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Measurements of the magnetoacoustic attenuation have been performed in mercury single crystals at
temperatures down to 0.45 K and fields up to 70 kOe. For longitudinal waves in the frequency range 20-70
MHz, the attenuation coefficient exhibits giant quantum oscillations with spikelike character. The
attenuation peaks are induced by the P arms of the first-zone hole surface. Their period in inverse magnetic

field is measured as a function of the magnetic field orientation. The particular shape of the attenuation

peaks is explained by taking into account the negative value of the effective mass in the magnetic field

direction (saddle point), Measurements of the linewidth and height are presented. It is shown that the line

suffers an inhomogeneous broadening. The latter is connected with the effect of dislocations on the Landau
levels and a line-shape calculation is presented, Unusual line-height properties are reported. The line height

depends on the ultrasonic-wave amplitude and in some cases there are attenuation dips instead of
attenuation peaks at the same magnetic field values. The peak-height behavior is explained by a magnetic
field effect on the electron-dislocation interaction.

I. INTRODUCTION II. THEORY

The giant quantum oscillations (GQO) in the mag-
netoacoustic attenuation in metals have. been pre-
dicted by Gurevitch et a/. ' According to the theory,
the GQO are peaks in the acoustic attenuation ver-
sus magnetic field. The latter arise from the res-
onant absorption of the sound wave by the electrons
which move along the magnetic field with the sound
velocity (in the simplest case where the wave vec-
tor is parallel to the magnetic field). The GQO
have been observed in zinc, ~'3 rhenium, bis-
muth, ' gallium, arsenic, and mercury, ' but
it is only in the four last materials that the GQO
exhibit a spikelike character. By studying the
shape of the attenuation peaks, one can obtain in-
formation about the cyclotron mass, the g factor,
and the relaxation time. It is the purpose of this
paper to report the results of such a study in mer-
cury»

The main parts of the paper are Sec. II, a brief
description of the GQO theory and new theoretical
calculations about the line shape; Sec. ID, a de-
scription of the experimental procedure; Sec. IV,
the presentation of the experimental results; and
Sec. V, the interpretation of some GQO-peak prop-
erties with a magnetic field effect on the elec-
tron-dislocation interaction.

The GQO theory has been established by Gure-
mitch et al. ' for the free-electron case. In the case
of mercury, we shall. deal with quasicylindrical
Fermi surfaces. Therefore, we refer in this part
to the theory of Kaner and Skobov, "who have taken
a nonisotropic energy-momentum law for the elec-
trons. One can write for the electron energy in the
presence of an uniform magnetic field H along the
g axis

E„(kg) = l1@A + s k, /2Bl ~ y

where ~z is the Landau-level number, 0 is the cy- .

clotron frequency eH/m, c, and k, is the z component
of the electron wave vector. The effective mass
I„in the magnetic field direction is defined by the
relation

m„S Bk,
' 'p 2gnz; Bk, p

'

where A(k, ) is the area of the intersection of the
Fermi surface with a plane perpendicular to H.
We omit index k, in Eq. (1) because the energy does
not depend on this quantum number. Nevertheless,
we take it into account when we replace the sum
over states by an integral. For simplicity, we have
written neither the spin term nor the phase term
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in Eq. (1). The latter is &IQ in the free-electron
case.

For large values of the electron mean free path,
a sound wave of frequency ~ and wave vector q
which propagates in the metal can be regarded as
a phonon beam and the acoustic-wave attenuation
can be treated as the direct absorption of phonons

by the electrons. Assuming conservation of energy
and momentum, one obtains for an electron E„(k,)
which absorbs a phonon (a&, q) the condition

NQ(n'- n}= 5(o —5'q, k, /m„,
where q, is the z component of q. Experimentally,
the magnetic field is high enough for the inequali-
ties Q»(d and Q»8'qPg/m„ to be satisfied. Hence,
there is no Landau-level change as a result of the
phonon absorption and condition (8) can be written
in the form

k, =k, -=m„V,/Icos&,

where V, is the sound velocity and 8 the angle be-
tween q and H. Condition (4) means that the only
electrons which can absorb phonons are those drift-
ing in phase with the acoustic wave. The con-
cerned electrons evidently have to be on the Fermi
surface to absorb phonons. Thus at zero tempera-
ture, when one sweeps the magnetic field, there is
a peak in the sound absorption corresponding to
each Landau level n. The magnetic field location
of this peak is given by the relation E„(ko) =Er,
where E~ is the Fermi energy. The period of the
attenuation peaks may be derived through a way
similar to that used for the de Haas-van Alphen
period calculation. One obtains for the period in
inverse magnetic field.

