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The results of an extensive investigation of the enhanced diamagnetism of superconductors
above Tc due to thermal fluctuations are presented. Data are reported on a variety of super-
conductors, including In, Pb, Nb, and several In-Tl and Pb-Tl alloys. The versatile super-
conducting quantum magnetometer developed for these experiments, which is suitable for a
variety of low-temperature magnetic measurements, is also described. The various theoret-
ical treatments of the fluctuation-induced diamagnetism in superconductors are summarized
and their predictions compared with experiment. It is found that at high fields [H H~2(0)]
and high temperatures (T 2'), the observed diamagnetism deviates markedly from that ex-
pected on the basis of the Ginzburg-Landau (GL) theory of superconductivity due to the impor-
tant contribution of high-energy fluctuations in these regimes. These high-energy fluctuations
are not properly described by the simple GL theory. Recent theoretical calculations based on
the microscopic Gor'kov theory that attempt to treat these fluctuations properly are found to
give a good account of our results for clean materials, once the effects of nonlocal electrody-
namics are included, as in the work of Lee and Payne and of Kurkijarvi, Ambegaokar, and
Eilenberger. For alloys, however, the theoretical picture is less satisfactory, and it appears
possible that even Gor'kov theory may fail to provide an adequate description of high-energy
fluctuations in dirty superconductors.

I. INTRODUCTION

There has been considerable interest recently in
the effects of thermal fluctuations on the properties
of superconductors as the transition temperature
is approached from above. As originally predicted
independently in several theoretical studies, ' '
these fluctuations produce an enhancement of the
diamagnetism above the superconducting transition
that can be quite substantial —a precursor of the
perfect diamagnetism of the superconducting state.
In a recent series of papers4' we have reported the
preliminary results of an experimental study of
this fluctuation-induced diamagnetism, In this pa-
per we present a complete account of this earlier
work and report the results of some additional mea-
surements on alloys which considerably extend our
earlier work.

The study of this fluctuation. -induced diamagne-.
tism has proved to be a novel and quite effective
means of studying fluctuations in superconductors.
Somewhat surprisingly, this effect is most readily
observed in large bulk samples, whereas in almost
all other studies of the effects of fluctuations in
superconductors it has been necessary to use sam-
ples with restricted geometries (the so-called one-
and two-dimensional superconductors such as
whisker crystals and thin films) in order to enhance
the fluctuations sufficiently to get an observable
effect. Moreover, the ability to use readily pre-
pared bulk samples of high quality, along with the
availability of extremely sensitive superconducting
quantum-interference magnetometers, has made it

possible to study this induced diamagnetism in a
wide variety of superconductors and over a con-
siderable range of magnetic fields and tempera-
tures. Particularly important have been the high-
field [H &H,2(0)] and high-temperature (T &2T,) re-
gions where, far from the transition, the elemen-
tary theories of fluctuations in superconductors fail
and challenging theoretical difficulties arise.

Experimentally we find that in an applied field II
the magnetization due to fluctuations M' increases
roughly as [T —T,z(H)] as the temperature is
reduced toward the bulk superconducting nucleation
temperature T„(H). The nucleation temperature
can be ator below the actualtransition temperature,
depending on whether the sample is a type-II or a
type-I superconductor. This observed behavior is
in general agreement with the prediction of the
Ginzburg- Landau (GL) theory as originally worked
out for bulk superconductors in the low-field limit
by Schmidt and Schmid, and subsequently gener-
alized to arbitrary fields by Prange. ' However,
as reported in Ref. 5 and intimated above, these
elementary treatments of the fluctuations based on
the GL theory appear to be quantitatively correct
only in very weak fields [H «H, z(0)] and for tem-
peratures very near T,2. As either field or tem-
perature is increased, the observed enhancement
of the diamagnetism falls progressively below the
predictions of the GL theory. Nevertheless, the
observed behavior does remain remarkably simple,
and we find that the data for all materials we have
studied are well described by an apparently univer-
sal function of suitably scaled field and tempera-
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ture variables.
Such deviations from the GL predictions were not

unexpected, however. At high fields and temper-
atures, short-wavelength fluctuations [i.e. , those
fluctuations for which the order parameter varies
significantly on the scale of the zero-temperature
GL coherence length $(0)j make a significant con-
tribution to the enhanced diamagnetism, and the
GL theory, which is basically a long-wavelength
theory, does not properly describe these fluctua-
tions. These difficulties had been anticipated by
Patton, Ambegaokar, and Wilkins (PAW) who
pointed out that the GL theory tends to overestimate
the contribution of short-wavelength fluctuations.
They attempted to deal with this problem by intro-
ducing an ad hoc cutoff energy into the fluctuation
spectrum in a manner suggested from considera-
tions of microscopic theory.

The results of their calculation were found to
give a qualitative (but not quantitative) account of
our data, including the observed universal behav-
ior. However, their theory was unable to account
for the particularly low scaling fields found experi-
mentally for clean materials. As defined in Ref.
5 (and also in Sec. V of this paper), the scaling
field H, is a measure of the field atwhich deviations
from the GL predictions become substantial. The
magnitude of this field and its dependence on the
material parameters of the samples (specifically
the BCS coherence length $0 and the electron mean
free path /) have become an important focal point
for comparing theory and experiment.

The apparent universality exhibited by our data
in the high-field high-temperature regime where
the GL theory has failed, and the partial success
of the PAW theory in accounting for the observed
behavior, have stimulated considerable additional
theoretical work aimed at providing a satisfactory
theory of fluctuations in superconductors at high
fields and temperatures. This work has included
systematic generalizations of the GL theory based
on microscopic theory ' as well as phenomeno-
logical extensions of the GL theory itself. This
recent theoretical work is summarized in Sec. II
along with the earlier work based on the simpler
GL theory.

The experimental results are presented in Sec.
IV and compared with theory in Sec. V. The
materials studied include In, Pb, Nb, and several
In- Tl and Pb- Tl alloys. Both clean and dirty
()gl up to 16) superconductors were investigated.
The superconducting quantum magnetometer used
in these experiments, which was critical to their
success, is described in Sec. III. This magnetom-
eter can detect magnetization changes as small as
10 ' G (in a 0. 1-cm sample) and is suitable for a
variety of magnetic measurements with the full
quoted sensitivity in the temperature range 2-16 K

and at fields as high as 300 Oe.
As discussed in detail in Sec. V, the agreement

of theory and experiment in the clean limit now ap-
pears to be generally satisfactory. We find that
our results on pure In and Pb, and to a somewhat
lesser extent Nb, are in accord with the recent
theoretical work of Lee and Payne'~ and Kurki-
jarvi, Ambegaokar, and Eilenberger, "who have
calculated the fluctuation-induced diamagnetism in
the clean limit using microscopic theory. These
authors have, in effect, generalized the GL theory
to include arbitrary wavelength fluctuations and the
effects of nonlocal electrodynamics. The effects
of nonlocal electrodynamics were not considered
in the earlier work of PAW, and it is now evident
that their inclusion is essential to account for the
low scaling fields observed in clean materials.
The experimentally determined scaling fields are
in good agreement with those predicted theoretical-
ly for In and Pb, but the experimental value for
Nb is anomalously low. '

For the dirty materials the situation is far less
satisfactory. In this case the finite lifetimes of the
high-energy fluctuations become important, neces-
sitating the use of a full dynamical theory, even
though a static property of the material is being
calculated. Essentially identical calculations based
on the Gor'kov theory including these dynamical ef-
fects have been undertaken by Kurkijarvi, Ambe-
gaokar, and Eilenberger and by Lee and Payne in
their second paper. ' However, Maki and
Takayama, also using the Gor'kov theory, are led
to substantially different predictions. As shown in
Sec. V, our results favor the predictions of Maki
and Takayama, but their work has not been without
criticism" and the issue remains far from settled.
Indeed, if the Lee-Payne-Kurkijarvi-Ambegaokar-
Eilenberger calculation is the correct one within
the Gor'kov theory, our results would appear to
signal the failure of even the Gor'kov theory for
describing high-energy fluctuations in dirty super-
conductors.

