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Adopting the Kane model of the nonparabolic conduction band of InSb, calculations of the
energy-loss rates of the electrons to acoustic modesviadeformation potential and piezoelec-
tric coupling and to polar optical modes are performed. Use is made of matrix elements
which take into account p-function admixture and static screening of the electron-phonon inter-
action. The applicability of this theoretical approach to experiments at 4. 2 K in strongly de-
generate n-InSb is examined. Measurements of the electric-field-dependent amplitudes of
the Shubnikov —de Haas effect with 8 IIj are used to determine the dependence of the electron
temperature on the electric field up to 1.7 V/cm. Theoretical values of the energy-loss
rates are found on averaging over the Fermi distribution at an elevated electron temperature
T~. A combination of deformation-potential scattering and piezoelectric scattering accounts
for the energy-loss rate below T, =12 K. A value of the deformation-potential constant of
6. 9+ 0. 4 eV is used to fit the calculated energy-loss rates to the experimental data. Above

T,=-24 K, polar-optical-phonon scattering is the dominant mechanism. Between 12 and 24 K,
there remains a difference between experiment and theory which is attributed to a two-phonon-
scattering process.

I. INTRODUCTION

The mechanism of electron energy transfer to
the crystal lattice' in n-type InSb at low tempera-
ture was studied originally by Sladek. He con-
sidered the interaction of the electrons with the
piezoelectric potential of the acoustic phonons and
with polar optical phonons. Since this early at-
tempt, much work as been concerned with this
problem. I ifshits et al. 3 have pointed out the nec-
essity to take acoustic deformation-potential scat-
tering into consideration. Kinch" has demon-
strated the importance of screening effects for the
electron-acoustic-phonon interaction. Measure-
ments of the dependence of the mobility on the
electric field by Sandercock' and by %halen and
Westgate' were undertaken to get insight into these
mechanisms. Maneval et al. ' obtained the aver-
age electron-energy-loss rate as a function of the
electric fieM using a sophisticated experimental
technique, and were the first to point out the dif-
ficulty of comparing these data with the usual the-
oretical approach involving perturbation theory
and the Boltzmann transport equation. This point
was later stressed also by Tsidilkovskii and Dem-
chuk. Szymanska, and Maneval' and Martin and
Mead" have ignored these difficulties and have de-
duced values for the conduction-band deformation-
potential constant by comparing the experimentally
obtained energy-loss rate of the electron gas to
the lattice with theoretical expressions given by
Kogan. Stradling et a$. and Martin and Mead
ha,ve focused attention on the fact that a combina. -
tion of deformation-potential, piezoelectric, and

1&k', , (3)

which states that the mean free path of an el.ectron
between successive coll. isions should be greater

polar-optical-phonon scattering is not sufficient to
explain the experimentally observed temperature
dependence of the energy-loss rate, and another
energy-loss mechanism has to be taken into ac-
count. Two-phonon mechanisms have been pro-
posed to explain the remaining discrepancy. "'

If one intends to compare any semi. conductor
transport experiment with the usual theoretical
formulation of the electron-phonon interaction
based upon the adiabatic principle" and perturba-
tion theory, one has to prove carefully whether
these approximations are justified or not. The
adiabatic principle fails to be acceptable under
conditions where the period of a lattice wave is
shorter than the time v' between successive colli-
sions of an electron, which means that ihe condi-
tion

a/k~T &7

is not satisfied. Peierls" has pointed out that the
Boltzmann equation and the use of perturbation
theory are not justified unless this inequality is
satisfied. According to an argument given by I.an-
dau and Peierl. s, ' A~T can be repla, eed by the Fer-
mi energy e'z measured from the nearest band
edge in metals or degenerate semiconductors so
that the theory should not break down as long as

@/e~ & r .
Directly related to this condition is



HOT-ELECTRON-PHONON INTERACTION IN THE ~ ~ ~ 2671

than its wavelength: The wave function of an elec-
tron should last at least a whole oscillation before
it can be assigned a whole wavelength. In degener-
ate semiconductors, k is replaced by k~., the elec-
tron wave vector at the Fermi surface.

Several attempts have been made to bypass these
theoretical difficulties under conditions where Eq.
(1) is not satisfied. Relaxation effects in the elec-
tron-phonon interaction have been explicitly intro-
duced either phenomenologically by adding a re-
laxation term to the density-matrix equation or by
the replacement of the usual Fermi "Golden Rule"
by a Wigner-Breit-type theory. " However, an
exact quantum treatment of this case remains an
unsolved problem.

The outlined difficulties of a comparison between
experiment and theory are overcome by investi-
gating sufficiently degenerate high-mobility semi-
conductors. If the value of e~ is high enough, con-
ditions (2) and (3) can easily be satisfied.

