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Using the conventional exchange Hamiltonian 3C„,together with an additional model Hamil-
tonian which provides a source of lattice relaxation for the conduction-electron magnetization,
the coupled local-moment-conduction-electron transverse dynamic susceptibility is calculated.
Feynman temperature-ordered Green's functions are used and are "dressed" with self-energies
which are correct to second order in interaction parameters. A pair of coupled vertex equa-
tions are constructed which includes all diagrams correct to second order in the interaction
parameters. In order to obtain the desired two-particle characteristics of the response func-
tion, some new manipulative and mathematical methods are introduced. These enable the ver-
tex equations to be reduced to a coupled pair of linear equations which determine the coupled
susceptibility. At sufficiently high temperatures the Kondo 'g shifts" and the weak frequency
dependence of the self-energies can be ignored. These linear equations are then equivalent to
the linearized version of the following Bloch equations: d/dt Ms=gstMs x (H~t+ ~Me)] —(1/T„)
tMs &s (Hext+ ~Me)~+ (gg/ge m) [Me &e (Hext+ ~Ms) j~ d/dt e=ge~Me X (Hext+ ~Ms}~ ( / m+

e1) tMe ~e (Hext ™s)~+age/gs se) tMs ~s (Hext ™e)~+D+ IMe ~e (Hext ™s)~~where
Tse y Test and Te& are the re 1axation times for the loc al-moment-conduction-e 1ectron-spin, the
conduction-electron-spin-local-moment, and the conduction-electron-spin-lattice systems.
The diffusion constant is D= 3 vz T~, where T~ is the nonmagnetic-impurity scattering time,
and M, and Q are, respectively, the conduction-electron and '.ocal-moment magnetizations.
The spin-orbit scattering in the presence of large-potential-impurity scattering results in re-
laxation effects identical to those obtained above with the model electron-lattice Hamiltonian.
H,xt is the external static and rf field, g, and g, are the conduction-electron and local-moment-
unenhanced (by the s-d exchange) susceptibilities, and g, and gs are the respective g factors
(I and pz have been set equal to unity). These Bloch equations show that the relaxation destina-
tion vectors are those appropriate to the total internal field. The presence of the g-factor
ratios are consistent with the fact that X~ transfers spin, rather than magnetization, from the
conduction electrons to local moments and vice versa. For temperatures kT & x„where &os is
the local-moment Zeeman energy, these equations fail, the self-energies become frequency
dependent, and there are modifications to X, s. Most important, the electronic self-energy be-
comes dependent on the magnitude of the electronic momentum, so that a single equation for
the total electron magnetization cannot be written. A microscopic derivation of the detailed-
balance condition is given.

I. INTRODUCTION

On a phenomenological basis, Hasegawa~ pro-
posed a pair of coupled Bloch equations which de-
scribe the motion of the magnetic moment of the
local-impurity and conduction-electron system in
disordered dilute magnetic alloy. A similar pair
of equations is displayed in Egs. (4. 10)-(4.11).
Hasegawa discussed two possibilities for the
"destination vectors" which appear in relaxation
terms of these equations: relaxation to the ther-
mal equilibrium value of the magnetization appro-
priate to first, the average internal field, and sec-
ond, the instantaneous internal field. Cottet et al.
later provided arguments in support of the latter
form for the destination vectors. These authors
also showed that for positive absorption, there
must exist a so-called "detailed-balance" condi-
tion relating the conduction-electron and the local-
moment relaxation rates and their unenhanced sus-
ceptibilities.

There have been several microscopic calcula-

tions of the various quantities involved in these
Bloch equations, and some calculations of the cou-
pled dynamic sysceptibility in attempts to validate
their general form.

Starting with the s-d Hamiltonian, and introduc-
ing the electron-lattice and local-moment-lattice
relaxation in a phenomenological way, Orbach and
Spencer3 used the decoupling method and obtained
a denominator correct to the second order in the
exchange interaction constant 4, which is consis-
tent with either of the destination fields considered
by Hasegawa. Very recently, using the method of
Kadanoff and Baym, Langreth and %'ilkins synthe-
sized the Bloch equations in the form proposed by
Cottet et al. They limited themselves to equal g
factors and high temperatures and ignored the fre-
quency dependence of the relaxation times. Gotze
and Wolfe used a method which ggsgmeg that the
susceptibility is of the form of a certain regular
analytic anzatz, and obtained results which are
also consistent with either type of the destination
vectors. Sasada and Hasegawas begin with the
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Anderson model~ and used diagrammatic methods.
They conclude that the unenhanced average equi-
librium magnetizations are the correct destination
vectors.

The present calculation uses the s-d Hamilto-
nian and spin-orbit scattering to induce electron-
lattice relaxation. Feynman diagram techniques
are used, and a fermion representation of the
spin operators is introduced in order that the
fermion Wick theorem may be used. The mathe-
matical and manipulative methods developed in
this paper enable the analysis to be performed for
arbitrary temperatures. The susceptibility (a
two-particle propagator) is calculated by solving a
pair of coupled vertex equations which are written
in terms of dressed single-particle propagators.
The results are obtained in a straightforward way
and display the characteristics expected from the
two particle quantities. For example, the argu-
ments of the single-particle self-energies which
appear in the susceptibility can be simply inter-
preted in terms of the energy conservation require-
ment for the two particle processes to which they
correspond. Inhomogeneous terms appear, which
are appropriate to the propagators associated with
the intermediate states involved in the self-ener-
gies. With this method, there is an exact corre-
spondence between the spin-flip scattering ampli-
tudes calculated by Izuyama et aE. and the cor-
responding spin-flip local-moment self-energies
calculated by the present methods.

All relevant two-particle quantities appropriate
to the evaluation of the dynamic susceptibility are
calculated to the second order in the interaction
parameters. The cross-magnetization relaxation
terms in Hasegawa equations arise from the
"scattering-in" terms in the coupled vertex equa-
tion. They are treated on equal footing with the
"scattering-out" relaxation terms, arising from the
true self-energies. The detailed-balance condition
is discussed and shown to be dynamic in nature.
It is weighted by the g factor ratio squared, which
reflects the fact that it is the spin rather than mag-
netization which is conserved. The results for the
dynamic susceptibility are reduced to, and com-
pared with, the Bloch equations, and also with the
existing microscopic theories. Since the present
methods of solving the coupled vertex equations are
believed to be new, they will be described in some
detail in the text and appendices.

Besides the known frequency dependence of the
relaxation rates, a frequency modification of the
susceptibilities in the destination vectors is found,
and a momentum dependence of the two-particle
electronic self-energies arises. The magnetiza-
tions are found to relax towards their thermal
equilibrium values in the internal instantaneous
local field. At high temperatures (kT& ~„ao,

the resonant and external frequencies), or, rough-
ly speaking, for the large spin, the momentum de-
pendence of the conduction-electron self-energies
is weak, and the two coupled equations which de-
termine the dynamic susceptibility are obtained.
Apart from the Kondo logarithmic terms and the
frequency dependence mentioned above, these
equations are equivalent to the phenomenological
Bloch equations in the form displayed by Cottet
et al. , except that the ratios of g factors should
appear in front of the cross magnetization relaxa-
tion rates, demonstrating that it is the spin rather
than magnetization which is involved in this trans-
fer. This is why Cottet et al. obtain susceptibil-
ities y,

' (0) and y,
' (0) which do not reduce to their

real static values, as they should.
At low temperatures (kT«m„rg )0and for spine

of small magnitude, it is not found possible to
write a single equation for the total electronic sus-
ceptibility because of the strong momentum depen-
dence of the conduction-electron relaxation, al-
though an equation may be written which involves
that part of the susceptibility which comes from
the conduction electrons with a given momentum.
In the present calculation where the interaction pa-
rameter in the s-d Hamiltonian is assumed to be
momentum independent, this momentum dependence
arises solely through the arguments of the single-
particle self-energies (two-particle self-energies
are of the form of the single-particle self-energies
with definite arguments), and for this reason it is
possible to write a closed form for the total sus-
ceptibility in terms of appropriate integrals.

Although it would be possible, using the methods
presented in this paper, to evaluate exactly the
single-particle self-energies and similar quantities
involved in the evaluation of the vertices to any or-
der in perturbation theory by using the dressed
propagators, the authors make the approximation
of using undressed propagators. This is justified
for sufficiently high temperatures (the quasiparti-
cle regime), where kT is much greater than the
single-particle widths. In the opposite limit, the
self-energies should be evaluated self-consistently,
since the self-energies must be written in terms
of propagators which contain the self-energy itself
(a formidable task, especially when the self-ener-
gies are frequency dependent).

The plan of the paper is as follows. In Sec. D
the model Hamiltonian, the method of representing
the local-moment spin operators in terms of
fermions and the method of performing the con-
figuration averages are described, and then the
resulting additional rules for evaluating Feynman
diagrams are introduced. Section III contains the
calculation of the dynamic transverse susceptibil-
ity, and in Sec. IV the approximation that the mo-
mentum dependence of the conduction-electron
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self-energies is weak is made, and a pair of
coupled linear equations are obtained, which de-
termine the transverse susceptibility. These
equations are then related to the Bloch equations.
In Sec. V the so-called detailed-balance relation-
ship is discussed and a new relationship between
the real second-order self-energies is obtained.
Finally, in Sec. VI some additional discussion is
given and the present results are compared with
those of previous calculations.

II. MODEL AND FORMULATION

the relaxation rates for the magnetization. How-

ever, it can have certain interference effects. It
is currently popular to take the spin-orbit scatter-
ing as the source of the electron-lattice relaxation.
The exact form of this coupling brings mathemati-
cal complications, especially if the magnitudes of
the potential and the spin-orbit scattering were
comparable. Therefore, a simple rotationally in-
variant Hamiltonian will be included here as a
model Hamiltonian for the spin-dependent part of
the electron-lattice interaction.

The electron-lattice Hamiltonian is then written
The s-d Hamiltonian is defined by

K=ZD+K (2. l)
R, +X„=—(AjN) Z a'„-„-,a;,e "'"~

f q Q~fy

where + represents the noninteracting Hamiltonian
and 3C the electron-localized-spin exchange cou-
pling. The Ha.miltonian + is given by

X, =w, Z S', +Z ~;.a-', .a;. , (2. 2)
pi fy

where &, = g, p ~00 the &y are the one-electron
self -energies,

—(g/pr) Zh, o;e "'~&, (2. 4)
$, q

where A is the magnitude of the potential scatter-
ing, and the vector h, is a dimensionless random
variable associated with a scattering center i,
which is assumed to be in a thermal equilibrium
with the lattice. The averages ((h')") are defined
by

1
~y+ 2++e ~ ('de geI"BIIO ~ ((a )")=J „(h)"p(h')da, (2. 5)

with

0'q= Qp+ q ~g~ ~iQ~ yi (2. Sb)

where the 0, are the Pauli spin matrices for s
= —,

' and N is the number of lattice sites.
The interaction has been taken to be a 5 function

in coordinate space. First, because the interac-
tion is believed to be short range in nature, and
second because it considerably simplifies the cal-
culations. It will be indicated where a q depen-
dence of J would be important.

It is also desired to investigate in what way the
electron-lattice coupling enters our results. This
consists of a spin-independent interaction, the so-
called impurity potential scattering, and the spin-
dependent interaction. It is well known, that the
potential scattering does not directly contribute to

and where IIO is a static magnetic field applied in
the g direction. a;, and a», , are theusualelectron
creation and destruction operators for electron
with momentum p and spin a (we have not included
band indices, 0 may be the arrows 0 or 4 or nu-
merically + l for the electron spin "up" or "down" ).
S',. is the usual spin matrix for the spin moment at
the jth site. The electrons will be assumed to be
"free-electron-like, " except when numerically
evaluating self -energies and thermal averages.
Then we shall assume that the electrons occupy a
half-filled square band of the total width 2L).

The exchange Hamiltonian is given by

X,.= —(Z/fV) Ze-"'~~S, a;, (2.Sa)

S|S
fS SS' (2 6)

where the distribution function p(/P) is normalized
to unity. The averages (h )=0 for n=x, y, e.
Because of its rotational symmetry, the vectorial
field h,. adequately represents the s-wave compo-
nent of the scattering that is due to the spin-orbit
interaction in how it invokes the relaxation effects
in the present problem. Furthermore, large-im-
purity-potential scatter ing redistributes vectors
of the electronic momentum over the Fermi
sphere, surpressing the directionally dependent
components of the spin-orbit scattering. This is
a common assumption in most relaxation theo-
ries." For the present purposes, the two scat-
tering Ha.miltonians, i. e. , the Z„in Eq. (2. 4) and
the true spin-orbit interaction Hamiltonian, are
then fully equivalent, as is shown in Appendix D.
The form of the model Hamiltonian [Eg. (2.4)] dis-
tinguishes longitudinal and spin-flip contributions
to the relaxation rate, and furthermore is mathe-
matically simple.

The field-theoretical methods involving Feyn-
man diagrams will be used. Such methods are de-
pendent on the availablity of a Nick-type theorem
for spin operators. A fermion representation of
the localized moment operators' is used here and
the fermion %ick theorem. In this paper only S
= —,

' will be considered. An extension for S ) —,
' is

straightforward and will be presented elsewhere. ~2

The spin operators are defined in terms of
fermions by
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k,e
I

kcr k+a k a

(ii)

(b) (c)

k, w k,+cr k,cr
I
I I

g (Iii)

plQ, l. (a) Propagator C, (iv); (b) propagator Gp', ,
(iv); (c) e-s vertices; (d) conduction-electron-lattice
vertices.

one has a factor ~~s(J/X) connected with it, where-
as the transversal one has a. fa.ctor (J/N). The
electron-impurity vertices arising from K„are
illustrated in Fig. 1(d).

The representation of the spin operators as for-
mulated so far is not a convenient one. Consider
a system which contains a single local moment„
then the usual definitions of a self-energy apply.
Consider the spin self-energy shown in Fig. 2(a).
Evaluating the propagator C,(iv) using just this
self-energy, we obtain

C, (&v) =((2s(u, —fv) —[&'/(-,'s(d, —iv)]

x Zf'(-,'s'~, )f (-,'s'~, )}
' (2. 9)

where

C, (iv) = (—,'s&u, —iv), S= + 1. (2. Z)

where S„,are the Pauli spin matrices.
The fermion operators obey the usual anticom-

mutation relations. We shall refer to these fermi-
ons as spin fermions to distinguish them from the
conduction electrons. This representation of the
spin operators obeys the spin commutation rules
between the states I n, , = 1, n, = 0 ) a.nd

~ n, = 0, n,
= 1), corresponding to the spin states I S, = —,') and

I S, = ——,'), respectively. The unphysical states
1 n, = 0, n, = 0) and I n, = 1, n, = 1 ) have no spin
equivalents. However, only thermal averages of
combinations of the spin operators [(S,. S& ~ ~ )
= (Z, ) 'Tr(e ~ S,SJ ~ ~ ), where Z, is the true spin
partition function] will be calculated. Spin opera-
tors have no matrix elements between these un-
physical states. Thus, the only mistake in taking
the thermal average with respect to the spin-fer-
mion states, as compared to that one taken in the
spin space is in that the partition functions are
different, which is easily corrected for by multi-
plying by the ratio of the partition functions.

