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A model-pseudopotential method for calculating the states of a valence electron in a solid (such as a
conduction or localized electron) is developed. This is done by using atomic model pseudopotentials and

the expansion of the valence-electron state in terms of the complete orthonormal set of atomic model

pseudo-wave-functions. By this expansion, the operation of the atomic-pseudopotential operator on the

pseudo-wave-function of the valence electron is changed into the operation of the atomic pseutopotential

on the atomic pseudo-wave-functions. A model pseudopotential suitable to this method is suggested. In
the case of the positive ions where bound states are available, the quantum-defect data for them are

used to determine the necessary parameters. In the case of a negative ion with no open cores the
integro-differential equation for the electron scattering problem is solved. The necessary parameters are

then determined from the solution. This method is tested in the case of a localized electron by

calculating the optical ionization energy of the I' center in the ground state for &Cl. It is found that
the method gives satisfactory results.

I. INTRODUCTION

The calculation of the states of a valence electron
(i. e. , a noncore electron) in a solid is a compli-
cated problem. Among other things, one has to
take into account the effect of the presence of the
core electrons, such as direct and exchange inter-
actions, correlations, etc. Since a complete solu-
tion of the many-body Schrodinger equation for the
interacting electrons and nuclei is out of the ques-
tion, one has to resort to different kinds of approxi-
mations.

In the usual Hartree-Pock (HF) approximatiOn,
the correlation and other minor effects, e. g. ,
relativistic effects, have been neglected. The core
states are just taken to be free-ion core states,
thereby neglecting some crystal effects. Even in
this approximation, the solution of the HF equation
for a solid is still not easy, in that a large g,mount
of computation has to be done. This is particularly
true when the situation becomes more complicated,
e. g. , in imyurity-state calculations.

Another method to tackle this problem is pro-
vided by the theory of pseudoyotentials. ' Already,
a number of yseudopotentials have been suggested.

These fall into two classes. In one, the core states
are included explicitly. A well-known example is
Austin's pseudopotential, V~&', which is defined by

for an arbitrary ket ) P). Here, as in the rest of
the paper, we denote the spatial one-electron core
states by )g, ), and the atomic-core potential oper-
ator by V, .

Another well-known example of this class is the
Philip and Kleinman pseudopotential, which is de-
fined by

I
I y) = I'. Ie&+~ (E E.)(t. e&lt.-&

for arbitrary ) P). Here E is the energy of the state
) P) and E, are the core energy levels.

For both of these, an exact form of V, has to be
known. In actual applications, V, is usually taken
as the HF potential, neglecting correlation and other
minor effects. Even in this ayproximation, the
solution of the yseudoeigenequation is by no means
easy, especially in the solid case.

In the other class, it is assumed that the pseudo-
potential has some simple analytic form, with pa-
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rameters to be determined by fitting to some atomic
properties. In this way, the requirement of the
core states in the calculation is bypassed and knowl-
edge of the exact form of V, is not necessary. To
avoid confusion, we shall call pseudopotentials in
this class "model pseudoyotentials. " Because of
its simplicity, such an approach is very useful in
studying the electronic states in solids. A well-
known example is the Heine-Abarenkov model pseu-
dopotential4

Z B~P, , r If,

—Ze'/r, ~ &If, .

Here 8, is an adjustable parameter for a given l
valence state, P, is the projection operator over
the subsyace of spherical harmonics of a given /,
and 8, is a core radius.

However, it should be noted that the pseudopoten-
tial operator, like the atomic-potential operator V„
is in general strongly state dependent. The param-
eter determined from the properties of an atomic
eigenstate is applicable only when it operates on
the corresponding yseudoeigenstate and, rigorously
speaking, may not be used for any other pseudo-
state.

It is the main purpose of this paper to develop a
model-pseudopotential method, by which atomic
data can be employed in a solid-state calculation,
consistent with the above situation. It is accom-
plished by making use of the fact that, if properly
chosen, the set of pseudo-wave-functions can form
a basis on which the pseudopotential can be repre-
sented. The theory is presented in Sec. II. There,
a model pseudopotential suitable to our theory is
also proposed. Determination of the necessary
parameters and discussion of the appropriateness
of this model pseudoyotential for alkali and ha3.ogen
ions is given in Secs. III and IV. A first application
of the method to calculate the optical ionization en-
ergy of the E center in the ground state for the KCl
crystal is presented in Sec. V. There, an approach
to treat the effect of the crystalline electronic
polarization on a point defect, based on Toyozawa's
exciton description for this polarization, is also
presented. Finally, a summary of the work is
given in Sec. VI.

II. THEORY

A. Atomic Pseudopotential

In this section, we consider the states of an extra
electron outside a free ion with no open cores. We
denote the spatial one-electron eigenstates for the
core electrons by (g, &, for the extra (or valence)
electron by [g„&, and the corresponding eigenvalues
by E„. Here c and e are abbreviations for the set
of quantum numbers n, 1, m, which have the usual

meaning of principal, azimuthal, and magnetic
quantum numbers, respectively, for bound states.
For scattering states, x is related to the scattering
wave vector k.

The Schrodinger equation for ( g„& can be written

(P'/2~+ I.) ls. & =E.le. &. (2. 1)

Here V", is the atomic-pseudopotential operator.
V~ is the repulsive part, which accounts for the
orthogonalization effect when lg„& is replaced by a
smooth pseudoeigenstate ( P„).

In general, the pseudopotential V,"is not unique.
This can easily be seen from Austin, Heine, and
Sham's pseudopotential theory, in which the form
of the atomic-pseudopotential operator is defined
by

I."Ie&-=(p;.~.) le& = I.le&.Z (P., e)le.&.

(2.3)
Here Il, is a completely arbitrary function for each
core label c. The relation between (g„& and (P„& is
given by

(2. 4)

In order that the atomic pseudopotential derived
from free-ionic or atomi. c data can be used in a
calculation for a solid, we may choose V,"in such
a way that the energy spectrum of the yseudo-
Hamiltonian is identical with the true valence ener-
gy spectrum and the corresponding pseudoeigen-
states form a complete orthonormal set. Then this
set forms a basis in the Hilbert space, on which
the pseudoyotential operator V,"can be represented
Thus, if we write out the valence-state label v in
full, then from Eq. (2. 2) we have

V: = Z [Z„...(h'/2 )v']I~I~&(~f~l (2. 5a)

= Z V„,.(r)lnfm&(nfml.
n, l, m

Here ) nlm& is the pseudoeigenstate corresponding
to the true eigenstate with quantum numbers e, l,
m and energy level E„,

It is interesting to note from Eq. (2. 5a) that V,"
can be regarded as one and the same operator all
the time. Only when one goes to different repre-
sentations does one get different forms of V„, (r).
In this way, the model pseudopotential can be re-

(2. 5b)

Here V, is the atomic-potential operator. It con-
tains all the effects that are due to the presence of
the core electrons.

The corresponding atomic pseudo-wave-equation
is given by

(P'/2m+ v. +v„)ly„&

-=[- (&'/2~)~' &."]I@.&=E.le.&. (2 2)
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where

H~ =.P /2m+ Vs (2. 6b)

garded as a special representation of the operator
V,"on the complete orthonormal set {Inlm& }, with

V„, (r) to be determined for each pseudostate In, l,
m&. However, such V„„(r)can only be defined
numerically point by point in space for each r, and
its use in actual calculations is not very convenient.
We therefore follow another approach. We start
with some suitable form of V„, (r), so that the
pseudoeigenstates form a complete orthonormal set
and the corresponding energy spectrum coincides
with the true valence energy spectrum to a good
approximation. Then, the r esulting model-pseudo-
potential operator, V say, is to a good approxima-
tion equivalent to a first-principles pseudopotential.
Indeed, using Philip and Kleinman's type pseudopo-
tential, i. e. , the pseudopotential in Eci. (2. 3) with
E, given by E,= (E —E,)g„a first-principles pseudo-
Hamiltonian can he written as

to a first-principLes pseudopotential.
It should be noted that the accuracy of such an

approximation depends entirely on the accuracy to
which the model pseudopotential can produce the
true valence spectrum. In the limit when the energy
spectrum of H„exactly coincides with the true va-
lence energy spectrum, H„and H" must be equal.
From this point of view, a first-principles pseudo-
potential based on the HF approximation need not
give better results than a good model-pseudopoten-
tial calculation.

B. Pseudopotential for Valence Electron in Solid

In the following, we adopt the same definitions
for symbols as in the previous sections. In addi-
tion, we denote the spatial one-electron pseudo-
eigenstate in a solid by I &3»& and the corresponding
eigenvalue by E. In order to avoid repetition, in
the following, when we say "atomic" we actually
mean atomic or ionic.