Furthermore, any transport theory dealing with
the conduction band of InSb has to consider the non-
parabolic shape of the e(k) relation as derived by
Kane. " Kane's theory results from taking into ac-
count the interaction of the valence bands and the
conduction band through the k p terms of the Ham-
iltonian. The k-independent spin-orbit interaction
was also considered exactly. Using this theory,
Ehrenreich"' performed calculations of the mobil-
ity in the conduction band of InSb by combining polar-
optical-phonon, electron-hole, and acoustic-phonon
scattering in the temperature range above 200 K.
He also considered for the first time the influence
of static screening on the electron-polar-optical-
phonon interaction and the admixture of p-like com-
ponents into the total wave function of the electrons
in the conduction band. In a recent report, Zawad-
zki and Szymanska have presented a, detailed
analysis of elastic electron scattering in InSb-type
semiconductors and have given expressions for the
matrix elements which include the effect of static
screening and of the p-function admixture for scat-
tering by ionized impurities, polar optical phonons,
and acoustic phonons for both types of coupling.
For the nondegenerate case, the rate of change of
momentum and energy of the el.ectrons by polar-
optical-phonon, acoustic-phonon, and ionized-im-
purity scattering was calculated by Stokoe and
Cornwell, including the effect of mixing of Bloch
states.

It is the purpose of the present paper to derive
exact expressions for the energy-loss rates in the
nonparabolic conduction band of InSb for scattering
by polar optical modes and acoustic modes via the
deformation potential and the piezoelectric inter-
action. Static screening and admixture of p-like
components will be included in the calculations.
We compare these theoretical results with mea-

surements of the dependence of the energy-loss
rates on the electron temperature. The decrease
of the amplitudes of the longitudinal Shubnikov-de
Haas (SdH) effect is used as a, measure of the in-
crease in the electron temperature with applied
electric field. '~' We use degenerate n-InSb sam-
ples with q = e~/ke T, = 100+ 3 at 4. 2 K and high
mobility so that Eqs. (2) and (3) are satisfied and
a comparison of the experiment with the usual
transport theory is justified. From this compari-
son we deduce a value for the deformation-potential
constant of the conduction band of n-lnSb.

In Sec. II, we start with the transition probabili-
ties given by Zawadzki and Szymanska ' and arrive
at expressions for. the energy-loss rates for polar-
optical-phonon, deformation-potential, and piezo-
electric scattering. These expressions are aver-
aged numerically over the Fermi-Dirac distribu-
tion. In Sec. III, the experimental techniques are
described. In Sec. IV, the experimental results
are presented and their interpretation in terms of
an electron-temperature model is given. In Sec.
V, we compare the experimental results with nu-
merical calcul. ations of the theoretical energy-loss
rates. From this comparison we deduce a value
for the conduction-band deformation-potential con-
stant and discuss this value reviewing the results
of other experimental determinations of this pa-
rameter.

II. THEORY

A. Carrier Concentration, Screening Length, and Ionized-
Impurity Scattering in a Nonparabolic Band

Using the simplified Kane formula"

e(k) = —a'"+ (a+ au')'", (4)

1 2e 2m, k~ T
mo&ar

er I u~r, '" 2u~rx' —~'x+ e x' 1+ e x dx, (6)sx(

with A=-,' e, and B=e,h /2m„where nz, is the ef-
fective mass at the bottom of the conduction band
and e~ the energy gap, the electron concentration
become s3'~'

1 2m ~T + ~ o ~kT

(5)
with x= e/keT, e being the electron energy, and
fo=1/(e" "+1). In Fig. 1 the Fermi energy e~ is
plotted a,s a function of temperature with the carrier
concentration yg as a parameter. The constants
used in the numerical calculations are listed in
Table I.

The screening length X which appears in the long-
range interactions is given by
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in the numerical calculation.TABLE I. Constants used in e

m =0. 0139mpC
3@=5.82 g/cm

e =- 5. 62 x 10 dyn/cm~e~4

8D —-278 K
tcp

——17. 88
=15.68

&g = 0. 235 eV
&=-0. 82 eV

aEffective mass
Mass density
Piezoelectric modulus"
Debye temperature'
Static dielectric constant
0 tica.l dielectric constan tCp i
Energy gap
Spin-orbit splitting

"Reference 31.
'Reference 32.

~ ggp
- fo(k)[l —fo(k)] dk,(k'+g/B) (g+Bk ) ~E,

(g)
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(2).

B Energy-Loss Rates in a Nonparabolic Band

1. General Procedure

4 6'L'(4-g) 1 —— —,ln($ -~ 1) ),
(io)

with the abbreviations
3Q2 b, + 2~

e, +2& ' (6+a,) (6+ —,e,)

Reference 28.
Reference 29.
Reference 30.

Th te of change of carrier gyr ener because ofera r
tt ' is obtained by subtrac gtin thephonon scattering is
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was first pointed out by Ehrenreich~o who used the
complete wave functions when solving the Boltz-
mann equation by a variational procedure. Later
Matz considered the admixture of p-like com-
ponents to the wave function in calculating the cur-
rent-density-field-strength characteristic for /1-

InSb.
In the present paper we follow the procedure out-

lined by Zawadzki and Szymanska2' who calculated
the mobility in nonparabolic semiconductors for
various scattering mechanisms. We use the transi-
tion probabilities calculated by these authors but
take into account the inelasticity of the electron-
phonon collisions since we calculate energy-loss
rates.

