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Free-Induction-Decay Shapes in a Dipolar-Coupled Rigid Lattice of Infinite Nuclear Spins
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A molecular-dynamics experiment is used to derive free-induction-decay curves for a rigid
cubic lattice with 216 classical spins coupled by magnetic dipole interaction. Free-induction-
decay curves are obtained for the magnetic field along the Q.OOj, [110], and [111)axes of the
lattice. The shapes of these curves are compared to the shapes derived from the expansion
theory of Gade and Lowe and to the shapes based on Abragam's trial function. A considerable
difference is found between the predictions of the Gade and Lowe theory and our experiments,
whereas Abragam's trial functions reproduce the experiments quite well except for long
times. Continuous-wave spectra obtained by Fourier transformation of the free-induction-
decay curves are also reported as well as their first few moments. The moments are in good
agreement with the second and fourth moments given by Van Vleck.

I. INTRODUCTION

The free-induction decay (FID) of the transverse
magnetization in a dipolar-coupled rigid lattice is
a fundamental problem in magnetic resonance and
in the theory of many-body interactions. Until now
no theory has been presented which covers the
diversity of FID experiments. Lowe and Norberg'
(LN) first calculated the FID for a system of iden-
tical particles with spin I= &, obtaining a good
agreement with the FID experiments on CaFz and
with the Fourier transform of Bruce's continuous-
wave (cw) spectra. The theory is based on an ex-
pansion procedure which has been challenged '

since its convergence properties are not known and
since it is not unique.

In 1966 Gade and Lowe (GL) generalized the LN
theory to arbitrary spin and calculated FID shapes

and cw spectra for a simple cubic (sc) lattice, a
face-centered-cubic (fcc) lattice, and a body-cen-
tered-cubic (bcc) lattice with spin I= -2, 1, ~, and

Their set of equations (13)-(16)(hereafter re-
ferred to as GLI) constitute one of the most general
expressions for the FID shapes of a single-ingre-
dient-spin system published until now. Since the
expression GLI is rather complicated, an approxi-
mation is always used in numerical calculations.
We shall refer to this approximation [Eq. (11) in
Ref. 5] as GLII. For spin~ GLII is identical to the
LN expansion.

Another theoretical approach is that of Ewans
and Powles and of Lee, Tse, Goldburg, and
Lowe. ' Both groups consider the exchange term
in the truncated dipolar Hamiltonian as a perturba-
tion to the Ising term and use perturbation theory
to obtain the FID. This method has been developed
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further by several investigators. ' '
A third method uses expansion theorems to ex-

press the FID curve in terms of known functions
adjusted to give correct values of the first few
moments of the cw spectra. Abragam's trial func-
tion is an example of this approach. It gives an
agreement with the CaF~ experiments which is
comparable to that of the LN theory.

The error-bound theory, developed by Gordon'
in 1968, constitutes the most general procedure
in this direction. With this theory the error bounds
for the line shape may be calculated from the known

moments. The usefulness of these approaches is
restricted by the difficulties in calculating the mo-
ments of order higher than four. "'"

Most of the more recent experiments~'
performed on single crystals (I.iF, NaF, SrF2,
CsF, NaC1) indicate that the expansion theory of
GL is not in all cases adequate, and it is therefore
of considerable interest to test the theory by com-
parison with experiments on additional spin sys-
tems, in particular on systems with I& —, free of
any disturbing quadrupole effects.

Molecular- dynamics experiments are cur rently
applied successfully in investigations of interacting
systems. ' We have used this technique to gener-
ate experimental FID shapes for a simple cubic
lattice consisting of 216 classical spins (I= ~)
coupled by a truncated dipolar interaction. The
obtained FID shapes are compared to the results of
the expansion theories which may be extrapolated
to the classical limit of I=~ by letting I-~, S-o
while Ih remains finite. Qur FID shapes can there-
fore test the limiting behavior of the theories which
is not possible by any real experiment. On the
other hand, molecular-dynamics experiments are
difficult to perform on systems consisting of N
particles with finite spin since a quantum state
must be specified by (2 I+ 1)"complex numbers.
In the classical limit (I- ~), however, this number
reduces to 2N (i.e. , two polar angles for each
spin).