Applying the pseudopotential theory of Austin,
Heine, and Sham' to the case of a valence electron
(which will be simply called the electron) in a solid,
we 'obtain the pseudo-wave-equation

If'=(V, —V„)-Z (E-E„)i&I,&Q, i, (2. 6c)
(2. loa)

with E being the energy level of the state under
consideration. Treating H ' as a perturbation on

H~, the ith eigenvalue E& of H" can be written in
terms of the ith eigenvalue E„' of H„as

V Ie&-=V. Ie&+Z(~... e)is..&. (2. 10b)

E, = E~+ aE,"'+aE,"'+ ~ ~ ~ (2. f)

where gE~& and &E&, etc. , are, respectively, the
first, second, and higher order of corrections.
Since the main difference between H" and H~ may
be only inside the core region where the amplitude
of the pseudoeigenfunctions is small, the perturba-
tion series should converge quickly and corrections
higher than second order may be considered negli-
gible compared with the first two. Since the differ-
ence between E; and E~ is small and AE,"' and

dE,' ' are of different orders of magnitude, each of
them is small compared to E„'. Then, if we denote
the &ith eigenstate of H~ by $, , we have, from the
first-order correction

gE(&& g,

&&&Iaaf

[@M& (2. 8)

V~~ V~'. (2. 9)

Hence, to a good approximation, V„ is equivalent

Therefore, all the diagonal elements of H in the

(P„}representation are small compared with E ~».

Regarding the nondiagonal elements g&", I ff '
I 4,"&,

these are in general much smaller than the diagonal
elements because of the orthogonality of the P',"'s.
Therefore, H' is small compared to H~, which is
thus a good approximation to H" and enables us to
write

Here I&I»„ is the cth core state of the ath ion. E,
is a completely arbitrary function for each core
Label c of the eth ion. h accounts for the crystal
effects, such as the electronic and ionic polariza-
tions. V~ is the potential operator for the interac-
tion of the electron with the zth ion when the ions
making up the solid are at their equilibrium posi-
tions and the crystalline valence electrons are in
the ground state. Rigorously speaking, V" is the
pseudopotential of an ion in a solid. However,
since h is supposed to take into account most of the
crystal effects, it may not be a bad approximation
to use the corresponding pseudopotential derived
from free-ion data. As will be shown in Sec. III,
this approximation is especially good in the case
where the energy dependence of the pseudopotential
is negligibl. In this approximation, the matrix
element M, &

of the solid pseudopotential g V", be-
tween two pseudostates I&f»; and I$~&, can be cal-
culated readily.

By definition M, &
is given by

M„=~&y, lv„ ly, &=~ f. . (2. ll)

By Eg. (2. 9), we can replace V", with a model
yseudopotentiaL and write

f.- Z &y, ~

V„.&.(r)~nfm&&nfm~y, &. (2
ffy l pffft



MODEL- PSEUDOPOTENTIAL CALCULATION OF ELECTRON. . . I. . . 28].3

Under normal circumstances, such as in the ab-
sence of magnetic fields or spin-orbit interaction,
the solution of Eq. (2. 2) is degenerate with respect
to m, so that from Eq. (2. 5), V„, (r) is independent
of m and we can write V„", (r) as V„',(r). Further-
more, if the atoms in the solid are of rare-gas
structure, V„', (r) for the state «would be spherical-
ly symmetric, so that if we choose the origin of in-
tegration at o, , then V„', (r) can be written as V„",(x).
Integrating over the angular parts first and denoting
the angular integration (Qqllm& by f', (r), we obtain

(ti'm
I vni I«&.(«l 0'im&. (2 13)

Here ( )&„means integration is only over the r part.
(nl& is the radial component of )nlm&.

In the special case when V„,(r) is independent of
n, we have a great simplification. In fact, when

V„,(r)= V, (r)

we have, from Eq. (2. 13),

f. =Z (gt. I v, (~)Ig',.&r
l pffft

(2. 14)

(2. 15)

because g„[nl&(«[=1 for a complete orthonormal
set of the radial pseudo-wave-functions. In this
case, I is independent of the radial pseudo-wave-
function and a lot of computational effort is saved.
Indeed, for localized states, &f&; and P& can be ex-
panded in terms of the Slater orbitals. In this
case, f, (r) is related to the f functions. For con-
duction states, P, and P& are plane waves, and

(~) is related to the spherical Bessel functions.
In both cases the calculation of I, in Eq. (2. 15) is
easy. In fact, even the calculation of I in Eq.
(2. 13) would not be very difficult for most practical
choices of the pseudopotential, because only one-
dimensional integrals are involved. However, the
rapidness of the convergence of the summation de-
pends on the particular choice of the pseudopoten-
tial.

C. Choice of Model Pseudopotential

We now come to the practical choice of the model
pseudopotential. As a preliminary step, let us lay
down a few guidelines regarding the desired proper-
ties of the model pseudopotential we are looking
for.

(i) The model pseudopotential must give the same
set of eigenvalues as the valence eigenvalues of the
true potential.

(ii) The model pseudopotential must be equal to
the true potential at large distances from the atomic
core, where the core states vanish. Since the true
potential is local and Coulombic at such places,
the model pseudopotential is expected to behave
similarly.

(iii) Under the same condition as in (ii), i. e. ,
the vanishing of the core states, the true eigenstates

and pseudoeigenstates must be equal.
The above three rules follow directly from the

discussion following Eq. (2. 5). Furthermore, we
have two more conditions.

(iv) The corresponding eigenstates must form s,

complete orthonormal set.
(v) In view of the great simplification in Eq.

(2. 15), it is more desirable that the V„, (r) be in-
dependent of n.

Not all of these conditions are satisfied by exist-
ing model pseudopotentials. For example, the
Heine-Abarenkov model potential (including Shaw' s
modification ) does not satisfy condition (v). Fur-
thermore, in the case of bound states, it is not at
all clear that the corresponding eigenstates form a
complete orthonormal set, thus violating condition
(iv). In addition to these difficulties, the Heine-
Abarenkov potential has one internal weak point,
which is the discontinuity in the model potential.
This is unphysical and causes oscillations in the
pseudopotential form factor at short wavelengths. '
Shaw's modification reduces such oscillations but
does not eliminate them.

Observing that the quantum defect data of the
alkali atoms are almost n independent for the va-
lence eigenstates, s one of us (S. W. )' proposed a
model potential of the form

v" =- —ze /r + ce'/r (2. 15)

where C is a parameter to be determined from the
quantum-defect data or the ionization energies of
the alkali atoms. Later, Simons' proposed a
model yseudopotential of a similar form for alkali
and alkalilike ions,

(2. 17)

V„,.(r ) = Ze'/~+ C„,e'/—r' (2. Ie)

not only for alkalilike ions, but also for other ions
such as Cl . The C„, are parameters to be deter-
mined from properties of the state n, l. Here we
have implicitly assumed that the conditions for de-
generacy in m are valid (e. g. , no magnetic effects)
and the atomic core is of rare-gas structure.
These are supposed to be valid for a wide class of

where the C, 's are parameters determined by the
ionization energies for the respective angular mo-
menta, and I', is a projection operator over the
subspace of spherical harmonics of a given /. In
fact, it can be shown, a,s we shall do in Sec. III,
that the C, values are simply related to the quantum
defect data in the case of bound states. Since the
quantum-defect data in the case of alkali or alkali-
like ions are almost n independent, the C, 's are
almost n independent.

We propose to use a model pseudopotential along
this line, with V„, (r) given by
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TABLE I. Scheme for the assignment of n„
ent states for potassium.

to differ-

State n„n ~r State n„n ~r State n„nor
4s o 4 4p o 4 3d
5g 1 4 5p 1 4 4d
6s 2 4 6p 2 4 5d

problems, e. g. , the study of electronic states in
the absence of magnetic fields in ionic crystals like
alkali halides, or in simple metals like the alkali
or alkali- earth metals.

The appropriateness of this model potential in
the present theory is discussed in the case of alkali
and halogens ions in Secs. III and IV. The deter-
mination of the necessary parameters for these
cases is also given there.

III. MODEL PSEUDOPOTENTIAL FOR ALKALI IONS

In order that the entire set of eigenvalues for
Eq. (3.2) coincide with the entire set of true valence
eigenvalues, we let n„= 0 for the first valence state,
n„= 1 for the next one, and so on, for each value of
/. An illustration for potassium is given in Table
I. It is clear from this table that the value of n-n„
is independent of n, regardless of its appearance.
For example, in potassium, this value is equal to
4 for the s and p states, and equal to l+1 for the d
and higher states. Since e and C„, are connected
by an equation in (3.4b), a value of C„, is defined
for each n and /. For this set of C„„ the eigen-
values of Eq. (3.2) coincide exactly with the valence
eigenvalues E„, in Eq. (3. 5).

%e now discuss the n dependence of C„,. As can
be seen from Table II, the quantum-defect data for
the alkali atoms are only weakly dependent on n. In

fact, the same is true also for alkalilike ions.
Consequently, the above n and thereby C„& are ap-

A. Determination of Parameters

For the model pseudopotential of an electron in
the field of a positively charged alkali or alkalilike
ion as given by Eq. (2. 18), the pseudo-wave-func-
tions can be separated into radial and angular parts,
and we can write

TABLE II. Quantum-defect data for valence states of
Li, Na, K, and Rb. The data listed for all the g and f
states are taken from Ref. 12(a)(to three figures). (a)
refers to data of Ref. 12(a). The other data were com-
puted from Eq. (3.5) using the data for atomic energy
levels of alkali atoms given in Ref. 12(b).