The two unperturbed propagators associated with
the spin fermions are (Tc~(w)c, ); s(s=+1) is the
spin index obeying the same convention as the elec-
tron-spin indices. In complex frequency space
these are

the Fermi factorsf~, =(1+e"& ') ', f'(x)
= (1+e' ") ', and 6' means the principal part

Thus C, (iv) has turo poles, and therefore so does
the transverse susceptibility g' (iv). On physical
grounds, this seems unreasonable for S = —,'. This
and similar terms arise from the presence of the
unphysical states with the total fermion occupation
number at a single site bigger than one as inter-
mediate states, as is implied by inspection of rele-
vant diagrams. These exist because we choose to
work with the one-particle propagators, and, as a
consequence of the diagrammatic methods, at in-
termediate steps of the calculations the expectation
values of operators which are not spin operators
can be present, and hence contributions from the
unphysical states can arise.

Some other problems may also arise. The lo-
cal-moment susceptibility for a single site is cor-
rected by only a zzzgle factor of the ratio of the un-
physical to physical partition function and this appears
in the susceptibility numerator. Consider the self-
energydiagram of Fig. 2(b). This and similar types
of diagrams, involving only a single site, yield a
contribution proportional to X,.s'f'( —,s'u&, ). For a
system with only a single site this quantity repre-

The superscript indicates that this is the unper-
turbed propagator. jv is the conventional imagi-
nary fermionlike complex frequency. Diagram-
matically, they are represented by directed wiggly
lines shown in Fig. 1(a).

The corresponding electron propagators
(Z'a- (7 )a;, ), o =+ 1 in frequency space are

G;,(iv) = (e, , —iv) ', o = ~ 1, (2. 8)

S)i
I.

S)j S)l

P)fT
I

~~M~~'v~v
S)I S ) I

and diagrammatically represented by a straight
directed line in Fig. 1(b).

There are two types of electron-spin vertices
[Fig. 1(c)] implied by the K„.The longitudinal

(b)

FIG. 2. Unphysical contributions (a) a fourth order,
(b) a second order.
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sents a self-energy contribution, and since it mill
then appear in the denominator of the susceptibil-
ity, it must represent a physical spin expectation
value. However, it does not represent any physi-
cal spin expectation value. Therefore, it is not
possible to write the total susceptibility in terms
of only spin expectation values as one must be able
to do for obvious physical reasons.

One can remove the above mentioned difficulties
by making the contributions to the thermal aver-
ages involving the unphysical states indefinitely
small. To do this, one adds to the + a projection
Hamiltonian 3C~,

(2. 10)

where X is a constant much greater than PT. With
A. positive, a factor e "~" will appear in that con-
tribution to the trace of the spin-fermion operators
which involves a state with a fermion occupation
number z. The unphysical partition function then
becomes unity. The propagator C,(iv) is modified:

C', (iv)=(X+-', s«d, —iv) ', s=+1. (2. 11)

Both of the unphysical "self-energy-like" contri-
butions of Fig. 2 are nom proportional to e ~ and
therefore do not contribute. By inspection one
finds that any diagram with more than one spin-
fermion loop at the same site does not contribute.
Hence, in what follows, these types of diagrams
will be discarded. It is believed that such trouble-
some self-energies are removed to all orders,
typical topologies up to J order have been ex-
plicitly examined.

In the usual diagrammatic methods for evaluation
of correlation functions, the '*va,cuum-polarization
diagrams" cancel the partition function (appropri-
ate to the full Hamiltonian) which appears in the
thermal weighting. Owing to the above restriction
upon the number of spin-fermion loops, this com-
plete cancellation no longer is obtained. In order
to correct the thermal averages, to the first order
in the concentration, the following rule is found:
include a, factor e ~/Z, for each distinct lattice
site, where g, is the full many-body partition func-
tion for a single loca,l-moment site, divided by the
unperturbed conduction-electron partition function
[the unperturbed Z, = Z, -=(e ~"s«'+ e' 8 ') ']. The
Hamiltonian 3C~ thus projects out the unphysica, l
states with the fermion occupation number n
greater than one.

At finite concentrations one must sum the Feyn-
man diagrams over all possible local-moment-site
labels. To facilitate this, label each spin-fermi-
on loop with a site index, discard all diagrams with
two or more identical site labels. Multiply each
diagram by an additional factor

«1««i2«t, ~ ~ q„(e'/Z, ) ', (2. 12)

(q, R, ) = («)«) («1, ) = c', i &j

(n;n«&= (r««) =c,
Using the Eq. (2. 14a), Eq. (2. 13) becomes

(2. 14a.)

(2. 14b)

Z Z c'(S )'(Z/X)'e ""-"''"«-"«'(» ~

a'
(2. 13)

Now one can use explicit form of the g function.
Adding and subtracting the restriction (iw j), one

(i)
k k' k

k
X

(iii)

k

(a) (b)

I IG. 3. Configuration averages: (a) (i) A second-
order self-energy; (a) (ii) a second-order term due to
the first-order self-energy; (a) (iii) second-order self-
energy; (b) off-diagonal coupling.

where the g, are unity if the ith lattice site is oc-
cupied by a local moment and zero otherwise, and
where n, is the number of spin-fermion loops in-
volved in the diagram.

One now performs the sum over the site indices.
Consider, as an example Fig. 3(a)(i), where i and j
are the local-moment-site indices. The value of
the diagram is

Z Z (S.)'q 7j (Z/X)' e- ' "-""«-"&' (e

(2. 13)
where i, j run over all lattice sites. Even in the
a.bsence of the restriction ic j, the sum over i and

jI mould not produce a 5 function, since q, and gz
are random variables. The easiest way to bring
about the necessary translational invariance is to
perform a "configuration average. " This method
is well known in the theory of the electronic struc-
ture of highly disordered alloys and involves an
averaging of a given diagram over all possible ar-
rangements of the occupied local-moment sites.
It can be shown that this average equals the sum
over all i and j in the limit of infinite number of
the occupied sites (that is for an infinite system
of finite concentration). This averaging makes the
sum over lattice sites much easier to perform.

The only quantity in Eq. (2. 13) which is depen-
dent on the configuration is the product g, gj. Their
configuration average is
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c{e "/Zs) 2{ Px/ Z -c {e /Z, )
FIG. 4. Some examples of con-

figuration averages.

-c {8 /Zs)

obtains finally a value of the diagram 3(a)(i.):
2 1c'J (8,)'(e„,—iv) ' —c'J (8, )' —Z (e,. , —iv) '.

(2. 16)
These two types of contribution will be repre-
sented by two separate diagrams. The first is il-
lustrated in Fig. 3 (a)(ii) and the second in Fig. 3
(a)(iii). Notice that now they a,re not labeled by the
local-moment-site indices. This convention for dia-
grams allows the usual definition of proper self-
energy's part to be re-established: A diagram
may not be reducable by breaking a dotted line. Thus
the first term in Eq. (2. 16) is second-order con-
tribution appropriate to the first-order self-energy
c,T(S, ) in the Dyson equation. The second term
doeg represent a, self-energy contribution.

This configuration average must be perfol med
upon each diagram and not only self-energy dia-
grams. Thus Fig. 3(b)(i) yields the contributions
denoted by Figs. 3(b)(ii) and 3(b)(iii). One cannow
formulate the additional final rule necessary to eval-
uate diagrams involving spin-fermion loops.

The configuration-average rule. With each dia-
gram with n,, spin-fermion loops, associate a num-
ber of crosses (less or equal to n, ). Join each loop
with a single dotted line to a single cross, sum
over all possible numbers of crosses and arrange-
ments. Do not label them by site indices. Dis-
card arrangements in which any cross has no
dashed line attached to it. Associate an addi. tional
factor C, , (-1)"~''(circe '/Z, )"~ with each cross,
where yg,. is the number of the fermion loops at-
tached to the cross i, n, = g, z, , and C„,. i;, a con-
stant, C, = I, Cz = 1. The total momentum change
at the vertices of the loops attached to each cross
must be zero. Allow A to become indefinitely
large. Typical types of diagrams a,nd the addition-

al factors are illustrated in Fig. 4.
This configuration average has a restriction that

no two site indices can be the same. There is
another type of configuration average which enters
the problem, associated with the vertices that are
due to the Z, and X„.It is of the type encountered
in the electronic-band-structure problem, and has
no such restriction on the site indices. In our con-
vention, the configuration average yields the value

(c' (h,') —c' (k, )') (H'/ti)Z (&, , —iv) '

for the longitudinal contribution of Fig. 1(d)(ii) and

(o c')' (h, )'(&„—iv) ' will obtain for the longitudinal
contribution of Fig. 1(d)(iii). The last contribution is
again a second-order contribution appropriate to
the first-order term in Fig. 1(d)(i); the 1(d)(ii) is
a new self-energy contribution. The additional term
here, c'(h, ), arises because of the absence of the
restriction mentioned above. The factors intro-
duced by the configuration averages for diagrams
which appear in the vertex equations will be simi-
lar to the factors obtained for these se/f-energy-
type diagrams.

III. CALCULATION OF DYNAMIC RESPONSE

The transverse susceptibility )t' (t) is equal to
a retarded response function i0(t) (1/N) (iaaf'(t),
Pig-(0)), where M'=g, tLeZ, S;+ ~, tj~o';0, M'(t) is
the Heisenberg operator. The Fourier transform
~' (&do) of this response function is equal to the
analytic continuation of the imaginary frequency
transform of the corresponding temperature-or-
dered function (1/Ã) (T~'(u)~ (0) ).

The present diagrammatic calculation will make
use of the one-fermion propagators. The degree
of accuracy will be (J')'.
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p+q, g

p+

p+q, o

I'IG, 5. Spin self-energies:
(a) first order; (b) second-order
longitudinal; (c) second-order
spin flip; (d) concentration-de-
pendent second order.

A. Single-Particle Propagators

The appropriate self energies are evaluated up
to the second order in J and at least to the lowest
order in the concentrations of both localized mo-
ments and the lattice scattering sites for the elec-
trons. The local spin-fermion self-energies are

illustrated in Figs. 5(a)-5(d). The corresponding
algebraic expressions are, using "bare" propa-
gator s,

&&ai». ~ ~ L f'~&+ kg&»)fn ~ o.ofp. o+f (&+ a&&,)fp p. ~fp, ~
~86 o L&v) =

88, 6
~ -gp q+X+ Q2(d~-gv

(S.1b)

g(ag) (
~

)
~ g f (~ a&~s)fp»p, afp 0:+f (& -a&&»)fp»». ufp», a-
N ~ ep„~-q +A. —2(y~, —iv

(S. lc)

2/ ++ ~+

(3. ld)
In Eq. (3. 1), ~=+, —for the local spin 0, p, re-
spectively. The superscripts 1, 2 designate the

t

power of J, l' and g are the longitudinal and trans-
verse character of the contributions, and e is the
local-spin's concentration. All other symbols
were defined in Sec. II.

The algebraic expressions for the electronic

p cr

pgO.L JL

(c)

FIG. 6. Electronic self-ener-
gies: (a) first order; (b) second-
order longitudinal; (c) second-
order spin flip; (d) potential scat-
tering; (e) spin lattice; (f) (c)
dependent.

/ y

p&o p+q ~ p,~

s'

V,o V+q, 0. p,
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self-energies illustrated in Fig. 6 are

Z "'.= c(~)&(e"/&, ) & n C.(iv) c=o(.'Z-) (n„-n„),
(3.2a)
(3.2b)Z' I,'(fv) = c(J /N) (S, ) Z(»~, , —iv)

-„,(iv) = c'(A.'/Ã) Z (»„,, —iv) (3. 2d)

Z,",",(iv) = c'(H'/X) ((k,') —c' (h, )') Z (~~„.—iv) ',
q

(3.2e)
Z.",",(iv ) =- c'(H'/X) ((h„') + (h,'))Z (»„,, —fv )-',

(3.2f)
"'"(iv =c'(J X)' S 'Z(» —iv) '. (3. 2g)) / &.)

The self-energies (3. 1) are as yet unprojected, but

the appropriate projection factors in the sense of
Sec. II have been used in Eq. (3.2). Using one of
several methodss'3 it is possible to show that the
factor in front of the first term in (3.2c) is in fact
the spin S= —,

' value for ((S„)+(S, )). It has been
assumed that J is not q dependent and hence the
electronic self-energies are not momentum depen-
dent. If this is not the case, J must be replaced
by J(q) and p will label the now momentum-depen-
dent self -energies.

In what follows, Z,'2' (fv) will be defined as the
sum of the longitudinal and the spin-fl. ip contribu-
tions (second order in 8) to the self-energy of the
spin fermion with the spin label o. g„„(iv)sums
both first and second order in J contributions. The
self-energies (3.1d) and (3.2g) are not of the low-
est order in the concentration, and hence will be
omitted until the end of this section.

8, Dynamical Response

For $= —,', there are two types of fully dressed
coupled vertices appropriate to the evaluation of

Z ,.', (fv) = c — —Z
2 gp g + {T~s —ZV

) g fP+q' -a fP+q' -v (3 2c)
&p+, - g + 0's Z&

the transverse susceptibility, the localized-spin
and conduction-electron-like vertices, illustrated
in Figs. 7(a) and 7(b), respectively. In Fig. 7(a.),
the full vertex on the left-hand side represents the
sum of all diagrams which begin with a pair of in-
coming spin-fermion lines, and end with unspeci-
fied external-field vertex. Closing the vertex, and
multiplying by the factor (g, /v 2 ) (I/.V) appropriate
for the incoming spin-fermion external-field ver-
tex, and then summing over the internal frequency
iv, yields the spin susceptibility y,

'
(ivo) = y,', (f o)

+1,', (ivo). For S& —,', the factors would also contain
the matrix elements appropriate to the coupling to
the external rf field. The first term ii,', (ivo) rep-
resents sum of all diagrams coupled to the exter-
nal rf field by the local-spin-external-field ver-
tices on both ends; the latter has the last exter-
nal vertex of the electronic type Th. e y,

' (iv, )
=y'„(ivo)+1'„(ivo)is obtained in a similar way from
the full vertex of Fig. 7(b), replacing g, by g, and
summing over the additional electronic momentum
label p.

On the right-hand side of Fig. 7(a), the first
term is the simple outgoing vertex. The second
term represents vertex corrections to the full ver-
tex. Up to the second order in J and the lowest
order in the concentratio~, there are only longi-
tudinal-like vertex corrections, none of the spin-
flip type. The third and the last two terms de-
scribe off-diagonal couplings (i. e. , coupling of the
local-spin-conduction-electron bubbles in the ver-
tex equations), which transfer spin excitation in the
coupled system. The third term represents a di-
rect, spin-flip coupling of the first order in J and
the last two terms represent a transfer via inter-
mediate states in the second order in J. The latter
coupling e~ters the vertex equation through a pair
of exchange vertices, one of them always longitudi-
nal, the other one transverse.