~(I/a) = 2~e/XcS,

where 8 is the area of the intersection of the Fermi
surface with the plane k, =ko. Actually ko is very
small (if the sound propagation direction is not per-
pendicular to H) and one can consider S as the ex-
tremal cross section of the Fermi surface. Hence,
Eq. (5) becomes identical to the de Haas-van
Alphen period expression.

Up to now, we have not considered the tempera-
ture and collision effect on the GQO. When the tem-
perature is nonzero, there are electron transi-
tions in a bandwidth kT about E„. Consequently,
the peaks are broadened but they abvays exist as
long as kT«SQ. The effect of the electron scatter-
ing on the GQO is to destroy the selection rule (4)
and to replace it by the less stringent condition'

ko(l —I/(o v) & k, & ko(I + I/(ox),

where v is the relaxation time of the electrons.
Prom this relation, it appears that the selection
rule loses its physical meaning when &v & 1. In this
case, the GQO are no longer resulting from a res-

onant effect but rather from a variation of the den-
sity of states at the Fermi level. However, they
can keep a spikelike character if the electron
mean-free path satisfies the inequality~~

qf„(hQ/E„) "»1, (7)

where I„=v(2EI, /m„) ~ . Condition (7) means that
the electrons which yield each sound absorption
peak are located on a single Landau level.

The shape of the sound absorption peak gives in-
formation on the cyclotron mass and the electron
scattering. Kaner and Skobov'~ have obtained a
general expression for the sound absorption by the
electrons:

dEdk, [f(z) —f (E+@~)]
'QO 2+ mt l 8

xD(Z-Z„(k,))D(Z+n~ -Z„(k,+q)), (g)

where Qo is the acoustical absorption when H=0,
F(z) is the Fermi function, and D(E) is a Lorent-
zian function

1 k/2~
D(z) =-—— ~

w Ea+ (5/2r)~

One can also derive Eq. (8) by treating the Landau-
level broadening like Dingle and by applying Fer- .

mi's Golden Rule. The effect of the electron-mass
sign on the line shape has not been considered in
the existing theories and we shaB clarify this point
starting from Eq. (8). In the case kT»8/v and
cov & 1, which is the usual one, it is possible to in-
tegrate Eq. (S) over energy. For m„&0, putting

y = ek, (2m„k T)-"', (10)

one obtains'

Q SQ " 1 8
Qo 2kT 0

y
m I+By

x g cosh '[-,'(y'-A. „)], (11)

E= qf„(kT/Z, )"', A„= (Z, nSQ)/kT. —

Equation (ll) is identical to the result of Gurevitch
et aE. ,

' provided that one replaces the electron
mean free path / = v t/'~ by /„ in Gurevitch's ex-
pression. If B is not too large with respect to 1
(i.e. , if the collision broadening is not too small
with respect to the thermal broadening), Eq. (11)
gives an asymmetrical line shape": The attenua-
tion decreases faster than it increases when one
increases the magnetic field. For m„& 0 (saddle
point), it is no longer possible to write Eq. (10)
inthe same form. Substituting Im„) for m„ in Eq.
(10}, we obtain for the electron energy

Z„(k,) =nnQ y'kT. -



2402 G. BELLESSA

The negative sign in Eq. (13) produces some mod-
ifications in the attenuation calculation. Having
performed these corrections, one obtains'

where

A„=2(E~ —nSQ)/X. (21)

dU„G(U„—U„) && (KS),
Qp 2(dms

(15)

where (ES) is the integral of Eq. (8) and E„(k,) is
defined by the relation

Z„(u,) = U„+ 8'u', /2m„. (16)

