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We present a series of measurements on various aspects of cyclotron resonance in Bi at far-infrared

laser frequencies (890.7, 964.3, 1539.5, and 2526.6 6Hz). The experiments make use of a spectrometer
where the sample forms one plate of a TEM-mode strip transmission line. We observe subharmonics of
cyclotrpp resonance which appear split into a number of distinct resonance lines, each due to a
particular transition between Landau levels of the nonparabolic conduction band of Bi. From the line

positions for the binary-axis low-mass resonance we determine the band parameters E =13.0+2 meV
and m ~, =(0.00170+0.00025}mo.The temperature dependence of the amplitudes of the resonance lines

gives EF——29,7+0.5 meV. We observe the amplitude decay of successive subharmonics of the resonance
and show that the amplitude decreases with subharmonic number n approximately as'(8/5}~" 2 for
the binary-axis signal. In addition to cyclotron resonance, we observe and identify various impedance
anomalies as due to cyclotron-wave propagation. Finally, we present some evidence for an

energy-dependent relaxation time in Bi, from the observation that cyclotron-resonance linewidths are
related to the energy separation of Landau level and Fermi energy.

I. INTRODUCTION

Cyclotron-resonance (CR) studies in the semi-
metal Bi are a classic experiment for which a large
body of scientific literature has accumulated over
the years. The published work divides readily into
two categories according to the range of experi-
mental frequencies employed in the investigation.
On the one hand, there are the conventional micro-
wave-frequency (10-100 6Hz) investigations, i.e. ,
Azbdl-Kaner cyclotron resonance (AKCR), which
measures the properties of electrons at the Fermi
energy E~. Both the microwave energy ~ and
thermal energy QT at low temperatures (-4 'K) are
very much less than E~. Thus microwave CR is
a classical effect in which resonance corresponds
to transitions between many sets of Landau level&
within + kT of E„. As is well known, the electro',
energy bands of Bi are such that the effective
cyclotron mass m,* is a function of energy. How~

ever, since for AKCR all transitions occur in the
immediate vicinity of E~, all electrons on the
ellipsoidally shaped Fermi surface (FS) have thy
same resonance frequency and contribute to micro-
wave CB. The authoritative work on cyclotron ef™
fective masses in Bi, as well as on cyclotron waves
(CW) and other electromagnetic modes, is due to
Khaikin and his co-workers.

At the other end of the frequency spectrum are
the infrared interband magnetoref lection experi-
ments at frequencies above 10000 6Hz. 4 For these
5~ is larger than E~ and much larger than pT.
Resonant transitions from individual Landau levels
in the valence band to those in the conduction band
are observed at high magnetic field values. Under
appropriate conditions an intraband CR fundamen-

tal, for which the change in Landau level number
is unity, is observed in magnetoref lection. These
experiments have provided the essential band-
structure information in Bi, but they are relatively
insensitive to the precise value of E~. Generally
the magnetoreQection data appear as rather broad
sinusoidal oscillations of the ref lectivity, as com-
pared to the sharp spikelike resonances that are
observed in microwave-frequency CR under high-
(dv conditions.

The present CR experiments at the far-infrared
laser frequencies of 890.V, 964.3, 1539.5, and
2526. 6 6Hz scan a frequency range intermediate
to the previous microwave CB and magnetoreflec-
tion experiments and, so to say, bridge the gap
between them. In this experiment we observe the
intraband transitions between the levels above the
gap. In Fig. 1 we have shown the Landau levels
and characteristic transitions for the three types
of experiments. As expected, our data contain
features of both the classical AKCR and magneto-
reflection experiments. %e find the subharmonic
sequence of peaks as in AKCR, although these are
rapidly attenuated and accompanied by strong C%
effects. %e also find that these subharmonics are
split into multiplets of individual peaks, each due
to a single distinct quantum transition between a
pair of Landau levels in the nonparabolic conduc-
tion band of Bi. %e find that, in general, the nth
subharmonic of CB consists of ~ lines, whose posi-
tions measure the band parameters and whose rel-
ative amplitudes depend on the position of the Lan-
dau level relative to the Fermi level. Thus a
single experiment measures both the band param-
eters and E„. As in the case of magnetoref lection
our experiments select essentially the central, k„
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= 0, transitions between Landau levels.
The far-infrared frequencies for our experi-

ments are also significant in that they are com-
parable to zone-boundary acoustic- and optical-
phonon frequencies in Bi. One might expect that
some evidence for the electron-phonon interaction
appears in the form of a frequency-dependent
cyclotron mass, or a frequency-dependent elec-
tronic lifetime similar to those found in other
metals by Goy and Castaing. ' There is a definite
indication of an energy-dependent electronic life-
time in Bi from our experiments. The cyclotron
mass which we determine appears just slightly
larger than the microwave value, but such possi-
ble mass shift has to be viewed with caution be-
cause of comparable experimental uncertainties.

The surface impedance in the present far-in-
frared experiments is dominated by various prop-
agating electromagnetic modes and resonances-
dielectric anomalies, hybrid resonances, and
various modes of Alfven waves, as well as CW
waves. Such collective modes have been explored
in a number of microwave-frequency experiments
over the years, ~'6 and by and large the microwave
results seem to carry over to high frequencies.
The same dielectric anomalies, hybrid resonances,
and CW impedance anomalies are observed, but an
interesting departure from their expected frequen-
cy scaling becomes apparent above 1000 6Hz as ex-
emplified by our study of the CW anomaly. The
emphasis of the present work has been on CB
transitions, and the CW spectrum which is inti-
mately tied to CR. A consequence of this effort to
observe and interpret high-frequency CR has been
to restrict us to the low-mass electron resonances

at the binary and bisectrix axes of Bi. The high-
mass resonances in these and other directions are
largely obscured and modified by propagating wave
effects and could not readily be interpreted as CR.

Section II gives relevant experimental details of
the rather novel spectrometer that we have devised
for this work. Section ID deals with our observa-
tions as they affect the electrodynamics of CR at
high frequencies. Section IV explores the quantum
aspects and splitting of subharmonic peaks to de-
rive an accurate set of band parameters and a val-
ue for F'~. This is followed in Sec. V by some re-
marks on electronic lifetimes. Section VI presents
concluding remarks and observations.

II. EXPERIMENTAL NOTES

The far-infrared frequencies used in the present
experiment are in an unconventional range of fre-
quencies for studying the surface impedance of
metals. With the development of gas-laser sources
and sensitive radiation detectors this region of the
spectrum has recently become more accessible.
Because absorption of an electromagnetic wave at
a metal surface is generally weak, for such studies
a device is required which permits multiple re-
flections. Such a device may be of the resonant
type as the confocal resonator used by Allen, ~ or
the nonresonant-strip transmission-line arrange-
ment as used in this experiment. In the following
we will briefly describe the important features of
our laser -transmission-line spectrometer.

The laser is a conventional design with the semi-
confocal arrangement of one flat and one spherical
mirror whose radius is on the order of, but larger
than, the mirror separation. The electrodes are
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FIG. 1. Landau levels for elec-
trons in Bi. Resonance transitions
as in interband magnetoreflection
and high-frequency cyclotron reso-
nance are indicated at Az= 0. In
microwave CH, , transitions extend
over the entire range of kH and
throughout an energy width of order
uT.
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made of copper and are in the shape of hollow cyl-
inders. Support rods of Invar metal are used to
keep the mirror separation fixed against the ther-
mal expansion of the glass cavity. The relevant
dimensions of the system are as follows: laser-
tube diameter, 0. 10 m; mirror separation, 3.40
m; mirror radius, 7.00 m; electrode separation,
2.90 m.