Our spin system is described by N(= 216) unit
vectors representing the orientation of the magnetic
dipoles. We describe the spins in a coordinate
system rotating about the static field with the
Larmor frequency. Each spin sees in this system
the dipolar field from its 26 nearest neighbors.
The time evolution of the orientation of an individual
spin is found by solving the classical equations of
motion numerically. The FID is evaluated as the
time correlation function of the transverse compo-
nents of the magnetization. ' The theories in ques-
tion may be applied to systems with interaction be-
tween any number of neighbors. Accordingly, our
restriction to the 26 nearest neighbors is immate-
rial in comparing the theories with our molecular-
dynamics experiments.

where 8» is the angle between Bo and the vector
r», connecting the dipoles j and k. We may also
write Eq. (1) as

V= —Q Z p~ H~q,
k(&g)

where H» is the local field at the position of dipole
p.

&
produced by the 0th dipole.
H» is given by

2(pa„, p, a~, —2p, a )(1 —3cos g~q)
»

&ya

(2)

(3)

We describe the time dependence of the spin system
using a coordinate system rotating with the Larmor
frequency. about Bo. The time evolution of the
orientation of a single spin with I= ~ in this coordi-
nate system is governed by the equation of motion

N

=ypq(t)x Z Hq~(t),
A(&g&

(4)

where y is the magnetogyric ratio of the nucleus.
Equation (4) may be rewritten as

N

= e, (t) x Z H,',(t),
a(og)

where t now is in units of

&= 2~l/3yl ~ I,
and H&~ is given by

(5)

(6)

——,'(e,„, e,„, —2e„)(1—3cos'8~„)
( )»R J 3a»

In Eqs. (5) and (7) e& is a unit vector along p,
&

and

~» = t, a», where xo is the lattice parameter of the
cubic unit cell. The equations of motion, Eq. (5),
are solved for a number K of initial states. Each
initial state consists of N randomly chosen unit
vectors e&(0) (j= 1, . . . , N) and corresponds to a
spin system with a certain dipole energy and a
certain magnetization. For large K we obtain in
this way a uniform distribution of energies and
magnetizations corresponding to the high-tempera-
ture approximation. We follow the time evolution
of these systems by integrating Eq. (5) numerically
using the method of Runge-Kutta. The summation

II. NUMERICAL METHOD

We consider a system of N(= 216) nuclear mag-
netic dipoles p& = (p, &„, p», p, „)forming a simple
cubic lattice. The dipoles are placed in a static
magnetic field Bo and they interact by a dipolar
coupling. We assume that ) Bo ) is so large that
only the terms of the truncated dipolar coupling'
influence the FID shape significantly. The truncated
dipolar coupling V may be written as follows:

1 + + (3p&gp&g p&—' p, &)(1 —3cos 8»)
3

a(&g)
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v(tlat) =—Z p~(nest) Z H~q(n&)
h(y &

and the components of the magnetization
N

M, (nu)=Q lj.~,(nu), q=x, y, z .

(6)

It follows from the form of the interaction, Eq. (1),
that both V and M, are constants of motion. In
most computations both were constant in the first
eight digits.

The FID is given by'

F(f) =(M„M„(f))/(M'„), (10)

where the brackets () indicate an ensemble aver-
age. We approximate the averaging process by

over k in Eq. (5) is restricted to the 26 nearest
diyoles, and periodic boundary conditions are ap-
plied to ensure that all dipoles have the same
number of neighbors. The integration leads to
e&(nuit), where ht is the time increment, which in
our computations is equal to 0. 025. For each value
of n we determine the dipole energy

spin system. In particular, both the position and
the amplitude of the first minimum of F(t) are in-
dependent of N within the estimated statistical
error.

The computations were performed on the CDC
6400 computer at the Regional EDP-Center, Aarhus
University. Some of the preliminary computations
were made on the IBM 360/'75 at the Technical
University of Denmark.

III. RESULTS AND DISCUSSION

Our experimental FID shapes are shown in Fig.
1 together with corresponding shapes calculated
from GLI and GLII. Also shown is Abragam's
trial function. The curves based on GLI and GLII
were evaluated in the limit I , 0- 0; and I@
finite. In this calculation only the 26 nearest
neighbors to a given spin were considered. The
difference between GLI and GLII is that the latter
neglects all terms containing odd powers of
(1 —3 cos egg)/f'yg.