~nlm)=Nr 'y„, (r)Y, (8, P). (3. 1)

E= —2(2n„+1+ a)
and eigenfunctions

(3.3)

Here I', (8, Q) are spherical harmonics as in the
hydrogen problem, K is a normalizing constant.
r 'y„, (r ) is the radial part of the pseudo-wave-func-
tion. The equation for y„, (r) follows immediately
from the model pseudo-wave- equation:

y „",+ {2/r [I(&+1)+2-C„, ](I/r')+ 2E)y„, = O.
(3.2)

This equation has eigenvalues

0.412
0.404
0.402
0.401
0.400

1.37
1.36
1.35
1.35
1.35

0. 0407
0. 0445
0. 0457
0. 0463
0. 0470

0. 882
0. 867
0. 862
0. 859
0. 858

(a)
0. 001.48
0. 00168
0. 00176
0. 00182

(a)
0. 0103
0. 0123
0, 0133
0. 0139
0.0144

—0. 0003
—0. 0037

0. 0008
0. 0015
0. 0013
0. 0015

y =e ""x' ""'I,'"'(x) if n& —1nl nr (3. 4a)

Z„, = ——,'(n —g, ) '. (3. 5)

If we equate the eigenvalues in Eq. (3.3) to that in
Eq. (3. 5) by adjusting the value o, , we obtain the
following equation for e'.

a=2(n —n„) —2~, —1. (3.8)

in which

x=2Xr X= (-2E)'~ o. =(2f+I) +8C„, . (3. 4b)

I.„' is a Laguarre function of order nr where n„
=0, 1, 2, 3, . . . , and becomes that in the hydrogen
problem when C„, vanishes.

It is well known fromthe Rydberg-Ritz equation
that in alkali atoms the valence eigenvalues can be
written in terms of the quantum-defect data 6„, as 3

5
6
7
8
9
10

2. 23
2. 20
2. 19
2. 19
2. 18
2. 18

3.20
3.15
3.14
3.14
3.14
3. 14

1.77
1.74
1.73
1.72
1.72

2. 71
2. 67
2. 66
2. 66
2. 65
2. 65

0. 146
0. 203
0.231
0. 246
0.254
0. 259

2. 68
1.23
1.29
1.32
1.33
1~ 33
1.34
1.34

0. 00686
0. 0084
0. 0084
0. 0090
0.0096

0.01.18
0.0136
0.0147
0. 0155
0. 0162
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n(v) I (v+ l+ 1)
y(v) v""I'(v- l)tan(vn„, )

' (3.9)

The corresponding ratio for the pseudo-wave-func-
tions can be obtained as follows. Let us denote
the principal quantum number of the eigenfunctions
in Eq. (3.2) by M=n„+l+1, Then, the correspond-
ing eigenvalues can be expressed by

+NJ 2(M 8Ml) (3. IO)

where 6« =n —M —Q, are the quantum-defect data
for Eq. (3.2). Proceeding exactly as in the case
of the true wave functions, when r becomes suffi-
ciently large, the eigenfunctions W", (r) correspond-

proximately n independent. In reality, it has been
shown by Simons, ' who used n independent C„,
values determined from the first-valence- state
ionization energies for C„, in the model pseudopo-
tential considered here, that such a model yseudo-
potential is able to reproduce quite accurately the
eigenvalues of the higher states.

B. Properties of Pseudo-Wave-Functions

The validity of the approximation that C„, is n
independent is essential in the case where the pa-
rameters are derived from bound-state properties,
not only in the great simplification obtained, but
also in that it allows the eigenfunctions of the
pseudo-wave-equation to form a complete ortho-
normal set. Indeed, if the n dependence of the C„,
determined above is neglected, Eq. (3. 2) has the
form of a Sturm-Liouville equation' and the com-
pleteness and orthogonality of its eigenfunctions
are thus guaranteed„

Next, let us show that with C„, defined as above,
the eigenfunctions of Eq. (3.2), just as first-prin-
ciples yseudoeigenfunctions, are exactly equal to
the true wave functions at sufficiently large r. It
has been mentioned earlier that when x becomes
sufficiently large, the true potential is local and
Coulombic. At such places, the true wave function
can be expressed as a linear combination of any
two independent solutions of the Coulomb radial
differential equation. It was shown by Wannier'
and Kuhn" that two such independent functions are

'U,'"(r)= —,'z Z,"„,(~)

(3.7)

U, '"(r) = ~z Nst+y(~),

where z = (8r)'~, v = ( —2E) '+, and the notation is
that of Wannier. Therefore, the true wave function
at an energy E for sufficiently large x is given by

U", (r) = n(v) 'U,'"(r)+y(v)'U,'"(r) . (3. 8)

It was shown by Brooks and Ham that at an eigen-
value corresponding to the quantum numbers n and

n„(v) I'(v+ l+ 1)
y„(v) v""I"(v—l) tan(w5«)

' (3. 12)

Here, the value of p is the same as that in Eq.
(3.9), because C„, is chosen such that E„,= E„,.
Since 5„, and 6„, differ only by an integer, the
ratios n„/y„and n/y as given by Eqs. (3.9) and

(3. 12) are exactly equal. Consequently, when C„,
is chosen as described, the eigenfunctions of Eq.
(2. 3) are equal to the true wave function for suffi-
ciently large x.

C. Appropriateness of Model Potential

From the above, it is now possible to discuss the
appropriateness of the model pseudopotential given
by Eq. (2. 18) in relation to the conditions set out in
Sec. IIC.

(i) With C„, chosen in the way described, the
eigenvalues of the pseudo-wave-equation coincides
with the true valence eigenvalues.

(ii) Clearly, the model pseudopotential is local
and Coulombic at large z.

(iii) Whether the pseudo-wave-function and the
true wave function are equal for the region just
outside the core is unknown. However, for suffi-
ciently large r when I/r» 1/r, they are equal.
Since the wave functions are continuous, it may
not be a bad approximation to assume that they are
equal also in the region just outside the core.

(iv) and (v) It is a good approximation to neglect
the n dependence of C„,. In that case, the pseudo-
wave-functions form a complete orthonormal set.

Therefore, we have shown that in the case of
alkali atoms or alkalilike ions the model pseudopo-
tential given by Eq. (2. 18) is a suitable one for our
theory.

Before going on to another section, let us exam-
ine the statement we made earlier in Sec. II 8 that
the approximation of using atomic pseudoyotentials
in the calculation of electronic states in solids may
not cause significant error, if the used atomic
pseudopotential is not strongly energy (or say, n)
dependent. In general, it is inadequate- to treat the
pseudopotential simply as a sum of pseudopotentials
for free ions; rather, the function V„, (r) in Eq.
(2. 9) should incorporate a contribution to the poten-
tial, at the site of ion cy, owing to the influence of
all other ions in the crystal. However the differ-
ence between a free ion and an ion in a solid may
be most significant in the outermost electronic
shell. An extra electron outside the free ion also
affects the outermost electronic shell. When the
extra electron is in states of different n, the outer-

ing to the quantum numbers M and l are given by

Wg(r) = n„(v)OU,'"(r)+y„(v) U,'"(r), (3. 11)

with the ratio n„(v)/y~(v) given by
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PSEUDO - WAVEFUNCTION

TRUE WAVEFUNCTION

00

-04

-08

-I 2—

FIG. 1. Typical plot of the
radial parts of the true wave
function and corresponding
pseudo-wave-function at k = 1
a. u. " and l =0. The pseudo-
wave-function is smooth where
typical core wiggles for the
true wave function. occur, and
becomes approximately equal
to the true wave function when
R becomes large (outside the
core).

I

R (a.u. )

IO

most shell is affected to a different degree. Thus,
if V„', (r) is almost n independent, it means that
the ps eudopotential is somewhat insensitive to ef-
fects on the outermost shell. This seems to imply
that the model pseudopotential given by Eq. (2. 18),
being nearly n independent for a free alkalilike ion,
may not be very different from that due to the same
ion in a solid, although the latter ion is affected by
its neighboring ions. This argument is further
supported by a calculation done by Simons' on the
alkali-earth atoms based on the model pseudopoten-
tial in Eq. (2. 18) for the closed shell system of the
corresponding doubly charged ion. The presence
of one more electron in this case must affect the
outermost shell of the ion core considerably. How-

ever, from the results he obtained, which agree
quite favorably with experimental values, it seems
that the model pseudopotential is not very much af-
fected by effects of the presence of one more elec-
tron on the ion core. From the above, one may
conclude that for the alkali ions, the model pseudo-
potential given in Eq. (2. 18), with parameters de-
termined from atomic properties, may be epplied
to solid-state calculations without significant error.

IU. MODEL PSEUDOPOTENTIAL OF HALOGEN IONS

A. Determination of Parameters

Determination of the parameters in a model
pseudopotential for an electron in the field of a
negative ion usually presents the greatest difficulty.
Bound states are absent and scattering-state ex-
perimental data are scarce. In such cases we have
to solve the HF equation for the electron scattering
problem. ' According to Burke and Seaton, the

1
X 2gp P&L, ~ P&1, ) C~g)tp)t P&I & ~ P&g

with

y, (A, B)=~ '' J A(x)B(x)x'dx

=k f, , (4. 1)

+~' f X(x)a(x)x " 'dx. --

Here Z is the charge of the atomic core, P„~ are
the radial-core wave functions. An explicit ex-
pression for the coefficient C»), is given by Condon
and Shortley" [their equation (9 9)].