We have operated the laser at the two dominant
frequencies of the cyanide gas, 890.7 and 964. 3
GHz, using a gas mixture of methane and nitrogen.
The additional frequencies 1539.5 and 2526. 6 GHz
are obtained from deuterated acetonitrile and water
vapor, respectively. The power output at cyanide
frequencies is of the order of a few milliwatts, with
stability of about 0. 03% when using a 1-sec time
constant in the detector circuit. At the other two
frequencies we have somewhat less power and less
stability.

The essential element of the laser spectrometer
is a transverse-electromagnetic (TEM)-mode strip
transmission line which is a modified version of
the transmission-line geometry originally de-
veloped by Drew and Sievers. It is made of two
parallel plates, one of which is the sample under
investigation and the other a, polished copper plate.
Its dimensions are about 1x 1 cm and the spacing
is about 25 pm. The spacing is therefore much
less than the wavelength of the far-infrared radia-
tion (100-300 p.m). Consequently, only a TEM
mode is propagated. For such a mode the current
J induced in the walls will flow parallel to the
propagation direction of the radiation. With proper
choice of the direction of the magnetic field H both
J II H and Jl H configurations can be achieved. The
damping of the TEM wave is a consequence of the
finite surface resistance of the walls. For a radia-
tion power Po entering a transmission line of
length I. and spacing d, the transmitted power is

P(H) P 8- R(B)L /ZBG

where Zo is the impedance of free space and p is
the real part of the surface impedance of the two
plates and depends on the magnetic field. The
quantities measured in the experiment are dP/dH
and P, while the quantity of interest is the field
derivative of surface resistance which according
to Eq. (1) is given by dR/dH= (const) (1/P) (dP/dH).
In the experiments we measure both P and dP/dH
and construct dR/dH according to this relation.

From the approximately known sensitivity of our
bolometer detector circuit (- IOA V/W) an estimate
can be made of the sensitivity of the spectrometer.
The laser output is about 10 B W. The losses in
the cones used to channel the radiation into the
transmission line are such that the power inside the
transmission line is only about 10 ' W. The mea-
sured noise level of the bolometer corresponds to
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PIG. 2. Experimental arrangement of the laser
spectrometer.

a power level of -10 ' W. Consequently, the frac-
tional change in power level that can be detected is
4P/P = 10 B. The corresponding fractional change
in resistance

~R/R = (Z—,d/RI, ) (r P/P)

depends on the transmission-line parameters. For
the dimensions quoted above, ZDd/R1. -1-10for a
semimetal. Thus typical changes in the surface
resistance of hR/R = 10 -10 ' can be measured.

The cryostat and the light-pipe arrangement, as
shown in the sketch of Fig. 2, is a modified ver-
sion of the system used in earlier work. It is a
more practical design in which we place both the
sample and the detector, and also the magnet when
we use the superconducting coil, in the same He
Dewar. The laser radiation is guided through —,'-in.
brass light pipe and is channeled by a long cone to
the transmission line which is placed at the center
of the magnet. A dc magnetic field is applied
parallel to the surface of the sample and either
parallel or perpendicular to the direction of propa-
gation. In the case of parallel polarization a
superconducting solenoid is employed and for the
perpendicular polarization we use a conventional
iron magnet. The magnetic field is modulated at
some low frequency compatible with the detector
time constant. The transmitted power is detected
with a GE bolometer placed at the bottom of the
light pipe. The whole transmission line assembly
and the detector are in vacuum. The output of the
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bolometer is detected in a lock-in amplifier which
is tuned to the modulation frequency of the magnet,
and the output of the phase-sensitive detector is a
measure of dP/dK To measure the total trans-
mitted power P(H) we chop the laser radiation at a
low frequency and detect the signal at this frequen-
cy as a function of the applied field.

The temperature-dependence studies employ a
heater element to raise the sample temperature
above that of the helium bath. The entire trans-
mission-line assembly is placed inside an evacu-
ated stainless-steel can. For measuring the tem-
perature we use a calibrated carbon thermometer
which is glued to the back surface of the sample.

Samples are grown from 99.9999%-pure Cominco
Bi boules. The desired amount of Bi is placed in
high-purity graphite mold and melted to form rec-
tangular slabs of the approximate dimensions of
3x15&&40 mm. It is then seeded in the desired
plane and direction and grown in vacuum by the
Bridgman technique. The accuracy of the plane
and direction is checked with x-ray Laue photo-
graphs. All samples are acid lapped on a Teflon

. cloth and chemically polished to obtain smooth
and flat surfaces.

III. ELECTRODYNAMICS OF HIGH-FREQUENCY
CYCLOTRON RESONANCE

In this section we make some remarks and ob-
servations on the electrodynamics of high-frequen-
cy CB experiments in Bi. Our perspective is to
consider the conventional AKCB as the expected
norm and to explore the various modifications and
changes that occur with increasing frequency. The
discussion will be centered on three specific
themes-the amplitude decay of successive subhar-
monics, the amplitude dependence on the polariza
tion because of Hall-effect screening of CB, and

finally, the strong C%' effects that accompany higP-
frequency CR.

AZBEL -KANER CYCLOTRON RESONANCE

dR
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FIG. 3. Surface-resistance-derivative dB/d& curve
for Azbdl-Kaner cyclotron resonance calculated for ~v = 40.
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FIG. 4. Microwave-frequency CR in Bi for currents
aligned parallel and perpendicular to the magnetic field.

A, Amphtude Decay of Subharmonics

For the low-mass binary-axis resonance the
cyclotron radius B, is related to the magnetic field
approximately as R, =4x10 /[H(Oe)] cm. The
measured radio-frequency skin depth t) is typically
0.7x10- cm at 24 GHz. Conventional AKCR,
with its requirement of R» p would be observed
only at very low GHz frequencies. For example,
at 1 GHz the fundamental resonance occurs at
about 4 Oe [m,*(E~)= 0.0093mo] and the cyclotron
radius at the fundamental is B= 1x10 cm. The
skin depth would be g =2x10-4 cm. Thus R/g = 50,
and one expects to observe a typical AKCR spec-
trum with a conventional subharmonic sequence of
peaks as in the theoretical curve of Fig. 3. This
curve is drawn for ~v. =40 and for the limiting case

Because —', of all the electrons on the FS
participate in the resonance, the Bi signal should

approximate the case, originally assumed by Azbdl
and Kaner, where all carriers resonate simulta-
neously.

Even at conventional microwave frequencies
(10-100 6Hz) one observes for Bi a spectrum dif-
ferent from Fig. 3 with respect to the amplitude
decay of subharmonics. An example of this is the
experimental curve of Fig. 4 at 32.7 GHz. Scaling
B and 5 to the frequency employed in Fig. 4 we find
R//d = 5, so that the R» 6 as required in Azbbl-
Kaner theory is not satisfied. The essential differ-
ence is that the transit time of an electron through
the skin layer is no longer negligibly small com-
pared to the rf period, and retardation effects of the
type discussed in several recent publications
apply. Azbel-Kaner theory predicts an amplitude
decay with increasing subharmonic number n as
dR/dH~n e +"I"' Drew~ ~4. has shown, when re-
tardation applies, the electron scattering rate
(1/7) is to be replaced by (1/7 ),« = y,«such that
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FIG. 5. Transmitted power and dB/dH curves at
890.7 GHz.