2. Polar-Optical-Phonon Scattering

FIG. 3. Ionized-impurity mobility vs temperature.
Impurity density Nl is assumed to be equal to the free-
carrier density n for all concentrations: Solid lines,
with p-function admixture; dash-dotted lines, without
p-function admixture.

energy gain by absorption of phonons from the en-
ergy loss by emission of phonons. ' For a phonon
with wave vector q, the gain is given by Suq times
the probability W-„@,- of a phonon being absorbed;
the loss is given by Suq times the probability
W~ -„» of a phonon being emitted, where huq is the
phonon energy and u the sound velocity. These
expressions have to be summed over all possible
q yielding

++ W

5uq5"-„„,-d q- kuq TV-„-„d q
+

1
4

Q1

(11)
In order to obtain the average energy-loss rate
this expression has to be averaged over the dis-
tribution function f(k) in the form

f(k) —c'k .2
(12)

dt 8w3n „dt
This can only be done numerically since f(k) is the
Fermi-Dirac distribution function and Ce//Ch is a
complicated function of k. The use of this distribu-
tion at an elevated electron temperature T, is well
justified in our case because of the strong degen-
eracy of the n-InSb samples we have studied ex-

perimentallyy.

The energy-loss rates in a parabol. ic band were
given by Conwell' for various scattering mecha-
nisms. In the case of a nonparabol. ic band one has
to consider the effect of the band shape not only in
the density of states but a)so in the scattering
probability. Therefore one has to take into ac-
count the proper electron wave functions resulting
from the nonparabolicity of the &(k} relation. This

'(II 1/2 1/21 + II,/2, -1/21 ) (14)

N, is the phonon occupation number, & the fre-
quency of the longitudinal phonons, and z the op-
tical dielectric constant. The terms I,,' are given

and

I1/2 «2(q) =1 —2(b + c ) (cos'8), (15)

I1/2 „2(q}=+ 2b(-,'b —c~2 (cos8), (sin8), e'

(16)
with the abbreviations

a t-'~+ &
a

cg+ 26' —&6
Q2

3 6'g+ 26' —Q6

2
2 e,+2& —oe ' 2(&+ —,'e, )(&+e,) '

where 4 is the spin-orbit splitting. We follow the
common procedure of performing the q integration
in spherical coordinates with d~q = q

~ dq sin0 de dP.
Since the initial k vector can be taken along the z
direction, the 6 functions also contain 8 as a vari-
able. For the absorption and emission process,
we obtain

(cos8), = C +Bq2+2C(/1+Bk )"
2Bkq

with C=5&. After performing the 8 integration the
remaining integral is given by

The transition probability for the absorption
(upper sign) and emission (lower sign} of an optical
phonon is given by

w„'-'-„„.= ~,"(k, q) (x,+ —,
' ~ —,')&(e(1 k+111 ) -e(1 KI) ~ k~)

&& [1-f(e*Ih~)], (1&)

where, according to Ref. 21,
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+ C' ~ 2AC+ 3C'(A+ Bk')'" C
, (k, q)

W'qk q
, , ak+ [ahu„(A+ Bk')'")/B

1 n-' '/B (27)

C+ (A+ Bk')'"
q dqa)/, 19

which is obtained by using

For example, the contribution of longitudinal pho-
nons to the energy-loss rate has the form

P' '& +K'u,'q'+2Ahu&q+3h u, q (A+Bk ) '
8 3

l

hulq
'

2'82k2

f d s(f( ))
du s(u uo)

I &f/suIl„„

The limits of the q integration are

with

q ~~ = v k + (k ~ + [2C(A + Bk )'/ + C ]/B)
q'= k+ [k'+ [2C(A+ Bk')'"+ C']/B)'"

(20) «««q'(««««*(( ~ ((«~)«~]]
2Bk2

x (Ã, + —,'~ —,')[1 -f(e ~ hu, q)]u),'(q, k) dq 27/ . (28)

One has to consider the absorption and emission
processes for one longitudinal (v= 1) and two trans-
verse branches (v= 2, 3) and to combine them in the
form

Finally, the optical-phonon absorption and emis-
sion probability for an electron with wave vector
k is given by

/ 02

W;-, d q= (N, + —,.v —,)e ~ ———
0

with

"02
x G, (k, q) dq, (22)

~ (2)

' ~ c'+2AC+3C'(A+Bk')'»
1 + QR 8 2B2k2

B 2B4

'(I I&/2, 1/2I'+ II 1/~ -1/Sl')»)
Neglecting the dispersion of the optical phonons,
Suq= h has been taken outside the integral in Eq.
(11).

3. Deformation-Potential Scattering

«« « g (
"«

2 2

lIq/2, q/2(q)l —E,q a + —+ c +.2 2 2 El~ E2 2

C C

~ C2+ —+~52 —'
q4E~ 2

b'

(«««(««)l —& ««s (( . )«

q

O'Wr &
d q —

~

&vq~k, i~ d q
&0

(29)
The numerical calculations showed that the con-
tribution of the transverse modes to the total en-
ergy-loss rate are negligibly small for the given
experimental situation. We need therefore only
the expressions for the I&&. for the longitudinal
mode which according to Ref. 21 are given by

The transiticn probability for the absorption
(upper sign) and the emission (lower sign) of an
acoustic phonon of the vth branch is given by

w"-„,-„,,= ~,"(k, q)(Iq, + —,'+-,')&(e(l k~(ll) —e(lkl)+ h ')

x[1-f(e ~h~&)], (24)

The constant E, plays the role of the deformation-
potential constant. Following the arguments given
by the above authors, E,=4QE and E2 4QE were
taken.

