~

t'm')
~

t"m")
12

= 8 n, (Z a' ()'m', )'&m")E'(n')', n" I ")

—5(m'„m,")r ('(l'm', )"m")G (n ) n'(')'), '',

where a and b" are coefficients obtained from an-
gular integrations and tabulated by Condon and
Shortely. E~ and G are radial Coulomb and ex-
change interelectronic integrals defined by
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The summation is carried out for each of the three
5dg orbitals and the average of the results is tak-
en, in recognition of the fact that each orbital is

TABLE I. Comparison of various contributions to C4.

Dy.3+

Er3'
Yb +

C4 ( K)

from direct
Coulomb

—226. 07- 226 ~ 89
—220. 38

C, ( K)
from exchange

192.73
195, 20
189.04

Ratio
(exchange/
direct)

85%
86%
86%

C4 ('K)
Coulomb and
exchange

-33.34
-31.69
-31.34

Ceggt(o K)
in Ag

—70
—70+ 2

Cexpt (o K)
in Au

—32&4
—27 6 3
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equally likely to form a bound state. It is impor-
tant as a next step that the interaction-energy ma-
trix be evaluated in full, and made traceless, in
order to be cast in the usual crystal field form.
Upon completion of this prescription one finds, for
the case m'= 0, as an example,

Ec,„,= -~e~s F (4f, 5d)+/~ G'(4f, 5d)++gg G (4f, 5d)

+so&a.a G (4f 5d) ~

The crystal field parameter C4 may now be ob-
tained by dividing the above quantity by the appro-
priate operator equivalent matrix element and
multiplying factor. ~

Using the Coulomb and exchange integrals from
Hartree-Pock calculations

for Dy~+: F4(4f, 5d) =11710.2 cm ~,
G~(4f, 5 d) = 8510.6 cm ',

for Er ':F (4f, 5d) =11752.4 cm ',
G~(4f, 5d) =8585.6 cm ',

for Yb~': F (4f, 5d) = 11415.5 cm ',
G~(4f, 5d) = 8304. 6 cm ',

G'(4f, 5d) = 10185.2 cm ',
G (4f, 5d)=6541. 2 cm ';
G'(4f, 5d) =10331.0 cm ',
G'(4f, 5d)=6584. 6 cm ';
G'(4f, 5d) = 10010.8 cm ',
G~(4f, 5d) =6362.4 cm ',

one finds the results displayed in Table I.
As can be seen from Table I, the exchange con-

tribution is opposite in sign to the Coulomb, and

(roughly) 8$% of it in magnitude. The net contri-
bution of the 5d vbs to C4is thus the correct mag-
nitude to account for the experimental crystal field
parameters used by Williams and Hirst to fit their
data. The bare-point-charge contribution is about

five times smaller and of opposite sign, so that
the Coles-Orbach suggestion may in fact satisfac-
torily account for the fourth-order crystalline field
parameter in simple rare-earth-doped metals.

I am indebted to Professor R. Orbach and Pro-
fessor E. Y. Wong for suggesting this work and
for many valuable discussions.
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