We consider the case kT«X, where X is the width
of the Landau-level distribution. Then, we can re-
place the Fermi-function derivative by a Dirac func-
tion in Eq. (15). Upon integration we obtain

= In dy — ~, Q G((Z ——,'y'X) —U'„),
Qp p

n' 1+By
(1V)

where

y =8~,(m,~)-"', B=«(X/m„)'~'. (18)

We take for the Landau-level distribution a Gauss-
ian function

p 2
G(U —U ) = (2/vX ) I e ~ „gx (19)

Then Eq. (17) becomes

Q AQ 2 Jg (A 2)2
1/2 f-.

dJ n

Qp mX m „,p 1. +B y
(20)

dy — + p Q cosh [—,(y +A„)].2 I 2

Qp 2l8T „p 7T 1+
(14)

Equation (14) also gives an asymmetrical line shape,
but now it is the low-field side which is sharper
than the high-field side. Physically, this result
means that the low-field side reflects the thermal
broadening and the high-field side the collision
broadening.

Now we are going to derive an expression for the
attenuation peak which gives a temperature-inde-
pendent linewidth in the case kT»S/v. For a fixed
value of B, Eqs. (11) and (14) give a linewidth which
is proportional to the temperature. We shall see in
Sec. IV that the linewidth can be temperature in-
dependent and this character will be connected with
dislocations. Actually, the dislocations distort the
crystal lattice and can induce an inhomogeneous
broadening of the attenuation peak in the two fol-
lowing ways: (a) As a result of the smearing in
Onsager's quantization rule, 'P'" and (b) due to the
interaction of the electrons with the elastic field of
the dislocation, there is an electron energy depen-
dence in the real space E(k, x) =Ep+ Ch(x) +@0j
2m. " In the two cases, instead of a single I andau
level, we have now to consider a Landau-level dis-
tribution G(U„—U„) which is centered about the en-
ergy U„=nRQ. Consequently, we obtain for the
sound absorption by the electrons

We have performed the calculation for m(1 ~ 0. As
in the homogeneous case, we should obtain for
m„& 0 a term —(A„+yP)P instead of -(A„-y ) for
the argument of the exponential function. When
B& 1, Eq. (20) gives a line shape similar to that
given by Eq. (11) (Fig. 3), but now the linewidth
is proportional to X and no more to kT.

III. EXPERIMENTAL PROCEDURE

The magnetoacoustic attenuation was measured
by using the pulse-echo method at temperatures
down to 0.4 K and in magnetic fields up to VO kOe.
rf pulses up to VO MHz were generated by a pulsed
oscillator and converted to ultrasound by a quartz
transducer bonded to one of the two parallel sample
surfaces. Quartz transducers were X cut (longi-
tudinal waves) and isopentane was used as the
bonding agent. The ultrasonic echoes were picked
up by the same transducer, then amplified and de-
modulated. A box-car integrator selected one of the
pulses and provided a voltage proportional to its
amplitude. The magnetic field was produced by a
superconducting magnet and the low temperatures
were obtained with a He3 cryostat.

Experiments were carried out on two mercury
samples which were cut out of single crystals using
a spark cutter at VV K. The single crystals were
grown by the Bridgman technique and their orienta-
tions were determined by the Laue x-ray technique
at VV K. The starting material was 99.9995%-pure
mercury supplied by Jaeger company. Its residual
resistivity ratio has been estimated at 5x10' else-
where. " We shall refer to the two prepared crys-
tals as samples 1 and 2. They had the following
features:

Sample 1. It was a cylinder 5 mm thick with
parallel and flat faces which were (100) planes.
The crystal was put in a sample holder and could
not be rotated. The magnetic field and the acoustic
wave vector were parallel to the [100] direction
(see Ref. 20 for definition of [100] ).