Equation (4. 1) has been solved numerically by
means of the IBM 360/75 at the University of Water-
loo using Seaton's algebraic method' for a Cl ion.
A typical solution is contained in Fig. 1. The Cl
core wave function used in this calculation was that
due to Clementi. The log derivative for the elec-
tron wave function at the place where the atomic
potential becomes Coulombic was evaluated numeri-
cally from the solution. From the log derivative,
the phase shift can then be calculated according to
the following formula:

er &~(&)- &f(~)
n G~(~) - G i&.) „=„,

'

Here g, is the phase shift, q, is the log derivative

(4. 2)

HF equation for the lth partial wave for an electron
scattered off an atomic core with closed shells is
given by

, +, ——f, +2K (21,+I)
d2 E(l+ 1) 2Z
d/
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y (a.u. -')

0.325
0.350
0.375
0.400
0.425
0.450
0.475
0.500
0. 525 .

0. 550

—0. 294 x10
—0. 104 x 10 3

—0.305 x10
-0.757 x10 3

—0. 165 x10 2

—0.325 x10 2

—0.576 x10 2

—0. 937 x10
—0. 142 x 10 ~

—0.201x10 i

fl1

0. 185 x10 4

0. 665 x10
0. 195 x10 3

0.494x10 3

0, 110x10 2

0. 219x10 2

0.400 x 10 2

0. 680 x10-'
0. 108x1.0 2

0. 163 x 10-'

n2

-0.160x10 ~

—0, 556 x10"5
—0. 181x10
—0.499 x10 4

—0. 123 x 10"3
—0.271 x10 3

—0.546 x 10-3
—0. 101x10
—0. 179 x10-
—0. 295 x 10 2

0.575
0.600
0.625
0. 650
0. 675
Q. 700
0. 725
0. 750
0. 775
0. 800

—0. 266 x10 i

—0. 884x10 ~

—0.396x10 i

—0. 443 x10-~
—0.467 x10 ~

—Q. 461 x10 '
—0.419x10 ~

—0.837x10 i

—G. 215 x 10"i
—0. 523 x 10 2

0. 234
0.323
0. 430
0.556
Q. 700
0. 861

0. 123
0. 144
0. 165

x10 '

xlQ ~

x10 '
x10-'
x10 ~

x10 ~

—0.474
-0.718
—0. 105
—0. 149
—0. 205
—0. 274
-0.362
—0.467
-0.593
—0. 740

x10 2

xlQ 2

x10"~
x10-'
x10 ~

x 1.0-'
x10"'
xlQ ~

x10 ~

x10-'

TABLE III. Phase shifts of the electron-Cl -ion scat-
tering problem. They were calculated from the solution
of the HF integro-differenti. al equation of the scattering
problem I.Eq. (4. 1)I ~

been verified that at such a distance, the atomic
potential is equal to 0.999/r. The phase shifts ob-
tained this way are listed in Table III, and will be
used to determine the parameters in the model
pseudopotential suggested.

Similar to the case of the alkali ions, the radial
part of the model pseudo-wave-equation can be
written as

y,", + [-2/r —l '(l '+1)/r'+ k']y„= 0,
with

l '(l '+ 1)= l(l+ 1)+ 2C», .

Here, as well as in the following, the wave vector
k will be used as a state label to replace n. Equa-
tion (4. 3) has a solution that is regular at the ori-
gin. The asymptotic form of this solution is given
by

y», -sin[kr —(1/k) ln2kr ——,
' l 'v

+ argI'(1 '+ 1+i/k)]. (4. 4)

Comparing with the asymptotic solution of the true
wave function given. by

0. 825
0. 850
0. 875
0. 900
0. 925
0. 950
0. 975
1.000
l. 025
1.050

0. 149 x10-'
0.386x 10 ~

0. 655 x10
0.951x10 ~

0. 128
0.162
0.198
0. 230
0.275
G. 315

0. 188
0. 212
0.236
0.261
0.287
0.313
0.339
0.365
0.392
0.418

—0. 913
-0.111
—0. 134
—0. 160
—0. 189
—0. 222
—0.259
-0.299
—0.344
—0.393

x10 ~ f„-sin[kr - (1/k) ln2kr ——,
' lv

+ argI'(1+ 1+i/k)+ Z, ], (4. 5)

we obtain the equation for determining l ' and thus

a~

——,
' in+ argl'(l+ 1+i/k)+ g,

= —» l 'v+ argl" (1 '+ 1+i/k) (4.6).

1.075
l. 100
1.125
1.150
l. 175
1.200
1.225
1.250
1.275
l.300

1.325
1.350
1.375
1.400
l.425
1.450
l.475
1.500
1.525

0.356
0.397
0.439
0.482
0.524
0.567
0.609
0.651
0.694
0.736

0.777
0. 819
0. 860
0.901
0.942
0. 982
1, 02
1.06
1.10

0.445
0.471
0.498
0.524
0.551
0. 577
0.603
0.629
0.654
0.679

0.704
0.729
0.754
0.778
0. 802
0. 825
0. 849
0. 872
0. 896

—0.446
—0.504
—0.5/5
—0. 6/0
-0.$97
—0.$67
—0.838
-0.909
—

0~ 980
—'jI,.05

—l. 12
—l. j8
~1.24
~1.30
—1.3g
—1.4|
—1.46
—l. $0
—l..g4

from the internal solution, E, and G, are, respec-
tively, the regular and irregular Coulomb wave

functions, ' and ro is the place where the internal
solution is matched to the external solution. For
the Cl ion core, ro was taken to be 10 a. u. It has

The C» so obtained is given in Table IV. It is
rather strongly k dependent except for low values
of k. In that case, C» remains small. When k

increases, the penetration into the core region be-
comes greater, with the result that the state-de-
pendent part of the model pseudopotential increases.
This k dependence of the parameter in the model
pseudopotential complicates the calculations, but
for the time being, there is nothing we can do about
it. Fortunately, for solid-state calculations in gen-
eral, only small values of k for the model pseudo-
potential are involved. For example, for a conduc-
tion state )Q), the coefficients Q Iklm) in Eq.
(2, 12) are significant only when the wave vectors of
)@) and ]klm) match. The energy of a conduction
electron in a solid seldom exceeds a few electron
volts. This indicates that only small values of k

have to be considered. The same is true also in
the case of a localized electron if this electron
spends relatively little time inside the core region.
This situation will be discussed in more detail when

we come to the F-center ground-state calculation
(Sec. V). Under such circumstances, one never
has to do the summation over all k (i. e. , n) in Eq.
(2. 13). Further, the state-dependent part of the
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model pseudopotential remains small for most
cases of interest. In situations where the calcula-
tion involving this term becomes too complicated,
it is not a bad approximation to neglect this term
completely. In fact, this is exactly what we did in
calculating the first optical absorption energies of
the E2 and E ~ ce uter sin the following paper (II). '

Furthermore, ba, sed on the observation that when I
increases C» for low k decreases, we consider it
may not be a, bad approximation to neglect this term
for l higher than 2. For such l', the model pseudo-
potential we propose just coincides with Shaw' s
modification of the Heine —Abarenkov model poten-
tial. 7

B. Eigenvalues

Before going on, let us define the normalization
condition for the pseudo-wave-functions. We re-
quire these functions be normalized to 1 in a sphere
of radius L (L being arbitrarily large). With the
normalization condition defined this way, the eigen-
values k become quasicontinuous. From Eq. (4. 5),
allowed values of k are given by

kL —(1/k) ln2kI —2 ln+arg1" '(I + 1+f/k) + g, = nw,

n=0, +I, +2. &4. 7)

By Eq. (4. 6), the asymptotic form of the true and
pseudo-wave-functions are the same. Consequent-
ly, the allowed values of k for the pseudo-wave-
eguation are also given by Eg. (4. I). This guaran-
tees that the true and pseudo-wave-equations have
the same set of eigenvalues.