(8)

bit. From a plot of ln(amplitude/n ) vs n
for the case of perpendicular polarization we fi.nd

=1.5x10 ~ sec The linewidth andthe value y,it =
1' sha„e of the low-order resonances g=,lne s

a 7' =40 orF' 4 ' dicate (compare with Fig. 8
a 1p'7 =0 5&&10 sec . Thus the observers amp

2mB on the order oftide decay gives a value of +5 2mB on
1x10 sec . s ngUsing the previoasly estimated 9 5
=5 at 82. 7 GHs we expect ~6/2nR=0. 7&lO sec
Vfe conclude that the amplitude decay of the Bi
CR spectrum in low fields is in large measure due
to the retardation effect.

Vfe next consider the retardation effect as it ap-
plies at submillimeter wavelengths. gur

h
' ccession the binary™axis low-mass s ec-

trum at frequencies 890.7, 964. 3, 1539. -, an
0Hz The data are for a bisectrix-plane

sample and for currents aligned parallel to e
applied field. The upper curve in each case

repres-

entss the power transmitted, and the lower spec-
trum ls e suth surface-resistance derivative. e

1 CR ' identifiable as a shary positive
/ eak. Second (n= 2), and sometimes rdB dH pe

( = 8) subharmonics appear as multiyke y:n=
Ifl a re-pea s wlk 'th greatly reduced amplitudes. - p

' letvlous pu lca ionbl t' 9 we have explaiaed the multlp-
structure as due to distinct quantum transitions

c Dt' we shall ex-between Landau levels and in Sec.
plore it in more detail. For the present our in-

The second term represents damp'ngm i due to the
f' 't t ansit time of electrons throug h the skinlnl e r

1' to a cir-layer. The expression as written applies
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FIG. 6. Transmitted power and dBdB/dH curves at
964. 3 6Hz.

FIG. 7. Transmitted power and dR/dH carves at
1539.5 GHz.
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terest is to account for the rapid amplitude decay
evident in the curves of Figs. 5-8.

Drew's treatment of retardation does not apply
here because the high-frequency data are taken un-
der conditions where g& 5. In recent work'5

Meierovlch considex'8 CB fol tI16 CR86 of arbitrary
R/ii. His expression for the conductivity in the
limit ft/b & 1 predicts a rapid amplitude decay with
increasing subharmonic number n in terms of a
power law involving (R/6)3". However, the theory
is not immediately applicable to the present mea-
surements without modifications Rnd some addition-
al assumptions. First, Meierovich assumes
spherical FS geometry and currents parallel to the
applied field. Instead, the observed resonance is
due to central tilted orbits on a cylindrical section
of the FS. Second, he treats the impedance
changes in the large signal limit while we believe
that at these high frequencies the small signal lim-

Rs discussed by Chambers~ ls R better Rpplox-
imation to the experi. mental conditions. This is be-
cause in contrast with the microwave data in Bi,
the high-frequency signal is due to only a narrow
band of orbits about the central cross section of
the ellipsoid. In order to calculate the impedance
in the limit where the resonant contribution to 0
is due to only a small fraction of electrons we
follow the formulation developed by Prange and.

Nee ~ to write

~z(ff)—
g2(0)

=
(O)2, J,'„(z,H)Z(z) dz, (4)

J'0

where the change of impedance b Z(H) is expressed
as an integral of the electrical current due to a
supposedly small group of resonant electrons mov-
ing in an assumed reasonable electric field Z(g) in
the surface region. For present purposes we take
the latter in the form E(0)e '~', where f) is the
complex skin depth. We express the current
associated with the nth subharmonic of CB in
terms of the Fourier integral

Z„„„(z)=f" o„(n)Z(u)e'"df,

with the understanding that o„(k) represents the
Fourier component of the conductivity due to the
small number of resonant electrons.

To derive o„(k) we follow the work of Meiero-
vich" but applied to the case of a tilted orbit on a
cylindrical section of the FS and current directed
along II. This expression for o is formally identi-
cal with that for a plane orbit and perpendicular
polarization. Using the notation as in Bef. 15 we
write o in the form [compare to Eq. (3.1) in Ref.
15]

o()H~P f dz f e 2'"sin(z-x)sin(z+x)

x cos((r cosy sinx) dx, (6)

if =zsz6.6 oHJz

gi ( bix - plane)
H ll bin- axis
8llH
T-42 k

where ~ = 2M~ and p= g{ / (~o~)(+ 1/~~T. Here R~ is
the field-dependent cyclotron radius. At the nth
subharmonic resonance, g, =nB, where p is radius
at the fundamental resonance. Following the
mathematical procedure of Ref. 15, we obtain

v(a) (x,(a)+ & Z q(a)),
v-I

g(o.) = 2pdz 42„((x cosz) —m — -2 cos28p-+ v

5.0 lo.o l5.0 H (kOe) p , p (8)+P +())+1) P +(v —1)

li

dR
dH

X 30

)

lo,o

H [kOe)

FIG. 8, Transmitted power and dB/dH curves at
2526. 6 6Hz.

If we assume ~,w»1 and concentrate on the vicinity
of the nth subharmonic, where P=in, it is seen
that only terms with v = n, n+ 1 are important.
Furthermore, ~ is a parameter which for the most
important k values is equal to the ratio of the
diameter of the electron orbit to the skin depth.
Hence it is a small quantity in our limit of high
f1equencles. This allows us to expRnd the Bessel
functions as J„(z)=(,'z)"/n (, a—nd retain only the
lowest-order texm in o.. This is the v = n —1
term. Thus the important contribution to the reso-
nant conductivity at the nth subharmonie is

&n

a'„(0)~-g g 22„( ()2- (kR) " (9)
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TABLE I. Amplitude ratios and R/5 values for Hll bi-
nary axis; J„g J. IT; T —= 4.2 'K. A~, A2, and A3 are the

dB/dH amplitudes of a single line in the first, second,
and third subharmonics, respectively. The values for
B/& have been calculated using the relation in Eq. (11).

Frequency
(GHE) A,/A, a/~Ag/A2

890. 7
1539.5
2526. 6

10+1
20+5
45+ 5

0. 32
0. 22
0. 15

We have substituted the Fourier spectrum of ihe
electric field as E(k) =25/(k 5a+1), corresponding
to the assumed form of the spatial dependence.
We finally convert the integral to a contour inte-
gral in the complex k plane and evaluate the residue
at the pole k=+ 1/5 to find the change of impedance
at the nth subharmonic as proportional to

n" B
n ~mn( t)2

Thus successive subharmonics decay in amplitude
as a geometric progression in (R/5) with some
multiplicative factors involving n. We remind the
reader that in Eq. (11), R is the cyclotron radius
at the fundamental resonance and 5 is the magni-
tude of skin depth.