Sample 2. It was a cube having two faces perpen-
dicular to the [100]direction and two others paral-
lel to the (011) symmetry plane. The acoustic wave
was propagated in the [100]direction. The crystal
was mounted in a sample holder having two orthog-
onal axes of rotation. One horizontal axis was
normal to the (011) plane of the crystal which could
be rotated + 90' round it. The second horizontal
axis allowed the (011)plane to rotate +3'. Thus it
was possible to set accurately the magnetic field
(which was vertical) in the (01T) symmetry plane or
to turn it out of this plane. A sample holder satis-
fying such conditions was required for the study of
the GQO-peak splitting.
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IV. RESULTS AND DISCUSSION

The GQO with spikelike character appear at
magnetic fields above 20 kOe. Figure 1 shows a
typical recorder tracing of the change in the acous-
tic attenuation as a function of magnetic field in-
tensity. From the period measurement, we find
that the attenuation peaks are caused by the P arms
of the first-zone hole surface. 3"3

A. Periods

In order to compare our results with those of the
de Haas-van Alphen effect, ' we use the notation

f (1/H) -=[4(1/H)]" . Table I shows that our values
are in good agreement with those of Brandt and
Rayne ' and Poulsen et al. We have plotted in
Fig. 2 the variation of the GQO frequency f (1/H)
when the magnetic field is rotated in the (011) sym-
metry plane. When H is in the [111]direction there
are two sets of peaks which are well separated. in
this case the peak height corresponding to the P
arms along [100] is three times larger than that
corresponding to the P arms along [010]and [001].
This behavior may look surprising since the [111]
direction is equivalent for all the P arms. However
it is not the same with the [100]wave-vector di.-
rection and a deformation-potential anisotropy can
explain this effect.

The spikelike character of the GQO allows us to
determine accurately the magnetic field location of
the peaks. Using Onsager's quantization rule, we
can write the relation

E I(n t+)giie H„ /m, e, (23)

then using Table D and m, = 0. 16m0, we find for
the Fermi energy (measured from the top of the

12

&0

OJ
O

9
K

8
Cl

7

X

where n is the number of the Landau level, Il„ is
the magnetic field location of the corresponding
peak, and if' is the phase factor. Table II gives the
experimental values of H„and the corresponding
(n+ iti) obtained from Eq. (22). The experimental
conditions were 7=0.45 K, F=20 MHz, and q tt 8
ii [100]. Owing to the regular increase in the value
of (II+ g), we can unambiguously determine the
Landau-level numbers and deduce the phase

iti = 0. 94 a 0.05.

This experimental result is not in agreement with
theory which predicts gati

=-,'." Starting from the
relation

(1/H„)f= II+ gati, (22)

TABLE I. Frequencies of the GQO in comparison with
the de Haas-van Alphen results.

[ioo] [ioo] [ni]
0

I I i I I I I I I I I I I I I

-30 -20 -10 0 10 20 30 40 50

ANGLE BETwEEN N AND fioo] I dqo I

Magnetic field
direction

C100]*
C100)
CZ11j

10"'fj1/H) (Oe)
Present work

8.03k 0.04
7.29+ 0.04

10.3+ 0.05

10-5f(1/a) (Oe)
Brandt et al.

(Ref. 21)

8.15
7.35

10.6

10 5f(1/H) (Oe)
Poulsen eg al.

{B,ef. 23)

7.99
7.39

10.4

FIG. 2. GQO frequency as a f'unction of magnetic field
direction in the (01T) symmetry plane. The circles are
the experimental values of the P arms along f100); the
curve is the expected variation of cylinders along f100].
The crosses are the experimental values of the P arms
along f010] and f001].
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TABLE II. Determination of the Landau-level numbers
when qIIHII f100], T=0.45 K, and E=20 MHz.

10 (1/H) (Oe) (a/a) f=~+y

15.00
16.38
17.75
19.12
20.50
21.86
23.24
24. 60
25. 97
27. 34
28. 72
30.08
31.47
32.87
34.18
35.61
36.94
38.34
39.77
41.02
42. 44

10.93
11,94
12.94
13.94
14.94
15.93
16.94
17.93
18.93
19.93
20. 94
21.92
22. 94
23.96
24. 91
25. 96
26. 93
27. 94
28. 98
29.89
30.93

f = 0. 90+ 0. 50,

while the Fermi energy remained the same as the
previous one within 2%.