C. Properties of Pseudo-Wave-Functions

We denote the true and pseudo-wave-functions by
Ny»(r) and Ny,",(r), respectively, where N is a
normalizing constant. Let us determine N for the
true wave function first. From Eg. (4. 5), the
asymptotic form of y», H»(x), is

TABLE IV. Values for the parameter in the model
pseudopotential given by Eq. (2. 15) for a Cl ion, which
were determined from the phase shifts in Table III ac-
cording to Eqs. (4. 6) and (4. 3a).

k (a. u. ')

0.3250
0. 3500
0. 3750
0.4000
0.4250
0.4500
0.4750
Q. 5000
0. 5250
0. 5500

Ceo

—0.905 x 10"
—p. 298 xlp 3

—0. 813 xlp 3

—0.189x 10
—Q. 387 x]P
—0. 722 xlp 2

—0. 120 x lp-'
—0. 187 xlp ~

—0. 269 xlp ~

-0.363 xlp '

0.600 xlp
0.210 xlp 3

0. 570 xlp 3

0, 137xlp
0. 288 xlp 2

Q. 548 x 1Q"2

0. 961 x lp 2

0.157 x10 ~

0.241 xlp
0, 351xlp ~

0. 0
—P. 250 x 10
—0. 500 xlp
—0. 150 xlp 3

—0.375 x 10 3

—Q. 800 xlp 3

—P. 155 xlp
—0. 280 xlp
—0.485 x 10
-0.780 xlp 2

0. 5750
0. 6000
0.6250
0. 6500
0.6750
0. 7000
0. 7250
0. 7500
0. 7750
0. 8000

0. 8250
0. 8500
0. 8750
0. 9000
0. 9250
0. 9500
0. 9750
1.0000
1.0250
l. 0500

—0.461 x 10 '
—0. 553 x 10 ~

—0. 627 xlp ~

—0. 674xlp ~

—0. 684 x10"i
—0. 651xlp ~

-0.572 x 10
-0.446 xlp '
—0.276xlp i

—0. 654 x 10 '

0. 182 x 10-'
0.462 xlp '

0.769xlp '

0. 110
0, 145
0. 182
0. 220
0.259
0.299
0.340

0.489 x 10"~

0. 657 x 10-'
0. 852 x 10-'
0.108
0.133
0. 160

0. 220
0.253
O. 288

0, 323
0.359
0. 396
0.434
P. 472
0.511
0.549
0, 588
0. 626
0. 665

-0.122
—0. 182
—0.261
—0.363
—0.492
—0. 650
-0.842
—0. 107
—0. 134
-0.165

—P. 201
—0. 242
—0.288
—0.339
—0.396-Q. 459
—P. 528
—0. 604
—0. 685
—0. 773

x 10
xlp-'
x 10-'
x 10-'
xlQ '

xlp ~

xlp ~

where Mo is the maximum of ) y» —H» ( in the
range 0 ~-R. As y» is an eigenfunction, Mo must
be finite. Therefore, in the limit when L becomes
very large, Eg. (4. 10) becomes

H„(v) =sin[kg- (1/k) In2kr+ 8,],
where

e, =- pln+arg(i+ I+i/k)+g, .

(4. 6)

for all x&R. Using this, it can be shown that

' f (~2 liH) ld-'N-'IMO"-. (L-ft)l, (4 lo)

The total probability I' of finding the electron in a
sphere of radius L is given by

P=N' f H', dx+N J (y„, —H„)Ch. (4. 9)

The integrand in the second term of the right-hand
side is arbitrarily small for sufficiently large x.
In fact, given any & & 0, no matter how small, there
exists a radius R such that

1.0750
1.1000
1.1250
1.1500
1.1750
1.2000
1.2250
1.2500
1.2750
1.3000

1.3250
1.3500
1.3750
1.4000
l.4250
l.4500
1.4750
1.5000
1.5250

0.382
0.424
0.466
0.509
0.552
0, 595
O. 637
0.680
0.723
0. 766

0. 808
0. 851
Q. 893
0. 935
0. 977
l. 02
1.06
1.10
1.14

0.703
0.724
0.780
0.818
0. 855
P. 893
O. 930
0.967
1.00
1.04

1.08
1.11
1, 15
1.18
1.21
T, 25
1.28
1.32
1.35

-Q. 866
—0.964
—1.07

1~ 17
—1.28
—1.38
—l.49
—1,59
—1.69
—l. 79

—1.87
—1.96
—2, 03
—2. 10
—2. 16

2 ~ 21
—2. 26

2 ~ 31
—2. 35
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~N' J' (y'„, H-', , )«~ N'&r, (4. 11)

It can be shown that in the limit when L becomes
very large, the first term on the right-hand side
of Eq. (4.9) becomes

N f H~, «= qN L.
Since & is arbitrarily small, we have

(4. 12)
0

Letting the left-hand side of Eq. (4. 12) equal unity
leads to

N= (2/f. )'". (4. 13)

In the above derivation, only the asymptotic form
is required explicitly; the normalizing constant
for the pseudo-wave-function, which has the same
asymptotic form as the true wave function, is also
given by Eq. (4. 13).

With the normalizing constant defined, we shall
now go on to show that for sufficiently large r, the
true and pseudo-wave-functions are equal. In fact,
when r becomes large, say, larger than a certain
R, both the true and pseudo-wave-equations are
just Coulomb wave equations. The solutions of
both equations at such places are linear combina-
tions of J', and G„ the regular and irregular Cou-
lomb wave functions, respectively, i.e. ,

yag =N(Fr+ &~~i), (4. 14)

(4. 15)

for r &R. (In fact, in the actual calculation, R is
assumed equal to 10 a. u. for Cl, as mentioned
earlier. ) If both waves are normalized by the same
normalization conditions, N and N" are equal
from Eq. (4. 13). o, , and n", are both equal to
tang„where g, is the phase shift mentioned earlier.
Therefore, y» and y„", are equal when r &R. (See
Fig. 1. )

We proceed to discuss the orthogonality of the
pseudo-wave-functions corresponding to different
k. The overlap integral between pseudo-wave-
functions corresponding to k and k ' can be written
as

L
(2/L) J y,",y'„t, dr=(2/Q J y»y;, dr

+(2/~) f, (yÃiyl:i y.iy"i)«-

Since the true wave functions form an orthonormal
set, the first term on the right-hand side of Eq.
(4. 16) is just 5». . For the second term, we note
that there exists an R such that for r &R, y» = y,",
and y~", =y~.» so that

f (yfiya'r yaiya'&)«= f (y»yq & ya&ya'g)«.
(4. IV)

It follows from Eq. (4. 1V) that
I

I(2/~) f, (yÃiyÃi -y»ya r)«l-'(2/~)MDR,

where Mo is the maximum of )y~",y„",-y»y„. , ) in

the range 0-r —R and is finite. Therefore, as L
becomes very large,

(2/~) J, (yhyl:i y»-» i)«=o (4. 18)

Thus, we have finally

f yes ya'i «= ~ca~ .
0

(4. 19)

The pseudo-wave-functions therefore form an or-
thonormal set.

Observing that the true and pseudo-wave-func-
tions are different only in a finite range, and that
this difference becomes smaller and smaller when

k increases, we assert that the pseudo-wave-func-
tions, just as the true wave functions, form a com-
plete set.

To conclude this section, we note from the above
discussion that the model pseudopotential given by

Eq. (2. 18) for Cl has the most essential proper-
ties (cf. Sec. IIC) suitable to our purpose. How-

ever, the energy dependence is stxong. In addition
to complicating the computation, such strong ener-
gy dependence makes the approximation of using
the free-ion pseudopotential in calculating electron
states in a crystal less justified. In fact, under
such circumstances, the core wave functions cor-
rected for the influence of other ion cores should
be used in Eq. (4. 1), instead of the free-ion-core
wave functions. However, the calculation of such
corrected wave functions itself is too involved and
is out of the scope of the present work. Neverthe-
less, as mentioned earlier, the main difference be-
tween an ion in a crystal and a free ion may be
most significant in the ou..ermost shell. The inner
shells are probably not very much affected by the
presence of other ions. When the electron is well
inside the core, the pseudopotential is mainly con-
tributed from the inner shells and the error due to
the discrepancy in the outermost shell may not be
important. On the other hand, when the electron
is well outside the core, the I/2 term itself is
small. Therefore, the region where the present
approximation may be bad is in the vicinity of the
valence core of the ion. Thus, in cases where the
electron spends relatively little time within such a
region, the approximation used here may not cause
significant error.

It should also be noted that the Heine-Abarenkov
form of the model pseudopotential as given in Eq.
(1.3) also has the same properties in the case of
Cl . The same technique as described in Sec. IV A

has been used to determine the necessary param-
eters in this type of model pseudopotential. The
results are listed in Table V. The values of B, (k)
are less k dependent and the summation in Eq.
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TABLE V. Values for the parameter in the Heine-
Abarenkov model potential for Cl . The log derivative
q') at R =5 a ~ u, was first determined fr olTl tlM phase
shifts in TRMe III. by Kq (4.2), and Sg(k) vFas then cal
culated by Kq. (2.4) in H,ef. 7.