4. Piezoelectric Scattering

where"

«,'(«, q)= ~(~«« .)E l(;«(«)1'. (25)

The matrix element between the initial and final
states for scattering by the piezoelectric potential
of acoustic phonons is '

The superscript v = 1, 2, 3 denotes one of the three
possible polarizations (one longitudinal and two
transverse branches). The I». were given in Ref.
21.. The value used for cos8 is that which makes the
argument of the 4 function vanish and is

(cos8), =-+A u„q+Bq+ahu„(A+Bk~)'/

1/2

(i /((, lv(i/, (««)=- ',","''(, „' .
x [S;, -„,-II.'"—&;, f, ;(l)I;+ 1)"']

$2q 2

xK„——,, I„.(q), (32)

The limits of the q integration are given by where K„ is given by
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with e" being the unit polarization vector of the
acoustic wave and e the unit vector along its po-
larization direction. 8~4 denotes the piezoelectric
modulus and the I&&. are identical with the ex-
pressions given in Eqs. (15) and (16) for polar-
optical-phonon scattering. The expressions for
(cose), are the same as for deformation-potential
scattering as well as the limits for the q integra-
tion. As usual in calculations of the relaxation
time, we take K~ outside the integral over q. The
averaging procedure is, as demonstrated by Ko-
gan ~~

„f„K„dQ/2v (34)

For a cubic crystal, f is a number approximately
pi

equal to 0.4. The probabilities W„" p„- are given
by Eq. (24) but with

32m 8 8 & 5 q ~f4
j 7/ ~2 yd 1 2 ga0

x(i~its, ~&sl + lf~sa, -usl )

7'» 1, 8~, &k'gT, &~ &@g, , (36)

where ~, =eH/m*, m* is the cyclotron effective
mass, and 0 represents the magnetic field. For
this case several Landau levels whose spacing is
h&, are occupied, and changes in the applied mag-
netic field result in a passage of the Landau levels
past the Fermi energy &~. Consequently an oscil-
latory behavior of the magnetoresistance is ob-
served which is periodic in 1/H. The theory of
the longitudinal and transverse oscillatory mag-
netoresistance have been reviewed in Ref. 34, The
theoretical expressions are

6p ~ 2gs 6p. 'll'

~s cos +R
p, , ' I~, 4

with
(-1)' k(u, ' 2v sk T/5u,s"' 2~s sinh(2s'sks Z'/@g, )

(3V)

xcosv=se s' 'srD~" ~, (36)

where p0 is the zero-field resistivity, s the sth
harmonic, and " the ratio of the spin splitting to
the Landau-level spacing. T~ denotes the non-
thermal broadening temperature (Dingle tempera-
ture ). The term R is an additional series of os-
cillatory terms in the transverse magnetoresis-
tance and is generally smaller than 5,. t is equal
to 2. 5 or 1 for the transverse or longitudinal
case„respectively.

C. Oscillatory Magnetoresistance

The SdH effect can be observed under the follow-
ing conditions:

If the electron-temperature model is used to
describe the influence of an electric field on the
electron gas, the amplitudes M of the oscillations
at different electric fields are related to each
other by

m(E, ) M(r, .,) X,/simX,
M(z, ) m(T„,) qgsinhq, (39)

Samples were prepared from n-type bulk single-
crystal InSb having an electron concentration of
6. 9x 10'6 cm 3 and a mobility of V4. 500 cms/V sec
at 4. 2 K. In order to avoid contact effects, bridge-
shaped samples have been prepared by the sand-
blasting technique from lapped thin wafers and
were subsequently etched. Typical sample di-
mensions are indicated in Fig. 4. Two current
contacts, two potential contacts, and two Hall con-
tacts were soldered to the samples with tin. The
samples were placed within a variable tempera-
ture cryostat (2. 4-VV K).

Ohmic measurements were made by using a
Keithley 148 nanovolt'meter. Pulsed-curr ent tech-
niques were used to avoid sample heating for the
non-Ohmic measurements. Voltage pulses of 500-
nsec duration, a repetition rate of 10-50 Hz, and
a rise time below 15 nsec were produced by a HP
214 pulse generator. In order to observe any
variation of the conductivity with electric field,
with magnetic field, and with time after applica-
tion of the voltage pulse two Tektronix sampling
oscilloscopes (5618, 3S1, 3T2 and 561A, 3SV6,
3TVV) were used. Two Keithley model 109 pre-
amplifiers (rise time about 3 nsec) amplified the
signals from the samples prior to feeding them
into the oscilloscopes. The output signals of the
oscilloscopes were fed into an HP 70048 x-y re-
corder. Using this recorder and the field sweep
of the magnet coil, direct plots of the magnetore-
sistance versus II were obtained. The experi-
ments were made under constant-current conditions.

IV. RESULTS AND ANALYSIS

A. Ohmic and Non-Ohmic Mobihty

The Ohmic conductivity and the Hall effect were
measured between 4. 2 and 30 K. From these data
a mobility increase with temperature was found
which wa, s less than 0. 5%. To determine whether
the electric fields employed in our SdH measure-
ments produce any appreciable carrier concentra-
tion or mobility changes, electric fields up to

where )t, = 2vsks T, ,/t~, . This equation is valid un-
der the assumption that the Dingle temperature
does not vary with the electric field and that the
series in Eq. (3V) can be approximated by its first
term.