The terms in the electronic vertex in Fig. 7(b)
are interpreted in a similar way; the vertex-cor-
rection diagram represents the effect of corre-
lated scattering of the particle-hole pair off the
same local-moment site; and the last term in

t t t P f

+ 0 6 +

Pl

Pt Pf P t P+9t Pt

+ S S +

Pl Pl P+q l Pl

Pl I

Pf t Pt j Pt P+qt

+ 0 + — +

p+q &

I"IG. 7. Vertex equation for
the coupled susceptibilities.
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i(v+ vo},)

iv, k i(v+vc}, f=~+[X(((v+ v&&))
-Z(lv) j

S 0

I"IG. 8. Identity of the partial fraction.

Fig. V(b) a similar vertex correction for both the
impurity scattering, and the scattering from the
inhomogeneous vector field describing electron-
spin-lattice interaction that is due to the Hamil-
tonian X„.In Figs. 7(a) and V(b) all propagators
are dressed by their self-energies, and all dia-
grams have been included up to the second order
in the interaction parameters and to the lowest or-
der in the concentration. Formally, to this de-
gree of accuracy, any vertex correction or off-
diagonal coupling diagram can be associated with a
corresponding one-particle self-energy by com-
paring the propagators, cut by intersecting the cen-
tral part of the diagram.

The dynamic susceptibility is obtained by solving
these coupled vertex equations. The susceptibility
is a two-particle response functi. on and should be
given in terms of quantities which display certain

two-particle properties. For example, two-parti-
cle character of the self-energies associated with
the physical processes involved can be inferred by
the examination of the denominators of these qn. an-
tities. '4 It is also desirable to treat the contribu-
tions which arise from the vertices and the self-
energies upon an equal footing.

To perform the sum over the internal frequen-
cies and momenta, a few algebraic rearrangements
will be used which transform terms of Figs. V(a)
and 7(b} into a more convenient form. The identity
illustrated in Fig. 8,

C, (i(v+ vo)) C, (iv) = (((& —ivo) (C, (iv) —C,(i(v+ vo))

+ (Z...(i(v + v())) —Z„,(zv)) C, (i(v + vo)) C, (zv)].

(3.3}
is used for the product of all incoming pai. rs of the
dressed Green functions (both fermion-spin or
electronic) in all terms of the diagrammatic e(lua-
tions [Figs. 7(a) and 7(b)]. Using the algebraic
rearrangement of the various terms, as shown
diagrammatically in Fig. 9 and algebraically in
Appendix A, it is possible to rea.rrange all terms
in such a way that they may be written exactly
solely in terms of the self-energy-like quantities.
The following equations are then obtained:

((v, —iv()) )(', (iv()) = ((o, —iv()) Z c(e"/Z, ) (g, /v 2 ) A, (ivr,. i(v+ v, ))

+ (e"/Z, ) [Z.".', )(z(v + v())) —Z (',I) (iv)] (-,' cg, )A, (iv, i(v+ v, ))

where A, (iv, i(v+ vo}) is the full vertex on the left-
hand side of Fig. 7(a), and similarly, A~(iv,
i(v+ vo)) is an electron contribution to the full ver-
tex of Fig. 7(b), labeled with the momentum f).

Use has been made of the fact that the internal fre-
quency v involved in the summation is a dummy
variable. For the electronic vertex one obtains

2

(w, —ivo)X~ (ivo) = ((d, —ivo) 5 (g, /W2) A&(iv, i(v+ vo)) =Z
2 [G~, (iv) —G&, (i(v+ ))v]o[Z+,( ( z+vvo))

V V

+ Z,&, (i(v + vo))+ Z,z, (i(v + v())) —Z~, (zv) —Z„,(zv)- Z,z, (zv)]~ Av(iv, z(v+ v()))

+ —(cJ'(S,'. ) —c'4'+ c'H'(Iz,')) . — . Z ~~q A,.(iv, i(v+ v, ))
N E&, ~

—z v + vo'cz„—zv z, i 2

f ~&+ z&~)fz~f~t+f ()(+ z~~)fi~fa~
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f'(&+ 2~.)f; fp +f (&+r~.)f. fp f'l&- 2~«)f-p(f. +f (&- z~.)fp f«
6 i —tp, + i]. + «(g« —g(V + Vo) Cp I

—6«, + i(, —p(d« —l(V + Vo)

f '(& —z~.)f«ifp)+f ~~ —z~.)f«(fp( f'(& —z(d~)fp(f«)+f ~& —«(d, )fpif«)
E'«, —tp, '+ A. —«(()« —g(v+vp) &p(

—«~, + A. —2 ~« —gv

f'(& —z~, )f«ifp(+f (& —k&.)f«(fpi f'(&+ '~.)f-pif«(+f (1]+2(d.)fpif~'(
t~g —6pt+ ~ —p~~ —tV &p)

—g t+A, + g(g)q —jv

f (1(+ «~,)f«(fp)+f (P. + z~„)f«fpi cog,
g i —«pi + A, + «(()« —gv 1/3

(&, —zv()) }],' (ivo) = (ru, —ivo) Z (g,/¹2 ) /1 (iv, i(v+ vo)) =- Z (g, /2N) Z [Gp, (iv) —Gp, (z(v + vo))]
ppp V' p

+Z [Z„,(i(v+ v()))+Z.„(i(v+v,))+Z,",", (i(v+ v, ))+Z,",I)(i(v+ v, ))

—Z ~, (gv) —Z «g, (7v ) —Z «« i (gv ) —Z «g f (sv)] (g« /NV 0 )Ap('Lv) 'p(v + vo))

—(ii. /g) (8"/z)[z...(((v+ Ps))+z.".l'(((| +PQ)) —E...(iv) -E.".l'(iv)] (cii. //2)A((P, i(v+I 0))) . (8. &b)

Equation (3. 5b) is the sum over the p labels of
Eq. (3. 5a). The self-energies Z„orZ„will be
assumed to contain both first- and second-order-
in- J contributions, unless specified otherwise.
}(,
'

(ivo) = (I/1V) Zp ](p (ivo) is the electron susceptibil-
ity per lattice site

In Eq. (3.4), the first inhomogeneous term is
a. contribution from the first simple outgoing vertex
in the vertex equation in Fig. V(a). It will give rise to
a static magnetization in the numerator of the dy-
namic susceptibility. The second term has con-
tributions from all of the vertices. The third
term has arisen from the vertex correction dia-
gram, and it adds, '5 for 8= —,', to the longitudina, l
one-fermion true self-energy which appears in the
second terms because the exchange interaction is
spin dependent. The last term is the result of the
off-diagonal coupling. Its first part of the first
order in J will give rise to the local-field terms in
the Bloch equations. Note that the off-diagonal
coupling of the second order in J contains the
longitudinal self-energy doubled. Apart from the
momentum dependence, the same description holds
for the analogical terms in the electronic equations

(3. 5) plus the direct electron-lattice coupling
terms. The self-energies that are due to the spin-
independent potential scattering were cancelled by
their corresponding vertex correction.

Thus, apart from the g-factor ratio, terms of
the second order in t which are equal in magnitude
appear in both the electron and local-moment equa-
tions. In the local-spin equation, the terms Z„'s
(the one-Iermion true self-energies and vertex
correction) and the terms (g, /g, )Z„'s(the off-
diagonal spin transfer) represent scattering-out
and scattering-in processes for the local-moment
magnetization. In the electronic equation, the re-
verse is true. However, it should be noted that the
terms Z„'sin Eq. (3.4) are proportional to the
product of two different matrix elements, for ex-
ample to (-,'I ()'I —-', )(-', I

8'I -', ), while the true elec-
tron self-energies in Eq. (3.5) are composed from
terms proportional to the matrix elements squared,
for example I (—,

'
I (), I —,') I

2 as is expected from the
"golden rule. " This general algebraic equality is
a consequence of the mathematical symmetry (ro-
tational invariance) of the interaction Hamiltonian
K„.Had not it been the case (e.g. , Z, W J;, ) this

P+q, o t

p,o (7

t (+~}t, (+~}5
P~ P+q iv, 4 i(v+v0)k P+q

4S —tv0) ~ = '+ — ~ 4" + X(i(v+v0)) -X(iv) P~ +q0 0

(-(ri
FIG. 9. Algebraic rearrange-

ment.

Pe& P+q~~
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equality would not have obtained.
The equations (3.4) and (3. 5) are exact rear-

rangements of the original vertex equations in
Figs. 7(a) and 7(b), provided that dressed propa. —

gators (by both the exchange self-energies and
the lattice self-energies) are used for evaluation
of the self-energy-like quantities, obtained by
their rear rangements. This would require the
self-consistent evaluation of these self-energies.
Only the first-order self-energies, used in this
paper, will be dressed. Evaluation of the second-
order self-energies can be done to finite order in
perturbation theory, by the methods presented in
this section. However, this is very complicated
and will not be considered here. In what follows,
their undressed values given in Eqs. (3.1) and
(3.2) will be used. This simplification is justified
in the high-temperature limit where AT&(do, ~„
+, and the imaginary parts of the self-energies
themselves; since the range of variations involved
in their evaluation is kT, the self-energies must
also be slowly varying over the thermal width kT.
Generally, provided that the total one-fermion
widths are smaller than kT, their frequency depen-

dence remains the same as for the "bare ones. "
At low temperatures, the self-energies become
frequency dependent and the complications con-
nected with the self-consistent evaluation are be-
yond the scope of the present study.

The next step is to evaluate the terms in Eqs.
(3.4) and (3. 5). They are of the form of the sums:

Z [Z.
„

(i(v + v, ))A, (iv, i(v + v(,))].
V

The self-energies of the first order in J are fre-
quency independent, so that they can be factored
out of the summation. It is obvious from Eqs.
(3.1) and (3.2) that the general form of the self-
energies second order in Jor 0 is such that they
have frequency dependent denominator, in a very
similar manner to a, propagator. The identity
(3.3) will then be used with advantage for the prod-
uct of this denominator with that Green's function
contained in A with the opposite spin label to that
of the self-en. ergy.

The reader is referred for more detailed deriva-
tion to Appendix B, all of the summations are of
the same general form. The following is a typical
term:

(cg, /W2) Z [(e"/Z, ) Z.",,"(i(v+ v, ))A,(iv, i(v+ v()))] = Z.",,"(X——,'(d, —Z„,(e„,—~, + X+ —,'(d, —iv, )+ ivo)x,' (iv, )

—=,",,"(X-,'~, —Z„,(e~„-e~+ i(+ —,'(d, —iv, ) + iv()) (1+Xy', (iv()))

+ c(g, /v 2)Z [Z,"„'(i(v+v()))-Z,', ', (iv)]A, (iv, i(v+ v()))+(g, /g ) (g, /v 2)

where X=27/g, g„and

x Q f[Z+8 ~(i(v + vo)) —Zzz, (lv)] g(xv~ x(v + vo))]'
&

(3 ~ 6)
VpP

(2)) ~ ~~ ~ c~~ m z~z~ivia m f '(&+ ~2())s)fu+ ai&fi, o+f (~( 2&&)fn+ e, of&, v c I.I i)+ ZVO = — — ~ (J/ &+J ~ rK&+'+ &0)

&&(s)...,, —~, ,+(d, —iv())
' . (3.7)

In Eq. (3.6), the first term on the right-hand
side is a product of the self-energy-like quantity
with the fixed arguments times the spin suscep-
tibility i(,

' (ivo). A comparison of Eq. (3.6) with
Eq. (3.4) tells the meaning of this quantity; it is
a, two-particle self-energy, a contribution to the
relaxation rates in the denominator of the local-
moment susceptibility. The second--term in Eq.
(3.6) represents both the inhomogeneous and the
off-diagonal term in the linear equation for
y', (ivp) They involve the quantity designated =;
its value is given by Eq. (3.7). The off-diagonal
term is the product of the inhomogeneous term
times the direct spin-flip coupling of the spin and
conduction-electron "bubbles. " It produces the

local-exchange-field term in the Bloch equations.
The superscript (4) on quantities such as Z,', ',

means that they are of the fourth order in J. Some
of these terms are explicitly displayed in Appendix
B. Their form shows that they can be interpreted
as fourth-order processes which arise from the
overlap in time of the scattering processes occur-
ring to each of the two particl'es involved in the
two-particle propagator, from the overlap of the
vertices with the self-energies of the particles,
and also from the overlap of the vertices with
themselves. The interest of the present paper is
to evaluate the tago-particle quantities up to the J~.
It is argued in Appendix 8 that it is consistent with
the declared degree of accuracy to omit these
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fourth-order terms.
Again, the lowest-order approximation when

evaluating quantities Z' ' and =' ' is to ignore Z„
in their arguments and to replace propagators
C, (i( v+ v8)) by Cp)(i(v+ v8)) when evaluating =' '.

Also, at this point, it is convenient to perform the
final projection by letting A.- ~. Notice that as a
result of the algebraic rearrangements above, the

Z and = contain A. as an argument, which cancels
the A. which appears in the single-particle self-
energy, so that the only dependence on X which re-
mains is the one in the fermi functions in the nu-
merators of Z's and ='s. The spin characteristics
are obtained from the one-fermion quantities.
With the above approximation, the following ex-
pressions are obtained:

2 4'+

T &8)) ) ~&. ~ ~ Q JP+ar&J 8&lm t — + gVO ~ p

p, q, v &p+q, e ~p, c+&s +'0
(3.8)

(8) ) ~ ~u& . ~g' g C(~/2&)'[n'„(f8.„,-f8, ,)/(~P. .,.—&8,.)]lim =„,~ —~+ ivo
~p+ q, e ~p, g + s SVO

(3. 9)

where ))„=e 8"~/ /Z, . An examination of both of
these quantities and especially of the denominators
of the expressions (3.8) and (3.9) justifies our ef-
forts. They have two-particle-like character asso-
ciated with the corresponding excitations of the
spin system and they are of a form to obey the en-
ergy conservation requirements for the process.

The numerator of the term =' " resulted from
the frequency summation in the numerator of Eq.
(3.7). It is the first-order contribution to the ex-
pectation value ([a~~„,a~,S; S ]) and the whole
term .- '~" is then a contribution to the inhomoge-
neous term in the equation of motion'6 for the prop-
agator (Ta~~„,08,S'(7)S ). In turn, the last prop-
agator appears as an intermediate state via which
the transition in the local spin system proceeds in
the equation of motion for the propagator

(TS'(7)S ) with the factor of proportionality A
The form of the inhomogeneous term =,'," is thus
seen to be appropriate to the propagator
(Ta~~„,a~,S'(7)S ) which is associated with the
intermediate state involved in the local-spin self-
energy Z,',". In this particular case, the transi-
tion (towards e)Iuilibrium) is due to the exchange
interaction; the electronic excitation are longitudi-
nal-like. The self-energy Z,"," is expressed in
terms of the one-fermion self-energy with argu-
ment appropriate to the energy conservation of
this process.