In comparing this decay law to the experiments,
one encounters some difficulties. The fundamen-
tal (possibly also the subharmonics) is distorted
due to the presence of propagating-wave effects,
which appear as structure adjacent to the reso-
nances. Quantum effects, such as the occupation
probability of Landau levels, are expected to in-
fluence resonance amplitude. Also, one may ques-
tion how well a classical circular orbit, as used in
the conductivity calculation, represents the low-
index-number Landau levels between which the
transitions occur. Keeping these limitations jn
mind, we can only make a qualitative check on the
amplitude decay law as derived above. For that
purpose we consider tne change of surface resis-
tance at the nth subharmonic b, R„as the product
of peak amplitude and linewidth. Linewidth re-
duces by a fa.ctor n with increasing subharmonic
number, while there are, in general, n peaks in

This expression for o„(k) is essentially the same
as that derived by Kaner and Skobov' [Eq. (885) in
Ref. 18]. From Eq. (5) we now express the cur-
rent as

3tf~ 2n"
~rm, n(s) p8 2 2sn( t)2 R

k
( )s 1

e dk. (10)2ff 2 2Q

the multiplet whose contributions must be summed.
These two factors cancel allowing us to compare
derivative amplitudes of a single peak of each sub-
harmonic. We use only peak amplitudes where the
transition is allowed by the same quantum statistics
factors (see Sec. IV for the temperature depen-
dence of amplitudes). Table I gives the numerical
comparison of peak amplitudes and derives a value
of R/6 at 890.7, 1589.5, and 2526. 6 6Hz. We
compare the R/5 values in Table I with an estimate
based on scaling 8 and 5 from microwave frequen-
cy. Assuming that 5 ~ &u

'~a and R o- I/&o, we would
find R/5 =0. 56, 0.89, and 0.28 at the three fre-
quencies listed in the table. Neither the ~ scaling
for the skin depth, nor the scaling assumed for 8
in this quantum region, are expected to be valid.
Consequently, the discrepancy between experimen-
tal and estimated R/5 should not come as a sur-
prise.

B. Polarization Dependence of Amplitudes

The microwave data of Fig. 4 suggest a curious
amplitude dependence of the fundamental resonance
on the polarization of the rf current. In the per-
pendicular mode the fundamental peak is notably
smaller relative to the second- and higher-order
subharmonics when compared to the parallel po-
larization data. Keeping in mind that the ellipsoids
are tilted 30 with respect to the binary axis, the
parallel-polarization geometry is a case of tilted-
orbit CB. From the point of view of AKCR one
should have expected similar spectra. The differ-
ence in the relative amplitude of the fundamental
with polarization becomes even more pronounced
at higher frequencies and decreasing R/5 values.
Figure 9 shows this explicitly in a comparison of
the two spectra at 890.7 6Hz. The fundamental
resonance in the perpendicular mode is reduced
by an order of magnitude compared to the parallel-
polarization case. The n = 2 subharmonic appears
with roughly comparable amplitude in the two
traces.

This amplitude dependence on polarization is
most readily understood from the point of view of
the local limit R/6 « I that was considered in the
earlier work of Smith, Hebel, and Buchsbaum. s

These authors have shown explicitly that for the
case of a single isotropic system of carriers, and
with rf currents directed perpendicular to the
field, no CR occurs because of Hall-field screen-
ing effects. The net electric field seen by the car-
riers is the vector sum of the applied linearly po-
larized field and a Hall field at right angles to it
and 90' out of phase with it. This elliptically po-
larized self-consistent field rotates in a, sense op-
posite to the carrier motion and no energy is ab-
sorbed by the carriers ai CR. As shown in.Ref.
6, various new kinds of resonance modes such as
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FIG, 9. Comparison of high-frequency CH curves
(890.7 GHz) for parallel and perpendicular polarization
of the current. The scale marked on the dR/dH axis in
arbitrary units gives a measure of the relative amplitude
of the two spectra.

also observed in Bi by Edelman. The samples
used in our experiments are much thicker than
characteristic cyclotron wavelengths and they are
not in the form of plane-parallel slabs, so that
observation of the standing-wave resonances as
in Refs. 2 and 19 is precluded in our case. In-
stead we find structure in the infinite sample im-
pedance due to critical points of the dispersion re-
lation for CW. This is analogous to Henningsen's+
observations for Ag.

We do not have available calculations of the dis-
persion relation for CW in Bi that would apply in
our range of frequencies. Since CR transitions in-
volve quantum levels with very low index numbers,
such calculations should be done quantum mechan-
ically and also should take account of the non-
parabolicity of the electronic band structure of Bi.
We give a qualitative account of the observed ef-
fects based on a hypothetical characteristic dis-
persion curve as it appears in Fig. 10. This
curve gives qR, vs ~, /~ for CW with wave vector
q for an. assumed value of (dv and some particular
FS geometry. Our hypothetical curve is similar
to those calculated for Ag by Henningsen or for the
alkali metals by Foo. As usual, this curve rep-
resents the solution to the equation

qR

hybrid resonance and dielectric anomalies are ex-
pected instead of CB. If the rf field is applied
parallel to the magnetic field, the Hall effect van-
ishes and the screening of CB does not apply.
For the tilted orbit that we encounter in the Bi
resonance, the signal is retained even in the
strictly local limit R/6-0, as was recognized in
Ref. 6. This is also evident from our Eci. (11),
where R/ti appears raised to the power 2n —2. The
fundamental resonance (II = 1) remains in the limit
where R/6 tends to zero.

Our earlier experiments had made use solely of
perpendicular polarization, and the observed small
amplitude of the fundamental, as well as the fact
that it did not scale according to Ell. (11), proved
puzzling. With the addition of the parallel-mode
data this question has now been resolved.

C. Cyclotron-V4ve Effects

i.o i

I

aR

I

l

H/Ho

As the final point in our discussion of the elec-
trodynamics of high-frequency CB we turn to the
consideration of the surface-impedance structure
not due to CR transitions. Primarily, these are
tile pl'onollllced dR/dH lllilllnla appal'slit ill Figs.
4-9.

These additional features are, we believe, due
to CW of the type first explored by Walsh and
Platzman in the alkali metals, and subsequently

FIG. 10. Hypothetical CW dispersion curve (@Ra vs
era/co) and the related dR/dH curve. The dR/dH curve
is observed at 1539.5 GHz. The large negative dR/dH
signal corresponds to the cutting off of CW propagation.
Structure between the cyclotron resonance at H=HO and
the cutoff field is thought to be due to inner turning points
of the dispersion curve.
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q =(4m')/c ) Imo(q, H) (g) . (12)

Propagating waves require in addition that the
Reo(q, H, ~) and the related damping not be too
large. In Fig. 10 only the CW mode related to the
fundamental CR has been sketched. Wave propaga-
tion commences at the resonance field H, where
Imo undergoes a change of sign, and it extends to
some field value above CR as dictated by the turn-
ing point of the dispersion equation in the vicinity
of qB, =m.