Abragam's trial function is given by

(M„M„(f„)) Z Z M„"(f„)M"„(f„+f„),
F(t) = e ' ~' sin(bt)/(bt) . (14)

F(f„)=((M~„(f„))+(M,M, (f„)))/((M'„)+(M', )).
~ (12)

The computations were performed for Bo parallel
to the three directions [100], [110], and [111].
The product KR' was in all three cases 69x10 .
However, K and W varied from one direction to the
other. K and W were 115 and 6000 for the direc-
tions [100] and [111]and they were 230 and 3000
for the direction [110]. It was found that (M„M„(t„))
and (M~M„(t„)) are slightly more similar in the
former case than in the latter. The averaging
procedure was checked by evaluating

Q Q [M"„(t„)]'/(SCWN~ p, t') .
m h

(13)

In the thermodynamic limit this quantity is equal to
In our computer experiments it has the value

0.333 + 0.002 for all three dir ections.
The correlation functions reported here are ob-

tained for N= 216. However, trial runs with Bo
along [100]for N= 512 and N= 64 indicate that the
curves are not very sensitive to the size of the

m h

where M„"(f„)is the value of M„at time t„ for a sys-
tem, which has evolved in time from the mth spin
configuration and W is the number of time steps
used in the averaging process. We have also de-
termined (M,M~(t„)) by the same procedure.
(M„M„(t„))and (M,M, (t„)) [Eq. (11)]are identical
if we average over an infinite number of initial
states (i. e. , K- ~), and we have therefore evalu-
ated F(f) as

The parameters a and b are expressed in terms
of the second and fourth moments, j/t& and M4, by
using the relationship

TABLE I. Moments M2„of the cw spectra for infinite
nuclear spin in a simple cubic lattice. Each spin inter-
acts with its 26 nearest neighbors. M is given in units

of [2'/3& I JM I
]"". A: Theoretical values of M» (Hef. 3);

8: I» obtained from the molecular-dynamics experi-
ments.

M2
Direction of Bp A

M4 M6
B A B B

8
B

[100] 4.25 4. 29 38.4 38.9 513 9321
[110] 1.54 1.55 5.33 5.48 28. 7 209

[111] 0, 632 0.627 0.907 0.887 1.92 5.84

F(f) = Q (- 1)"(M, „/M, )f' "/(2n) t

n=o

and equating the first three terms of the Taylor-
series expansion of Eq. (14) with the first three
terms of Eq. (15). The second and fourth moments
were calculated from the exact theoretical expres-
sions given by Van Vleck in Ref. 14 by going to the
limit of spin infinite as described above. Here we
also restricted the interaction to the 26 nearest
neighbors. The exact moments are given in Table
I together with the corresponding moments obtained
from our experiments by the procedure described
below.

Figure 1 shows that our experimental curves are
practically identical to the corresponding theoreti-
cal curves for f Mz' ' (note that GLI, GLII, and
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Abragam's trial function all have the same M2).
For larger t, however, the curves start to differ.
The deviation is pronounced in the vicinity of the
first minimum, in particular for Bo along the [100]
direction [Fig. 1(a)]. Here the minimum value of
our FID curve and the one predicted from GLII dif-
fer by a factor of 3. In contrast, Abragam's curves
give a much better agreement with our experiment
in this region. For still larger t values they are
closer to our experimental curves than GLI and
GLII although they have too small an amplitude.

We have Fourier transformed all the FID shapes
to obtain the corresponding cw spectra

G(&o) = f F(t) cos(urf) dt (16)

shown in Fig. 2.
It is seen from this figure that the expansion the-

ory of GL results in spectra having regions of neg-
ative absorption, whereas no negative absorption
appears in the other spectra. The negative absorp-
tion region is most pronounced for GLII.

The moments of our experimental absorption
curves given in Table I are calculated as

Mp„= f, (u'"G((u)d(o/ f G((o)d(u,

where R is a cutoff frequency which has been in-
troduced to suppress a small damped oscillation of
G(w) around zero. 8 is chosen as the first zero
point of G(&o). The oscillation arises from our re-
placement of the upper limit in the Fourier trans-
formation [Eq. (16)] with a finite time equal to the
fourth zero point of E(t). The maximum amplitude
of the oscillation is 10 '.

Exact theoretical expressions are known for the
second and fourth moments only. ' In fact, Gleb-
ashev ' has calculated the sixth moment for I= ~
with Bo along the [100] direction. He obtained the
value M6= 665. However, this number cannot be
compared to our value M6= 513 since Glebashev
did not specify the number of spin-spin interactions
in his calculation. In view of the good agreement
between our experimental second and fourth mo-
ments and the corresponding theoretical ones it is
desirable to obtain a general expression for the
moments of order higher than four for comparison
with our experimental moments.