The quantity =' " is then continued into a com-
plex plane by letting ivo- +0+is and then is sepa-
rated into its real and imaginary parts with the re-
sult

+ 0+ gg —Re &+~ g — + Q)o

+'L)T 2 5(ep~q g 68 g+(d8 M8)
0808& ~p q, fy ~p, o'

= Be=~8t
) ()) ——,'M, + (~8) + i Im [Z.".t) (X ——,'(o, + M 8+ ss) ]y,', , (3.IOa)

where

~Q (Cg8/2Z ) [(eH(ug/2)- tu8)8 (tue)8/)/8(8)]
(3. IOb)

and where the 5 function has been used in the last
step.

In exactly the same way the rest of the terms
entering the spin equation, and all terms in the

' electronic vertex equation, are derived. Their
general form as well is the interpretation and iden-
tification of contributing processes and is similar
to that one of the term exemplified above. For

derivation see Appendix B.
In the spin equation, there will be two resulting

susceptibilitylike quantities y„,))„connected with
the self-energies Z„,or Z„,, respectively. The
same situation arises in the electronic equation;
there, the additional index p must be added to label
contributions of a single electronic momentum p.

In what follows, the separation into the real and
imaginary parts of the = quantities will always
have been made and hence Re= will be written
simply as =. The superscript and subscript con-
vention of ='s will be exactly the same as that one
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for Z terms. The net result of the above approxi-
mations and rearrangments are the following re-

placements for the sums involving products of self-
energies and vertex functions:

Z [c(e"/Z) Z„,(i(v + vg)) (g, /v 2 ) A, (iv, i(v+ v,))]- i ImZ. .. (X —,(o, —+(dg+ is)

&bp ((dg+ps) —y„[l+Xgp ((dg+2s)]}+RGZss, (X —
(gd&+bldg)$8 (Q)g+gs) "89,(X —~RQ)s+g/g)[l+XXe ((gg+g's)1 t

(3. 10c)

2 [c(e /Z)Z„,(iv) (g, /v 2 ) A (iv, i(v+ vg))] - ilmZ„,(X+ —,(o, —(og —is) fy,
'

(rug+ is) —y„[I+ Xy„' ((g-g+ is)]}
+ Rez„,(X+ -,'~, -+g)){,'(+g+ is) —:-,.~ (X+ z|ds -&g) [I+&Xp {&g+is)], (S.1 la)

where

g ( p/2g )[( &~8/g)g -Ha&z/2&-rag38)/(~ & )]

and for the electronic vertex functions

~[Z...(i( + o))(a, /~2)A, {,{ + )N- I Z.. (& + + )IX" (go+ )-X.[I+&X.' { o+ )1}

(3, lib)

+ RGZ q(tp, +(o'g) Q (Mg+ Ss) — p, (tp, +cog) [1+~1 ((d g$+)]s~ (3.12a)

Xp =kg', ([f'(&p +(og) -f'(&p )]/((u, —(ug)}, {3.12b)

rl [Z„,(iv) (—,'g, )Ap(iv, i(v+ vg))]- ilmZ„,(tp, —(og —is) (yp ((gg+ is) —yp, [1+XX,
'

(Idg+ is)]}

where

+Rez„,(ep, —~g)x,
' (kg+is) —:-„p,(gp, —(gg)[1+Xg,' ((kg+is)], (3.13a)

xp', = lg! (If'«p ) -f'{ep -~g)]/{~.-~g)}
and where the various = terms are listed in Appendix B. The Z„(iv)self-energies in the electronic equa-
tion describe the electron-lattice relaxation and their rearrangements yields equations which are exact
analogies of Eqs. (3.12) and (3.13).

From Eg. (3.4) and (3. 5) it is obvious that the vertex correction contribution will always add to the self-
energies. Also, the arguments of all terms have now been fixed, and so some new definitions will be made.
Using the above results, E|ls. (3.4) and (3. 5) become, after the final projection and continuation (ivg

47g + Fs)i

((0& Mg zs) 18 (4)g+ls) gcg& {n» n&y)+ B(cog+ ps)

{(d,—(dg is)y,' ((dg+i—s) = —,'g,' (n„-n,, ) —(g, /g, )R(a)g+ is)

+ (I/At' )ZilmZ„I(p, ug+ is) (g (rdg+ is) —yp, [I+Xg', (~g+ is)]}

(S.14)

+(I/Z)Z iImZ. „(p,g)g+is)(lip'-(~g+is) —y„[1+X)(', ((og +is)]}

+ (I/A/) Z Re [Z„,(P, a)g) + Z„,(P, (dg)] yp' ((ug+ is) —=-., (~g) [1+Xy', (rdg+ is)], (S.15)

where

R(&og+ ts) = l lmZS»(mg+ is) lg~ (rdg+ is) —g» [1+Alp (erg+ is)]}+ tlmZ~„(&dg+ as)

x(y,' ((kg+is) —y, , [1+X/,' ((g +isg)]}+Re[Z„,(~g)+Z„,((gg)]y,
' ((kg+is) —:-„{cog)[1+X/,' {big+is)]

—(g, /g, At') Z 'I Z„,(P, v, +is)fy' (,+is) —y, [I+XX,' (,+ 's)]}

—(g, /gx)Z iImZ. „(p,(kg+is)(Xp (rdg+is) —~, [I+ay,' (~g+is)]}
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—(g, /g &)~ He(Z (P»o)+Z, (p»o)]yp (»0+is)+(g /g ):" ( o) Il+~V'. (»o+is)] (3 16)

and where the newly defined quantities are

Zaat(»0+ 2S) = llnl Zaat X — +»0+ 'Es +Za, t( — +»g+ Es
g~ce

fp". fp.. fp « fp+ (3. 1Va)

Z,„,(»0+ is) =lim —Z„,X+~& —(do —is —Z„, X+~& —(uo —is

fp atfpi+ (3. 1Vb)

~(d . (p~ ) ~(d

"aa(»g) = llm "pat t(. — + (z)0 —as + "aat )(. — +»0+ IS —"aa, X+ —(t)0 —Zs — aa, A + —»g —SS

Ck q ~ g Q fp+ ata fpta 3((astf@+atfp' PItttf p+ atf pi)

2 N p 2 (tg, t + t tt)(tt t' ) (t ft t tt)(tp t M ))
(3. 1Vc)

Z„,(p, (d, + is) =Z„,(&„+»0+is)+Z",,",(ep, +»0+ is) =
3

(n„—n„)

2(S.') Z — —
1

. +(S'+S,')Z 1 (S,)+
q p+qt pl 0 q p+q& p& S o q p+q p S 0

(3. 18a)

Z, , (p, »()+ is) = —Z.„(e„—»() —is) —Z.',",'(e„—»0 —is) =
3

(n„—n„)

3(go)g ~ (So~so) Q 1 (~s) Q fp+a' fp a'

&pt
—6p+ q~

—Q)P ZS q 6p t 6p+qt + & —Q)0 2S 2
q

E'p t
—6p+ qt + ('g& &&0 SS

(3. 18b)
=-..((00) = —~ =-..(u (do) = —~ t=.. (~p»0)+-. ."."(e„-»0)-=-.. «p -»0) -=.."."(ep —io)l

p p

($2 $0) fP q P ($ ) fP fP P (3 18 )
(Cp, q.

—
ap + (t) t —(dg) (ap, q., —Ept +»a) (ep, q

—
ep +»a —»g) (Ep, qt

—tp, +»a)

z.„(p,.„~'t)=z., (t, , +, it)+z.,'(t„~,+is)=—t ' - + —. ), (t. tttt)
&' ~ &c'((n.') —c'(f )') c'(f(„'+g)

q Cp q f 6pg &&0 ZS &p+ q$ Epg (do ZS

e' ~ &c'((f ', ) —c'(a, )') c'(a„'+g)
Za(i(f)t (t)0+ zs) — Za((Ept »0 zs) —Za( (op t »() as) ~ . +

~p t ~pp q) (do ES 6p t 6p~ q t Q)0 SS

(3.19b)

ql(»0) ~ ' al(P »0) t~ ~ ( al t(~Pi »0) + alt (Opt »0) alt (Opt »0) alt (apt »0)]
p p

= c'g, (H/N)' Z ((iI,') —c'(fI, )')Z —
"-' — " -- —(fa'+ fa')

p (tp, «p»0+» ) (ep Kp ) (Ep tp»0) (ep cp )

(3. 19c)

E(luations (3.14) and (3. 15) are a. Set of linear
coupled equations which describe dynamical be-
havior of the local-spin-conduction-electron sys-
tern at all temperatures. The form of the relaxa-

tion terms in E(ls. (3. 15) and (3. 16) is of the form
of the relaxation towards the local instantaneous
internal field, which was evaluated up to the first
order in J.
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p+q

FIG. 10. (a) The (c) order
electronic vertex correction; (b)
the anomalous (c) diagrams.

p) P+q I

(a)

All quantities in Eqs. (S.1V)-(3.19) are of the
same general form, and their interpretation goes
along the same lines as for the exemplified term
Z,',t'. They are written in such a way that their
first part represents a term of longitudinal charac-
ter, and the remaining part a term of transversal
(spin-flip) character; each contains relevant con-
tributions from both up and down fermions. The
electron-lattice terms, the Z „'sand =„'s,are due
to the model Hamiltonian used, and are exact anal-
ogies of the electron-local spin terms.

The evaluation of all of these quantities is
straightforward. For a square-band model of the
width 2D, in the high-temperature limit (kT» +„
~„~0),the following explicit formulas are ob-
tained16

Z„,(+0+ is) = (—,'J') (n„—n„)+ 2(pJ)

x[(~0 ——,'~, ) In(yD/mk T) + —,'~, ln2

—2oD ln2+imkT], (3.20'a)

:"„(&uo)= (-,'g, ) 4c(pJ) (S, ) In(yD/vk T), (3.20b)

Z„,(p, ~0+is) = (—,'cJ)(n, -n„)
+ cpJ2 (S, & [2 In(vkT/2yD)

+ im tanh((~, —~, —a~, )/2kT)]

+ ivcp J (2 (S,&+ (S„)+ (S,)),
(S.2la)

Z...(p, (g, +is) = (-,'cJ)(n„n„)-
+ cpJ (S, & [2 ln(mk T/2yD)

+ iw tanh(((g —~0+ ep,)/2k T)]

+ ivcp J (2 &S, &+ & S„)+(S~ )),
(S.2lb)

=-„(roo)= —(-.'g,') «(p J)' &S, &»(yD/»T),
(S.2lc)

Z„,(P, ~0+ is) = Z„,(P, coo+ is)

= iso'pH [2((k, ) —c'(k,) )+ (k„'+k,'&],
(S.22a)
(3.22b)

where p= I/&~ is the constant one-spin density of
states close to the Fermi surface, and y=0. 58 is
Euler's constant. The imaginary parts of the ex-
pressions Z„,and Z„,are in fact valid at all tem-
peratures. Their momentum dependence, which
is due to a part of the transverse contribution, is
explicitly displayed. At high temperatures, the
ratio of the momentum-dependent part to the mo-
mentum-independent contributions is &g, /kT. In
the low-temperature regime and for general spin,
this ratio can be roughly considered to be 1/2S. '~

The low-temperature evaluations are done in the
same way and are listed in Appendix C.

C. Higher-Order Concentration Effects

The diagrams which would have yielded higher-
order concentration effects, were dropped from
the beginning of this calculation. However, they
are useful in the interpretation of the longitudinal
electronic self-energies. The diagrams in ques-
tion include electronic self-energies proportional
to c in Fig. 6(f); their corresponding vertex cor-
rections are illustrated in Fig. 10(a) and localized
moment self energies in Fig. 5(d). The localized-
moment self-energies do not have any correspond-
ing vertex corrections, but rather the series of
diagrams illustrated in Fig. 10(b). Again, as ex-
pected for regular self-energies, the electronic
self-energies 6(f) have corresponding off-diagonal
coupling illustrated in Fig. 11(a) and the spin self-
energies 5(d) are associated with diagrams in Fig.
11(b).

Inclusion of the conduction electron self-energies
6(f), their corresponding vertex corrections, and
off-diagonal coupling diagrams results in only one
algebraic correction in the expressions for the
electronic self-energies; namely, the factor c(S,')
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(&+ z(&~ o)o —&s)~ (2r, c) r

(S )
I Q fP+a. ~ fP~& (3 23b)

N p, &p, q~ —Ep~

$

$ x
I

~I

FIG. 11, (a) Off-diagonal coupling associated with
diagrams 6(f) and 10(a); (b) the off-diagonal coupling
associated with diagrams 5(d) and 10(b).

in Eqs. (3.2f), (3. 18), (3.21), and elsewhere is to
be replaced by the factor c((S,) —c(S, ) ). Com-
paring Eqs. (3. 18) and (3. 19), it can be seen that
the longitudinal electronic self-energies may be
interpreted as the result of electron scattering off
the microscopic inhomogeneous fluctuating mag-
netic field produced by the local moments, giving
rise to the so-called "frequency modulation" con-
tribution 1/T( to the relaxation rate. Note that
for concentrations p = 1, the above contribution is
identical to the usual scattering contribution by a
thermally fluctuating magnetic field of the local-
moment system.

Tne changes corresponding to the diagrams
associated with these higher-order spin self-ener-
gies consist of adding the following term contain-
ing two self-energy-like quantities to Eq. (3. 14):

I ~,".'"«&o+ is)+ ~.".'"(~o+ is)1 x.' (~o+ is)
(3.23a)

where

Zse ' ((dp+ 'LS) = Z~~eI' ()( —2(d8+ (Mp+ KS)

+(2(,c)( ~

) 2 (S )
~ 5 fb+e~ fp'
N p ~ gp~ —

&p ~™0—ss
(3.23c)

The self-energy Z,',)")((so+is) is real, and hence
enters the equations in the same way as the other
real terms. However, the quantity Z(,'"((so+ is),
which is not real at finite frequencies, does not
enter the equations in the same way as the other
self-energies which represent the effects linear in
c. The meaning of this quantity is not understood.

IV. TRANSVERSE SUSCEPTIBILITY

A. Susceptibility

In order that Eqs. (3. 14) and (3. 15) may be
written in terms of y,

' ((op+is) and )(,
'

(zo(+is) only,
and to identify explicitly expressions for the re-
laxation rates, the sums over momenta p must be
moved to the right of the electronic self-energies.
This is justifiable in such a regime where over a
region of the width 4 T around the Fermi surface,
the dependence of the electronic self-energies on
the a.rgument q~ is weak as is the case, e.g. , for
high temperatures and/or for large local-moment-
spin magnitude. At very low temperatures and
small spin, Eq. (3. 5a) rather than (3. 5b) would
have to be summed over the internal frequency iv.
By comparing Eqs. (3. 5a) and (3. 5b), the result
of this sum can be inferred from Eqs. (3.14) and

(3. 15). The result, though formidable, is quite
straightforward, and would represent the solution
of the given Hamiltonian to the declared degree of
accuracy.