It is easy to qualitatively relate features of the
experimental traces, such as Fig. 7, to the dis-
persion curve. We have done so in Fig. 10. In
general, the surface impedance is given by the
Fourier integral

gcc dg

q —(i(d4w/c )o(q, (u, H)
(IS)

0

The denominator in the integral is closely related
to the wave-dispersion equation, except for the
fact that both real and imaginary parts of o enter
in the impedance integral. We observe wave ef-
fects strongly, which suggests that Imo &Reo. In
that limit we can think of the impedance integral
as a line integral on the dispersion curve plot in
Fig. 10, which extends vertically from qA, = 0
to infinity. In general this integral has a number
of poles at the intersections of the integration path
with the dispersion curve. We expect impedance
anomalies at field values where the integration
path becomes tangent to the dispersion curve and
the denominator of Eq. (1S) remains small for a
finite range of q. Thus with increasing magnetic
field we first expect a step in Z, or peak in dR/dH,
when we reach the CB field H,. A negative step
and derivative dip is expected when the field
reaches the value 1.55H„where the turning point
qR, =m is located and wave propagation is cut off.
The peak at 1.05H, in the experimental curve is
due to some inner turning point of the dispersion
curve.

The large CW effects, observed in our experi-
ments, are due to the small values of R/5. The
important Fourier components in the impedance
integral center about the value I/5. In the limit
R/5» 1, very large qR values play a predominant
role. The geometric oscillations for qR, -n, 2p,
etc. , are expected to be of minor significance and
lead to weak signals only. This is indeed the case
for impedance anomalies as observed in the micro-
wave data on Ag ~0 and the alkalis. ~~ For Bi and
R/5 values on the order of unity we expect to ob-
serve a much stronger signal.

In the course of our frequency scaling experi-
ments on the impedance anomalies we have come
to observe some features that are not in accord
with expectations based on the calculations of

Henningsen 0 and Foo as With increasing frequency,
the parameter R/5 (sD0 as used by Henningsen)
decreases. By explicit calculation for values sao
= 103 and 85, and assuming spherical FS geometry,
Henningsen~o has shown that the outer turning point
of the dispersion relation moves to a lower value
of &d, /~, i.e. , closer to CR, for increasing fre-
quency. Consequently, the impedance anomaly
(the dR/dH minimum) should move closer to CR,
contrary to what we observe in Figs. 5-8. The
succession of traces show that the cutoff point for
wave propagation shifts away from CR with in-
creasing frequency, except for the case of the two
HCN frequencies 890. 7 and 964. 3 6Hz. We are
unable to explain the unexpected frequency shifts.
Possibly the effect of quantization in discrete
levels needs to be taken into account-after all,
CR at the highest frequency corresponds to an rn
= 1 to I' = 2 trans ition. Also, one may have to
consider CW coupled to optical-phonon modes or
plasmons in Bi whose frequencies are close to the
experimental frequencies.

IV. QUANTUM ASPECTS OF AKCR AND EVALUATION
OF BAND PARAMETERS

In the quantum interpretation the nth subharmon-
ic of CR between kH = 0 Landau levels consists of a
multiylet of exactly n individual transitions. This
follows from the sharply defined occupation statis-
tics at low temperatures and the fact that the nth
subharmonic of AKCB requires a transition which
changes the level index number by n. In the non-
parabolic conduction band of Bi this set of n tran-
sitions is nondegenerate, and each subharmonic of
CR is found to exhibit a distinct multiplet structure.
In an earlier publication we had briefly shown how
to interpret this fine structure and how it relates
to the parameters of the ellipsoidal nonparabolic
(ENP) model~~ of the Bi band structure. On the
basis of more extensive data we now present a
complete analysis in order to derive the param-
eters E, and m* of the ENP model. From the data
we also find the value of the Fermi energy E~.

Much of the experimental data had been intro-
duced in Sec. III. CR transitions appear as sharp
positive spikes in the dR/dH traces. In the ab-
sence of a detailed theory of the line shapes we
mark the resonance field as the position of the
maximum dR/dH as one would do in microwave
AKCR. Because the line shapes of individual tran-
sitions vary (compare, for example, the two peaks
at the n=2 subharmonics in Fig. 5), and because
of the strong CW effects that accompany the reso-
nance, this line-marking procedure introduces an
uncertainty on the order of a fraction of the line-
width. As we have noted in Sec. I, well-defined
CR signals were observed only for the low-mass
resonances at the binary and bisectrix axes. Later
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2526. 6

V. 478
7. 512
1~2

1539.5

4. 693
4. 720
2 —3

3.365
3.333
4 —5

2. 858
2. 856

m-m'

H (kOe)
Calc.
m -m'

1.427
1.428
8 —10

1.485
1.490
8 —10

~ ~ ~

2. 360
4 —6

3. 725
3.756
2 —4

TABLE D. Experimental and calculated resonance
fields; Ij(l binary axis, 2=4. 2 'K, m,"{Zz}—= 0. 0095mo.

Frequency
(0Hz) 890.7 964. 3

H (kOe) Expt.
Calc,

tion of a given pair of Landau levels, say, Z (H)
—Z, (H), is a function of k„. The level separation
is maximal at k~=0 and, just as in the case of
AKCB on an anisotropic PS, the resonance mill be
dominated by transitions in the vicinity of the cen-
tral section of the FS ellipsoids of Bi. Further-
more, with the magnetic field directed along bi-
nary or bisectrix direction, it has been shown that
g=2(ms/m, *), so that by choosing the negative
sign of the spin term we may simplify Eg. (14) to
read

~ (gOe) Empt. 1.576 1 667 5. 070
Calc. 1.579 1.666 2. 807 4. 976
m —m' 9-11 9-11 5 7 3 5

'These four resonances have been used to determine
the band parameters E~ and m~.

in this section we show and discuss an example of
the binary-axis high-mass resonance. The diffi-
culties encountered in the interpretation of this
signal are characteristic of other high-mass sig-
nals in various crystallographic directions.

The binary-axis low-mass resonances have been
studied over the complete frequency range of our
experiments. We have examined these in both
trigonal- and bisectrix-plane specimens and mith

the rf currents both parallel and perpendicular to
the applied field. Only very minor differences in
peak positions are observed, although resonance
amplitudes and line shapes depend considerably on

sample plane and current polarization. In Table II
the experimental resonance-field values are shown
for each of the various subharmonic transitions ob-
served at 890.7, 964. 3, 1539.5, and 2526. 6 0Hz.
Where such data were available, the quoted field
value is averaged over different sample planes
and polarizations. The data at the two HCN fre-
quencies 890.7 and 964. 3 6Hz are the most com-
plete and best-resolved data and our derivation of
the band parameters relies on these. In particular,
in the analysis below me have chosen four transi-
tions of these data to find band-parameter values
that best fit these in a. least-mean-squares sense.
We subsequently compute and compare resonance
fields for all of the other transitions as in Table II.

The energy levels Z (H) according to the ENP
model are given by

Z (1+Z /Z, )=(m+ ,') m, +a'u'„-/2m*„+-,'gI~, H,
(14)

where ~~= eR/m,*c, and m„*. and mz* are, respec-
tively, the cyclotron and longitudinal effective
masses at the bottom of the conduction band, E,
is the separation between the interacting valence
and conduction bands. The very last term in Eq.
(14) represents the spin splitting of the Landau
levels. It follows from Eg. (14) that the separa-

Z„(1+Z./Z, ) = m@,

for the 4H =0 transitions. Solving for the energy
levels, we find

Z.(H, u„= O) = —,' Z, + (,'Z—,-'+ Z,m-g&, )'~'. (16)

where m is the Landau-level index number at Ez,
From the knowledge that m =10 in a field of 1500
Qe, it follows that the splitting of the tmo lines in
the n = 2 subharmonic should be on the order of 10%%uo

as is indeed observed.
To derive values of E and m,* we insist that Eq.