II. THEORETICAL CONSIDERATIONS

The theoretical treatments of the fluctuation-in-
duced diamagnetism in superconductors can be di-
vided into two principal classes —those based on
the ordinary GL theory ' ' and those based on mi-
croscopic (i. e. , Gor'kov) theory. ' ' The former
provide the simplest physical picture of the effect
but have a limited range of validity. The latter are
sometimes less physically transparent, but are
essential in order to obtain a satisfactory theory of
the fluctuations at high fields and temperature
where the GL theory fails. However, no completely
successful microscopic theory of the fluctuations,
valid for arbitrary mean free path, exists at the
present time. In between these two principal
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classes is an intermediate class of theories that
attempt to approximately correct for the breakdown

of the GL theory without undertaking a full micro-
scopic treatment. The most important of these
historically is the PAW theory, and the most re-
cent, that of Nam. '3 In our discussion of these
theories emphasis is placed on the GL theory since,
despite its limited range of validity, this simpler
theory accounts for many of the observed features
of the fluctuation-induced diamagnetism. More-
over, the GL theory, along with some conceptual
input from microscopic theory, provides a simple
yet satisfactory basis for discussing the more ad-
vanced theories and interpreting our experimental
results.

A. Results of GL Theory

where g is the superconduction order parameter,
~*=2m is the electron pair mass, A is the vector
potential, and Co=@&/2e is the flux quantum. The

term in the GL free energy has been neglected
since we are concerned with the behavior above the
transition where (outside the exceedingly narrow
critical region) the contribution of this quartic
term is small. The parameter 0. is.related to the
GL coherence length ((T) by a= 5/2m*8, (T). Near
T„o( is proportional to (T —T,), and we define

$(0) such that ((T)= $(0)[T,/(T- )T]'~ . 2The value
of $(0) can be related to the normal electronic
properties of the material using the standard re-
lations obtained from microscopic theory. ~~

Expanding the order parameter g(x) in terms of
the normalized eigenfunctions' U„(x) of the opera-
tor [V/i+ (2v/40)A], we have

q(~) = Z c„U„(~), (2a)

and the free-energy functional can be written

F..=Z~C„~ f„-, (2b)

where

f„=c(+(n+~) H+m*c (2c)

( (0)( '+(Rn 1)

2'~ 0~'" ")e.V(o)a',] (su

The calculation of the fluctuation-induced diamag-
netism within the framework of the GL theory pro-
ceeds most straightforwardly using the formulation
originally developed by Schmid. Following Schmid
we begin with the linearized GL free-energy func-
tional

Eo~(g)= f d'~((x ~() ~2+ (5 /2m*)

is the free-energy density of the particular fluc-
tuation mode labeled v-=(n, P, 0,). The formal sim-
ilarity between the energy spectrum given in Eq.
(2c) and the Landau levels of a free particle (mass
2m, charge 2e) is evident. In fact, the fluctuation-
induced diamagnetism can be thought of as quali-
tatively arising from the presence of evanescent
Cooper pairs generated by the thermal fluctuations
and moving in circular orbits at the cyclotron fre-
quency.

The contribution to the total free energy resulting
from fluctuations of |I) can be obtained from the par-
tition function Z' generated by summing e" GL ~' ~~

over all possible g(r) (or, equivalently, all C„).
As shown by Schmid this procedure leads to the
result

E' = —AT LnZ' = —VkT
2eH
2m5.

x 'Zln o„. (3)
dkg

"
mkT

n, )),

The factor 2eH/2vkc accounts for the degeneracy
of each mode (n, k, ) in the magnetic field H, and

the primes are used to indicate that only the con-
tribution due to the fluctuations has been calculated.

In his original paper Schmid evaluated Eq. (3)
only to second order in II and consequently his re-
sults are valid only in the low-field limit. The be-
havior expected in arbitrary fields was first ob-
tained by Prange who calculated the magnetization
M' due to fluctuations from Eq. (3) with no approx-
imations. Prange found that

M'= —2n' 'kTCO H' g(x) (4)

where g(x) is a universal function of the variable

m+c(/ne dH„T —T,
H dT ~ H

Prange also showed that as x- —1 [i.e. , as the
condition H=H, z(T) is approached], g(x) diverges
as (x+ I)'~2. For fixed field this implies that M'

diverges as [T —
~T( )H]

'~3 as the temperature is
reduced. Here T,z(H) is defined as the tempera-
ture at which H,2(T) becomes equal to the applied
field H as temperature is varied. Since the ener-
gy cost of the lowest fluctuation mode f), 0,„0van-
ishes at this temperature, T,& represents the bulk
superconducting nucleation temperature. As illus-
trated in Fig. 1, T,m(H) is also the actual transition
temperature for a type-II superconductor where the
transition is second order. However, for a type-I
superconductor, the transition is first order and
occurs at a temperature T,(H) & T,a(H). In this case
the divergence of the fluctuations at T,~ will be in-
accessible in the absence of supercooling.

The divergence of M' at T,z reflects the large
fluctuations of the order parameter expected in the
region where the energy cost of the fluctuations is
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going to zero. This divergence would be limited
by the nonlinear ~g ~

term in the GL free energy
that was neglected in obtaining Eq. (3), but only so
near to T,2 as to be lost in the finite breadth of the
transition in any real sample. Hence we do not
consider any such effects.

At T= T, (the zero fiel-d transition temperature),
the Prange result is particularly simple and pre-
dicts that

a constant independent of any material parameters.
At sufficiently high tempexatures or low fields
where &/[Co/2''(T)] «1, Prange's result reduces
to the expression

){
' = M'/H = —+7rkT402 g (0)[T,/(T —T,)]~~~, (6)

which is the expression found earlier by Schmid
and also by Schmidt, who derived Eq. (6) from the
GL theory. using linear response theory.

This last result can be understood on very sim-
ple physical grounds using a droplet model of the
fluctuations. Assuming that each droplet acts like
a small superconducting particle, we can estimate
the diamagnetism produced by the droplets using
London's expression y = —(1/40m)(r/A) for the sus-
ceptibility of a small superconducting sphere with
radius ~ much smaller than the London penetration
depth X= [m*c /4vlgla(2e) ]~~3." For weak mag-
netic fields (A = 0), Eq. (1) indicates that the ener-

gy required to produce a droplet of radius x is ap-
proximately a' lg I+ . Equating this energy cost to
the available thermal energy (-kT), we find that in
the droplet lg I =kT/m'~ and, consequently, y
~ -~qp v kTCO $ (T)/r. Clearly, the smaller drop-
lets make the largest contribution to the enhanced

diamagnetic. sm But since droplets with radii much
smaller than $(T) are inhibited due to the large
kinetic energy associated with sharp gradients in

t), we expect the resultant diamagnetism to be due
primarily to droplets with r = $(T). Making this
substitution in the expression for y above and as-
suming that, on, the average, the sample is filled
with such spheres, we are led to the Schmid-
Schmidt result within a factor of nearly unity.

The predictions of the GL theory outlined above
are in qualitative agreement wi, th the behavior ob-
served experimentally. In fact, at low fields and
for temperatures sufficiently near T,3, the GL pre-
dictions appear to be quantitatively correct (see
Sec. 1V). Evidently the GL theory contains the es-
sentials of the correct physical description of the
fluctuation-induced diamagnetism in superconduc-
tors. However, it is clear that the GL theory must
break down at high fields and temperatures. At
T= Tc, it predicts that M'-H~~ for all H no matter
how large, and it predicts that M' ~ncreases at T'~3

for large temperatures. Such behavior is physical-
ly unreasonable and indicates that far from the
critical point (T= T„H= 0) the GL theory over-
estimates the effects of the fluctuations.

o: T= Tc(H)

T = TC2(H) (TYPE I)

T= T„(H) (TYPE Z)

TC

TEMPERATURE

I

2TC

———~ —PgTH gF EXPT.