Such work is in progress in this laboratory and
preliminary results indicate that the values of M6
given in Table I deviate less than 5% from the exact
values, whereas the values of Ms given in Table I
deviate 15'%%uo at most from the exact values, From

this we conclude that the number of spins considered
here suffices to ensure the reliability of the FID
shapes obtained,

IV. CONCLUSION

We have simulated the FID shapes of a single-
ingredient spin system with I= ~ by a molecular-
dynamics experiment. The experiment is set up to
investigate the FID line shapes in a system which
evolves in time due solely to a truncated dipolar
coupling between the spins, i. e. , we have no effects
from lattice defects and motions, quadrupole cou-
pling, and paramagnetic impurities.

The choice of I= ~, which was made for practical
reasons, allows a test of the theories in the limiting
case of infinite spin. This is of course not possible
by any real experiment. Moreover, the tail of the
FID curve is tracked for a longer time in our mo-
lecular-dynamics experiments than in most real
experiments. This is a considerable advantage,
since it must be expected that the inherent approxi-
mations in models of the types considered here
will be reflected most strongly in the long-time
predictions from the models. The present investi-
gation demonstrates that this holds for the theory of
Gade and Lowe and for Abragam's trial function.
The discrepancy between our FID shapes and those
calculated from the expressions of Gade and Lowe
and Abragam becomes most significant beyond the
first minimum of the curves.

Apart from constituting tests for theoretical
FID curves, molecular-dynamics experiments may
supplement real FID experiments in a more direct
way. FID shapes derived from GLII indicate that
the FID is not very dependent upon I, for I&1. To
the extent this is true; our FID shapes represent
the properties of a system with a finite spin I 1,
where the dipolar interaction is lim'ted to the 26
near est neighbor s. Accordingly, molecular-dy-
namics experiments may provide insight into the
properties of real spin systems if the dipolar inter-
action between an appropriate number of neighbor-
ing syins is taken into account.
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A clearly resolved spectrum of the outer-sheB conversion was obtained for the 14.4-keV
nuclear transition in 5 Fe with sources consisting of Co diffused into Fe metal. From the
ratio of the 4s-conversion-electron intensity to that of the 3s, the contact charge density of 4s
electrons of Fe metal was uniquely determined to be p4, (0) =5.53 + 0.46 a03, which is com-
pared with various theoretical values. Although these are generally smaller than the experi-
mental value, the calculation of Wakoh and Yamashita gives the closest value of 5.18dp3. The
3P-to-3s conversion-intensity ratio was also obtained, as 0.0828 + 0.0038.

The recent study by Pleiter and Kolk~ on the in-
ternal conversion spectrum of the 14.4-keV tran-
sition in '~Fe dif fused in Fe metal shows the pos-
sibility that electron configurations in the outer
shells of transition metals may be determined by
internal conversion. The energy spectrum mea-
sured by them, however, exhibits too much broad-
ening, so that it is rather difficult to analyze the
data in order to determine the contribution to the
contact charge density at the Fe nuclear site from
the s-like electrons of each shell. The purpose of
the present paper is to show that careful sample
preparation can lead to a successful measurement
of the electron energy spectrum with such a high
resolution that one can obtain clear profiles of the
contributions from 4s, 3s, and even 3P electrons.
With such a technique, there is no reason why
further information on other transition metals and
their dilute alloys cannot be investigated. As
pointed out by Watson et al. , ~ the measurement of
internal-conversion electrons probes the contact
charge density associated with the Bloch orbitals
of band electrons below the Fermi energy, and it
should serve as a crucial test for the existing band

calculations of the metal, since the conversion ex-
periment can select energetically the valence elec-
trons; and, specifically, for nuclear magnetic
dipole (M1) transitions effectively only the s-like
electrons are ejected. ~ The latter selection rule
gives to (Ml) internal conversion a unique supe-
riority in obtaining the contact charge density of
s electrons in each shell.

Although internal-conversion electrons from the
outermost shells of the atom, or from the valence
band of the crystal, have been measured for some
nuclear transitions and the so-called chemical ef-
fects have been detected, ' the data of Pleiter and
Kolk' for the 4s-electron conversion of the 14.4-
keV M1 transition in '~Fe diffused into Fe metal
are the first to have been subject to comparisons
with the band calculation of the metal. According
to Watson et a/. , however, the value of the con-
tact charge density of the valence band of Fe met-
al obtained by Pleiter and Kolk is too large to be
explained by the existing band theory of Fe metal.
Recently a similar experiment' gives for ' Fe in
Co metal a smaller value, but direct comparison
with theory is impossible, since there is no cal-