(16), together with the resonance condition Z (H)
—Z, (H) = ~, correctly describe field positions of
the two second subharmonics and the fundamental
at 890.V 0Hz, as well as the strong second subhar-
monie peak at 964. 3 6Hz. The analysis proceeds
by assuming a value of E~ in the range 2-20 meV,
then computing the four values of m,* necessary to
fit each of the four transitions. The correct E,
should produce a unique m,* that mouM fit all four
peaks simultaneously. We form the quantity

m+, g
— m+

(m,"')
where (m,*) is the average of the four values

m,*,, and plot it vs E as in Fig. 11. The resul-
tant plot shows a minimum near the value E
=13.0 meV for which m~ =0.00170m0. The finite
value of this minimum is most likely due to ex-
perimental errors in the resonance-field deter-
mination.

Using E, = 13.0 meV and m~ = 0.001'70mo, we
next compute field positions for each of the other,

resonances listed in Table II. In each case, the-
ory and experiment agree to within a fraction of
the resonance linewidth so that me conclude that
the band parameters, chosen on the basis of four
particular peaks, fit the other resooanees equally

From quoted values for E, and m,* it is clear that
the term E, under the radical is small compared to
the second term. Neglecting the 4E term it can
be shown that the fractional splitting of a pair of
adjacent lines in a given subharmonic of the binary
axis or bisectrix CB is approximately given by
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FIG. 11. Mean-square deviation of the cyclotron
masses vs assumed gap energy E~.

well.
We next show how to determine the electronic

parameters E~ and the cyclotron mass at the
Fermi level ng,*(Ez) from our data. Toward this
end we exhibit the quantum transitions at jp„=0 as
shown in Fig. 12. Here the energy levels as
given by Eg. (16) are plotted versus magnetic field
for the optimum set of band parameters deter-
mined earlier. The set of observed transitions
for 890.7 6Hz (8.684 meV) are drawn at the ex-
'perimental field values. It is expected that the
strength of a given transition will depend on the
density of states for each of the Landau levels, the
size of the matrix element which expresses the
coupling of the electron wave functions to the
electric field, and finally the statistical occupa-
tion factors f(E) for initial and final states. By

comparing a pair of adjacent transitions, such as
8-10 and 9-11, within the same subharmonic we
ensure that the density of states and the transition
matrix elements will be nearly the same. Differ-
ences in the amplitudes of the resonances within
a subharmonic will then be determined by the oc-
cupation factors. The Fermi factor f(E )
= (1+e's~ s&' ~ ~) ~ is dependent on the position of
E relative to the Fermi level E~ and on temyera-
ture. By measuring the amplitudes of peaks within
a, given multiplet as a function of temperature it is
therefore possible to obtain the Fermi energy. In
Fig. 13 we show how the pair of peaks of the g= 2
subharmonic at 964. 3 6Hz changes with increasing
temperature. We interpret the observed ampli-
tude ratio of the two peaks according to the product
of Fermi factors f(E ) [1-f(E')]. The value of E~
is chosen for a best fit to the observed amplitudes.
Thus we assume that the CB transition from the
m to m' level has a strength proportional to the
probability that level m be occupied, f(E ), and
that the upper state m' be empty, i.e. , 1-f(E').
In Fig. 14 the amplitude ratios are plotted as a
function of temperature and compared with the
variation of f(1-f) for different values of Ez. We
do this for the pair of second subharmonic peaks
at each of the two HCN frequencies. A best fit for
the 890. 7-GHz data requires E~ = 29.45. At
964. 3 GHz we are led to the value E~ =29.9 meV.
Amplitudes have been read as the height of the
dR/dH peak above the background on the low-fi. eld
side of the peak. Vfe believe that the different E„
values result from the overly simplified descrip-
tion of resonance amplitude as proportional to
f(1-f) . For a more detailed analysis a better the-
oretical interpretation of resonance line shape and
amplitude are necessary. Nevertheless, the sen-
sitive dependence of relative amplitudes on the
value of EJ; convinces us that a value of E~ = 29. V

45 - Eg I30 meV

m" - OOI70 m

35-
e 30-
E

& 25-
C9

m 20-ft'

Z~ I5-
IO-

(n) l7 16 l5 14 I3 l2 II dR
dH

T=8.76 K T =10.96 K

Bi Tr. igonal Plane

H II Binary JJ H

f =9643 GHz

j5
I I I I I I I I I I I I I I I I I

0.2 0.4 0.6 0.8 1.0 I.2 14 1.6 I.B 2.0 2.2 2.4 c"..6 2.8 30 3.2 3.4
MAGNETIC FIELD (kG)

FIG. 12. Landau-level energies vs applied magnetic
field. Resonance transitons for 890.7 GHz are indicated
by the arrows, The third transition of the n=3 triplet
of peaks (broken arrow} is observed weakly at finite tem-
peratures.

I I I I I I . I I I I. I. I I I I

14 1.5 16 17 1.8 14 1.5 16 17 18 14 1.5 16 17 18

H (koe)

FIG. 13. Variation of the relative peak amplitude
with temperature for the doublet of lines at the second
subharmonic of the 964. 3-GHz resonance. At 4. 2 'K
the first of the two peaks is barely evident (compare the
insert in Fig. 6).
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FIG. 14, Peak amplitude ratios for
the second subharmonics at 8SO. 7 and
964. 3 0Hz vs temperature. The experi-
mental points are compared with several
curves (solid lines) computed from the
ratio of Fermi factors for different as-
sumed values of the Fermi energy Ez.

meV, as obtained from the average of the two

curves in Fig. 14, should be correct to +0. 5 meV
when used in conjunction with the band parameters
E, =13.0 meV and ~,*=0.001'70nzo.

It is also possible that the neglect of the kat 0
transitions can introduce some error in our E~ de-
termination. To illustrate the effect of the k„t0
transitions we take, for example, the 8- 10 transi-
tion which occurs at 1430 Qe for k~ = 0 at 890. 7

GHz. For finite k~ a larger magnetic field value
is required for resonance. The finite linewidth of
about 20 Qe for this resonance implies, as we have
estimated, that electrons within a band with a
width of about 10% of the length of the ellipsoid
contribute to the resonance. Thus transitions, as
sketched in Fig. 1, do not just occur at k„=0 but
extend over about 10%%uo of the ellipsoid length from

k~ =0. There are also a few additional transitions
from other sets of Landau levels and other values
of k~, but these can be neglected. The spread of

k~ values for contributing electrons also means a
spread in E (p„) and E' (p„), rising by about 0, 5

meV at the end of the 10% zone for the chosen
example. Within this zone the parabolic variation
of the energy-level. separation will weight most
strongly the electrons near k~ = 0. Thus the aver-
age increase of the energy level due to kH4 0 con-
tributions will be only a fraction of 0. 5 meV, say,
on the order of 0.2 meV. Such considerations help
explain the discrepancy in the E~ values deter-
mined from amplitude plots and makes the error
estimate of +0. 5 meV for Z~ reasonable.