III, EXPERIMENTAL
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Figure 5 shows the Ohmic oscillatory longitudi-
nal magnetoresistance up to 50 kG. There has been
some discussion in the literature about the oc-
currence of spin splitting in the longitudinal con-
figuration; it was also suspected that contacts and
geometrical effects may play an important role.
Our sample geometry seems to exclude contact
effects and Fig. 5 shows that spin splitting does
occur in our samples in the longitudinal configura-
tion. From this Ohmic measurement the Dingle
temperature was determined by plotting MII ~~~

sinhy/y versus 1/H. From the slope of this line
a value of TD = 12. 8+ 0. 5 K is obtained. From a
measurement of the oscillations in the transverse
configuration the same value T~ = 12.8+ 1.0 K was
found (Fig. 6). Ohmic measurements were per-

0.3
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0.1—

TL 42 K

-01-

-0.2-

-0.3
10

I

20
I

40
H {soj

FIG. 5. Ohmic longitudinal magnetoresistance at 4.2 K.

2 V/cm were applied as dc pulses to the samples.
No conductivity change was observed within the
experimental error (& 1%).

The Ohmic Hall data yielded a carrier concen-
tration of 6. 9&& 10 cm . The carrier concentra-
tion was also deduced from a determination of the
period r (1/H) of the SdH oscillations which yielded
a Fermi energy, 36. 2 meV, with an accuracy of
3%. From this value, n was calculated with Eq.
(5) and was found to be in satisfactory agreement
with the Hall-effect data. Since the Hall-coeffi-
cient factor t'is equal to 1 for strongly degenerate
semiconductors regardless of scattering mecha-
nisms, the Hall data yielded the conductivity mo-
bility. The reduced Fermi energy g at 4. 2 K was
100+ 3 for a set of six different samples.

8. Oscillatory Magnetoresistance

I I

9 10 11
105H-" (G-1)

I

12 13

FIG. 6. Plot for a determination of the Dingle
temperature.

formed by applying electric fields having values
less than 5 mV/cm to the samples. Application
of higher electric fields caused damping of the
oscillations in the longitudinal as well as the trans-
verse configuration.

The method for determining the dependence of
the electron temperature on the electric field was
presented in Refs. 24 and 25. With this method,
electron temperatures were deduced from the
longitudinal-configuration data. The influence of
the electric field on the amplitude of the magneto-
resistance oscillations was investigated up to elec-
tric fields of 2 V/cm. For this field strength the
mobility variation for the H= 0 case is below 1%
and therefore the assumption of a constant Dingle
temperature is justified. We have also made a
check of this assumption by deducing the Dingle
temperature from the SdH amplitudes at higher
electric fields after the determination of the elec-
tron temperature. Within the experimental error
(1 K in the longitudinal configuration), TD deduced
at higher fields was the same as that for the Ohmic
case.

The dependence of the amplitudes of the SdH
oscillations on the electric field at different mag-
netic fields is shown in Figs. 7 and 8. From this
variation, the dependence of the electron tempera-
ture on the electric field is deduced using Eq. (39),
and shown in Fig. 9. ihere is a distinct kink in
the rise of the electron temperature with electric
field at about 400 mV/cm corresponding to T,
= 18 K. The dependence of the electron tempera-
ture on the magnetic field for various electric
fields is shown in Fig. 10. There is some indica-
tion for an oscilla, tory behavior of T, (H). Since
these variations are small (& 5/o) we have ignored



HOT-EI ECTRON-PHONON INTERACTION IN THE. . .
30

6- ~

TL=4.2 K

20-

~ ~

CV'
Cl

cv 4-
C)

H = 19.9 kG
4

~ ~ 0 0

e 0~ ~
~ ~

H ~ 16.8 kG ~ ~ ~

—15-

10-

5-g

0
0 1.0

F (yam)

T) 4.2 K

2.0

0
'L0

E (V/cm}

I

1.5 20

FIG. 9. Dependence of the electron temperature on the
electric field at a lattice temperature of 4. 2 K.

FIG. 7. Decrease of the amplitudes of the longitudinal
SdH effect with electric field for H = 19.9 kG (solid circles)
and H = 16. 8 kG (solid squares).

it and have related an average value of the elec-
tron temperature to each electric field regardless
of the magnetic field. The electron temperatures
in Fig. 9 were deduced by this procedure.

Measurements of &p/po(E, H) were also per-
formed in the transverse configuration. Because
of the appreciable nonoscillatory magnetoresis-
tance in El H, the electric field was not constant
at different magnetic fields. An interpretation of
the damping of the SdH amplitudes in terms of a
unique electron temperature was not possible.
From the increase of the electric field with in-
creasing magnetic field (because of constant-cur-
rent conditions) one would expect a relative de-
crease of the amplitudes because of an enhanced
carrier heating. The opposite effect, namely, a
relative increase of the amplitudes with increasing

magnetic field, was observed, which is an indica-
tion of a cooling effect of the magnetic field in
this configuration.