FIG. 1. Schematic diagram of
the critical-field curves for type-
I and type-II superconductors. The
field H,2(T) is the bulk nucleation
field and H~(T) is the thermody-
namic critical field. As indicated
in the text, in a field H the Quc-
tuation-induced diamagnetism di-
verges at the temperature T~2(H)
defined by the condition H= H~2

(e, g, , points b and d in the figure)
where the energy cost of a fluc-
tuation vanishes For a type-II
superconductor Hc2(T) ~ Hc(T) an
a second-order transition occurs
at TC2(H). Consequently, the di-
vergence temperature of the fluc-
tuations coincides with the actual
transition temperature (point d).
For a type-I superconductor H~(T)
&H~2(T) and a first-order transi-
tion occuxs at T,(H) . In this case
the divergence temperature (point
b) is lower than the actual transi-
tion temperature (point a), and in
the absence of supercooling the re-
gion between T (H) and T 2(H) is
inaccessible.
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$. Breakdown of GL Theory

As indicated above it is evident that the QL the-
ory breaks down at high fields and temperatures.
A more specific picture of this breakdown can be
obtained from elementary considerations. As is
well known, ~9 the GL free-energy functional, Eq.
(1), contains only the leading terms of an expansion
of the free energy in powers of lg I and derivatives
of g, and thus itis valid only when I( I is small and
when ( varies slowly in space-the so-called slow-
variations approximation. Gutside the exceedingly
narrow critical region [(T —T,)/T, ~ 10 8 for a bulk

superconductor], lg I is certainly small above T,
and the higher powers of I/I can be safely ne-
glected. The same is not true for higher deriva-
tives, however. The slow-variations approxima-
tion requires that g vary slowly on the scale of

$(0), the zero-temperature GL coherence length.
As a result, the GL theory is valid only for long-
wavelength fluctuations and fails in those regimes
where short-wavelength fluctuations make a sig-
nificant contribution to the total effect of the fluc-
tuations. This occurs at high temperatures as can
be seen qualitatively from the fact that above T„
g is correlatedmo only over a range -$(T) and con-
sequently, as T increases and $(T) decreases,
short-wavelength fluctuations play an increasingly
important role. When T exceeds twice T, and $(T)
becomes less than g(0), the slow-variations ap-
proximation has certainly failed. Moreover, when

the effects of a magnetic field are included, the
gradient term in the GL free energy becomes

I V/i+ (2v/40)A)g l~, and the application of a field
alone can introduce rapid spatial variations into g.
This behavior is also reflected in the correlations
of g. In strong fields the correlation function

«Hp2(2(f(r)g(0)) falls off as e '"" ~3 ofordisplacementsper.
pendicular to the field direction. 2' For
H 2~/40)v(0)=H,z(0), the range of this function
becomes less than $(0) and the slow-variations ap-
proximation again fails. Finally, in accounting for
the effects of a magnetic field, it is not sufficient
to simply generalize each gradient operator V/i in
the zero-fieM expansion of the free energy to
V/i+ (2v/40) A as required by gauge invariance.
In general, additional field-dependent terms must
be included. These latter terms are the so-called
nonlocal electrodynamic corrections to the GL
theory and become important in strong fieMs,
particularly in clean materials.

The corrections to the GL theory when
~ g

~

is
small have been discussed by Werthamer' jn a
review article. Using his results we find that the
leading correction to the free-energy density
[Eq. (2d)] for nonlocality is of the form (2vg'3/

40) H, where ('= $~/(I+ )0/I )s'4, while the lead-
ing correction for the breakdown of the slow-varia-

tion approximation is

&'(0)
~
[(v/i)+ (2v/C, ) X]'g

~

'= [2v('(0)/e, ]' H'.

Although highly schematic and based only on the
leading corrections to the QL theory, this result
suggests that the breakdown of the QL theory as
the fieM is increased should be governed by two
characteristic fields, Co/2vg (0) and C 0/2v)',
associated with the failure of the slow-variation
and local approximations of the GL theory, re-
spectively. In the clean limit both of these effects
may play an important role, but since $'/$(0) - 0
as E-0, in the dirty limit the nonlocal effects
should be unimportant. The necessity of these
corrections to the GL theory can be appreciated
by recalling that the order parameter P physically
represents the wave function of the paired elec-
trons (Cooper pairs) which produce superconduc-
tivity. Thus when g varies rapidly on the scale
of the size of a Cooper pair, the theoretical
description of g necessarily becomes more com-
plicated, reflecting the need to include a more
complete description of the detailed microscopic
interactions leading to the electron pairing.

Another basic approximation underlying the QL
theory, one which is not usually emphasized in
elementary discussions of the QL theory, is the
so-called static approxig. ation. 32 Above the su-
perconducting transition in the fluctuation re-
gime, &he physical consequence of this approxi-
mation is to restrict the validity of the GL theory
to those fluctuation modes which are long lived.
When short-lifetime fluctuations make a signifi-
cant contribution to the free energy, the GL theory
fails, and it is necessary to include additional
dynamical corrections to the theory. In effect,
it becomes necessary to use a full time-depen-
dent theory even to calculate the static suscepti-
bility. Recent theoretical work described below
has shown that these dynamical corrections be-
come very important for dirty materials.

Since it is the high-energy fluctuations (large
)t, and n) that have rapid spatial variations, any
improvement over the QL theory must provide a
more accurate description of these high-energy
fluctuations. In addition, it is just these high-
energy fluctuations which have short lifetimes.
(Jn the time-dependent GL theory we have
re~ 0- I/fo"; see Ref. 28. ) Of course when a
magnetic field is present the nonlocal corrections
become important as well. Onlv at low fields and
near T,z where low-energy long-wavelength long-
lifetime fluctuations dominate and the electro-
dynamics is local should the QL theory be ade-
quate.

The first attempt to provide an improved treat-
ment of these high-energy fluctuations was under-
taken by Patton, Ambegaokar, and Wilkins who
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attempted qualitatively to predict the effects of
the breakdown of the QL theory on the fluctuation-
induced diamagnetism. They compared the micro-
scopic and QL theory expressions for the free-
energy functional and concluded that the QL theory
overestimates the contribution of the short-wave-
length fluctuations. In order to correct qualita-
tively for this deficiency, they introduced a cutoff
energy into the energy spectrum of the fluctua-
tions in a manner suggested by microscopic theory.
The resulting expression for the free energy F'
reduced to the GL form [Eq. (3)] for the low-
energy modes but was less for the high-energy
modes. In effect, they replaced foL with f~""
=E(1 —e~v ) in Eq. (3), where E is the cutoff
energy, which they estimated would lie in the
range K /2m*) (0) & E& kT, . Using this modified
form of the free energy they found that M' should
be strongly suppressed below the QL prediction
if H&H*= m*cE—/Se or T& T*—= 2m"$ (0)T, E/I .
[For E=k /2m*)'(0), as they thought more likely,
HER=CO/2m/2(0) and T*=2T,. ] In addition, they
found that M'/H"2 T is a universal function, but
only if the field II is scaled by II* in addition to
using the scaled temperature introduced by
P range. The PAW theory successfully eliminates
the unreasonable nature of the GL predictions at
large T and H, and qualitatively accounts for the
observed behavior, most importantly anticipating
the scaled variables necessary to describe the
data in universal form. But the PAW theory is
quantitatively inadequate, especially (but not
solely) for the clean materials, where the best
fit to the data requires values of E considerably
smaller than their lower limit. This deficiency
has been rectified by the microscopic calculations
discussed below.

In a more straightforward calculation, Mikeska
and Schmidt~ have extended the earlier low-field
results of Schmidt~ to strong fields using a general-
ized form of the QL theory. However, their cal-
culations were restricted to the region near T,a,
and therefore their results do not apply to most
of our data. More recently, Nam' has discussed
a phenomenological extension of the QL theory
based on a "boson model" of the fluctuations
which he finds gives a good account of our pub-
lished data. ' However, as discussed later by
Lee and Payne, '~ this theory is mathematically
similar to the PAW' theory and gives a good agree-
ment with experiment only when an adjustable
parameter is introduced.

C. Results from Microscopic Theory

Full microscopic calculations of the fluctuation-
induced diamagnetism based on the Qor'kov theory
have been undertaken by several groups. In ef-
fect, these calculations systematically generalize

the QL theory to include arbitrary spatial varia-
tions of the order parameter, the effects of non-
local electrodynamics, and, in some cases, the
dynamical corrections to the QL free energy. The
results for the clean limit were first reported by
Lee and Payne (LP) and subsequently confirmed
by Kurkijarvi, Ambegaokar, and Eilenberger"
(KAE) who had independently carried out essential-
ly the same calculation. These authors find that
in this limit M'/H'~ T is a universal function of
the scaled field variable (we use the notation of
Lee and Payne) b, = (hvar/4vT, ) (eH/hc) = 0. 097 H/
(C 0/2vgo) and the reduced temperature 8 = (T —T,)/
T„or, equivalently, 5, and the scaled tempera-
ture variable (dH, 2/dT) r (T —T,)/H introduced by
Prange. This equivalence follows from the fact
that (dH, &/dT)r (T —T,)/H= 0. 177$/g, . The
temperature scaling given by 8 = (T —T,)/T, is
much simpler than the temperature scaling used
by Prange and PAW, and since both lead to uni-
versal behavior in the clean limit, it would appear
preferable to use S. However, the experimental
evidence suggests that alloys and clean materials
exhibit the same universal temperature dependence
only if the Prange temperature scaling is used.
This point will be discussed further in Sec. P.