In the high-temperature or large-spin limit, the
momentum dependence of the electronic self-ener-
gies can be considered weak. There is no such ap-
proximation necessary for the spin self-energies.
In this limit, Eqs. (3. 14) and (3. 15) will reduce to

(p), —(pp —is)li,
'

((up+ is) =g, iaaf', —:-.,(o)p) [1+&y.
'

(o)()+ is)]+ (g, /g, ):-„(p)p)[1+&l(', -(o)p+ is)].(g. /g. )(~g.~'. -R [~.'.", (i.. .) ~,".', (i.. .)]]X.' ( . ' )

-(Xg,M; —Re [Z,",,'(p)p)+Z,"„'((dp)]jib,
'

((do+ is)+ ilmZ„,(o)p+ is)(y,' ((gp+ is) —g,', [1+)(l(,' (o)p+ is)])

+i™-((do+is)4." ((do+is) —X. [I+&X: ((do+is)]J

—i(g, /g ) 1m[~ ~((&o+is) Z+„,( (ooi +)]s7Xe ((do+is) —X, [I+&X,' ((do+is)] j, (4. 1)

((p —(dp —is) l( (p)p+ is) =g,Af', —-" ((zo)[1+AX (o)o+ is)]+ (g /g )-",(o)o) [1+)(l(,' (o)o+ ps)]

+ (g, /g, ) pg. iLf', —Re [Z,"„'((~p)+Z,",)((&p)]j li", (o)p+ is) —$)(gM', —Re [Z(o)(p~, o)p)+Z(o), (p„,(d, )]j li,
' (o)p+is)
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+ iIm[Z„,(pz, &p+ is) +Z„,(pz, up+ is)+Z„,(pz, i»p+ is)+Z„,(p~, ~p+ is)] (X', (Qpp+ is)

—X', [I+&X,
'

((up+ is)]}—(g. /g, ) iimZ. ..(~p+ is) fX,
' (~p+ is) —X'„[1+XX', ((up+is)]}

—(g, /g)elm Z„,(w p+i s)IX,
' ((»p+is) —X„[I+XX,' ((»p+is)]}, (4. 2)

where X = 2Z/g, g, is the molecular-field constant

and where the two-particle self-energies have been

decomposed into their first- and second-order con-

tributions, the superscript (2) designating the

latter quantity. They are expressed by Eqs.
(3. IV)-(3. 19) in terms of the one-particle self-en-
ergies. The approximations y„-—y„—-y, , the con-
ventional Pauli susceptibility, and =„=0,ReZ„
=0 have been made, all of which are valid for

f kT, Q)p, + . , Q), Im(Z, +Z,g)] +~ Ep. X, and

as given by Eqs. (3. 10b) and (3. lib) represent
modifications of the static spin susceptibility ap-
pearing in the relaxation to the internal field terms
at temperatures which are not large compared to
the external frequency i&o and the resonant frequen-

cy r», . M', = ,'g, (n„—n„)a—nd M;= ,'cg, (—n„—n„)
are, respectively, the electron and local-spin
magnetizations per lattice site in the z direction.

Before going to further approximations, the dif-
fusion term in the presence of a large impurity po-
tential scattering will be introduced. Its deriva-
tion requires rederivation of the equations of Sec.
III for the qo 0 susceptibility X' (q, I»p). For ~q I

small, the present mathematical framework is
used with the substitution q~, - &~„,and the addi-

tional replacement g~ (j», f~„,) —(n„——n„)
—p(p q/m) everywhere it is relevant. Spin dif-

fusion is associated with the electronic density

transport represented by the vertex correctionlike
diagrams for finite q and thus determined-by the

largest scattering cross section for the process.
A more detailed derivation is contained in Appen-

dix D. If the usual approximation (well satisfied

(68 &»p)Xa~ (»p+ is) fz Xa ((»p+ is)

(&e —'» p) Xe ('»p+ is) &8Xs 4p+ is) = 8, ,

which have the solution

(4. 3)

(4.4)

where

((»p+ is) = X,
'

(r»p+ is)+ X', (up+ is)

(&e '»p)'0m+ &si)e+ (&s ~p)ale+ &p4

(&s ~p) (&8 &»p) 4&a
(4. 5)

in practice) that the single-particle impurity-
scattering cross section is big, namely, that

(Im~i ~ ~el& ~es& l(~e —no~~ ~q' kzI, is made,
it is seen that Eq. (D15) for the susceptibilityaver-
aged over the directions p, is the same as Eq.
(4. 2) except that the diffusion term i Dqp has been
added to the right-hand side of Eq. (4. 2) every-
where the self-energy Z„appears and where the
diffusion constant D = [1/3Z, (~p+ is)] v~, v~ = p~/m.
Owing to its large cross section, the impurity-
scattering time appears in the diffusion constant,
though it does not directly contribute any relaxa-
tion rate for the magnetization. The diffusion
term as it appears in Eq. (D16), and consequently

in Eq. (4. 2) for qw 0 susceptibility, is again of the

form appropriate to the instantaneous local field.
Collecting then the terms in Eqs. (4. 1), modi-

fied by the diffusion term Eq. (4. 2), and making

the high-temperature approximation that the sus-
ceptibility X„—-X,,

-—g, , the local-moment static
susceptibility, the following two equations for the

coupled dynamic susceptibility are obtained:

p, = I», + Xg, M', —Z,".'(~ p+ is) —X(g, /g, ) [i ImZ „((»p+is) X,'+ =„((up)],

C, =g, M; —(g, /g, )Z,",'(asap+ is) —X[i ImZ„((op+is)X,'+ =„((up)],

ii =g M -" (~p)+(g /g )= (&p) iImZ, (~p+is)X, +i(g, /g )ImZ 4p+is)X,
(4. 5)

e. = w, Xg,M; —Z,",'((up+ is) —Z „(~p+is) —i [v„'/3Z, ((u +ips)] q' —X(g. /g ) [iImZ. ,((up+ is) X,'+ =„((up)],

g, = gXM', —(g, /g )Z,",' (~p + is) —X((i Im [Z,.(~p + is) + Z „(~p+ is)]+ i [v~/3Z, ((up + is)]q'}X,'+ =..(cup)),

(~p)+ (g /g, ) (&p) —
Li Im[Z (ppp+ is)+ Z ~(&p+ is)]

+ i[vs/3 Z, (PPp+ is)]q }X, + i(g,/g, ) ImZ„((op+is) X, ,

where the various two-particle self-energy contri-

butions have been combined according to
es~V'z ~

p+is)+ Z,~,(pr, pp~ is) = Z„(&up+is). The

combination of the spin self- energies has been per-
mitted ow'ng to the high-temperature (kT» ~p) ap-
proximation. In the opposite temperature limit,
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a similar set of equations can be written with g, ,
The form of the diffusion term, such as in

Eq. (4. 6), is dependent upon a strong potential scat-
tering and small Iq l.

, M, =g, [M, ~(H,„,+XM,)]

+ (g', /geTes) [Me- xe (Hext+ xM.)],
(4. 7)

dt
—M =g [M~x(H,„t+XM,)]

—(I/Tos + I/Tei- D v ) [Me- xe (Hext+ & M.)]

+ (g, /g, T„)[M, —X, (H,„t+XM,)], (4. 8)

where

1/T„=4io'(pZ) kT,

1/T„=2imcp J [S(S+ 1)~ (S,)],
I/T„=2 i vpcH'[2((h, ) —c'(h, ) )+ ((ho)~(h, ))],
D = o T( vp, I/T( = 2 inc'pA (4. 9)

These equations are identical to those proposed
by Cottet et al. , except the scattering-in terms
are multiplied by g-factor ratios, that is, 1/T„
in the spin equation byg, /g„ 1/T„intheelectronic
equation byg, /g, . The diffusion term is included.
It is trivial to show that the static limits of both
X', (0) and X', (0) are individually real. The pair of
the Bloch equations (4. 7) and (4. 8) has solutions
Eqs. (4. 3)-(4.6) with the real second-order terms
omitted. Consistent with the molecular-field
approximation, the unenhanced susceptibilities
may be rewritten

x, = g, M,'/(~, + Ag, M,')

and

x.' = g.M:/(~. + Xg.M'.) .

Then the static (&co= 0) limit yields

X: (o) = g.M.*/~. = X'(1+ x X.')/(I —x'X', X,') '

x: (o) = g.M:/~, = x'(1+ xx.')/(1 —x'X.'X.'),

which are the molecular-field results.
1

B. Bloch Equations

In order to compare Eqs. (4. 3) and (4. 4) with
the phenomenological Bloch equations, it is neces-
sary not only to consider the high temperature
limit 4'T & o, &, , but also the second-order log-
arithmic terms must be unimportant. Then
Eqs. (4. 3) and (4. 4) are equivalent to a pair of the
Bloch equations:

C. Local Internal Field

x,'[(1+xx.) &u, i/T ..]-
Xs ooo =

(1+ Xx,) &u, —i/T „&uo- is '—(4. 11)

where (1/T„)= 1m[Z„,((no+ is)+ Z„,(&so+ is)], and
where the molecular-field result g, M,' = X, (tu,
+ Xg, M,')= ~,x, (1+Xx,) has been used. The sum of
the first- order self- energies, that is, the "Knight
shift" would equal in this case Xy,&, . Equations
(4. 10) and (4. 11) are of the form of the relaxation
towards the instantaneous external field, i. e. , the
destination field does not include the internal field.
Equation (4. 11) trivially produces the expected
static result that X,

'
(&so= 0) = Xo.

The third term in Fig. V represents the direct
spin-flip off-diagonal coupling. Its value is equal
to the first term in Fig. 7 times Xx,

'
(&so+ is), where

X is the molecular-field constant 2J/g, g, . In-
cluding this term, instead of Eq. (4. 11), the follow-
ing is obtained:

[&u.(I+ XX,)- (uo- is]X; ((so+is)

= X (I+ Xx,) [1+XX8 (&so+ is)]

+(i/T )[a (~o+is) —X [I+"X' (~o+is)])
(4. 12)

This equation is of the form of relaxation towards
the local instantaneous field, including the internal
exchange field, and it has arisen from the inclusion
of the direct spin-flip coupling of the spin and elec-
tronic bubbles. To obtain the resonance condition,
one has to solve a Pa&' of coupled equations such
as (4. 3) and (4. 4).

The relaxation terms in Eqs. (4. 1) and (4. 2)
have the form of the relaxation towards the local
instantaneous internal field. Since there is some
controversy over the inclusion of the molecular
field in the destination vectors, it is of some im-
portance to show from where it has arisen. Below
a brief demonstration is given for the high-tem-
perature limit, and ignoring logarithmic Kondo
terms.

If instead of the full vertex equation shown in

Fig. V only the first diagram of the right-hand side
(the simple outgoing-spin external-field vertex)
were included, then the result would contain only
the first and second terms on the right-hand side
of Eq. (3.4); that is

(&u, —u&o- is) X,
' (~o+is)=g, M,'+ ilm[Z„(&so+ ss)

+ Zan~ (~o+ is)] [Xs (u'o+is) Xs]

+ Re[Z„,((uo)+ Z.. (&o)]X: (~o+ is) —:-„((uo).
(4. 10)

Ignoring the second-order real parts, which is
equivalent to a molecular-field approximation, the
result for X' (ooo+is) would read
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D. Static Limit

The static limits of each diagram in the vertex
equation in Fig. 7 must be real. If the so-called
strip integration method (integrations along dis-
continuity cuts of the analytically continued inte-
grands into the complex v plane) for the evaluation
of the diagrams were used, a value of the integrand
for each diagram would reduce at zero external
frequency to a sum of complex conjugate terms,
that is, a real quantity,

Thus, the static limit of Eqs. (3.4)-(3.6) are
exactly real. This implies that the static limit of
the bracketed term (X,

' (~o+ is) —X,[l+ Xx,
' (no+ is) j},

and of all similar terms in Eqs. (3. 14)-(3, 16)
(they describe the relaxation destination) should
identically reduce to zero. However, in the re-
placements (3. 10)-(3.13), the internal field is
evaluated up to the first order in J only, that is,
the second-order off-diagonal terms of the vertex
equations have not been included in the evaluation
of the relaxation destination vectors. Hence, the
bracketed terms will reduce to zero only up to the
first order in J. For these terms to vanish exactly,
and hence for the static limits of each diagram to
be manifestly real, it is necessary to evaluate the
relaxation destination terms to higher orders in J.

As is shown in Appendix B, this can be done by

applying the present methods to the above mentioned
second-order off-diagonal terms. This would yield
an additional second-order (in J) frequency-depen-
dent contribution to the relaxation destination vec-
tor, which is necessary for a correct analytical
behavior of Eqs. (3. 14)-(3. 16). For the sake of
simplicity, however, these missing terms (they
are of the "overlapping" type of fourth order dis-
cussed in Appendix B) have been omitted here.
This is consistent with the declared degree of
accuracy, since the aim of the present paper is a
comparison with the phenomenological Bloch equa-
tions. When this comparison is made, even the
second-order real terms must be dropped since
they have no simple interpretation in terms of these
equations. In this case, the correct analytical
form is again recovered.

However, this work does show that, in general,
in order to obtain the correct analytic properties
for the susceptibility, the destination fields are as
equally imfportant as the self energies t-hemselves
and should be evaluated to the same degree of ac-
curacy as the real parts of the self-energies, the
Z' s, and the inhomogeneous te rms, the "' s. If this
is done, one obtains the physically correct result,
that is, the relaxation bracketed terms in Eq.
(3. 14)-(3.16) vanish identically in the zero-frequen-
cy limit. It is then simple to determine the static
values of any of the susceptibilities x', (0) and

X,'"(0), for example, from the pair of Eqs. (3. 14)-

(3. 16). Upon adding any such pair of equations in
the zero-frequency limit, one obtains a simple
result for the total static susceptibility, that is,
x' (0) =- x.' (o)+ x: (o) =g.M.'/~. +g.~.'/~. , ~~~~~
M,' are the magnetizations "dressed" with their
self- energies.

V. DETAILED-BALANCE RELATION

In connection with the discussion of the phenom-
enological Bloch equations several variations of
the so-called "detailed balance" condition have
been proposed. '~

Dividing the high-temperature (kT»S~, ) ex-
pressions for the exchange widths in Eq. (4. 9) one
obtains directly the ratio

~-/T- = o [S(S+ 1)+ (S', )j/3 p&T = g'X.'/g.'X.',
(5. 1)

where X, = og, p and X, =og, S(S+ 1)/3toT are the
high-temperature values for the unenhanced static
electronic and local- moment susceptibilities. The
relationship given by Eq. (5. 1) contains the ratio
of the g factor squared. This is because spin is
conserved rather than magnetization, and conse-
quently [see discussion following the Bloch equa-
tions (4. 7)-(4.8)j, the scattering-in terms are al-
so modified by the g-factor ratio.

However, there do exist more general relation-
ships between the exchange widths, and also the
real parts of the second-order self™energies. Fig-
ure 12 shows the four simplest diagrams involved
in the off-diagonal coupling. By rearrangement,
each of them can be shown to be equal to that one
obtained from it by a rotation about 180", including
all matrix elements at diagram vertices. For
evaluation, use is made of the identity (3. 1), or
one can compare the above diagrams with Figs.
7(a) and V(b) and Eqs. (3. 4) and (3. 5).