V. DISCUSSION

A. Applicability of Usual Transport-Theory Formalism

Ziman has pointed out the extreme difficulties
in accepting the Boltzmann equation unless Eqs.
(2) and (3) are satisfied, since this treatment of
transport is only applicable if the energy of an
electron is perfectly defined. Using an effective
mass of m=0. 019mo at the Fermi level, we obtain
from the mobility of our samples a value of 7

=9.35x 10"sec. Therefore we finds/v= 1.13
x10 "«5.8x10 ' erg, which is the Fermi energy
of our samples. With a Fermi velocity of vz = 8. 2
x 10~ cm/sec, we find the mean free path l, to be
7. 65x 10 cm. Thus the product of /, and the wave
vector at the Fermi surface, k+=1. 23x10 cm
has the value kzl, =94. 3» 1. Conditions (2) and
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FIG. 8. Decrease of the amplitudes of the longitudinal
Sdn effect with electric field for H =14.8 kG (solid cir-
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FIG. 10. Variation of electron temperature with mag-
netic field for E =100 mV/cm (triangles), E =200 mV/cm
(solid circles), and E =500 mV/cm {open circles).
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B. Ohmic Mobility

The mobility of the best samples was 74. 500
cmB/V sec. By chosing a proper value for N,
=ND+Nz to fit the theoretical value to the experi-
mental data we have estimated the compensation
ratio of our samples to have the remarkable low

value of N„/ND =- 0. 13. The small dependence of
the mobility on temperature which is characteris-
tic for a highly degenerate material excluded the
possibility of a determination of the field depen-
dence of the electron temperature by comparing
the dependence of the mobility on the lattice tem-
perature and on the electric field. 8' '

C. Energy-Loss Rate to Acoustic Phonons:
Piezoelectric Coupling

In Table II we have compiled some experimental
values of the piezoelectric-coupling coefficient
e&4 in InSb. ' ~ Table II does not aim at com-
pleteness, but demonstrates that this parameter

TABLE II. Piezoelectric modulus of InSb.

e(4 (C/m')

0. 060 + 0. 005

0. 071+0. 007

0. 08

0. 079+ 0. 008

0. 076+ 0. 010

Experimental method

Microwave ultrasonic
experiment

Hybrid Hall-effect
ultrasonic-w ave

technique
400—800-MHz ultrasonic

study
200-kHz resonant
plate technique

Ultrasonic-attenuation
measurement

Ref.

39

40

41

(3) for the applicability of the usual formalism of
transport theory are well satisfied for our sam-
ples.

Although Szymanska and Maneval~ have noted
the above difficulty, they have analyzed their data
with the usual transport theory of Kogan. ~ For
their sample parameters the conditions are K/re~
=0. 4 and k~ l, = 0. 522, posing serious questions
for the applicability of the theory. The correspond-
ing figures for the even lower mobility samples of
Martin and Mead" are h/r& ~ = 0. 76 and k~ f, = 0. 26.
Similar criticism holds for the work by Kinch, '.
I,ifshits ««. , Whalen and Westgate, and
Crandall. 7 In a recent paper, Whalen and West-
gate' have pointed out the impossibility of ex-
plaining measurements of the energy relaxation
time 7, in InSb of a set of samples with different
concentrations by a single set of coupling constants
for acoustic scattering indicating the breakdown
of the theoretical approach under conditions where
Eqs. (1) or (2) and (3) are barely or not at all satis-
fied.

is fairly well known from different appropriate
experiments. Therefore, it seems to us not
meaningful to use e,4 as an adjustable parameter
for a transport effect such as the energy-loss rate.
We have calculated the average energy-loss rate
per electron as a function of the electron tempera-
ture T, according to the theory described in Sec.
II. For the coupling constant we have inserted
the value of 0. 079 C/m . The result of the nu-
merical integration is shown in Fig. 11. For a
calculation of the reduction of the energy-loss rate
we have put (II,~&, ,~&I'+ If,~z, &~2I ) = 1. The P-
function admixture weakens the electron-phonon
interaction and decreases the energy-loss rate by
approximately 26%. The influence of screening
turned out to reduce the energy-loss rate by 20%.
Figure 11 shows that the piezoelectric scattering
below 12 K accounts for approximately only 20%
of the experimentally observed energy-loss rate
per electron which is the product e p,E~, F- being the
applied electric field.

D. Energy-Loss Rate to Acoustic Phonons:
Deformation- Potential Coupling

Contrary to the situation for the piezoelectric-
coupling constant where different experiments
have yielded values which are in satisfactory
agreement, the value for the deformation-poten-
tial constant of the conduction band of InSb is still
open to question. A fit of the temperature depen-
dence of the mobility has been successful with
values ranging from 7. 2 4

up to 30 eV. ' A
fit of the energy-loss rate and the energy relaxa-
tion time at low temperatures was tried with val-
ues ranging from38 5 up to 30 eV. From an
analysis of infrared-absorption measurements,
Haga and Kimura found a value of 30 eV. Puri
found a value of 8. 25 eV for the interpretation of
his phonon-drag thermoelectric-power measure-
ments. Tanaka et al. have given a value of 16
eV from an investigation of the transverse acousto-
conductive effect at low temperatures. Measure-
ments of the shift of the plasma minimum with
uniaxial stress in InSb by Zukotynski et al.
yielded a value of 25 eV. The ultrasonic study at
9 6Hz by Nill and McWhorter produced 4. 5+ 0. 5

eV, whereas Smith et al. have found a value of
5. 8 eV for the sum of the deformation potentials
of the conduction and valence bands. One of the
most direct approaches to the deformation-po-
tential constant is the measurement of the pres-
sure dependence of the energy gap (Be~/BP)r and
of the compressibility E. With I E,+ E„l = (Be~/
BP) K, Ehrenreich has given a value of IE,
+ E„I

=- 7. 2 eV using Long'em data of (Be~/BP) r.
It is beyond the scope of this paper to give a
complete discussion of the various determinations
of E,. We want to point out, however, that in
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TL= 4.2 K

tential constant to jE, j
= V. 5+0.4 eV to fit again

the experimental data in Fig. 11 by combining
both acoustic-phonon scattering mechanisms be-
low 12 K.