The field dependence of M'/H'~~ T found by
LP-KAE in the clean limit for T = T, is shown in
Fig. 2. The behavior expected for T = T, is
particularly convenient for comparing various
theories and also theory and experiment since it
avoids the more complicated question of the de-
tailed temperature dependence of M'. Also shown
in the figure are the predictions of the QL theory,
the PAW theory [assuming only that E = h /2m*) (0)],
and the predictions of microscopic Qor'kov theory
neglecting nonlocal electrodynamics (local approx. ).
As we shall show in Sec. V, the LP-KAE result is
in good agreement with our data, and it is now evi-
dent that the principal shortcoming of the PA% the-
ory in the clean limit was a failure to include non-
local electrodynamics. (For a more detailed dis-
cussion of this point see the paper byKAE, Ref. 11.)

The appropriate generalization of these micro-
scopic calculations to finite $0/l has been discussed
by KAE and also by LP in their second paper. '
Maki and Takayama have also discussed this re-
gime, although their calculations are restricted to
the very dirty limit ($0/I »1). All of these calcu-
lations use the Gor'kov theory as their basic start-
ing point. They differ in their detailed predictions,
however, due to differences in the particular man-
ner in which the dynamical corrections are taken
into account. These dynamical corrections are
small in the clean limit but become increasingly
more important as $0/I increases. LP and KAE
treat these corrections similarly and find that they
increase M' above that obtained using the static
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FIG. 2. Theoretical predictions-clean limit. The predicted field dependence of 3f' at T= T~ is shown for various
theories. The full microscopic calculation including nonlocal electrodynamics is seen to predict a falloff from the OL
result at much lower fields than found using a local approximation. The dramatic effect of nonlocal electrodynamics on
the suppression of the fluctuations by a magnetic field in clean materials is clearly seen. The approximate PAW theory
[with E=I /2m*]I (0)) is seen to correspond most clearly to local microscopic theory.

approximation (no dynamical corrections). Maki
and Takayama (MT) find that M' is strongly de-
creased. The differences between these two treat-
ments have been discussed by LP in Ref. 12. Also,
to facilitate comparison between the various the-
ories and theory and experiment, LP have carried
out numerical calculations in the small $s/& re-
gime using the MT treatment of the dynamical cor-

rections. "
A comparison of the predictions obtained from

these competing calculations is shown in Fig. 3.
The solid lines show the LP-KAE results and the
dashed lines (labeled MT) those obtained by LP
using the MT treatment of the dynamical correc-
tions. As is evident from the figure, for a given
$o/f the MT result falls off from the GL value sub-

6.0 I I I I I I I I I I I I I I I I I I I I I I lt I I I I I I I I

5.0—

40

, 5.0

1.0

l l l llll~1 .001
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l I I l I llll
1.0

l l l l ill l l l l l llll
Ol .1

bc 1( 1+2Pc)

l l I I llll
10

FIG. 3. The-
oretical pre-
dictions —dirty
limit. The the-
oretical predic-
tions of LP-KAE
and MT for the
field dependence
of M' at T=T
are illustrated.
It is seen that
for a given
p =0.44)0/l,
the MT calcula-
tion predicts a
suppression of
the fluctuation
at a lower field
than the LP-
KAE calcula-
tion.
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FIG. 4. Schematic diagram of the apparatus. A super-
conducting dc flux transporter is used to couple the
sample and SQUID detector. The feedback circuit nulls
the current in the flux transporter and provides an output
voltage which is proportional to the magnetization change
of the sample. Mechanical superconducting switches are
used to change from high to low sensitivity mode of opera-
tion.

An extremely sensitive superconducting quantum
magnetometer was used to detect the small diamag-
netism above T,. A schematic diagram of the ap-

stantially sooner than that of LP-KAE. In this fig-
ure the scaled field variable used is b,/(1+ 2p, )
= 0. 097H/[(4'o/2TF)o)(1+ 0. 88)o/l)j. This particular
scaling arises naturally in the calculations using
the Gor'kov theory but does not contain the com-
plete mean-free-path dependence of the theory and
therefore does not lead to universal behavior.
Since $(0)= 0. 74)o/(1+0. 88)o/I)'y except for
small corrections at large )o/I, 5,/(I+ 2p, ) is the
field scaling associated with the zero-temperature
GL coherence length. Based on our discussion of
the leading corrections to the GL theory presented
in Sec. IIB, we would not expect this field scaling
to lead to universal behavior in the low jo/I limit
where the effects of nonlocal electrodynamics are
important. However, over the range of )o/I shown
in Fig. 3, the shape of the falloff from the GL val-
ue for both the LP-KAE and MT predictions is
very similar to that found in the clean limit, and
universal behavior can be obtained, at least ap-
proximately, using either prediction by an appro-
priate empirical rescaling of the field variable.
Thus both calculations yield universal behavior for
small go/I, ' although the scaling fields obtained
in the two cases are quite different. We shall re-
turn to this point and the physical significance of
this universal behavior in Sec. V after we have dis-
cussed the experimental data.

III. INSTRUMENTATION

paratus is shown in Fig. 4. The magnetic flux
detector is a double-point-contact superconducting
quantum-interference device (SQUID) made of Nb

foils, but any of the currently popular types of
SQUID's would be satisfactory. More important-
ly, the SQUID is magnetically coupled to the sam-
ple by a superconducting dc flux transporter (or
transformer) made of Nb wire. This arrangement
permits the thermal and magnetic environment of
the SQUID and sample to be controlled and opti-
mized independently. The transporter circuit con-
sists of a primary coil L& around the sample, a
secondary coil L, in the SQUID, and a small feed-
back coil L& into which an external current can be
inductively coupled to keep the current in the trans-
porter nulled. Mechanical superconducting switches
controlled from outside the cryostat permit a large
dropping inductor L~ to be switched into the circuit
in order to reduce the amount of flux sensed by the
SQUID. This low- sensitivity mode is particularly
useful for measuring the large flux change at the
superconducting transition. Similar switches are
used to open the transporter circuit when large
changes of the applied field are made.

Signal detection is accomplished by current-
biasing the interferometer near its critical current,
coupling a very small (10 o-Qe) 300-Hz modulating
field to the SQUID via the flux transporter, and
detecting the resulting flux-dependent ac signal
with a lock-in amplifier preceded by a transformer
(not shown) having a voltage gain of 100. The dc
output of the lock-in amplifier provides a feedback
current that keeps the transporter current nulled.
For sufficiently high loop gain, this feedback cur-
rent is proportional to the magnetization change of
the sample independent of the specific SQUID char-
acteristics.

The SQUID, transporter circuit, and sample
chamber are enclosed in a superconducting lead
can to shield them against spurious flux changes.
The ambient magnetic field is reduced to less than
1 mOe by two concentric Moly Permalloy shields
from Allegheny Ludlum Steel Corp. The entire ap-
paratus and electronics are located inside an rf
shielded enclosure manufactured by the Ray Proof
Corp. , and rf filters are used on the feedback and
current- bias leads. These precautions are nec-
essary to prevent rf signals from degrading the
performance of the magnetometer by inducing
spurious currents in the SQUID and transporter
circuit.

The samples are thermally bonded to a copper
rod and suspended inside a vacuum can having a
narrow constriction around which the transporter
primary is wound. The constriction is necessary
in order to obtain good coupling to the sample. The
sample can be withdrawn from the primary in or-
der to measure its total magnetization. The tem-
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perature of the sample can be varied continuously
between 2 and at least 16 K by means of a heating
resistor and thermal link attached to the copper
rod, while the SQUID and transporter circuit are
maintained at the constant liquid-helium-bath tem-
perature. The sample temperature is determined
from the resistance of a Solitron germanium cry-
ogenic sensor, type SP2301, which was calibrated
below 4. 2 K against the helium vapor pressure,
and above 4. 2 K by comparison with a similar sen-
sor whose calibration, performed by the manufac-
turer, is claimed to be accurate to at least 0. 1 K.
Additional checks were obtained from the transi-
tion temperatures of indium and lead, which were
correct to 0. 003 and 0. 06 K, respectively. Tem-
perature resolution is about 10 ' K.