A remark about the assumption g= 2(mo/m~),
and consequent neglect of all spin effects in the
foregoing discussion, is in order. According to
Ref. 22, the g factor should be g=2(mo/m, *), with
the spin effective mass I,* related to m,* as m~
=1.07m,*. It is possible to show from Eq. (14) that
this would lead to a further fractional splitting of
each CH transition by an amount

&H 1 m,* 8. 5'%%uo

2~ (18)

where m is the Landau-level index number at E~.
No such splitting has been observed for any of the
resonances, even at the highest frequencies where
rn is small. The observed linewidths always ex-
ceed the expected splitting. The determination of
the band parameters is of course unaffected by a
symmetric broadening of the line due to spin ef-
fects. However, one must exercise some care in
relating observed linewidths and electron lifetime
effects.

We now compare our values of the band param-
eters with those of other experiments. ' '4 In Ta-
ble ID we quote E, m~, and E~, as well as the
cyclotron mass of the Fermi energy m,*(Ez), com-
puted from the relation

m,*(E,) = (1+2E, /E, )m,* .
We also form the quantity

A 1 + E~/E~
2wm+(E ) 1+2(E /E, )

where A is the appropriate cross-sectional area
of the FS in momentum space for H II binary axis.
The values for A and m,*(Ez) have been measured
accurately in de Haas-van Alphen and microwave
CR experiments, respectively. This particular
combination of parameters can also be quoted in
the present experiment to considerably greater
accuracy than the parameters E, and E~ separate-
ly. With reference to Table III we note that our
values of E and ~,* are in reasonable agreement
with those of Maltz and Dresselhaus, 4 although the
ratios E /m,* vary by about 'l%. The particular
choice of E in our analysis is not crucial for the
determination of the E~. We find that for values
of E, = 13+2 meV the corresponding range for the
Fermi energy is E~ = 29. 7 + 0. 6 meV. The value
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TABLE III. Comparison of band-parameter values.

Parameter
Present

experimental
MD

(Ref. 4)
SBH

(Ref. 23) Other

E, (meV)

Alp(E /I ) (eV)

E~ (meV)

13.0
(+2.0)'

0.00170
(+ 0.000 25)

7. 60
(+ 0. 06)
29.8

(+0.6)
m*(Ep)/mp 0.00948

(+ 0. 000 01)
A 1+E~/E 17.57

2~~,*(E~) 1+2 (E~/E, ) %0. 06

'Quoted uncertainties are due to the range of possible
values for E~ (+ meV). The actual experimental errors
at any given E~ are approximately + 1%.

"All cyclotron masses refer to the case of the small
mass for Hll binary axis.

11.0 15.3

0. 00156 0. 002 10

7. 1 7.3

(27.3) 27. 6

(15.9)c

0. 0097 0. 0093
(H,ef. 1)

16.8 17.29~

17.71'

'Values of Ez =27.3 and A/27i. nz~ (E&) =15.9 were obtained
from the measured E~, re~, and an assumed value of

c(EF) =0.0093 ~p ~

These are values of A/2~m~(Ez) calculated from A. as
measured in Refs. 25(d), 26(e), and net(Ep) =0. 0093~p.

for F~ of 27. 6 meV due to Smith, Baraff, and
Rowell 3 is outside our experimental uncertainty.
In careful studies at microwave frequencies
Khaikin' has measured the cyclotron mass at the
Fermi level for H II binary axis as m,*(E~)/mo
= 0.0093+ 0.0001. Our value of 0.00947+ 0.0001
is in substantial agreement with this. The quantity

2vm+(Z, )
' i+2(Z, /Z, )

is determined in the present experiment to about
1% accuracy. Our values of 15. 57 meV compares
favorably with values of 17.29 or 17.71 meV based
on Khaikin's' mass value and the area measure-
ments of Bhargava ~ and Brown. 2 The results of
Maltz and Dresselhaus4 combined with Khaikin's
mass value give the quantity [A/2wm, "(Ez)j (Ez) as
15.9 meV. The value due to Smith, Baraff, an/
Rowell is 16.8 meV. Both 15.9 and 16.8 meV are
outside reasonable error limits on the measured
values of A and mf (Ez).

The foregoing discussion has concentrated On the
binary-axis low-mass resonances as the best ex-
ample of quantum effects in AKCR. The data con-
sist of a single-resonance series and are not seri-
ously perturbed by propagating wave effects. Data
taken along the bisectrix axis as in Fig. 15 are
dominated by a dielectric anomaly signal. In the
dR/dH trace individual CR transitions for each of
two electron masses can be readily identified. A
fundamental and two second subharmonic peaks ap-
pear for each of the two electron masses. The
peaks are fit satisfactorily using the previously
determined F., and the m,* value scaled according
to the know ratio of the microwave cyclotron mass-
es for binary and bisectrix directions. The di-
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FIG. 15. Transmitted power and dB/dH curves for
an orientation within a few degrees of the bisectrix axis.
The structure at 3.8 kOe is the dielectric anomaly. CH,
peaks for two different masses are marked with single
and double arrows. The pair of peaks at 2. 5 kOe is not
resolved when the field is exactly at the bisectrix axis.

electric anomaly signal is found to fall between the
fundamentals of the high- and low-mass resonances.

The observation and interpretation of individual
CR transitions due to the higher masses in Bi is
generally made difficult by the many propagating
electromagnetic wave modes, hybrid resonances,
and dielectric anomalies that occur at high mag-
netic fieMs. In particular, along the trigonal di-
rection we have found it impossible to identify the



2448 U. STBOM, AVID KAMGAB, AND J. F. KOCH

dR
dH

Bi (bix-plane)

H II bin-axis

J II H

T-4.2 K

f =964.5 GHz

H (koe)

situation is even worse with regard to the subhar-
monic resonance near 20 kOe where no individual
CR transitions can be identified. We have ex-
amined this resonance also with currents directed
perpendicular to the field (for 0-20 kOe) without
substantially different results. We believe that the
signals we observe at the subharmonic position are
not strictly CR but, as in the work of Nakahara
et g$. , ~ represent impedance structure due to the
influence of CR on a propagating-wave mode. Ac-
cording to the work of Smith, Hebel, and Buehs-
baums we expect that the structure at 35-40 kOe
also contains a hybrid resonance.

V. ELECTRONIC LIFETIME EFFECTS IN
HIGH-FREQUENCY CYCLOTRON RESONANCE

I'IG. 16. dB/dH curves for the binary-axis high-
mass CR. The positions marked by arrows indicate
where the two spin-split fundamental resonances are ex-
pected.

many observed peaks and relate them to the known

microwave CB signals. Another such case, which
exemplifies the difficulties involved in the inter-
pretation of CB, is the high-electron mass
[m,*(Ez)=0. 12moj resonance at the binary axis
(Fig. 16). The structures near 36 and 20 kOe are
linked with, respectively, the fundamental and sec-
ond subharmonic transitions of CB. Since the g
factor is not close to the value 2(mo/m, *), spin-up
and spin-down CB transitions are expected to be
observed at separate field values. Thus two

separate fundamental peaks and four second sub-
harmonic peaks should be observed, each with an
amplitude determined by the appropriate Fermi
factors. We use the relation ~~ = 0. 35m,.as given
in Ref. 23 to calculate the spin-split levels for the
high mass. With E = 13.0 meV, and an I,* value
adjusted by the known ratio of microwave cyclotron
masses, we calculate for 890.7 GHz resonance
fields of 33.8 and 38.6 kOe for the spin-split
fundamental. These are marked in Fig. 16. Tak-
ing into account the lowering of E~ with applied
field, 3 the first of these transitions is allowed
and possibly corresponds to the peak at 33.9 kOe
in the experimental curve. The higher field reso-
nance is probably forbidden by the statistics factor
and this may be the reason why no prominent struc-
ture can be linked with this transition. At the
higher frequency of 964, 3 GHz we expect to observe
a peak at 34. 6 kOe. The second calculated peak
at 39.6 kOe would probably be forbidden by the oc-
cupation statistics. Both are marked in the figure„
It is evident that the marked positions do not ex-
plain the observed structures satisfactorily. The

Recent studies of high-frequency CB in Pb, Hg,
and In' have shown a frequency-dependent increase
in electron scattering with increasing frequency
in the range 70-450 GHz. Such effects are ex-
pected due to the electron-phonon interaction and
its dependence on the energy of the electronic state
with respect to the Fermi level.