The relative importance of piezoelectric scatter-
ing compared with deformation-potential scatter-
ing as shown in Fig. 11 is not a general result.
It depends on the carrier concentration as indica-
ted in Ref. 24. %e have shown there that in the
limit of strong degeneracy, the piezoelectric
energy-loss rate per carrier P, &

is proportional
to n ', whereas for deformation-potential scat-
tering the energy-loss rate per carrier Pd„ is
proportional to n . A crude estimate shows that
both energy-loss rates are approximately equal
for a carrier concentration of n= 1& 10 cm
whereas for n= lx 10"cm ', P„/P„„=4.

E. Energy-Loss Rate to Polar Optical Modes

10 t2

T, (K)
14 16 18

some cases the violation of the conditions for the
applicability of the usual transport-theory formal-
ism was either only mentioned or completely
neglected. In particular this criticism applies
to the work on non-Ohmic transport at low tem-
peratures and to the investigation of the trans-
verse acoustoconductive effect. 4

Because of the above-described uncertainty of
E, we have used it as an adjustable parameter to
fit the sum of the energy-loss rates for both types
of acoustic scattering to the experimental data
in Fig. 11. A best fit represented by the solid
line in Fig. 11 was obtained with a value of jE, j

= 6. 9+ 0. 4 eV. According to the treatment by
Zawadzki and Szymanska2~ we have neglected
screening for this type of interaction but have con-
sidered a P-function admixture which decreases
the energy-loss rate by approximately 19%. The
contribution of the transverse modes was found
to be nearly three orders of magnitude smaller
than that of the longitudinal modes in the tempera-
ture range investigated. Vie also have studied
the influence of screening by inserting a factor of
P. q /(l+& q )] into the integral of Eq. (28). The
resulting reduction of the average energy-loss
rate requires an increase of the deformation-po-

FIG. 11. Dependence of energy-loss rate P on the
electron temperature. Curve (a): piezoelectric scat-
tering, no screening, no p-function admixture; curve (b):
with screening; curve (c): with screening and with p-
function admixture; curve (d): deformation-potential scat-
tering, no p-function admixture; curve (e): with p-func-
tion admixture; full curve (f): combination of both con-
tributions (c) and (e); circles: experimental data taken
from Fig. 9.

Using a polar-optical-phonon Debye tempera-
ture of 2V8 K, we have calculated the average
energy-loss rate for scattering by polar optical
phonons as a function of T, . Owing to the high
ratio of the Debye temperature to the lattice tem-
perature of 4. 2 K, the absorption of polar optical
phonons is negligibly small. The result of the
calculations and the influence of P-function ad-
mixture and static screening on the energy-loss
rate are shown in Fig. 12. The static-screening

]0 13

10-14

10-15

10-16

10-17 I I I I I

'l6 18 20 22 24 26 28
T, (K)

FIG. 12. Dependence of the energy-loss rate P for
polar-optical-phonon scattering. Dashed curve (a): with-
out screening and p-function admixture; dash-dotted curve
{b): with screening; full curve (c): with screening and
with p- function admixture.
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treatment was first proposed by Ehrenreich~o and
adopted by Zawadzki and Szymanska. Doniach'
has proposed a dynamic treatment of screening
which would have the opposite effect on mobility
and energy-loss rate, namely, a decrease of the
screened mobility and an increase of the energy-
loss rate. We want to point out, however, that
applying this treatment to our case would produce
calculated energy-loss rates which are in excess
of the experimentally observed values, thus des-
troying the agreement between experiment and

theory at the highest electron temperatures,
achieved in this experiment.

In Fig. 13 the calculated temperature dependence
of the energy-loss rate between 4. 2 and 26 K is
compared with the experimental values. The sum
of the energy loss rates for deformation-potential
and piezoelectric scattering is indicated together
with the polar- optical-phonon energy-loss rate.
At low and high temperatures the experimental
points coincide with the calculation.

F. Discrepancies between Experiment and Theory

It is evident from Fig. 13 that in the tempera-
ture range between 14 and 22 K the experimental
data of the energy-loss rate are higher than the
sum of the contributions from deformation-po-
tential, piezoelectric, and polar-optical-phonon
scattering. That there exists a temperature
range in which the experimentally determined

)Q
5

energy-loss rate is higher than the acoustic ener-
gy-loss rate at temperatures where polar-optical-
phonon scattering is not yet responsible for the
energy dissipation is already known to occur in
low-doped n-InSb. ' Stradling and Wood' have
pointed out that a process in which two transverse
acoustic phonons of opposite wave vector having
energies corresponding to the zone edge of the
Brillouin zone would give good agreement with the
experimentally observed magnetophonon effect at
low temperatures. These authors have also tried
to explain experiments like that of Sandercocke
with this two-phonon-mechanism using a Debye
temperature of 110 K for this process in InSb.