The applied magnetic field is produced by an end-
corrected Nb solenoid operated in persistent-cur-
rent mode. The magnetic detection system was
calibrated by simulating the uniformly magnetized
sample with an equivalent closely wound solenoid
of nearly identical dimensions. This procedure
automatically corrects for the shielding effects of
the persistent-current magnet and the imperfect
coupling to the transporter primary. A consistency
check on the combined calibrations of the SQUID
and solenoid was obtained by measuring the total
exclusion of flux from a sample at the supercon-
ducting transition in a 1-Oe applied field. Actual
measurements are made by sweeping temperature
and recording the flux changes &4 with the magne-
tometer. Magnetization changes ~= &@/4' are
then computed using the measured area of the
sample. Magnetization changes measured with
this system are estimated to be accurate to with-
in 6%.

The major limitation in the performance of this
magnetometer is a small field-independent-back-
ground flux change that occurs when the sample
temperature is changed. Its origin is not known

with certainty, but the available evidence suggests
that it is due to thermoelectric currents associated
with thermal gradients near the heater in the cop-
per rod. (Such currents could be eliminated by
v. sing a high-thermal conductivity dielectric rod to
replace the copper one. ) This small background
must be subtracted from the observed magnetiza-
tion changes in order to obtain accurate measure-
ments. This effect limits the minimum detectable
magnetization change to about 1&&10 6, which is
adequate for the present experiments. The sensi-
tivity at constant temperature is about a factor of
10 better than this and is limited by Johnson-noise
currents in the sample. At "high" fields (K &10 Oe)
the performance is further degraded by long-term
drifts due to flux creep in some part of the magne-
tometer. This effect can be circumvented to a
large degree by repetitive measurements.

IV. EXPERIMENTAL RESULTS

Measurements have been carried out on the pure
superconductors In, Pb, and Nb, and on several
Pb- Tl and In- Tl alloys. These materials include
both type- I and type-II superconductors. Measure-
ments on type-I materials were restricted to tem-
peratures above T,(K), where the first-order tran-
sition occurs. For the type-II materials where
T,3 &T, and the transition is second order, it was
possible to make measurements through the entire
transition into the mixed state and to investigate
the effects of surface superconductivity. The most
complete results were obtained on In and Pb, be-
cause high-quality samples of these materials could
be prepared whose transitions had very little ex-
trinsic broadening and because measurements over
the entire range of relevant fields could be made.
For the alloys and Nb, considerably greater broad-
ening was present. Also, due to the deteriorating
performance of the superconducting magnetometer
for fields above - 300 Oe, it was not possible to
make measurements on the alloys and Nb at fields suf-
ficiently high to completely suppress the fluctuations.

Except for niobium, the samples used in these
experiments were cylindrical single crystals 39
mm long and 5 mm in diameter prepared from
99.9999/o-pure components. They were cast in Py-
rex tubes lightly lubricated with Dow Corning No.
710 fluid, slowly drawn through a vertical zone
melter for recrystallization, and then spark cut to
the desired length. The samples were etched and
examined for crystal perfection (dislocations and

grain boundaries). The indium samples, which
were quite soft, showed a few small dislocations
near the ends from the cutting process. Otherwise
no grain boundaries were seen on the ends of the
samples and only some very faint longitudinal stri-
ations were seen on the cylindrical surfaces. These
are believed to be due to small-angle misalignments
at the surface. The other samples were of similar
quality, although the In- Tl samples showed some-
what more pronounced striations. X-ray diffrac-
tion studies of the lead sample indicated that its
longitudinal axis was 7' from a [110]direction.
However, the sample orientation is not believed to
play an important role in the interpretation of these
experiments. Single crystals were used mainly to
obtain nearly ideal samples with minimal extrinsic
broadening of the transition. The alloy samples
had $o/I ratios ranging from 6 to 16. The Nb sam-
ple was a single crystal 28 mm long by 2. 9 mm in
diameter and had a residual resistivity ratio
oooo x/p4. o x= 360.

A. Type-I Superconductors: In and Pb

Figure 5 shows the complete diamagnetic tran-
sition for indium in a 0. 109-Oe applied field. For
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FIG. 5. Complete superconducting transition of a
single-crystal indium sample. This measurement was
made using the low sensitivity mode of the magnetometer.
The extrinsic broadening of the transition is seen to be
approximately 2 x 10 K.

this measurement the magnetometer was operated
in its low-sensitivity mode in order to follow the
large flux change due to the Meissner effect.
Viewed with this "conventional" sensitivity, the
width of the transition for increasing temperatures
is only 2&& 10 4 K. At higher fields it was slightly
broader and somewhat rate dependent, presumably
indicative of some slight flux pinning. By conven-
tional standards this is quite a sharp transition. In

fact, the upward sweep shows a magnetization
which is decreasing faster than exponentially with
temperature. The total width due to extrinsic
broadening is apparently less than 1 mK, thus en-
abling us to confidently exclude gross broadening
as an explanation of the temperature-dependent
diamagnetism above T,. The diamagnetic transi-
tion of our second indium sample was similar to
that shown and the lead sample was about twice as
broad.

The temperature dependence of the magnetization
, of indium above' T,(H) measured with high sensitiv-

ity is shown in Fig. 6, where the enhanced diamag-
netism due to fluctuations is seen. In obtaining
these data, changes in magnetization with temper-
ature were measured up to about 11.5 K or roughly
3T,. Only part of this region is shown in the fig-
ure. The zero of magnetization was determined as
follows. For each curve there was a temperature
region at least 4 K wide in which no magnetization
change was observed (~&0. 15&&10 ~ 6). Since
the normal susceptibility is not expected to have
any strong temperature dependence, it seems rea-
sonable to assume that the fluctuation-induced mag-
netization is essentially zero in this region, and it
is with respect to this choice of zero that the data
in this paper are presented. That is,

The subscript will normally be omitted. This pro-
cedure eliminates the baseline uncertainty present
in our earliest results. 4

The results for In are typical of those observed
in type-I superconductors. As temperature is re-
duced, tM' [ increases smoothly until T= T,(H),
where a sharp first-order transition into the Meiss-
ner state occurs. This behavior is best seen in
the curve for 34. 9 Oe in Fig. 6(b) where the data
clearly exhibit a finite slope as T approaches
T,(H). As the field is increased, IM'

I initially
increases, and the region over which it is temper-
ature dependent appears to become wider. How-

ever, the magnetization eventually begins to de-
c~ease with increasing field. For sufficiently high
fields, the fluctuations are completely suppressed,
and M' is not measurably temperature dependent
at all. In the case of In, a 70-Oe applied field
was sufficient to completely suppress the fluctu-
ations.

The data are reproducible and are sample inde-
pendent, except for the region below T, in high
fields, where the curvature appears to reverse for
the sample of Fig. 4(b), but not for other samples.
In general, the magnetization measurements are
estimated to be accurate to about 0. 3&&10 ' G or
3%, which ever is greater. The accuracy at low
levels is limited mainly by the necessity of correct-
ing for the instrumental temperature-dependent
background, and by the long-term drifts discussed
in Sec. III.

In addition to measurements of the magnetization
change with temperature, the total magnetization
M =M'+M„, including the normal magnetization
M„, was measured by withdrawing the sample from
the flux transporter at 4. 6 K. At this temperature,
M' is less than 0. 5% of M at any field, so that M
=M„ to within the accuracy of the measurement
(= 3%%). This measurement gave a normal-state
susceptibility X„=M„/H= —2. 00+0. 06&&10 8 emu/
cm for In, which was field independent for fields
between 0.6 and 70 Oe.

Representative data for In are plotted in Fig. 7
using the scaled variables suggested by theory.
The prediction of the GL theory is also shown for
reference. The quantitative failure of the GL the-
ory over the range of fields and temperature shown
is evident.

The results on our Pb sample were qualitatively
similar to that described for In. The data are
shown in Fig. 8 plotted using scaled variables.
Note that at the highest fields (H & 50 Oe), the data
are still temperature dependent at 16 K (our high-
est conveniently attainable temperature), indicating
that for II= 218 Oe there is some baseline uncer-
tainty.
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B. Type-II Superconductors: Pb-T1 A11oys

In order to study the fluctuations near the diver-
gence at T,z and to investigate the effects of finite
mean free path, experiments were carried out on
several type- II superconducting alloys. In addition,
since II,3 &II,2 &H, in such materials„surface super-
conductivity is present and can also be studied.