B. Line Shape

band)

E~= 53&10 eV.

We have also derived (A and E~ in the experimental
arrangement j II H tl [100]*. The phase was found to
be

be 4. It is easy to establish the relation between
the theoretical width 5A„and the experimental one
5H:

m, elf
~n m kTcH 6A„

(24)

where IIo is the magnetic field location of the peak.
The result of the fit is

0 36o.
This value is much larger than the value m, = 0. 16mo
which was determined by means of the de Haas-van
Alphen effect and the cyclotron resonance. In
order to explain this disagreement we have looked
for a possible heating effect. In Eq. (24) we have
used T = 0.45 K which was obtained from the tem-
perature measurement of the helium bath but not
that of the sample itself. Nevertheless, we were
able to rule out any possibility of sample heating
by acting on the pulse repetition rate of the gener-
ator. On the other hand, we can postulate neither
a magnetic field inhomogeneity nor some crystal
deformation to account for our linewidth. We were
indeed able to observe the electron-lens quantum
oscillations, the period of which was 100 Oe about
65 kOe. At last, our too-large linewidth may be
caused by spin splitting. When the effective gyro-
magnetic factor g*=gm, !mo does not equal 2, each
attenuation peak is split into two subpeaks which
are more or less resolved. The m, value of Brandt
and Rayne ' yields a linewidth 5H= 200 Oe. In or-
der to explain our 450-Oe-wide peak„ the spin split-
ting has to be as large as 250 Oe, but then it has to
resolve the two subpeaks. Thus, the spin-splitting

One can get information about cyclotron mass
and electron mean free path from the line-shape
analysis. Figure 3 shows a recorder tracing of
an attenuation peak. The line is asymmetrical and
the attenuation increases faster than it decreases
when one increases the magnetic field. As we have
seen in Sec. II, this shape can be explained by tak-
ing into account the negative sign of m„. Actually
the P arms are more neck shaped than cylindrical
(Fig. 2) and ml is negative. Using Eg. (2) and the
area variation of the P-arm cross section when the
magnetic field is rotated (Fig. 2), the value of m„
can be estimated. It is found to be

qyH u t)oo] T = 0.450K F= 20MHz

PRII fPSOP

where mo is the free-electron mass. We have fit-
ted the experimental line to the theoretical curve
given by Eg. (14) (Fig. 3). Parameter B acts on
the asymmetry of the curve " and is found to be
1.5 (i.e. , r-10 sec). Integration in Eq. (14) was
carried out with a computer and 5A„was found to

67.5
1

MAGNETIC FIELD t kO+ )

68
I

FIG. 3. Shape of an attenuation peak. 1, Experimental
GQO peak; 2, curve obtained from Eq. (14); 3, curve ob-
tained from Eq. (20).
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as a function of the magnetic field orientation does
not exceed 20/g about 1200 Oe and the splitting of
the peak appears for two clearly distinct orienta-
tions. These properties are consistent neither
with a spin effect nor with the appearance of two
slightly different periods. Furthermore, the line-
width value is not consistent with that obtained at
lower ultrasonic frequency. Presently, we have no
satisfactory interpretation of these experimental
results.

FIG. 7. Change in the recorder tracing of a GQO peak
corresponding to a sample orientation change smaller than
0.3'.

width constancy can be explained with the inhomo-
geneous broadening that we have considered in Sec.
II. We have fitted an experimental peak to the the-
oretical. curve given by Eq. (20) (Fig. 3). As in
the thermal-broadening case, B acts on the asym-
metry of the curve and is found to be 1. Integra-
tion in Eq. (20) was carried out with a computer
and 5A„was found to be 2. 1. Using Eq. (21), we
obtain for the dislocation broadening measured in
Kelvin

X=4. 3 K.

In the same way, we obtain X= 6. 5 K for the sample
which suffered a thermal cycle (6H= 640 Oe). Thus
inequality X»kT is satisfied and temperature has
no effect on the linewidth.