For the sum of these four diagrams one obtains

(o', —ivo) Q [Z,', ', (i(v+ vo)) + Z,', ", (i(v+ vo))
PoV

—Z„,(iv) —Z,',",'(iv) jG~, (i(v+ vo)) G (i~v),
(5. 2)

and for the sum of the rotated ones:

(&u, —tvo) '(e" '/Z, )Z [Z,', ', (t(v+ vo))

+ Z","(i(v+ vo))- Z",'(iv)

I IG. &2. Off-diagonal transfer of magnetization.
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—&,'„"(iv)]C,(i(v+ vo)) C, (iv) . (5. 3)

Performing the sum over the interval frequency

in the same way as in Sec. III, and then equating
Eqs. (5. 2) and (5. 3), the following exact relation-
ship is obtained:

[I/g,'( .— — )]~( I P "(t, o+ )]h ( + )-x']+ I [E.". (f, o+ ))[x ( o+ )-x']

+ Re[E '» ~o)+ E 'V' +o)) Xp(+o+ is) (u'o))

= [I/g, (v, —u&o-is)](i I mZ,', ', (~ +ois) [X~(ooo+is) —X, ,] + ImZ,'„'(n'o+is) [Xs(u&o+ is) —X, , ]

+ Re[Z N', (u o)+ Z„,'(&eo)] ~(ooo+ is ) —=„(ooo)), (5. 4)

where the definitions of Sec. III have been used,
and where

y~(no+ is) = (og, ) (f&, —f~,)/(, — o), (, 5a)

X,(~o+is)= (g,/2Z, )(e " ' —e " )/(~, —&uo) .
(5. 5b)

Equation (5. 4) represents a general relationship
between the second-order self-energies. Again,
for sufficiently high temperatures (es»kT» u&„~o)
the following two equations for the real and ima-
ginary parts are obtained:

[1/g8(%8 —&0 —is )] ImZes (Roy is) [Xe(&o+ is ) —Xe]

= [I/g,'(+, —&uo —is))
ximZ 0'((so+ is) [X,(&so+ is) —X,'], (5.6)

[I/g (~ —ooo —is)] [ReE '(+0) X (n'0+is) = (o'0))

= [I/g.'(~.—~o- is)]

x[ReT' '(~o) X (&o+is) (~o)) (

where

X.("o+is)= X. &8(&.—&o- is)

X, (n'o+is)=)4 v, (~, —vo- is) '

and where all other quantities have been defined
in Secs. IIIand IV. Now, the difference X,(~o+is)
—X, gives the transient part of the dynamic trans-
ve rse susceptibility,

X (&so+is) —X = n'ox (&u —~o- is)

and for sufficiently high temperatures the same
holds for the local moments

X.(~o+is)- X.'= ~oX.'(~- ~o- is) '.
Equation (5. 6) reduces then to Eq. (5. 1). However,
the general relationship (5. 4) is valid even at low

temperatures.
It is seen that the so-called detailed-balance

relationship for the relaxation rates is a dynamical
relationship [at u&o= 0 both sides of (5. 6) reduce to
zero]. The diagrams in Fig. 12, from which the
relationship has been calculated, have associated

with them one longitudinal and one transversal ver-
tex in each diagram. Longitudinal or transversal
vertices alone axe not sufficient for these off-diag-
onal second-order-in-J couplings in the vertex
equations. This detailed- balance relation is thus
a relation involving the full relaxation rates, both
longitudinal (S', o') and transverse (S', o", S', o').

VI. DISCUSSION AND COMPARISON

It is easy to identify standard contributions to
the relaxation rates according to the spin matrix
elements involved in appropriate vertices. The
frequency modulation part 1/T'z of the localized-
spin-resonance linewidth as calculated by the Red-
field formalism based on the evaluation of the rate
of change of the density matrix'8 yields, at high
temperatures,

I/T; =
I

&s fx,.Is& —&s —1 le„ls-I) I'

= »~(p~)'» l&sl s. Is& -&s- 1
I s. I

s- » I

'
(6. Ia)

The vertex corrections to the spin susceptibility
correspond to the crossterms in the expression
(6. la), while the one-fermion self-energies give
rise to those contributions to Eq. (6. la) which con-
tain the matrix element. squared. The spin-flip
part of the exchange Hamiltonian X„contributes
to the self-energies only, and give the transverse
contribution 1/T', to the linewidth,

1/T', =1&six„ls-1&I'+ I(s- llx„ls&
(pz)'r~T(l(s Is" Is I& I'+

I
&s xls- Is&

(6. Ib)
In Eqs. (6. 1), the levels IS) and [S—1& are those
between which the resonance experiment is per-
formed.

The replacement of the spin levels in the above
expressions by the conduction electrons levels
Ik, & and Ik, &, respectively, will give a similar ex-
pression for the conduction-electron counterpart.
Thus, for S= ~ after summing over all electrons,

1/T', = i~pe'I&tlS, I&&-«ls, l»l' (6. 2a)
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= (-,' imps') (I &&
IS'

I
a& I' I &&Is I

&& I').
(6. 2b)

These identifications become more involved for
the higher spin magnitudes. For the local spin
S= 2, vertex corrections are found to double the
longitudinal self-energies, yielding high-tempera-
ture rotational invariance of the relaxation rates
1/T, and 1/T, .

The resonance condition is given by the denomi-
nator of the coupled susceptibility. Different reso-
nance roots are found according to whether one is
in bottlenecked or unbottlenecked limit. ' The un-
bottlenecked region is characterized by the in-
equality (1/T„+1/T„)«(I/T„or I&a, —+, I); i. e. ,
the time associated with the coupling between the
two spin systems is relatively long as compared
to the electronic-lattice relaxation and to the rate
of dephasing (owing to the differences in the Zee-
man energies) between the localized and conduction
electrons. In this limit, the conduction electrons
relax rapidly to the equilibrium polarization and
two resonance roots are found. The width of the
commonly observed resonance root associated with
the local-moment magnetization is 1/T„(the
Korringa width) which is proportional to kT at high
temperatures. For 1/T„»1/T„+1/T„the reso-
nance frequency is (u, (1+ XX,), plus the relevant
Kondo terms. This resonance is observable at
liquid-helium temperatures for suitable alloys.

In the strong bottlenecked limit where 1/T„
+ 1/T„»1/T„orI&u, —&u, l, a single sharp reso-
nance is found with a width which may be substan-
tially less than Korringa width 1/T„. In the ex-
treme bottleneck, i. e. , for u&, = ~, and 1/T„=-0,
the resonance becomes a 6 functionat &, regardless
of the temperature region, as can be seen from
Eqs. (3. 14) and (3. 15). The Knight and Kondo
shift are suppressed by the bottleneck.

It is claimed that the present methods correspond
to the two-particle character of the response func-
tion, and represent the local moments correctly.
In support of this statement, the fluctuation-dissipa-
tion theorem can be rederived using the present
methods and shown to be of exactly the same form
as presented by Izuyama et al. ' The denominators
of the two-particle self-energies (consistent with
the energy conservation requirement for the pro-
cesses involved in the relaxation of the system)
are identical with those obtained by Orbach and
Spencer for corresponding quantities, using the
direct equation- of- motion approach for the two-
particle propagator.

The cross section for the spin-flip neutron scat-
tering as calculated by Izuyama et al. ' is essen-
tiallythe spin-flip contribution to the local-moment
relaxation rate. Their result can be recovered and
the longitudinal equivalent calculated by expressing
the appropriate integrands in a different way. The
"electronic bubbles" corresponding to the q-depen-
dent electronic transverse susceptibilities y,

'
(q, &uo)

and y, '(q, ~0) are involved in Fig. 5(c). The local-
ized self —energy for the spin-fermion with the spin
label S= z can then be written in the following form:

Zg", (i(v+ vo)) = (Z/A')' Z
QyV

(6. 3)
and a similar expression involving the susceptibility
X, (q, iv') for the self-energy of the spin fermion
S= —~. Evaluation of these self-energies can be
easily done using the strip-integration (i. e. , the
integration along the discontinuity cuts of the
analytically continued integrand into the complex
frequency plane) method. Integration around the
singularities of the integrand involved in summa-
tion in Eq. (6. 3) yields, then,

I(a&)(( „)). ~ 1 p f+ y
+8 +-

( ) l
+8 I d~h (~)imX (4' —~+is)

(6 4)

where b' is the usual Bose function, b'(x) = (e "- 1) '.
The appropriate arguments for the two-Particle
self-energies are obtained as a result of the alge-
braic rearrangements described earlier in Sec.
III and Appendix B. Owing to the final projection,
the singularity of the spin propagator [first term
in Eq. (6. 4)] has vanishing residue, so that for the
transverse contribution to the relaxation rate one
obtains

Im [Zsgf (1—p(dq+ QJO+ zs ) —2 ssf (X+ ~gId~ —Mo —ss)]

= ~ (J/N)'2~(e 8 o- 1) 'Im[y,' (q, ~,+is)

+X."(&, &0+is)],

which is exactly the result obtained by Izuyama
et al. [Ref. 10, Eq. (10), Appendix I]. This agree-
ment confirms the correctness of the two-particle
character of the relaxation rates as well as the
projection method.

The corresponding expression for the longitudinal
self-energy is

2 Im[ZS6f (X —2M + coo+is) —Z8, (X+ 2(ds —&do —Xs)]
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xlm[2X', (q, (uo —(u, +is)], (6. 6)

where X,'(q, mo) is the longitudinal electronic sus-
ceptibility.

There is a numerical error" of factor 2 in the
Orbach and Spencer' expression for the longitudinal
electronic self-energy; also, the spatial averaging
should become c((S,) —c(S,)2) instead of their
c((S,) —(S,) ). The present authors believe that
most of the decoupling in their paper can be justi-
fied on the grounds that they are exact factoriza-
tions to that order in the perturbation theory. The
only exception is the decoupling

((S;S,"(i), S',)) =(S';) ((SJ(t), S~Q) for i =j .

If instead the S= & result that

((S,'. Sj(t) Sy)) = —a ((Sj(t) S,'))

is used, the structure of their equations remains
the same and their self-energies appear to agree
with those obtained here. Their electronic self-
energies are also momentum dependent. They
do not obtain terms equivalent to the ™'sof the pres-
ent paper, because they evaluated the expectation
values of operators which form the inhomogeneous
terms using the unperturbed Hamiltonian.

Spencer" has omitted self-energies correspond-
ing to diagrams 6(f) of this paper and vertex cor-
rections diagram 4cii of his paper. Upon inclu-
sion of these omitted diagrams, his self-energies
would agree with those in this paper. The only
discrepancies which remain are those appropriate
to the localized-spin self-energies at very low
temperature. This is believed to be due to his
using a method where the singular self-energies
of the form discussed in the Sec. II cause trouble.

Langreth and Wilkins have derived a set of Bloch
equations, limited to the case of equal g factors and

the semiclassical regime, where time and special
variations are assumed to be slow. In this regime,
and if the second-order real Kondo terms are ig-
nored, their equations do agree with the present
equations. However, the Kondo terms obtained
here contain terms (which are not small) propor-
tional to the rf frequency. Owing to the semi-
classical nature of their method, the frequency
dependence of these terms could not be determined
by Langreth and Wilkins, although they chose "en-
ergy shells" in such a way that their shifts agree
with ours at the resonance.

The low temperature problem associated with
the momentum dependence of the electronic self-
energies is suppressed in the work of Gotze and
Wolfe owing to their Ansatz for the susceptibility,
and their calculation was not carried to sufficient
degree of accuracy to determine whether the des-
tination vectors contain the molecular field.

In summary we wish to emphasize the following

points.
(a) Without assuming slow time and spatial vari-

Btions, and without a Priori restrictions that the
temperature be high, we derive a set of S= ~ spin
transport equations which are sufficiently accurate
to be compared with Hasegawa's phenomenological
theory. In particular, care is taken to include all
of the terms which represent the "destination vec-
tors" in the relaxation terms, including the inter-
nal-field term.

(b) The transport equations are derived by the
well-known method involving the evaluation of a
set of vertex equations. In connection with this
method we have developed some new mathematical
and manipulative techniques which we feel con-
siderably simplify the construction of this type
of theory, especially in the nonclassical regime.

(c) For equal g factors and sufficiently high tem-
peratures (&T &(u, ) and in the absence of the sec-
ond-order real Kondo terms, the spin-transport
equations reduce to Bloch equations designated by
Hasegawa as "case B." When g, &g„the present
theory differs from that of Hasegawa and Cottet in
that the scattering-in term in the local-moment
equation, which is proportional to I/T„, must be
multiplied by the ratio g, /Z„while the scattering-
in term in the conduction-electron equation must
be multiplied by the ratio g,/g, . This reflects the
fact that the exchange interaction conserves spin
and not magnetization, and has the important effect
of recovering the correct static limit for the in-
dividual susceptibilities X,'(~o= 0) and X', (&so= 0).
Because of their structure, the "Kondo g shifts"
cannot be incorporated into the Bloch equation in

any simple way.

(d) At low temperatures (kT & ~, ), it is found
that it is not possible to write a single linear equa-
tion for the total electronic susceptibility. This
is because at low temperatures the strongly energy-
dependent electronic spin-flip relaxation rate pro-
portional to (S,) is comparable to other, energy-
independent, terms, and thus a separate equation
must be written for each contribution to the elec-
tronic susceptibility that comes from electrons with
a different momenta.

(e) In the low-temperature regime modifications
to the semiclassical Bloch equations occur. For
kT & ~0, the radio frequency, the local-moment
susceptibility X, which appears in the destination
vectors, but not elsewhere, is modified. It is
replaced by

or
0 I P. 0 0 /cd 0 -1

ps' = M'g ("s~ —"ste ) (~s —~o)

depending on which contribution to I/T„the relax-
ation term involves.
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The well-known. low- temperature frequency de-
pendence of the widths and shifts, indicating re-
tarded relaxation and non-Lorentzian absorption,
are displayed. These widths are evaluated using
undressed propagators, justifiable for sufficiently
high temperatures such that kT is greater than the

single-particle widths. In the limit of low tem-
peratures, the self-energies must be evaluated
self-consistently, and the reported dramatic non-

Lorentzian shapes of resonance lines ' at very low

temperatures seem questionable to us.
(f) The algebraic equality of the scattering-out

and the cross-magnetization relaxation rates in
the pair of Bloch equations (4. 10) and (4. 11) is
dependent upon rotational symmetry of the interac-
tion Hamiltonian, as discussed in Sec. III. If the
exchange were to reflect the axial symmetry, then
it would be of the form

—(I/N) Z e "'" [Z„S'os+ —,
' J,(S'o, + S o",)].

aeS

Then the local-moment scattering-out rate is given

by

(1/T..)-t = »[(p~J)'+ (p~ )']&T,
the expected result. However, the corresponding
scattering-in term in the electronic equation is
given by

(I/Tse)is = 4&P'~i~s&T

Cie»iy, (I/T„)«,and (I/Tse)„are equal only if
J„=J~. In order to recover the simple form of the
Bloch equations, the relaxation rate (1/T„),„&must
be replaced by (1/T„)„anda contribution

2''(J, -Zs) kT

is added to the spin-lattice relaxation rate 1/T„.
Similar modifications must be made to the elec-
tronic relaxation rates. These modifications re-
flect the fact that the total magnetization commutes
with the isotropic exchange interaction, and thus
for the nonisotropic case, and even in the absence
of other relaxation processes, the well-known
bottleneck result that the exchange effects exactly
cancel no longer obtains.