Of course it must be suppressed in order to study
the fluctuation-induced diamagnetism of the bulk
for temperatures near 1',3.

Figure 9 shows the temperature dependence of
the magnetization in the region of surface super-
conductivity for a Pb-4-at. %-Tl sample. Also il-
lustrated is the successive reduction of surface ef-
fects as the surface is gold plated. For curve (a)
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FIG. 6. Fluctuation-
induced diamagnetism of
indium above the super-
conducting transtion. The
baseline for these curves
has been taken as the
high-temperature limN
of the measured magneti-
zation changes, (a) For
11&6 Oe, -M'(T ) is an
increasing function of H.
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FIG. 7. Fluctuation-induced
diamagnetism of indium above T~
plotted using scaled variables and
compared with the predictions of
the GL theory as worked out by
Prange. The progressive break-
down of the GL theory as field
increases is evident.
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the surface has been chemically polished but is
otherwise untreated. As the temperature is re-
duced, the sample gradually becomes diamagnetic
due to the fluctuations. However, at the tempera-
ture T„, the temperature dependence reverses sign
until a lower temperature T,2 is reached. Between

T,2 and T,~ the magnetization exhibits hysteresis
as shown. Measurements at reduced sensitivity
show the magnetization to be proportional to
(T,m

—T) below T,2, thus confirming the identifica-
tion of the temperature labeled T,2 with the onset
of the mixed state.

1.0

FIG. 8. Fluctuation-induced
diamagnetism of lead above T~
plotted using scaled variables.
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In order to support the identification of the tem-
perature labeled 7.',3 with the onset of surface su-
perconductivity, temperature sweeps were made
at various fields, and the temperatures T,3(H) and

T„.(H) were used to construct critical-field curves.
Examination of the critical-field curves showed

that H,~(T) was linear in temperature up to nearly
200 Oe and extrapolated to zero at T,. H,s(T) was
also linear in temperature with a slope larger by
a factor of 1.60, only slightly less than the ex-
pected value of 1.69.3~

The sign reversal of dM'/dT at T,s is not under-
stood. The equilibrium diamagnetism of the sur-
face sheath should cause the sample to be more
diamagnetic below T,e than would be the case for
the fluctuation-induced diamagnetism alone. It
seemed possible to us that the slope reversal and

the accompanying hysteresis were related to the
multiply connected character of the surface sheath.
To test this hypothesis, a strip of gold approxi-
mately 2 mm wide and 3500 L thick was evapo-
rated along the length of the sample in order to

O

LIJ

X

Tc2 Tcz
TEMPERATURE

Tc

FIG. 9. Effects of surface superconductivity on the
magnetization above T,2 in a type-II superconductor: (a)
with a chemically polished surface; (b) with a gold strip
plated along the axis in order to make the superconducting
surface sheath singly connected; (c) with surface super-
conductivity completely suppressed, revealing the unper-
turbed fluctuation-induced diamagnetism. Note that the
curves are separated vertically for clarity.

suppress the surface superconductivity in this re-
gion and thus prevent surface currents from going
all the way around the sample. The magnetization
then became steeper at T,s [Fig. 9(b)] and exhibited
less hysteresis there, in better agreement with our
original expectations.

Finally, ihe evaporated strip was removed and

the entire sample was electroplated with gold.
(Electroplating was used rather than evaporation
because it was found to be more adherent and

therefore presumably more effective in suppressing
the surface sheath. ) The magnetization [Fig. 9(c)]
then showed no obvious evidence of surface super™
conductivity at any temperature above T,~. How-

ever, at high fields II &150 Oe, the surface effect
reappeared and showed hysteresis similar to Fig.
9(a). In general, hysteresis in M'(7) usually seems
to accompany the appearance of surface supercon-

,
ductivity. The absence of hysteresis, while not
foolproof, appears to be a good indication that sur-
face effects are not contributing to the magnetization.

After eliminating the surface effects, the ex-
trinsic transition broadening of the transition was
measured in a field of 0. 1 Oe, where the expected
temperature width of the ideal mixed-state regime
is estimated to be only 0. 5 mK. The sample was
cooled below T, in zero applied field to eliminate
any flux trapping. The field was then turned on,
and the magnetization measured as the temperature
was increased through the transition. The result-
ing transition width (to completion) was about 10
mK. When the temperature was subsequently re-
duced again, there was considerable flux trapping
in the sample, leading to a Meissner effect that
was only 10% complete. (This figure is larger at
higher fields. ) This irreversibility and the 10-mK
transition width indicate that the sample is not as
homogeneous as might be desired. This behavior
is typical of all the alloys studied and of the pure
niobium sample as well.

In a type-II superconductor where the transition
is continuous the observed magnetization changes
smoothly over a huge range from the minimum de-
tectable 10 6 to nearly the full diamagnetic value
-H/4s as the temperature is reduced from well
above T,~. A panoramic view of this behavior for
the Pb- 5-at. %-Tl sample is shown in Figs. 10 and

11, which are composite logarithmic graphs ob-
tained by joining together data taken from a num-

ber of separate temperature sweeps using different
magnetometer sensitivities. Figure 10 shows the
behavior in the neighborhood of T,3, this region is
of particular interest since it was inaccessible in
our type-I samples. In this graph, M' (16 K) has
been taken to be zero, since the magnetization is
changing only very gradually there. This does not
introduce any significant uncertainty in M' near T,z
where M' is becoming orders of magnitude larger.
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C. Some Additional Results
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In addition to the results described above, some
measurements were also carried out on Nb and two
In- Tl alloys in order to obtain data on a wider va-
riety of materials, particularly alloys. For these
samples attention was focused mainly on the field
dependence of M' at T= T„and detailed measure-
ments of the temperature dependence of the mag-
netization were not made. These results are pre-
sented in Sec. V.

V. DISCUSSION

10

MAGNETIZATION DUE TO FLUCTUATIONS,

TEMPERATURE DEPENDENT OUT TO AT

LEAST T=&6I(,

0 .1,2

(T=Tc2) dHcp f~-~cs T-Tc2
dT H, Te-Tc2

FIG. 10. Temperature dependence of the magnetization
near T,2. The data show that in weak fields and for tem-
peratures just above T~g, the GL theory correctly pre-
dicts the observed fluctuatio~~-induced diamagnetism.
For the data shown H/H~2(0) - 0. 03 «1.

Three different regions can be distinguished. Be-
low T,2, the magnetization is, as expected, linear
in temperature, although it appears curved on this
semilogarithmic plot. In the immediate vicinity of
T,2, the broadened transition, combined with the
fluctuations, gives rise to a temperature depen-
dence which is roughly exponential (a straight line
on this plot). The effect of the broadening appears
to be negligible above (dH, a/dT)(T —T,)/H= —0. 95.
Finally, above (but very near) T,z, the data are in
good agreement with Prange's result, represented
by the curved solid line. Thus, in weak fields and

sufficiently close to T,2, it does appear that the
simple GL theory is valid. The agreement with
Prange's result gradually worsens as T is increased
above T,&. This is illustrated in Fig. 11 where
the high-temperature behavior is shown.

A complete presentation of the data above T, for
this Pb-5-at. %-Tl sample is shown in Fig. 12
using the usual scaled variables. As is the case
for Pb, the observed magnetization is still slightly
temperature-dependent at T = 16 K for H & 10 Qe.
Therefore, for the higher fields some baseline un-
certainty remains, but this has little effect on the
data near T,. For II & 5 Oe some effects of the
broadened transition are evident above T„but for-
tunately they are readily recognized. The horizon-
tal error bar on the low-temperature data is a mea-
sure of the uncertainty in the definition of the mean
T, (due to the finite transition width). The vertical
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FIG. 11. The breakdown of the GL theory as (T- T,2)

increases is illustrated using the same sample as shown
in Fig. 10.

From the experimental results presented in Sec.
IV it is evident that, on the whole, the GL theory
gives only a qualitative account of the observed
fluctuation-induced diamagnetism. While in very
weak fields and at temperatures just above T,2 the
GL theory is found to be quantitatively correct (see
Figs. 10 and 11), at high fields and temperatures
the observed behavior falls markedly below the GL
predictions. In fact, at very high fields and tem-
peratures the predictions of the GL theory become
physically unreasonable (see Sec. IIA).