A similarly increased relaxation rate is apparent
from the resonance linewidths of our data on Bi.
At the microwave frequency 32 GHz we have judged
our samples to have ~~ =40, and the relative line-
width b H/H is about 4%. We would expect an ~v
of 1200 at 960 6Hz and a linewidth of about 0. 13%
assuming that the latter would scale as in the usual
CR experiment. We observe a line at least one or-
der of magnitude wider than this, and thus have
evidence for increased scattering with higher fre-
quency. An increase in the scattering rate has
previously been reported for Bi at 890.7 GHz from
a study of the dielectric anomaly, '4 and in the fre-
quency range 10-135 GHz from CR measure-
ments. "

One special feature of the quantum CB in Bi,
and the selection of QH = 0 transitions because of
nonparabolicity, is that the energy separation F.
—F~ is well defined for each of the levels that par-
ticipate in the resonance. Our experiment probes
electron scattering and the effective mass at the
distinct energies of the final and initial states. In
contrast, the dielectric anomaly measurement
averages over electron states distributed smoothly
about the Fermi energy.

We present some data. on the temperature-depen-
dent linewidths of CR as observed in the present
experiments. Shown in Fig. 17 are the results for
three particular transitions, each situated differ-
ently with respect to the Fermi level as shown in

the lower right-hand corner of the figure. The
halfwidth ~B is taken as the width of the positive
part of the dR/dH resonance peak at half-maxi-
mum. The data are expressed in terms of the
quantity (AH/H)~, which is expected to be propor-
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FIG. 17. CR linewidth parameter t(AH/II)cu j vs T
for three resonances located at different energies rela-
tive to the Fermi energy.

tional to the scattering rate y. The data range
from S-17 'K and are seen to follow a T depen-
dence within experimental error. Such a depen-
dence on temperature is characteristic of Bi and
is observed in a number of experiments. Previ-
ous measurements of the dielectric anomaly at
890.7 GHE ~4 have found that the scattering rate
could be expressed in the form

w(a&, &) = 1/&+ r((u)+ &+ ~

Our CR linewidths agree qualitatively with the pre-
dictions of Eq. (19), if one interprets the different
T= 0 intercepts in Fig. 17 as a measure of the de-
pendence of scattering on the position of the reso-
nant Landau levels with respect to E„. Thus y(&~)

is to be replaced by a term which is a function of
E —Il I; and E„-E~. This result supports the
model of an energy-dependent scattering rate.

To carry our analysis any further requires a
theory of the resonance line shape which would
allow us to link the measured linewidth b, H//H to a
relaxation rate y. It would also be necessary to

i of CRaccount for the unresolved spin splitting o
that is due to the fact that g is only approximately
equal to 2(ms/m, *). We note that the slope of the
T dependence as in Fig. 1V is 4. 3&&10s sec ' '
The work in Ref. 14 determined the coefficient E
in Eg. (19) as B= .2x310ssec ''K s. Thus if &H/
H were related to the scattering time ~ as 4H/H
=2/~v, s9 these slopes would be substantially in
agreement.

VI. CONCLUDING REMARKS

of the outstanding problems. The impedance
anomalies due to CW have only been explained in
a qualitative way. The location of the anomalies
relative to CR, and in particular their frequency
dependence, are as yet not accounted for. Be-
cause we lack a satisfactory theory of the CR line
shapes, neither the resonance position nor elec-
tron lifetime have been determined to the accura, cy
warranted by the experimental uncertainties. This
is particularly true for the lifetime effects. We
have only been able to indicate that there appears
to be an energy dependence of the scattering rate,

'thout being able to determine its functional de-
pendence or magnitude.

Throughout the text we have stressed the funda-
mental and second subharmonics of CR. The rapid
decay of resonance amplitude makes the observa-
tion of higher-order subharmonics difficult. The

= 3 4 subharmonics can be resolved with in-n=
y

creased sensitivity of the spectrometer and we
show an example of such data in Fig. 18. Three
' d' idual transitions of the n;=3 peak are resolved,
and there would seem to be some fine structure on
the n = 4 resonance as well. As is evident, how-
ever, from the trace, these high-order subharmon-
ics are masked by the resonance signal due to tran-
sitions between magnetic-field-induced surf ace-
electron levels. Such resonances between surface
Landau levels have been studied in Bi at micro-
wave frequencies by Khaikins and Koch and Jensen. '

Note added in proof. The general discussion re-
garding the cyclotron waves in Sec. III C and the
corresponding Fig. 10 are not correct for the par-
ticular case of Bi. Because the cyclotron reso-
nance is due to a tilted orbit, the conductivity func-
tion for Z ll H as in Eq. (9) contains a resonant
term of order (kR)'. This leads to a cyclotron-
wave spectrum (labeled type I in Ref. 2) whose

Bi Trigonal Plane

H II Binary JJ.H

T=863 K

dR
dH

We have been able to successfully explain and
account for most of the characteristic features
of the high-frequency CR data in Bi. These in-
c ul d d the multiplet structure of the subharmonics,
th

' a plitude dependence on temperature,eir m
thea,mplitude decay due to relaxation, and finally e

CW structures that appear along with the reso-
nances. In review, we want to remind the reader

I I i

0 . . l40 0.2 0.4 0.6 0.8 l.p l.2
H (koe)

FIG. 18. Third (n= 3) and fourth (n=4) subharmonics
for the binary-axis low-mass resonance. d'ditional
resonances xn eth trace are due to transitions between
surface Landau levels.
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high-field cutoff is not in the vicinity of qR, =m,

but occurs for qR, =0. The comparison with the
frequency scaling of Henningsen's Ag data, or of
the K work by Walsh and co-workers, is not justi-
fied. The cutoff for CW propagation is associated
with a dielectric anomaly for which the dielectric
constant & is equal to 0.
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We make a general analysis of the thermal diffuse scatteri. .g of x rays from metals. The difference

between this type of scattering and neutron scattering is emphasized. We show how it is possible, by a
careful study of the intensity of x-ray thermal diffuse scattering, to experimentally determine the static
screening properties of the conduction-electron liquid. At sufficiently low momentum transfers this is

equivalent to a measurement of the electron-liquid compressibility.

The inelastic scattering of x rays and neutrons
from metals gives information about the various
dynamic structure factors of these interesting

many-body systems. In fact, workers in this field
have always assumed that there is a physically in-
teresting and experimentally accessible regime