A 4,.u. ') ao(k) 8, (fz) a, %)

0.3250
G. 3500
G. 3750
G. 4000
0.4250
0.4500
0, 4750
0. 5000
0. 5250
0.5500

0. 5750
0. 6000
G. 6250
G. 6500
0.6750
0.7000
G. 7250
0. 7500
0.7750
0. 8000

0. 8250
G. 8500
G. 8750
G. 9000
0.9250
0.9500
0.9750
l. 0000

0.238
0.250
0. 263
0.277
G. 292
0.307
0.323
G. 340
0.357
0.376

G. 395
0.414
G. 435
0.456
0.479
0.502
G. 526
G. 551
G. 577
0.605

G. 634
G. 664
0.695
G. 728
0.762
G. 798
0. 834
0. 875

0.507
0.498
0.488
0.481
0.477
0.474
0.474
G. 477
G. 481
G. 487

0.495
0, 505
0. 516
0. 529
G. 543
0, 558
0.577
G. 593
0.612
0.632

G. 654
G. 677
0. 701
0.726
G. 753
0. 781
0. 810
0. 841

0. 162
0. 187
G. 200
0. 215
0.229
G. 244
G. 259
0. 276
G. 29
0.309

G. 326
0.344
0.362
0, 381
0.400
0.419
0.439
0.459
0.480
G. 500

G. 522
G. 543
0.565
0.588
0.610
G. 633
G. 655
0. 678

(2. 12) converges faster. However, the k dependence
18 still not weak enough to be neglected, Further-
more, as can be seen from Table V, the state-de-
pendent part [referring to B,(k)l is large co~pared
to the state-dependent part (i.e. , C»/r } in Eq.
(2. 18), and complicates the computation in some
cases, as in the calculation of the I'3 centex s„a"

V. OPTICAL MNIZATlQN ENERGY OP F CENTER

In order to test the applicability of the theory de-
veloped above to electronic states in solids, we
calculate the optical ionization energy of the E cen-
ter. This, rather than the I'-band energy, is
chosen because. besides being simplex' lt px'ovldes
a, more sensitive test to the method used. In fact,
since the energy of the optically highest bound
state is independent of the particular pseudopoten-
tial used, any error due to the pseudopotential
method in the ground-state calculation cannot be
cancelled by a si.milar error committed in t;he ex-
cited state in calculating transition energies, as
often is the case in E-band calculations. This is
perhaps the reason why many rather crude models,

T. , is the kinetic energy of the localized electron
(or simply say the electron). The second term is
the interaction of the electron at the position r with
all the ions making up the perfect alkali-halide
crystal. V(r; Ro} is the interaction of the electron
with a halogen ion at Ro. —V(r; Ro) becomes —e /
jr —Ro) for large )r —8, ) and is an interaction
similar to the interaction of the electron with a
hole in the case of excitons. But the hole in the
present problem, which is —Cl for alkali-chloride
crystals and —Br for alkali-bromide crystals, is
a massive hole. Hence, we may call —V(r; R, ) the
interaction of the electron with the massive hole at
Ko. T„ is the kinetic energy of the massive hole
and may be omitted, because the mass of the mas-
ive hole ls lnflnlte compared to the electronic
mass. The term —g

'
Vo(RO; R 0) is the interaction

of the massive hole with all ions at the positions
R Ow Ro, as indicated by the prime on the sum (see
Ref. 23 for details). The last term, H„„ is the
Hamiltonian of the ions making up the perfect crys-
tal.

chen the electron and hole are px'esent in an
alkali halide, t;he system of crystalline valence
electrons, in general, will be virtually excited by
these particles to give the crystalline-electronic-
polarization (CEP) field. In this case the second
and fifth terms in Eci. (5. 1) become, respectively,

Z V(r; R.,) =Z V,(r; R.,)+ V," (5.2)

e. g„, the point-ion model or the semicontinuum
model, are able to produce reasonable I" band, but
fail to give a correct optical i.onization energy.

In the following we shall first follow the model-
pseudopotential theory developed previously to de-
rive a pseudo-Hami. ltonian for the F center in a
typical alkali haj.ide. We shall then used the de-
rived pseudo-Hamiltonian and the corresponding
trial wave function to calculate the ground-state en-
ergy of the E center with respect to its optical
highest bound state and thereby the optical ioniza-
tion energy of the E center i,n the ground state,

A. 88IMlton78n

The I' center consists of an electron localized
around a negative-ion vacancy at Ro in an alkali-
halide crystal. When ignoring both the crystalline
electronic and ionic polarizations, the I center
may be regal ded as a perfect alkali-halide cl'ystal
minus a halogen ion at Ho plus an electron, and its
Hamiltonian can be written as

a, =r, +Z V,(r; R.,)- V(r; R, )
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-Z V(R, ; R.,)=-Z'V, (R, ; R.,)+VP, (5.3)

where V,"is the electron potential due to the CEP
field created by the electron itself and V„"is the
massive hole potential due to the CEP field created
by the massive hole itself.

We now follow Toyozawa, 's theory for the CEP
field due to an extra charged particle in a perfect
insulator to consider V,"and V„". Within this the-
ory the CEP field is described by the excitons, and

its Hamiltonian is given by

H.„=Q 5'„-f -„Z,„, (5.4)
W

where b- and b" are, respectively, the creation
and annihilation operators for a longitudinal exciton
of wave vector w and of energy E (whose w depen-
dence is usually omitted). Further, the interaction
of the CEP field with the extra particle which cre-
ates this field is given by

V,"= Q (V„b-„e'"'+ c. c. ) (5. 5)

where the kinetic energy of the massive hole and a
constant energy associated with the massive hole,
-g„' Vo(RO; R 0), are omitted, and Ho is given by

H, =P'/2m+K V, (r; R.,). (5. 10)

The first term in the last equation is the kinetic
energy of the electron with momentum p and free-
electron mass m.

In order to find an effective Hamiltonian for the
electron, let us use the boson operator B",

WO at

b„
W W

ex
(5. 11)

and its complex conjugate B"„, to transform Eq.
(5.9). This transformation yields

H, =HO —V(r; Ro)+Z - (e'"' "0'+c.c. )
w ex

may be written as

H, =HO —V(r; Ro)+Z &-„5"„E,„+V;~+ Vp, (5.9)

(5.5)

for the extra particle negatively charged as the
present localized electron, and is given by

VP= —Q (V„b„e'""&-+c.'c. )

+Z B"„B"„E,„+Z (V„B-„e'"'+c.c. )

Q &~l V~I (5 12)

for the extra particle positively charged. The
coupling constant V takes the form

(5. V)

where Q is the volume of the crystal under consid-
eration and &„ is the usual high-frequency dielectric
constant. This coupling constant is a renormalized
one, which is renormalized such that the dielectric
screening has the expected macroscopic behavior
in the limit of large electron-hole separation.
Thus, the coupling constant includes a host of other
corrections, such as the approximation of replacing
the excited states, which consist of bound and con-
tinuum states, by a single-exciton band in Toyo-
zawa"s theory of CEP,

The extra particle mentioned above is not located
at any particular lattice point and interacts with
all the ions making up the perfect alkali halide, as
is indicated by Eq. (5.2). Therefore, for the
present problem, the V may be given by Eg. (5.5).
But V» for which the massive hole is at the lattice
point Ro and interacts only with ions not at Ro [as
is indicated by Eq. (5. 3)], cannot be written exactly
as Eq. (5. 6). We now introduce a w-dependent
parameter z„ to write for V'„~,

Vt'= —Z z (V b e'"'"0+c".c.). (5. a)

The form of z will be discussed later.
Accordingly, the Hamiltonian, not includ&mg the

crystalline ionic polarization, for the E center

z =1/(1+@ w ), (5. 13)

where n is a parameter to be determined later,
then the dielectric screening interaction, V, say,
can be written 3s follows:

lV I'

E~(1+ 'U K
(5. 14)

This V, can be evaluated as

e~e
&

~-i ~-a, i/~

Jr- Ro]
(5. 15)

by replacing the summation over the wave vector w

in the first Brillouin zone by the w integration with

the upper limit of infinity, as in the polaron theory.
Similarly, the self-energy of the massive hole, the
last term in Eq. (5. 12), may be evaluated as

The fourth term is the Hamiltonian of the exciton
system in the B-„representation (referring to a
reference system here). The fifth term is the di-
rect interaction of the electron with excitons charac-
terized by the operator B-. The third term and the
last term are, respectively, the dielectric screen-
ing interaction (i. e. , the interaction between the
electron and the massive hole via the CEP field)
and the self-energy of the massive hole due to its
own electronic polarization field (see Ref. 24 for
details ).

We are now in the position to discuss the form
of z„. If the z is chosen as
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+se +1Eex t (5. 1V)

1 -—--
~

'" tan — ---- m

(5. 16)
in which se is the maximum value of j w) in the
first Brillouin zone and equals m divided by the near-
est-neighbor distance d for alkali halides with
NaCl structure.

Accordingly, the Hamiltonian for the electron
plus the massive hole, corrected for the influence
of the CEP field, may be written from Eq. (5. 12)

2
H= +Z Vo(r R——)-+ h (5. 19)

with h given by

h= 1-——1 —e "'" —e' 1

1
'™ d 1 ~ ng

E,„=—e 1-—
(

~ gp) + —tan

(5. 16)
The above obta, ined dielectric screening interaction,
Eq. (5. 15), combines with the direct interaction
between the electron and the massive hole,
—V(r; Ro), to give —e /e lr —Rot for very large
Ir —Ro), as is expected for the present problem.
Therefore, to a good approximation, z in Eq.
(5. 12) may be set ~ual to that given by Eg. (5. 13).
The parameter v in it may be determined after the
CEP effect on the electron itself is found from the
electron-exciton interaction in Eq. (5. 12).