The origins of this breakdown of the GL theory
have been discussed in Sec. IIB. Basically, the
GL theory breaks down at high fields and temper-
atures because it fails to properly describe the
high-energy (short-wavelength) fluctuations which
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become important in those reg'imes and also, in
th l an materials, because of the extremely im-
portant' effects of nonlocal electrodynamics.
over, for alloys, the so-called dynamical correc-
tions to the GL theory, made necessary by the

h t l'f times of the high-energy fluctuations,
Onl forcreate additional theoretical diff iculties. y

H «40/2vg'(0) =H„(0) and (T —T,2) «T„, where
n~ih ion -lifetime fluctuations domina e

is the GL the-and the electrodynamics are local, is the GL e-
ory expected to be valid, in agreement with our ex-
perimental observations.

In the clean limit these deficiencie' softheGL
theory appear to have been rectifie y

' '
d b the recent

work of Lee anL d Payne '" and Kurkijarvi, Am-

d E'lenberger" who, building on thebegaokar, an i en e
be aokar,ear ier apprl' a roximate work of Patton, Am eg

and Wilkins have calculated the fluctuation-in-
duced diamagnetism directly from microscopic
Gor'kov) theory. As discussed in Sec.ec. IIC their

calculations, in e ec,ff t generalize the GL theory to
d rbitrary spatial variations of the super-inclu e ar i r

t' order parameter and a complete p-de sericonducting or er
suits of thesetion of the nonlocal effects. The resu s o e

i . 2. For the alloyscalculations were shown in Fig.
the predictions of the microscopic the yor are still
uncertain ue o ed t the additional complications intro-
duced in this case by the dynamical corrections.
(These corrections are small in the clean limi .
At the presen imet t' two distinct treatments of these

dynamical effects have been presented: one by
Maki an Ta ayama,d T ka ama ' and a second worked out in-
dependently byb LP and KAE. These calculations
were discusse in ec.d

' S c IIC and their predictions
compared in Fig. 3.

A considera e impe'd bl ' etus to this recent theoretical
work has een e u

'
b th universal behavior exhibited by

our experimen at l results in the regimes where the
GL theory has broken down. As we reported in

eluding clean materials and alloys, the observed
fluctuation- induced diamagnetism iis described
remarkab y we y1 11 b a universal function of the tem-
perature variable (dH„/dT)r, (T —T,) H and a
sca e ie1 d f' ld variable H/H„where H, is an empir-

ossibilit ofll d termined scaling field. The possi i i y
s firstuniversal behavior of this general form was i

suggested in the early theoretical work of PAW.
As shown below, our more recent data provi e
further support for such universal behavior, par-
ticularly for a oys, allo s although unfortunately the data
on the temperature dependence of M' for alloys is
still limited. On the theoretical side the recent
calculations o anf LP nd KAE show that universal be-
havior in the clean limit follows naturally from the
microscopic eoryth ory with the characteristic fie
Co/2v)0 determining the field scaling required.
For alloys the theoretical picture is less certain.
The available calculations based on the differing
treatments of the dynamical effects both provide

5.0

2.0

0 0

1.0

FIG. 12. Fluc-
tuation-induced dia-
magnetism of
Pb-5-at. % Tl above
T plotted using
scaled variables.
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FIG. 13. Observed universal field dependence of the
a etization M'/H T at T= T~ compared withscaled magnetization M

ll determinedLP-KAE prediction. The empxrxca y
scaling fieMs for each material are shown

'

The predictions o ef th GL theory are also shown for
reference.

tantial evidence for universal behavior in
th f' ld dependence of M' at T = T, approxima ee ie
like that found in the clean limit (see ig.

the discussion in Sec. IIC), but they predxct dra
so detailedmatically different scaling fields. Also,

calculations of temperature dependence of M' for

The universal behavior observed experimentally
n with the theo-is illustrated in Figs. 13-15, along wi e

clean limiti'e ica prt' 1 edictions of LP- KAE in the
al field(dashed lines . iguFigure 13 shows the univers

M' H T at T= T, exhibited by ourdependence of ~
samples, inc u ing1 d'n those for which the data were

t x licitly presented in Sec. IV. p tt'In lotting
this figure the applied field H has been sn scaled ar-
bitrarily by a different scaling field II, for each

h that the data for all materials coin-
low the GLcide as closely as possible and fall below e

is defines rel-prediction in a similar fashion. is
ative values o, orf H f all the samples; the absolute
values are then fixed by arbitrarily defining H, as
thefie a w i'

ld t h'ch the experimental curve has
of II ob-d to half the GL value. The values of, o-droppe o a

d 'n this manner have the convenien p p yt ro erttained in is m
cts the field atthat their magnitude closely reflects e ie

which the deviations from the GL theory become
substan ia . et' 1 The observed scaling fields range
from 2. I Oe for In to 720 Oe for Pb-5-a .%
These scaling fields are shown in e igu
tabulated in Table I along with the predicted values
of H obtained for the clean materials using theS

E Also shown intheoretical results of LP-KA .
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FIG. 14. Observed universal
m' H'"Ttemperature dependence of

compared with the LP-KAE pre-
diction. Universal behavior which
includes the data on alloys is obtained
only if the Prange temperature
scaling, (dH 2/dT)(T- T~)/H, is used.
The predictions of the GL theory
are also shown for reference.



FLUCTUATION- INDUCED DIAMAGNF TISM ABOVE. . . 3055

TABLE I. Superconducting material parameters for
our samples.

dHc 2

dT
Material (K) (Oe/K)

Hs(expt. )

g0/Z' (Oe)

Hs
(thepry) d

(oe)

0
0
0
4. 8
7. 2
16

2. 8
35

240

Table I are some relevant material parameters of
our samples.

The data in Fig. 13, which include a wide variety
of superconductors, both clean and dirty, conform
remarkably well to a single universal curve. For
the clean type-I materials, In and Pb, the data
span almost the entire curve, whereas for the al-

In 3.41 13.4 0. 364 2. 1(+.2)
Pb 7.2 81 0, 102 36(+4)
Nb 9, 2 432 0, 039 100(+10)
Pb-5-at. /0 Tl 7.1 402 720(+150)
In-8-at. /0 Tl 3.26 100' 73(+8)
In-15-at. % Tl 3. 23 182 130

aFrom this work.
"Determined from the standard relation T, dH, 2/d T [ ~

=@p/2m(0, 74)p) 2,

'Determined from the relation (Tc dHc2/d T)~ /(Tc dHc2/
dT)z&~-—X(t'0/I), where g, the Gor'kov function, is s
known function of $p/l (see Ref. 19, p. 338).

Calculated using the expression H, = 0. 114p/2&)p ob-
tained from the LP-KAE calculation (see Ref. 28).

Calculated from dHc2/dT I &c
= ~2 KdH, /dTl &c using

KI,=0. 062 [J. S. Feder and D. S. McLachlan, Phys.
Rev. 177, 763 (1966)], Kpb=0. 240 [F. W. Smith and

M. Cardona, Solid State Commun. 6, 37 (1968)], and

Kgnw-at, % T&
= o.45 [P. C. Wraight, Phys. Letters 26A,

140 (1968)].
~The scaling field for this alloy is probably an upper

limit (see Ref. 29).

loys (also Nb), in each case the data unfortunately
cover only a limited range of H/H, along the
curve. 29 Collectively, however, the alloy data span
the curve from H/H, = 0. 06 up to 2. 5 and provide
substantial evidence for universal behavior. The
theoretical prediction (dashed curve) of LP-KAE
for )n/I = 0 (i. e. , the clean limit) is seen to account
fairly well for the over-all shape of the observed
universal behavior, although the fit is not perfect
at low and high H/H, . Also, as seen in Table I,
with the exception of Nb, the observed scaling
fields for the clean materials are found to be in

quite good agreement with those expected theoret-
ically. The common universal behavior exhibited
by the clean materials and alloys ($c/I in the range
4. 8&)o/I ~16) is consistent with both of the avail-
able theoretical calculations for to/I &0, although
as we shall see below, the observed scaling fields
are in much better agreement with the predictions
based on the work of Maki and Takayama.