V. DISLOCATION EFFECT

We have already considered dislocations in Secs.
II and IV to account for the linewidth of the GQO
peaks. Furthermore, the amplitude-dependent
ultrasonic attenuation in metals is generally con-
nected with dislocations. Our experimental re-
sults, in particular the strong influence of tempera-
ture and ultrasonic amplitude on the GQO peak
height, are explicable in terms of the magnetic
field effect on the electron-dislocation interaction.
The basic features of this effect have been already
presented elsewhere. " The dislocations in the
acoustical beam are treated as vibrating strings
the motions of which are damped by the electrons.
In the presence of a high magnetic field such that
the Landau levels are well defined (i. e. , AA» k 7"

and Qv» 1), the dislocation motions are damped
as often as a Landau level reaches the Fermi level
when the magnetic field is swept. The damping
factor is of the form 28

D. Line-Shape Study at High Ultrasonic Frequency

The line shape has been studied at high ultrasonic
frequencies (60-70 MHz) but the experimental con-
ditions were not as good as at low frequency ~~20

MHz). When the ultrasonic frequency is increased
the peak height is very large. Then it becomes i-dif-
ficult to record the top of the peak, especially as
the apparatus sensitivity and the sample-transducer
transmission decrease. Consequently it has not
been possible to follow the line-shape evolution with
temperature and acoustic-wave amplitude. The
only study which has been done is at 1.1 K and with
the highest pulse amplitude that the rf generator
could deliver (about 400 V peak to peak). Using
sample 1 at 1.2 K and 70 MHz (Fig. 7), we have
observed a peak larger than those in the low-fre-

uency case. The peak was split or not depending
in a very critical way on the sample orientation w'

respect to the magnetic field direction. Indeed,
't was possible to record either line (a) or (b)1 wa

hich(Fig. 7) only by acting on the sample holder whic
could turn 0.3' at most in the cryostat. In order
to study this anomaly, we have used sample 2 with
its rotating sample holder. The result is reported
in Fig. 8. The relative variation of the linewidth
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FIG. S. Peak splitting as a function of the magnetic
field direction with respect to the symmetry plane. The
arrows show the magnetic field directions in which the
peak is split.
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where b is the Burgers vector and C an interaction
constant. It is found to be about 10" g cm"'sec"'
when a Landau level is at the Fermi level. The
dislocations are more free to move when E~4 nNQ

than when E~=nNQ. Hence the ultrasonic-energy
absorption by the dislocations is larger in the
former case than in the latter (we consider here
the amplitude-dependent type of loss~ ), and there
are dips in the ultrasonic attenuation versus mag-
netic field.

The experimental attenuation dips are explained
by the preceding mechanism. At 4. 2 K the GQO

peaks do not exist but the Landau levels are still
well defined. Under the ultrasonic stress, the
breaking away of the dislocations from the pinning
impurities is realized as a result of the thermal
agitation which is large in mercury at 4. 2 K.
Thus, we are in the ultrasonic-amplitude range
where the ultrasonic attenuation by the dislocations
decreases when the ultra, sonic amplitude increases.
Consequently, the dip height is smaller for the
first echo than for the second one (Fig. 6). Taking
into account these attenuation dips, we can then ex-
plain the GQO peak behavior. In the low-amplitude
case and below O. 7 K (Fig. 5), the dislocations
are pinned down by the impurities and the am-
plitude-dependent type of loss is absent. The peak
is inhomogeneous, as we have seen in Sec. IV, and

does not change with temperature. When T is
increased above 0.7 K, because of thermal agita-
tion the dislocations can break away from the pin-
ning impurities and the amplitude-dependent type
of loss can appear. When one sweeps the mag-
netic field, the resulting attenuation dips are ad-
ded to the GQO peaks and make them disappear. In

the high-amplitude case (Fig. 5), the dislocations
are unpinned from the impurities throughout the
temperature range 0. 5-1.1 K. The attenuation
dips are still present but have now a constant
height. The inhomogeneous GQO peak does not
change with temperature since X=6. 5 K and T & 1.1
K. Thus, for a fixed ultrasonic amplitude the re-
sulting peak does not change in all the temperature
range.