This effect has been studied in Ref. 24 by taking
the electron-exciton interaction as a perturbation
for the case in which the binding energy of the elec-
tron is considerably less than the exciton energy
(which is order of the band gap) as in the E-center
problem. In this case, according to Ref. 24, the
effect on the electron itself which is due to the elec-
tron-exciton interaction yields (i) a self-energy,
(ii) a mass correction to the electronic mass, and
(iii) a Lamb-shift-type correction. As discussed
in Ref. 24, corrections (ii) and (iii) are unimportant
for the case mentioned above. The self-energy,
H„, is given by

determined in the following way. When r-0, i. e. ,
when the electron approaches the center of the
negative-ion vacancy, the crystal under considera-
tion is close to a perfect crystal and the electronic
polarization is negligible. Hence the parameter v

can be approximately determined by setting the
total electronic polarization equa1. to zero. Letting
only the above h equal to zero for x-0 and using
the values listed in Table VI for the crystal param-
eter, we obtain v '=0. 1949 a. u. ' for KCl. We
note that v determined in this way also includes a
host of other corrections. We also note that the
expression of the dielectric screening interaction,
the first term in Eg. (5. 20), with the above deter-
mined v is t;he same as that used in Ref. 27. But
that expression in that reference was derived from
the Haken-Schottky interaction for a Wannier exci-
ton consisting of an electron with the effective mass
m, ,* and a hole with the effective mass m„*, i. e. ,

V„s —— 1 ———1 —— (5. aS)

with p, = (2m,* E/5 )
~ and p„= (2m fE,„/5 ) ~, by

putting p, = pI, .
Now we have to discuss the ionic polarization ef-

fect on the ground state and on the optically excited
states to which the optical transitions from the
ground state occur. When the electron is inside a
spherical region of radius Ro (~d, the nearest-
neighbor distance of the crystal in question), cen-
tered at the massive hole, it moves much faster
than the ions, and the Coulomb field of the massive
hole is shielded by the e1.ectron so that the electron-
hole system hardly polarizes the lattice. This
implies that only when the electron is outside the
spherical region the lattice will be polarized by the
electron and hole to give an appreciable ionic po-
larization. For the ground state of the F center in
a typi. cal alkali halide such as KCl, however, the
electron spends most of its time inside the spherical
region mentioned above, and the ionic polarization
effect is not important in the calculation of the ei-
genenergy and eigenfunctions. This effect on the
corresponding optically excited states is not impor-
tant either, since the optical transitions from the
ground state to these excited states in a typical
alkali halide satisfies the Franck-Condon principle.

d l, vw
x . . . ,— + —tan ——o.,E, (5. 20)

2(d +1) 7I' tl7f

where the origin of the position vectors is chosen
at Ro, the center of the negative-ion vacancy.
Hereafter we shall call H given by Eg. (5. 19)simply
the electronic effective Hamiltonian, since the en-
ergy associated with the massive hole in this equa-
tion is constant.

The parameter v involved in the above h may be
0. 83

E.'„"(eV)

7. 8

—
I x I (eV)

—0.6

TABLE VI. Input data for the numerical calculation
for KCl. The first three entries were taken from Ref.
25. The superscript (a) refers to the data of Ref. 26.
The data for the electron affinity —

I y I were taken from
Ref. 30.
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B. Calculation of Ground State of F Center by

Model-Pseudopotential Method

We take H given by E(l. (5. 19) as the Hamiltonian
for the problem considered in this section and write
the corresponding wave equation in the form

( 2

+Z '
v~(|; R.G)+&) ((F)=z((B, (5. 22)

2

~ Z V" ~ h)4(F)=E ( (),|m Q
(5. aS)

where P(r) is the pseudo-wave-function for the E-
center electron. E(luation (5. 23) may be solved by
a variational method using a trial wave function ex-
panded in terms of Slater atomic orbitals (STO}.
From continuum approximation, the F-center
ground state should not be very different from the
1s hydrogen function, and we cut off the expansion
at the 2s STO, so that

e,(r) =~tu..(P, ) uu..(t}s)], (5. 24)

where N is a normalizing constant such that
((t)(r)i/(r)& =1. u„(P,) and u„(Q) are the 1s and
2s STO's with parameters P, and @, respectively,
l. e. ,

u„(P, ) = (P',/w)' 'e

us. (P ) = (}C/»)'"« ~".
(5. 25a)

(5. 25b)

Here p, is also a variational parameter. When P,
=P2=X, and p=v 3, we have the usual modified 1s
function, N(1+ Xx)e

The energy E in Eti. (5. 23) for the ground state
is given by

E, -=Q,(r) Iff" IA, (r)&

=- -'(4, (r)I 'I 4,(r)&+& &4,(r)l i"'„'IA, (r)&

+ (y, (r)
I
k

I (t),(r) & . (5. 26)

Here, as well as in the rest of this paper, the cal-
culations will be done in atomic units (a. u. ). The
first term can be calculated as usual. For the cal-
culation of the second term, we adopt the model
pseudopotential proposed earlier in this paper. Ac-
cording to E(ls. (2. 15) and (2. 18), the contribution
due to a K' ion is given by

where ())(r) and E are, respectively, the eigenfunc-
tion and eigenenergy of the F-center electron. The
prime on the summation means that the summation
is taken over all ions except the missing halogen
ion.

According to the theory described in Sec. II, the
corresponding pseudo-wave-equation may be written
as

where

+~ C(&&~~l p I&( &„(5.27)
1

$ PS

f. = (e, l

'-I e,&—+ ~ «. I "Ikf&,&kfl ~.&,
f f5

(5. 28)
The ikl&'s are Coulomb wave functions and can be
calculated numerically by a number of methods de-
pending on the values of k, l, and ~„. A detailed
discussion on this has been given by Froberg. 2'

For a typical case in which the Cl ion is in the sec-
ond-neighboring shell and P, = Pz=0. 6 a. u. ', a plot
of (kl 1

&I')
& vs k is given in Fig. 2. Here i = 1 and

2, respectively, for 1s and 2s STG's. It is very
interesting to note there that the expansion coeffi-
cients are important only over a rather short range
of k from k = 0. 325 a. u. ~ to k™0.8 a. u. '. This
is to be expected. Indeed, the g, 's are rather
slowly varying functions while Ikl& becomes more
and more oscillatory as k increases, so that the
integral resulting from the product of these two
functions would diminish rapidly as k increases.
Therefore, in doing the summation over k, it may
not be a bad approximation to replace the infinite
upper limit by a finite upper limit k . This, in
our case, is taken to be 1. 5 a. u. ' (corresponding
to an energy -30 eV) and is believed to contain the
most important components of k in the summation.
As the radius L of the normalization sphere ap-
proaches infinity, the summation over k becomes
an integral and we have

Z Z «(.
I ~lkf&„&kfl~(. &„

TABLE VII. Parameters for the model pseudopoten-
tial in Eq. (2. 18) for potassium.

g, =&y, lfm&, r. = Ir R-„I.
Since the most important contribution in the ex-

pansion of P~ in terms of the atomic pseudo-wave-
functions is expected to come from the lowest va-
lence states, such as those corresponding to 4s
and 5s, 4P and 5P, 3d and 4d, etc. , for potassium,
we may calculate C, in E(l. (5.27) for the s states
from an average of the 4s and 5s quantum-defect
data, for the P states from an average of the 4P and
5P quantum-defect data, and so on in the case of
potassium halides. The results are given in Table
VH.

The contribution due to the Cl ions can be writ-
ten, from E(1. (2. 13), as

f.=-(~,(r)I~ I~,(r)&=-(e, l

—Ie, &

Co (a.u. )

0, 702

C& (a.u. )

0.405

C, (a.u. )

—0,422
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Here p(k) is the density of states. This ma be
calculated from the allowed valuee values of k and can be

o e given by

p(f ) = Ii~
in the limit when I.I. becomes very large. Since
for the E-center electron in a t"yp
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Q (y, (r)~ V". ~y, (r))=E„+Z„, (5.30a)

(5. 30b)

E,d - 6TKg+ 12TC, + 8TCl + KB ~ (5.30c)
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TABLE VIII. Numerical results of the variational parameters and energies for the E center in the ground state in

KCl. E~, E„, (E„-2}K+, [E„2]cI-,and E,~ refer to the total contribution to the ground-state energy E~ from the kinetic
energy term, y ~ term, y term due toK+ ions, y term due to Cl ions, and from kg, „respectively. The value for E~ is
given relative to the vacuum level. All the energies are given in eV.

rgg

Three parameter
Two parameter
Modified 1s
1g

Pq{a.u. ')

0.458
0.611
0. 623
0.435

P~(a. u. "')

0.707
0.611
0.623
0

1.21
1.53
P7
0

2.25
2. 26
2. 26
2.57

E
—7.69
—V. 66
-V. 67
—7.56

I &r-»K'

1.88
l. 98
2. 00
2. 3

[E 2)cg-

0.113
0. 127
0. 124
0.150

-0.596
-0.599
-0.596
-0.587

-4.05
—3.89
—3.88
-3.07

Another point to note is that the state-dependent
term of Cl is small compared to the total energy
and may be neglected without committing great er-
ror.