(g) For the first time a microscopic method for
the calculation of the detailed balance relationships
is given. In the high-temperature region the de-
tailed balance reduces to the relationship

2 0 2 08's Xs/Tse = gs Xs/Tes ~

Also, for the first time a relationship between the
real parts of the second-order self-energies is
given.

(h) In the text the conduction-electron-lattice re-
laxation is introduced by adding to the exchange
Hamiltonian a term representing a random spacial-
ly inhomogeneous magnetic field. In Appendix D
it is shown that the spin-orbit-scattering amplitude
iB[kxk'] o' leads to an exactly similar term, but

only if the total electronic-impurity-scattering
cross section is much larger than that which arises
from the spin-orbit scattering alone. This re-
sult is not new; however, the present calculation
does show clearly the reason for this restriction,
namely, that the large impurity scattering is re-
quired to rapidly redistribute electronic momen-
tum vector over the Fermi sphere, thereby averag-
ing out the directionally dependent components of
the spin-orbit scattering.

(i) As mentioned in (b), some new diagrammatic
methods have been developed in this paper. Using
these methods (cf. the earlier methods used for
example in Refs. 8 and 20), it is possible to show

the following:
i. A set of coupled vertex equations may be

exactly reduced to a set of coupled linear equations.
ii. It is possible to deduce exactly the arguments

("energy shells" ) appropriate to the self-energy
expressions which appear in the susceptibility
functions. The resulting "two- particle" self- en-
ergies reflect correctly the energy conservation
requirements of the two-particle processes to which
they correspond.

iii. These theo-Particle self-energies are in one-
to-one correspondence with another set of terms
(here called "inhomogeneous"). It is argued in the
text and appendices that these terms which arise
in a completely natural way are typically of the
form corresponding to an inhomogeneous term in
the exact equations of motion for the susceptibility
function.

iv. It is possible to cast into the same form the
problem of evaluating the terms involving self-
energies and leading to scattering-out terms, and
the terms arising from the last two diagrams in
the vertex equation illustrated in Fig. 7 which
couple the local-moment and conduction-electron
vertex equations, and lead to scattering-in terms.
The vertex-correction terms can also be treated
in a similar fashion. This not only halves the work
involved, since only scattering-out terms need be
evaluated, but also demonstrates in a very clear
fashion the well-known result that, although both
spin-dependen. ' and spin-independent scattering
broadens each level, the spin-dependent vertex
correction doubles the longitudinal- spin relaxation
rate, while the spin-independent correction exactly
cancels the spin-independent relaxation rate.
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APPENDIX A

The most formidable expression resulting from
the first step of the algebraic rearrangement seems
to be that in Eq. (3. 5a), which has arisen from the

I

second-order-in-J off-diagonal coupling in the
electron vertex equation in Fig. 7. These, the
fourth and fifth terms in Fig. 7, are represented
by algebraic expressions as follows:

Z {(geeo /v 2Z, )G»(i(v+ vo))Gp(iv) (c J /2N) [Gp„„(i(v+vo))C, (i(v'+ v"))
V I V ~ V otyoQ

—Gp~, (f(v+ vo- v"))C,(i(v'+ v"))]A, (iv', i(v'+ vo))]

= (oo, —ivo) Z (g, e '/2g, Z, ) (J/N) [Gp, (iv) —Gp„,(i(v+ v, ))][Gp~„(i(v+v"))C,(i(v'+ v"))
V ~ ~ ~ ~

—G~, , ,(i(v+ vo —v"))C,(i(v'+ v"))] (cNg, /W2) A, (fv', f(v'+ vo))

+ (~ sv ) ~ I~ (f(v+ vo)) + ~ 1 (f(v+ vo)) E (fv) E 1 (fv)] (' ' ']'
Vpeq ~

where the identity Eq. (3. 1) has been used, and the last parenthesis ( ) represent the starting expression
in the same parenthesis on the right of the summation symbols. Summation over the internal frequency
variables iv, iv" finally yields

Z [Gpq(i(v+ vo)) G „p(iq( +vv")) Cq(i(v'+ v"))
g's e ~vo 2 s N vv, v, qq

+ Gp, (iv) Gp~, ,(i(v+ vo —v"))C,(i(v'+ v"))—Gp, (iv) Gp„,(i(v+ v")) C,(i(v'+ v"))

—Gp, (i(v+ v, )) Gp„, (i(v+ v, —v"))C,(f(v'+ v"))] ~ A, (iv', i(v'+ vo))

+ . Z [Z„,(i(v+ vo)) + Z„(i(v+vo) ) —Z„,(iv) —Z„,(iv)] f
1

COg —2 VP V ~,

g, (ur, —ivo) 2Z, N 6'p, —ep~ q+ X+ o o(0s —x(v + vo)

f (~ o&&s)fp+q. qfp~ +f (&+ o ~s)fpqq. qfpi f (&+ z&&s)fpifpqq, q+f (&+ s&~s)fpi fp, q. ,+ 1 ~ p 1 ~ )
epqq q ep~+ ~- o o~s —'p(v + vo) ~&+a,e+ ~+ 2~'ds —~V

f (X—2 ops) fpqq q f» + f (X ——', o'u&s) fpqq q fpq cg, N
Assv~ s v +vo + (de —svo ''' ~

(A2)

where, for summation purposes, the dressed prop-
agators have been replaced by their "bare" values.

The first bracketed term in Eq. (A2) is the ex-
plicitly written out expression in Eq. (3. 5a) in the
text, and the second terms, a contribution to the
full vertex Ap(iv, i(v+ vo)), is incorporated into the
second term on the right-hand side of Eq. (3. 5a),

After an additional summation over the momenta
label and the spin o', the first term of Eq. (A2)
reduces simply to

[ g, /g, (e, —ivo-)] Q (e '/Z, )

x P',".,'(f (v+ vo)) + E""(&(v+vo))

—Z,",,'(f v) —&,",,"(iv) ]

x (cNg, /v 2) A, (iv, i (v+ vo)), (A3)

which is the expression in Eq. (3. 5b) in the text.
Thus, proceeding either algebraically or, fully

equivalently, diagrammatically as pictured in Fig.
9, all terms in the vertex equation Fig. 7 are ex-
pressible exactly in terms of the self-energy-like
quantities solely. Had the summation been per-
formed over the dressed propagators, the self-
energies would have been dressed, i. e. , evaluated
in a self-consistent manner.

APPENDIX 8

By the second step of the algebraic rearrange-
ment, resulting in replacement equations (3.6)-
(3. 13), the self-energies of a two-particle charac-
ter are factored out of the summation over inter-
nal frequencies appropriate to the dynamic suscep-
tibility. They are expressed in terms of the one-
particle self-energies with certain arguments,
which can be interpreted in terms of the energy
conservation requirements for the two-particle
processes. They correspond to the believable ar-
guments of the two-particle self-energies as ob-
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tained by direct calculations by Orbach and Spen-
cer. The inhomogeneous terms which arise are
appropriate to the propagators associated with the
intermediate states involved in the corresponding
self- energies.

The summations to be carried out involve terms
of the type

(cg, e /v 2Z, )Z [Z,'2I)(i(v+ vo)) A, (2V, i(v+ v()))} .
(»)

In general, the second-order one-particle self-
energies [Eqs. (3. 1) and (3. 2)] display frequency-
dependent denominators, such as

~ g (2&)
Z(2()(f( )) Q ( sar )

p, q, a fpears fp, a + ~+ 2+s 2(V+ VO)

(82)
where N(Z,'„')stands for the appropriate combina-
tion of the Fermi functions in the numerator of self-
energy Z",„'.A similar expression to Eq. (82) is

I

written for all other self-energy contributions.
The vertex function in Eq. (Bl) can be written

A, (2V, i(v+ v())) = C,(f(v+ v()))C, (iv) I;(iv, i(v+ vo)),
(83)

where

I',(iv, i(v+ v())) = l+ (J/N) Z Ap(iv', i(v'+ v2))
Pp&

+ (~/N)'( ) (84)

and where the last term on the right-hand sideisof
the order 4 and represents the vertex correction
and the sec ond- order off- diagonal diagrams.

The two-particle character of the self-energies
is obtained by applying the identity (3. 3) to the
product of the denominator of the self-energy in
Eq. (Bl) and the propagator in Eq. (83) which has
spin opposite the self-energy itself. The particu-
lar exemplified term above then becomes

--. (p)), N(Z '„,') [l+ Z„,(iv) C, (iv)]
erprqra ( pearir pra + s VO) [ pears fp, ir + r(+ 2+s 2(V+ VO)]

x c,(i(««,)) ' r Z s«.(i«', i(«' ««))+ — (. . . ) I,gsg, N p. v 2 N

For a single v, P, q, and o one now transfers the common denominator from the right- to the left-hand side,
and after using again the identity (3. 3) for the product of the denominators of the self-energies Z,",t)(2(v+ v()))
and ~,",", ', one then obtains

N(Z sar)(««„„—««, t«, —i«, )
' ",', , s,(i«, i(« ~ «)))2Z~ p+q g

—Ep g+ X+ g(d~ —2(v+ vo)

Z», C (f(v+ vq)) [l+ (2~/r. &.N) Zp (Z./~2)AP (fv', 2(v'+ vq))+ (~/N)'( )]N Zser As(LV, 2 v+ vp 1v2Z, fpeq«a —fp«, + X+ 2+s —i(V+ VO)

y (1) N(Z („",)
1 ~ +

- fpears fp, a + ~+ 2+s 2(V+ VO) p', a'«a' fp«eq«ra' fP'ra' +s fpeqra+ fP, a+ 2V()

X
1

1
Xy 2(r)s+ fpeq a

—fp a —2 (V+ Vp)

1
1

Cps e s —Cpa e+ X —gM —zvp +q ~fy p &iy S

1
1

p', a' p'eq«i p'r pea, a+ p«ir+ o + 2~a+ pea«a p, a (v+ vo)

1 I

1
Cps ~qi ) —Cps t + X+ p (d~ —2 V

&& As(2V, i(v+ vq)) ~ (86)

On the right-hand side of Eq. (86), a contribu-
tion involving the self-energy ~„,with a fixed ar-
gument, that is,

Zsei( —2V() + fpeq —fp+ X+ 2 (r)s)

can be identified. First, these terms are trans-
ferred to the left-hand side of Eq. (86), which
yields a bracketed term

[fpea a
—fp a+ (ds —'l vo +Zsei( —2vp+ fpeq —fp+ X+ 2(r)s)] r
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and secondly, the whole bracketed term is trans-
ferred back to the right-hand side. Then, upon
performing final summations over v, P, g, and 0,

and rewriting the self-energy numerators explicit-
ly, one obtains

(cg, e p'/)[ 2g, ) 7~ [Z(ap,',)(i(vy v[))) A, (iv, i(v+ v()))]

egX
Z »a, (iVp —p (pa + X —Z,a, (- i V + 6»aq —6'» + X + p ~a ))Z Aq (&V, & (V + Vp))

ZJ v 2

cg.e" ~ ~ ' f'(&- '~.)f~,f»..+f (&+ p~.)f»..,.f'»..
e~q a

—c» ~ (da —gvp+ Zaa, (- (vp+ c»aq —6'»+ i(+ p(da)

C ,(i(v + vp)) [1+(2J/g, g, N) g»a(g, /v 2) A». (i V', i(V' + Vp))+ (8/N) (. . . )]
e», —6», + X+ p(d —i(v+ vp)

(
(a/ax)'[J"(x —', w, )~f'.; ~f;. :-+f (x ,'a. )f.,..;,,f,'-.,:—

1 I
»e qa, ai ()(—p(pa+ C»raqa qc —e»a qa —'LV j (E»aaqa ~'—E»a at

'—(da —C»a a+ 6» +(Vp)

(~/&)'[f"(~+ '4)ab»„f-»)+f (~+ p~.)f»„f'»a]

(X+ p(pa y c»iaq~, —t»a a
—Kv) (&»a+qa, e»a, —&»—aq a+ 6» q+ (vp)

which is Eq. (3. 6) in the text.
The interpretation of the second-order terms,

as well as the products of the third order in J, is
given in the text.

From their explicit form, as displayed for some
of them in Eq. (B7), it is possible to infer the
meaning of the fourth-order terms. The numera-
tor and denominator of the very last fourth-order
term in Eq. (B7) can be identified with the energy
conservation requirements of the overlapping (in
time) scattering processes, occurring to each of
the tmo particles involved in the two-particle propa-
gator, a,s illustrated in Fig. 13(a). Such a dia-
gram can be interpreted as an "indirect" fourth-
order two-particle self-energy, similar to the
"direct" tmo-particle self-energies mhich arise
from the single-particle self-energy illustrated in
Fig. 13(b). Since the latter self-energies were
not included in the analysis from the beginning, it
is consistent with the declared degree of accuracy

to omit these fourth-order terms.
The fourth-order terms which arise from the

overlap of the self-energies and second-order off
diagona/ vertices [therefore contributing in Eq.
(B7) a term proportional to (4/N) A»(iv, i(v+ vp)),
which is not explicitly displayed, but hinted by the
parenthesis (8/N) ( ~ ~ )], if evaluated, would make
second-order contributions to the internal field.
Qverlap of the scattering processes, represented
by the vertex corrections and the self-energies,
gives effects in exact parallel to those arising from
the overlap of two self-energies, displayed in Eq.
(H7) and discussed above.

Following the same procedure for all other terms
analogical to Eq. (Hl), the corresponding equations,
similar to Eq. (B7), are derived. Upon taking
limit X-~ and using the approximations as de-
scribed in the text, the replacement equations
(3. 10)-(3.13) are obtained, where the values of the
inhomogeneous terms involved are as follows:

-(p)), .) . „&a". ~ (~/3&)'»).',.(f»...: f'». ;)/(&»...~ —&».;)-
Se, g(~ L . g )3

PpCp& 6p,q, gl —cp, e+ M8 —svo

- (p().~ .~ . - &aq, V- (~/&) (f~qaf'»in»a f»aaaf»~ &a )/(&»aq) &»-~ -~a)-
se a(~ +N+s &&o/) =

2
sgn+ ~

P»e ~met ~&4 ~~o

Pi

(2)) (e ig V )
+a s no (S&)Q (f» a f»aa a)/(»aa»)
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-. & t
( ; „ )

'g. H g„p (&h'& — '(h.&')(fl..-f' ...)/I(e .... eo—..)
e&orate Po e'+ 0 2~ „,—E,„,-S V

-. &ot),, "&eH' ~ &h'+h,'& (fl..-fl .-.)/(e.... —eo..)
a ~n e ~ "O

(88)

All other quantities in the replacement equations
(3. 10)-(3.13) are defined in the text.