In Fig. 14 we have plotted the temperature de-
pendence of the energy-loss process which one
would need to add to the three above-mentioned
mechanisms in order to explain the experimentally
observed behavior. Unfortunately there exists no
calculation of the matrix element for this two-
phonon scattering process which considers the
high density of phonon states in the vicinity of the
Brillouin-zone edge. For n-type Ge, Alldredge
and Blatt ' have shown that the energy loss by
two-phonon emission could become comparable
to that involving the emission of single acoustic
phonons.

Finally, we want to point out that the determina-
tion of the electron temperatures from the de-
crease of the SdH amplitudes requires a quantizing
magnetic field. The calculation of the energy-loss
rate described in this paper should therefore also
take into account the influence of the magnetic
field. A refinement of the theory for the energy-
loss rate in a quantizing magnetic field for a de-
generate electron gas under conditions where
several Landau levels are occupied is very com-
plicated. Our experiments (Fig. 10) show that the
electron temperature and therefore the energy-
loss rate do not depend significantly (& 5/q) on the
longitudinal magnetic field under these conditions.
Thus we have neglected this small influence of the
magnetic field on the temperature in our considera-
tions.

VI. CONCLUSION

I

12 16 20 24 28
T, (K)

FIG. 18. Dependence of energy-loss rate P on electron
temperature; dash-dotted curve: energy-loss rate due to
the sum of both types of acoustic scattering; dashed curve:
energy-loss rate owing to polar-optical-phonon scattering;
solid curve: sum of acoustic and polar optical energy-
loss rates; circles: experimental data taken from Fig. 9.

Integral expressions have been obtained for the
energy-loss rates of the conduction electrons to
the crystal lattice which take into account the non-
parabolicity of the conduction band in InSb-type
semiconductors, both in the density of states and
in the electron wave functions. We have con-
sidered scattering by polar optical phonons and
by acoustic phonons with deformation-potential
and piezoelectric coupling. Static screening by
the free electrons is included in the long-range
interactions.

Numerical calculations of the various energy-
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FIG. 14. Temperature dependence of additional energy-
loss rate required to fit the experimental data to theory.

loss rates as a fnnction of electron temperature
were performed using the constants of the con-
duction band of InSb. The influence of screening
and of the admixture of P-like components into the
total wave function of the electron was investigated
separately. The applicability of the usual formal-
ism of transport theory for the interpretation of
our experiments in InSb at 4. 2 K was examined.
We have shown that in sufficiently degenerate
samples the well-known conditions are satisfied.
With this knowledge, the calculated energy-loss
rates are compared with the experimentally ob-
tained dependence of the energy-loss rate on elec-

tron temperature which is deduced from an SdH
experiment in pulsed electric fields. The de-
crease of the SdH amplitudes is used for the de-
termination of the electron temperature. Below
12.K a combination of deformation-potential and
piezoelectric scattering quantitatively fits the ex-
perimental data. The deformation-potential con-
stant was used as a fitting parameter and a value
of )E, I

= 6.9+0.4 eV was found in good agreement
with a number of other independent investigations.
Above 24 K, polar-optical-phonon scattering is
shown to account for the energy-loss rate. In the
intermediate range of temperatures between 14
and 24 K the discussed energy-loss mechanisms
involving single-phonon interaction do not describe
quantitatively the energy relaxation process. A
possible explanation for the excess energy-loss
rates in this temperature region might be a two-
phonon process involving two transverse acoustic
phonons at the zone edge of the Brillouin zone.
The lack of knowledge of the interaction matrix
element prevents a direct test for this assumption.
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Brillouin scattering in an anisotropie medium is developed by taking account of the off-axis
effect, and some aspects of amplified shear waves in propagating aeoustoelectric domains in
semiconducting CdS are presented. The small-signal theory for piezoelectrically active waves
amplified from the thermal background of lattice vibrations is formalized by taking account of
nonelectronic lattice loss. When the acoustic flux intensity was less than about 10 3 J/cm, the
growth rate and frequency dependence of the cn-axis components of acoustic flux were all found
to be consistent with the small-signal theory. As for the off-axis components, the angular
distribution of the acoustic flux, angular dependence of net gain coefficient, and narrowing of
the cone of the acoustic flux also gave a reasonably good agreement with the theory. However,
they have been strongly subjected to the influence of the nonelectronic-lattice-loss term.
Using a dual-pulse method, it was found that the frequency dependence of the attenuation of
acoustic flux was proportional to f '5 and its angular dependence proportional to the square of
the off-axis angle. The angular dependence of the nonelectronic lattice loss was tentatively
explained with the help of boundary scattering. In the subsequent stages of growth, when the
acoustic v aves became very intense, many interesting nonlinear effects were found in contrast
to the small-signal theory. The acoustic spectrum was rapidly extended to both low and high
frequencies, compared with that as expected under the small-signal condition. The subhar-
monic was strongly amplified and its growth rate became three times larger than that of
initially amplified flux. There was a reasonably large growth rate even at high frequencies.

I. INTRODUCTION

It is well known that energy and momentum are
transferred from the mobile charge carriers to the
acoustic waves when the drift velocity exceeds the

sound velocity by the application of a sufficiently
high electric field. ' The electrical instabilities
caused by such interactions of electrons or holes
with internally generated acoustic waves have been
observed in many piezoelectric semiconductors