The observed universal temperature dependence
of M'/H'~ T at fixed H/H, is illustrated in Fig. 14.
The experimental data shown in this figure are for
In, Pb, and Pb-Tl only since, as mentioned in
Sec. IV, detailed measurements of the tempera-
ture dependence of M' for the other samples are
not available at the present time. The observed
universal behavior is illustrated further in Fig. 15,
which shows the field dependence of I'/H'~s T for
two nonzero values of (dH, z/dT)r (T —T,)/H. In

these figures, as in Fig. 13, the LP-KAE clean-
limit calculation is seen to account quite well for
the observed universal behavior, although the the-

I I I I I I I I I I I I I I I I

x

~ Pb

I I I I I I I I

Pb-5% Tl

---- LP-KAE

((,/e=o)

Q cu

0 0
F&Q. 15. Observed uni-

versal field dependence of
I'/H T for temperatures
above T, compared with the
LP-KAE predictions.

0
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oretical prediction appears to be falling off a little
too slowly at high temperatures. It should be noted,
however, that in Figs. 14 and 15 the alloy data
would not show the same universal behavior as the
clean materials if the simpler temperature scaling
(T —T,)/T, were used rather than the more com-
plicated Prange scaling (dH, z/dT)r, (T —T,)/H. As
discussed in Sec. QC, in the clean limit LP and
KAE have shown that universal behavior is obtained
theoretically using either of these temperature
scalings, the two being equivalent in this case.
However, our results suggest that when alloys are
included the latter scaling may be more general,
although admittedly this conclusion is based on data
from a single alloy. Unfortunately, as mentioned
above, detailed calculations of the temperature de-
pendence of M' for alloys based on microscopic
theory are not available, and so it is not possible
to test this conclusion theoretically,

Despite the fact that to a remarkable degree the
fluctuation-induced diamagnetism in clean materials
and alloys alike can be described quite well by the
same universal function, the principal mechanism
suppressing the fluctuations (or at least the dia-
magnetism they produce) at high fields appears to
be quite different in the two cases. In the clean
materials the effects of nonlocal electrodynamics
are almost certainly dominant. The first evidence
for this conclusion was presented in Ref. 5 where
on the basis of our preliminary results we ob-
served that the scaling fields for In, Pb, and
Pb-5-at. % Tl ($0/l = 4. 8) were approximately de-
scribed by the formula H, = C(40/2vgo)(1+ $0/I),
suggesting that the Pippard electrodynamic coher-
ence length $~'= $0'+ l ~, and not the GL coherence
length $(0), is the important characteristic length
in accounting for the effects of magnetic fields on
the fluctuations in materials with small $0/I.
(Note also that $~ is close to the length $' found in
Sec. II to roughly characterize the leading nonlocal
corrections to the GL theory. ) The importance of
the nonlocal effects has been most clearly demon-
strated by the theoretical results of LP-KAE,
which show that the nonlocal corrections reduce
H, from the value 2. 26(40/2m)0) (roughly the PAW
result) obtained using a local approximation to the
much lower value 0. 11(C'0/2vto) which is in very
good agreement with the experimental data.

However, our more recent data on alloys suggest
that at sufficiently large $0/l, the nonlocal effects
cease to dominate, and the GL coherence length
$(0) finally determines the scaling field. This is
shown in Fig. 16 where the dependence of II, on

$0/I is shown. Also shown are the various theoret-
ical predictions obtained from microscopic theory.
In this figure H, has been normalized by (Oo/2s(0)
&& (1+0. 88 $0/I), the characteristic field associated
with the GL coherence length. The experimental

data show that for 4/I ~ 5, H, = 0.4(c'0/2vt'0)
&& (1+0. 88 to/I) to a very good approximation. Re-
cent work on Al alloys also confirms this result and
further demonstrates its generality. As seen in
Fig. 16 the observed behavior is in good qualitative
agreement with the predictions obtained from the
MT treatment of the dynamical effects but provides
little support for the LP-KAE result except per-
haps for the Pb-5-at. /~-Tl data point. However, in
view of the criticisms of the MT paper, the pos-
sibility remains that the LP-KAE calculation is the
correct one within the framework of the Gor'kov
theory and that the disagreement between their pre-
dictions and the observed behavior is indicative of
a failure of the microscopic theory, as presently
constituted, to provide a complete physical descrip-
tion of the high-energy fluctuations. This point of
view has been set forth recently by Patton and
Wilkins. In any event, the behavior of H, shown

2.5

2,26 ~ (Local approx)

2.

).
0

0)
0)
+

CO

~o 1.04P

N

e
0.

0 2 4 6 8 10 12 14 16 18 20
g /g

FIG. 16, Mean-free-path dependence of the observed
scaling fields compared with various theories. The
observed scaling fields are seen to be in qualitative agree-
ment with the MT calculations but not that of Lp-KAE
except in the clean limit. For comparison the result
obtained from microscopic theory using the static approx-
imation (no dynamical corrections) is also shown. The
importance of these dynamical corrections in the dirty
limit is evident. The arrow on the left-hand side indi-
cate the scaling field predicted by microscopic theory in
the clean limit neglecting nonlocal electrodynamics, and
the arrow on the right-hand side indicates the MT pre-
diction in the very dirty limit ($0/E —~). For $p/l & 5
the observed scaling fields are seen to be proportional

(4'p/2&&0) (1+0.88)p/E), the characteristic field associ-
~

ated with the GL zero-temperature coherence length g (0).
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in Fig. 16 clearly indi. cates that for large $0/I, the
relatively straightforward extension of the GI
theory based on the static form of the Gor'kov
theory which is adequate in the clean limit must be
replaced by a more complete theory. Moreover,
it suggests that for large ]pl the important char-
acteristic length entering this more complete
theory should be the Gi coherence length.

In view of the rather different situations prevail-
ing in the clean and dirty limits, the significance
of the common universal behavior exhibited by the
clean materials and alloys is not entirely clear.
It may be that the origins of the universal behavior
are not closely tied to the specific mechanism sup-

pressing the fluctuations (as, say, in the PAW
model). In any case, the observed universal be-
havior is a tantalizing feature of the experimental
results which seems to suggest that some basic
simplification of the theoretical picture may be
possible.
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The parallel-field magnetic transitions of the pure Pb films have been determined from microwave
'

absorption measurements as a function of the specimen thickness (700 to 15000 A) and of the
temperature (3.2'K to T,). The parallel critical magnetic field H, ~ values are in good agreement
with the Ginzburg-Landau theory for d g~5X(t, d) and in the limit

dpi'

a general semiempirical
expression for 0,„ for all the values of the ratio d/A, (t,d) has been determined. The order of the
magnetic transition as a function of the specimen thickness and of the temperature has been studied.
The surface-superconductivity properties as a function of the thickness have also been investigated
and our results are in fairly good agreement with the Saint-James and de Gennes theory. From the
data concerning the surface critical magnetic field 0„, it was possible to compute the values of the
penetration depth X(0,d) for any specimen thickness.

I. INTRODUCTION

The aim of this work is to make detailed studies
on the magnetic behavior of pure lead films in a
magnetic field parallel to the sample surface. The
parallel magnetic critical field H,~ was measured
as a function of temperature and specimen thick-
ness. Lead, chosen for the present investigation,
is an attractive material since it is a nearly local
superconductor. Several measurements of the
critical fields of lead films have been reported by
a number of investigators, ' 5 whereas in these re-
ports each of such measurements covers only a
limited thickness or temperature range. Our mea-
surements cover' a range of specimen thickness
varying from VOO to 15000 A and a temperature
range between 3.2 K and the critical temperature
of the specimen T,. This wide range enables us to
study the phase-transition order by varying either

the thickness or the temperature.
It is well known6 9 that for thicknesses d, when

d &d, = v 5X(f, d), a second-order transition is ex-
pected at H, „, while for' d &d„a first-order tran-
sition should occur at the critical field H,~. Stud-
ies were also made to ascertain how thin-film be-
havior is replaced by the characteristic behavior
of bulk specimen. For each sample thickness d
& W5X(0, d) we determined a reduced critical tem-
perature t~, so thatfor t& td, a first-order transition
could be expected, while for t& t„, a second-order
transition should be observed.

In general, it was found that the temperature de-
pendence of H,~ for thin films and for thicknesses
d» g(f), is in good agreement with the Ginzburg-
Landau (GL) theory. s'e For films of intermediate
thicknesses, no expression for B,~ yet exists; we
found, however, a semiempirical functional ex-
pression to fit all the experimental data concern-