Interpretation of the terms ™'sand Z's goes
along the same lines as for the terms =', ' and Z,' "
in the text. The longitudinal parts of the local-
spin self-energies have associated with them as
an intermediate state the propagator (a~~„„a~
xS'(v)S ), the transversal parts the propagator
(at,„„a&„S'(r)SQ. Similarly, for the electronic-
local-spin self-energies„ the intermediate states

associated with the longitudinal and transversal
contributions are characterized by the propagators
(S'&t', (r) a

& and (S'&t,'(r) &t &, respectively. Finally,
for the electronic-lattice terms the propagators
(h, &t,'(r)&t & and (h'&t,'(v)o"& are relevant.

APPENDIX C

Low-temPerature evaluation (&do, &d, «hT) of the
quantities appearing in Eqs. (3. 20)-(3.22) yields

Z,',t'(&do+ is) = (p J) [(&do- &d, ) ln ID/(&do-&d8) I+ (2D —&do+ &d, ) ln2+ it&(&do- &d, )/(1 —e o& o "st)]

Z&'„"(&do+is)= (pJ) [&doln ~D/&do+ (2D —&do+ &d, ) ln2+itt&do/(1 —e o o)],
Z&, ', t(&do+is) = (PJ) [(&do- &d, ) ln ~D//&do —&d,

~

—(2D —&d, + &do) ln2+itt(&d, —&do)/(1 —e &"' ot)],

Zs&„'(&do+is)= (p J) [&doln D/&do~ —(2D —&d, + &do) ln2 —it&&do/(1 —eo o)],

Z~&„"(P,&do+is) = Z,'„(P,&do+is) = 2ittcP J (S,'&,

Z &,', t(p, &do+ is ) = cp J [- 2 (S, & ln ~D/(&do &d, + o e&, -,) ~
+ itt (S„+s,) —i tt (S ) tanh(o(&do - &d, + eo, ))j,

Z„„(p,&do+is) =ittc'H [2((h, &
—c'(h, ) )+ (h„~ho&],

=„=cg,'(P J) 2(S,&/(&d, —
&d&t) [&d, ln ~D/&d, ~- &d&t ln ~D/&do

~

—(&d, —
&d&t) ln2],

:-„=cg,'(pJ') '2(S,)/(&d, —&do) [&d, ltl ~D/&d,
~

+ (&do- &d, —&d, ) ltl ~D/(&do- &d, —&d, ) ~+ (&d, —
&d&) lt12],

:"ei = 0.

APPENDIX D

The aim of this appendix is twofold. First, it
shows the equivalence of the spin-orbit scattering
Hamiltonian and the model Hamiltonian $C„intro-
duced in Sec. II in the way it invokes relaxation
effects in the present problem in the presence of
lar ge-impurity- potential scattering. Second, the
diffusion term which was introduced in Sec. IV is
derived, The two calculations are combined not
because they are interrelated but because of the
mathematical similarity of the two problems.

The amplitude of the impurity-potential scatter-
ing and the spin-flip scattering due to the spin-
orbital interaction is given by"

A A

W(k, k')=A(k, k') 1+iH(k, k') [kxk'] ~ o', (Dl)

where 1 is the unit matrix, the o's are the Pauli
matrices for the electronic spin, O, =x, y, z, and

k and k'are unit vectors of the electronic momen-
ta. The scattering amplitudes A(k, k') and H(k, k')
will be assumed to be independent of k and k',

first, because in practice the interactions are ex-
pected to be short range in the configuration space,
and second, for mathematical simplicity.

The corresponding Hamiltonian is written

R„=(A/N) Z at . at„e"'"&
k+q o ty

p+q. p' I

p'+q' t

p'+q' I

(b)

FIG. 13. (a) Overlapping self-energies; (b) fourth-
order one-fermion self-energies.
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I IG. 14. Noncontributing vertices.

+ (II/fi) Z ([(cos8sin8'e "
i, kgb

—sine cos8' e '") o o', + c.c. ]

+ i[sin8sin8' sin(p' —P)]& }' e (D2)

where the vector q is given by q = k- k' and where
the spherical coordinates for the vectors k and k'
have been used [k= (sin8cosg, sin8sing, cos8)].
All other quantities have been defined in the text.

The Hamiltonian (D2) gives rise to self-energies
and various vertex- correction-like diagrams. By
induction, none of the iterated spin-flij type ver-
tices shown in Fig. 14 contributes to the suscep-
tibility. The self-energies andthosevertexcorrec-
tions which do not flip spin are similar to the self-
6Qex'gles Rnd th6 verf6x cox'I'ection dlagl ams in-
duced by the rotationally invariant model electron-
lattice Hamiltonia. n, Eq. (3.4) in the text. How-

ever, owing to the matrix elements involved, the
spin-orbit vertex scattering is found to be angular-
ly dependent.

In order to investigate the diffusion term, the
q4 0 susceptibility y (~o, q) must be calculated.
It will be assumed that tq!«k'z and that )q ~ kzI
«(the total single-electron scattering rate),
which includes all spin-dependent and spin-indepen-
deQf, contributions.

The rederivation of the equations of Sec. III is
then straightforward. The modification needed
to evaluate the q-dependent susceptibility using
the present mathematical framework is the
substitution. &,",- &~;, everywhere it appears in the
vertex equations, For small lq I, this replace-
ment ls approximated by ~;,- ~,», +v, qcosn,
where v~= Ip I/m and n is the angle between the
vectors p and q. It is convenient to define suscep-
tibility y,

'
(q, iso; 8, Q; n) as the total susceptibility

of the electrons with a given direction, i.e. ,
summed over all lengths l p j of the electronic mo-
menta. If. Should be noted thRt + ls Qot Rn indepen-
dent variable; for a fixed q it is a function of 0 and

For simplicity and to avoid lengthy equations
in this appendix, use will be made of the reader' s
knowledge of Sec, III. It will be then assumed that
those parts of the exchange self-energies which
are functions of the jp j are unimportant and they
will be evaluated, as well as some other terms ap-
pearing in the resulting equation on the energy
shell &I;. The real parts of the self-energies will
be incorporated into the single-particle energies.
The off-diagonal electronic-local-spin terms re-
main unchanged. %ith the understanding ~o- ~o
+zs, the following equation is then obtained:

(&,—&o) X,', (q, ~o, 8, P; n)= (g,'/Ba)((n„)—(n„))—v„qcosn()(,'(q, ~„8,q, n) —(I/4a)yo[l+ X)(,
' (+o)])

+ 'l Im [Zgy(ep+ Mo) + Za~g(ep y &do) —Z ~, (e~ —(0o) —Z o, (s~ —(0o)]

xf&' (q ~o' 8 P n) —(I/4&)'X.'[I+ ~X,' (~o)j]'- ilm[Fg (ex+ ~o) 2' '
(&p+ & )- Z;,(t —&u )+ Z,'oI'(e )]

x(I/4a) ~ fx.'(q, ~o; 8', q'; n) —(X.'/4~) [1+&X.' (~,)]3
80 (pP

+i Imf [-', (1 cos'8)] [Z,",", (e ~o) —Z",,", (e~- &oo)] [-,'(1 —cos'8)] [Z'„",(e„~~ ) g,",, (e ~ )])

x(x.(q, ~o, 8, q, n)- (I/«) x.'[I+ &x'.(~o)lj

+ i Im sin 8[2'„'",{ez+vo) —Z@p(ez —mo)](I/4v) Z sin 8' sin (y —y')(X,' (q, &uo; 8', y'; n')

—(1/4m) )(,[I+ X)i,
' (~o)]]+.. . , {D3)

~...(~o) = {A'/&)~ (&~...—~o) ',

~."1,".(~o) = ~".~, (~o) =- (&'/&)& (e&,...—~o) ',
(D5)

and where the remaining quantities are defined in
the text. The approximations HeZ, &=0, =,&=0,
Rnd ~ —- 0 hRV6 been madel' Rll of which Rx'6 valid

for (o„&oo,AT «ez. The first term in Eq. (D6)
is the inhomogeneous term, the second term is the
cmlffuslon term. Its form ls agRln fhRt appx'opl lRt6
to the local instantaneous field, and it has arisen
by making the approximation

~(f'(&& ) —f"(&~. )) =(I/4v) [(n" n. &+ pv q-]

(D6)
ln both the simple outgolQg electroQlc vex'tex Rnd
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the one coupled by the direct spin-flip to the local-
moment vertex. Since the principal contributions
to the summed equation come from around the
Fermi sphere, the usual approximation has been
made that v~- vz. The third and the fourth terms
in Eq. (D6) are the usual self-energy and vertex
correction contributions due to the s-d interaction
and the impurity scattering. In the followingterm,
the factor 3 has arisen from the angular averages
over the vector k' involved in the one-fermion self-
energies. The angular dependence of the last
vertex correction term indicates directional depen-
dence of the spin-orbit scattering. The dots stand
for the remaining off-diagonal electronic-local-
spin terms [see, e. g. , Eq. (3. 5b)].

Consider first the case when q = 0. Some simpli-
fications can. be made. For a constant density of
states near the Fermi surface

ImZ sit(eP+ ~0) ™ l&e(eE ~0)

for both longitudinal and spin-flip contributions.
This equality permits the combination of the angu-
lar factors in the electronic-orbital self-energy
term in Eq. (D6), the result of which is no net
angular dependence of this term. By iteration,
there is no dependence on the angle Q. Hence, the
total angular dependence remaining is determined
by the orbital vertex correction term solely and

is given by the proportionality factor sin 6. The
electronic susceptibility must be of the form

4&X' ((00 9)= X' ((do)+ sin 8 Xe (&0) ~ (D&)

Substituting this form of the susceptibility into
Eq. (D6), the comparison of the right- and left-
hand sides of the resulting equation yields the
following pair of the coupled linear equations:

(+ —(do) X' (&0) = ('k" ) (&& ) —(& ))
2l 2P+ [Zest+ Zest+ Zes, + Zes,

+ 0 (Z.l+Z.l)+ 0 (Z l +Z.l)l

(X. ( .) - X'.[I"X'..( .) j]
—(2&/8) im[Zle+ Zl +Z.'.~+ Zes(]Xe ((do)+

(D8b)

(~.—~0)Xs(~0)=II [Z; +Zl +Z., +Z..
+ 0 (Ze~lI + Z el~ ) + (s + + ) (Z ele + Z el( )]Xe(~0)

(f/8) Im[Z".,", Z",,", ]

XIX', ((0o) —X.'[I+ XX.
"

(~0)jj,
where

n' = (I/4m) Z sin'8' sin'(Q —P')

and where the self-energies ImZ, and ImZ, stand for
[+ ImZ, (el, + (00)] and [- ImZ, (el, —(00)], respectively.

The set of Eqs. (D8) can be easily solved. If

ImZ, l ——Ims (Z, gj + Z, l, + Z, l", + Z, l', ), (DSb)

ImZ; = Im(Zl, + Zl, ) .

From Eq. (DSb), it is seen that the angularly
dependent component of the susceptibility is small
as compared to the angularly independent suscep-
tibility; the parameter of small size is the ratio
Zel/Zl. This result expresses the fact that a
strong potential scattering redistributes the vec-
tors of the electronic momentum quickly over the
Fermi sphere, thus suppressing the directional
dependence of the susceptibility which would have
arisen due to the spin-orbit scattering. The re-
sult (DSa) would have been obtained had it been
assumed a Pxi,oui that the susceptibility (or vertex
function) were angularly independent. Namely,
it is found that the vertex correction term doubles
the angularly averaged longitudinal self-energy
contribution to the relaxation rate. The identical
result is obtained from the electron-lattice model
Hamiltonian introduced in Sec. II in the text if the
averages involved are defined as

(Il")= 0,

((e') )= 2 (((/4v) Z cos'8) = —,
'

(D10)

for n = x, y, z. This correspondence justifies the
earlier statement made in Sec. II, that is, that in
the present problem the model Hamiltonian $C, &

represents correctly the relaxation effects due to
the spin-orbit coupling of the conduction electrons.

The diffusion term v~ cosa is included using
similar methods. For a given q, the vector p can
be thought of as determined by the angles 8 and o..
Hence, apart from the sin 8 dependence, the elec-
tronic susceptibility vertex can be expressed as a
power series in cosa. Upon substituting such a
series into Eq. (D6), an infinite set of equations is

the key approximations,

ImZ;»ImZ„, ImZe» ~(0e —(00~,

i. e. , that the single-particle cross section associ-
ated with the impurity scattering is much bigger
than all other cross sections in the problem and

also the difference between the external and reso-
nance frequencies, all of which are well satisfied
in practice, the following results are obtained:

(,— 0)X: ( 0)=(-'g')( . — .)+' ( e.+ el)

&&(X: ((do) —X'[I+ ~X: (&0)j]+ ~ .
(DSa)

Xs ("0)= (- s ImZ') Im(Z ".e'+ Z "l ')

"(X:(&0) —X'. [I+~X. (~0)j),
where
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obtained. Before writing these equations down, it
is observed that the 8 summations remain unchanged
and that the exchange and spin-orbit vertex correc-
tion terms do not contribute to the diffusion, being
small when compared to the impurity scattering
contribution by assumption. The electronic-lattice
problem may be then solved independently, and
hence for the diffusion problem the model Hamil-
tonian of Sec. II in the text can be used with the
(D10) values for the averages involved. For the
expansion

4~X.'(~0, &7; ~)=X," (~0, q)+co«X'. (~0 q)

+cos Q Xg~(coo ~ g), (D11)

the following infinite set of equations is obtained:

(m. —m ) X,
' (~, q) = (-.'g'. ) &n„n„&-

+ i im(Z. .+ Z.i) fX.
' (~„4)—X.

' [1+XX.
'

(~o)j)
-(i/21mZ~) [X2 (+0 i)+ 5 X4.(uo, i))+

(D12)
(~.—~0) x. (~0, a) = —~~qh: (~o, ~)

—X [&+~X (~ )&+i imZ X (~, 9), (D13)

where only the leading impurity vertex terms
(ImZ, x' ) have been kept, the products Im(Z„
+ Z, &)

X' being unimportant for diffusion. Higher-
order angular components are determined by equa-
tions of the same form as Eq. (D14), their small-
ness is given by powers of the ratio vzq/ImZ& .
For

ImZ;»ImZ, &, ImZ„, ~~, —~0~, q k~,

they are indefinitely small and the leading angularly
independent susceptibility is given by

(~, —~,) X', (~0, q)= (-'g,') (n„-n„)+iq'v'/(3lmZ, )

+iim(Z, .+Z.i){X:(~0, q)

-x![I+&x.' (~o)jf+"

Equation (D15) is of exactly the same form as Eg.
(4. 2) in the text, except the diffusion term

iq'Dh: (~o) —x.'[1+&x.
' (~0)]}

has been added to the right-hand side everywhere
the self-energy ~,& appears. Its form is again
appropriate to the local field and the constant

(&.—~0) x2.(~0, ~) =- ~~q x'. (~0, ~)

+ i ImZ, . X2.-((u„ci), (D14)

D = v~/(31mZ()= 3v~T(

is the usual value for the diffusion constant.

(D17)
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