VI. CONCLUSIONS

The period measurements of the GQO correspond-
ing to the P arms of the Fermi surface are in good
agreement with those obtained by other means.
On the other hand, the line-shape behavior cannot
be explained using only the theory of Kaner and
Skobov. By taking into account the dislocation
effect, most of the experimental results are inter-
preted. The dislocation damping by the electrons
yields attenuation dips which add to the GQO peaks,
and it is the resulting curve which is recorded.
It is the same group of el.ectrons which damps the
dislocations and the ultrasonic wave. The typical
values of the wave vector associated with the dis-
location strain field are much larger than the usual
values of the ultrasonic wave vector. ' It sug-
gests that the magnetic field effect on the disloca-
tion damping always has to be considered at the
same time as the Landau damping of the ultrasonic
wave.
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The total energy of simple metals is calculated formally to all orders in the pseudopotential.
The leading term (in the pseudopotential expansion) of the n-ion interaction is obtained from
the nth-order terms and the asymptotic form for large separations is evaluated explicitly.
The resulting n-ion interaction is proportional to (E~/k~) (X/k~)" Icoskg(l f +l2+ + lg) j/
l fl2 lq(l f + l2 + ' ' + l„},where the Z; are consecutive segments of a straight-line path connect-
ing the n ions and A, is of the order of a pseudopotential form factor divided by the Fermi
energy. This is to be summed over all continuous paths connecting the n ions. The familiar
two-body interaction proportional to (cos2kzr)/r is a special case. The three-body interac-
tion is found to be strongest when the three ions form a straight line and are separated by
nearest-neighbor distances. The assumption that the influence of d-state hybridization upon
this interaction dominates the determination of structures leads to the correct distribution of
cubic and hexagonal structures among the monovalent and divalent metals and to appropriate
high and low axial ratios among the hexagonal structures.

I. INTRODUCTION

The essence of pseudopotential theow@,
' as ap-

plied to simple metals, is a treatment of the inter-
action between electrons and ions as a perturba-
tion. It is assumed at the outset that the complete
solution of the electron-ion problem, within a self-
consistent-field approximation, would yield a good
description of the metal. The only important ap-
proximation made in the solution of that one-elec-
tron problem is the perturbation expansion, ordi-
narily carried to second order. This approach
gives us not only a mathematical basis for treat-
ing the entire range of metallic properties, but
also a conceptual basis for thinking about these
systems.

An important conceptual feature of the theory is
that the second-order energy can be written as a
two-body central-force interaction between atoms.
This is plausible physically since the terms in sec-
ond-order perturbation theory may be thought of as
two consecutive scattering events by a single elec-
tron; they can therefore involve only two atoms.
The inclusion of third-order perturbation theory
will introduce explicit three-body interactions,
etc. A second important feature of the second-
order theory is the form of the two-body interac-
tion. The asymptotic form for large distances is

readily calculated and is proportional to (cos2k~~)/
y, exhibiting the familiar Friedel oscillations.
Furthermore, this asymptotic form remains quali-
tatively correct even to distances as small as the
interatomic distance in the metal, as seen in Fig.
1.

In the present study we will carry these calcula-
tions to higher order in the pseudopotential and ob-
tain the asymptotic form of the leading term in the
multi-ion interactions. It is important to be clear
about what is being included and what is not being
included in this analysis. We are not systemat-
ically including all higher-order terms in the cal-
culation of the total energy. In particular, such
a complete calculation would require the self-con-
sistent recalculation of the pseudopotential itself
in each order; the configuration of an ion's neigh-
bors would affect the pseudopotential on that ion.
We will neglect this effect and in all orders write
the pseudopotential as the superposition of identical
ionic pseudopotentials centered on the ion nuclei,
and in any applications will use the individual
pseudopotential calculated self -consistently to first
order. Secondly, in each order we will focus upon
the multi-ion interaction which first occurs in that
order. Thus in third order we will obtain the
three-ion interaction but will not compute the ad-
ditional two-body interaction which arises in third