Now we go on to the estimation of the energy level
of the optically highest bound state. The difference
between this energy level and that of the ground
state will give an estimation of the optical ioniza-
tion energy of the E-center electron in the ground
state. For the highest bound state, the electroni. c
wave function is completely diffused and the energy
in Fq. (5.23) may be written as

1 ' 2yd yE.-- IXI-e 1-——..— a-+-t~~
e (4yd +~) v 2yd

(5. 22)
Here —

I X l = Eo- ~gyE,„, ~h~~~ E() is the lowest
level of the conduction band relative to the vacuum
level and o.,~ is given by Eq. (5. 18) with the free-
electron mass replaced by the electronic band
mass. Therefore —

) Xj is the electron affinity and
has a value of a.bout —0. 6 eV for KCl. ' For KCl,
E„—1.4 eV, so that the magnitude of the optical
ionization energy for the I" electron t E~- E„t is
about 2. 65 eV.

D. Discussion

The %band at 2. 71 eV in KCl has been known
both experimenta. lly and theoretically to be due to
optical transitions from the ground state of tQe F
center to its excited states just below and above
the conduction band. 3~ From this observation, the
experimental optical ionization energy of the I'
center in the ground state may be rega, rded to be
of the order of 2. '71 eV. The corresponding result
of the present calculation is 2. 65 eV, which is in
good agreement with the above estimation. Since
this calculation is done by a variational method,
the actual eigenvalue for the pseudo-wave-equation
should be a little bit lower than the ground-state
energy level calculated above, so that the actual
optical ionization energy calculated by this method
should be a little bit greater than 2. 65 eV, if a
more flexible type of trial functions has been used.

A number of calculations on the E-center ground
state, including the ion-size effect explicitly, exist

TABLE IX„Some results on KC1 based on calculations
by other authors and the present authors. All energies
are given in eV. Both the ground-state energy E~ and the
energy of the optically highest bound state E„are mea-
sured from the vacuum level. Experimental value for
the optical ionization ener~r of the E center in the ground
state Wo ls about 2. 71 eV for KCl (see text for details) ~

Qpik @Wood
Kubler @ Friauf
Evarestov
Present rework

E
-4. 81
-4. 08
-3, 6V

-4. 05

-2.02
—1.4
—1.4
—1.4

2. 79
2. 68
2. 27
2. 65

in the literature. '3 3 In the following, we shall
compare the result of the present calculation with
some of them„To this effect, we list in Table IX
the E-center ground-state energies calculated by
Opik and Wood using a HF-like method, ~ by Kubler
and Friauf using the Austin-type of first-principles,
pseudopotential, and by Evarestov using the
Heine-Abarenkov model potential. In the third
column, we estimate the energy level of the optical-
ly highest bound state for each individual case. In
the work of Ref. 2'7, the electronic polarization wa.s
included explicitly and the hole self-energy due to
this polarization was given by ——,'(1- e ')p„= —1.42
eV, so that the highest-bound-state energy level is
this value plus the electron affinity, i. e. , —2. 02
eV. This value is considerably different from the
corresponding energy level we calculated (- —1.4
eV). Such a difference has its origir. in the ap-
proach used to treat the CEP effect. A discussion
of this was presented in Sec. VA. Despite this
difference, the calculation of the optica. l ionization
energy is not affected, because any error here
merely shifts the ground and excited states by the
same amount.

In both the work of Refs. 32 and 33, the CEP ef-
fects on the ground state are neglected, amounting
to letting h = 0 for all x in Eg. (5. 20). Note that h

cannot vanish at aQ in a diffused state. Since the
hole self-energy has not been calculated in any of
the last two references, we just adopt our value of
E„and estimate the optical ionization energies in



their cases (see Table IX}. The discrepancy in the
calculated and experimental results in Ref. 33
probably is due to the neglect of the CEP effect in
the ground state, which according to our calculation
is about —O. 5 eV. If this amount were added, the
ground state might be lowered considerably to bring
the calculated ionization energy closer to the ex-
perimental value.

Good agreement with experimental value is ob-
tained by the result in Ref. 32 despite the omission
of the CEP effect on the ground state. This does
not necessarily mean the CEP effect is not impor-
tant, because according to both Ref. 27 and the
present work the contribution to the ground-state
energy due to this effect is quite significant. There-
fore, the good agreement between experimental and
calculated values in this case probably is due to a
mutual cancellation between the errors resulting
from the approximation used in the calculation of
the pseudopotential and that from the omission of
the CEP effects.

Although ion-size effect has been included in the
calculations in Refs. 34 and 35, the E-center
ground-state energies obtained are not much differ-
ent from those in the point-ion-model calculation,
which are rather too deep compared with the results
obtained by the above mentioned three calculations
and the present one. Such discrepancies may part-
ly be due to the effect of dielectric screening not
being treated properly and partly to the approxima-
tion in the pseudopotential used in these two refer-

From the discussion above, it seems that the
method of model pseudopotentials, introduced here
as a special representation of the pseudopotential
operator in the Hilbert space, is a satisfactory
method for calculating the state of a localized elec-
tron trapped in an electri. cally neutral point defect.
Whether this method can be applied to a non-neutral

system will be seen in Paper II. Further applica-
tions to diffused states, with some modification,
and to the conduction electrons will be discussed in
forthcoming papers.

VI. SUMMARY

A method of calculating the states of a valence
electron in a solid (such as a conduction electron or
a localized electron) was developed using atomic-
model pseudopotentials. This was based on the
possibility of representing the pseudopotential op-
erator on the basis of the complete orthonormal
set of atomic-model pseudo-wave-functions. A
form of the model pseudopotential suitable to our
theory was suggested and the necessary parameters
for it were determined. In the case of alkali ions,
the determination was effected using quantum-de-
fect data. In the case of a negative ion with no
open cores, such as Cl, the determination was de-
signed to use phase shifts of the electron scatter-
ing problem.

The method proposed was tested by applying it
to calculate the optical ionization energy of the E
center in the ground state for KC1. It is found to
give satisfactory results.
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Model-Pseudopotential Calculation of Electron States in Solids. II. Low-Lying States of
the F2+„Center

C. H. Woo and S. Wang
Department of Physics, University of Waterloo, Waterloo, Ontario, Canada
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With a correction due to the crystalline ionic polarization, the formalism of the preceding paper is
applied to calculate the low-lying states of an F,+„center in an alkali-halide crystal containing impurity
ions, such as KCl containing sodium. The theoretical absorption energy obtained from the difference
between the energies of the ground and first excited states of the F~+& center in KCl is in reasonable
agreement with the experimentally observed absorption band appearing at 0.98 eV in KCl containing
sodium. In addition, our results lead us to assume the existence of the F» center. Calculations on the
corresponding ground and first excited states of this configuration in KCl are performed. From these
energies, the 1scr-+2po.-like transition energy is deduced to be at ~1.07 eV.

I. INTRODUCTION

This paper deals with the second application of
the model-pseudopotential method developed in
the preceding paper I' to study theoretically low-
lying states of an I'"2~ center in an alkali-halide
crystal containing impurity ions, such as KCl con-
taining sodium. The &&~ center under study con-
sists of an E,' center (also known as an M' center)
with an impurity ion Na' at a nearest-neighbor
site in the (100) plane containing the Em center.

In this application we first derive in Sec. II the
Hamiltonian for the E2~-center electron corrected
for the influence of the crystalline electronic po-
larization by using an approach described in paper
I. We then obtain the corresponding pseudo-Hamil-
tonian employing the model-pseudopotential method
developed in Paper I. The obtained pseudo-Hamil-
tonian is then corrected for the influence of the
ionic polarization.

The resulting pseudo-wave-equation $s then
solved in Sec. III by the variational method, to ob-
tain the ground state and the first optically excited
state (to which the optical transition from the
ground state occurs) of the Ez~ center for KC1.

Finally, in Sec. IV, the theoretical optical ab-
sorption energy of the I'» center, obtained by tak-
ing the difference between the calculated energies

of the ground state and the first optically excited
state, is discussed and compared with the absorp-
tion band observed by Schneider occurring at
-0.98 eV (-0.09 eV higher than the corresponding
M band) in KC1 containing sodium. In addition,
in view of the conclusions drawn there, we assume
the existence of a color center (called the Ems cen-
ter) in KCl, consisting of an E2 center with two
Na' impurity ions at the two nearest-neighbor sites
in the (100) plane, and calculate its ground state
and the first optically excited state. A conclusion
of this paper is also included in Sec. IV.

II. HAMILTONIAN

The E2~ center is an I"2 center, consisting of two
adjacent negative-ion vacancies plus an electron,
with an impurity ion Na' at a nearest-neighbor site
in the (100) plane containing the E2 center in KC1.
In other words, the &~& center is an electron in a
crystal consisting of the perfect crystal KCl minus
two adjacent Cl ions and plus an ion Na replacing
a potassium ion at the mentioned position. There-
fore, when ignoring the crystalline electronic po-
larization (CEP), the Hamiltonian for the Ezz cen-
ter in KCl may be written as

2

Hq= T, +Z Vo(r; R 0) —Z V(r; R, ) —V(r; R, )


