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Interference transitions are observed in the mixed state of a granular oxygen-doped superconducting
aluminum film when vortex-lattice motion is driven by applying superimposed rf and dc electric
currents. An analysis of the properties of the transitions in the small-signal rf resistivity is made

according to a recent theory of vortex motion in an inhomogeneous superconductor by Schmid. The theory
satisfactorily explains the efFect, which is due to the dissipative excitation of vortex-lattice fluctuations.
New information on vortex structure and interactions at low magnetic field is obtained. The vortex-lattice
shear-constant measurements agree with the theoretical work of Fetter, Hohenberg, and Pincus and of
Brandt. A pinning-potential correlation function also comes out of the measurements and its component
factors are identified: the structural-defect correlation function and the vortex-free-energy distribution. The
maximum in the free-energy density at the vortex axis, which is larger than Ginzburg-Landau-theory
predictions, suggests the presence of the core excitations discussed in a recent microscopic theory of vortex
structure.

I. INTRODUCTION

In a previous paper, which reported finding quan-
tum interference transitions in the electrical re-
sistivity of an aluminum-film sample, an analogy
was drawn between such vortex-lattice-flow ef-
fects and Josephson-effect phenomena. ' Remain-
ing unexplained, however, were (i) why the vortex
lattice should choose a preferred orientation rel-
ative to the direction of flow and (ii) which mech-
anism is responsible for coupling rf and dc applied
currents.

The experimental results stimulated theoretical
work by Schmid, who formulated a phenomenologi-
cal model for vortex motion within the random pin-
ning potential of an inhomogeneous superconductor.
Schmid has shown that dynamic excitation of long-
wavelength deformations of the vortex lattice re-
sults in an additional anisotropic dissipation, favor-
ing a certain orientation of the lattice. Related
experimental observations of current-induced lat-
tice orientation have recently been reported.
Alignment of the Bragg planes in niobium is in-
fluenced by a transport current, according to
recent neutron-diffraction work by Simon and
Thorel. In an atomic-beam experiment, Brown
and King observed magnetic field periodicities just
outside a vanadium foil in the mixed state. Suc-
cess in that experiment depends upon having a pre-
ferred orientation of the vortex lattice, which was
apparently achieved when a transport current was
applied.

The theory also explains the steylike structure
observed in our plots of rf voltage and dc current
versus dc electric field. Analogies between ob-
servations of flux-flow voltages in the mixed state
and the Joseyhson effect, familiar in weakly cou-

pled bulk superconductors, have been drawn in a
number of theoretical papers, some having sug-
gested possible experiments to demonstrate an
analog to the ac Josephson effect. ' It has been
pointed out, however, that the coupling of external
rf currents to the locally varying current oscilla-
tions associated with uniform flow of an extended
vortex lattice is negligibly small, the lattice pa-
rameter being so much smaller than the electro-
magnetic wavelength. ' The Anderson-Dayem
bridge structure serves as an example of the limit-
ing case where transverse vortex flow can exhibit
an ac Josephson effect. This geometry permits
only a small number of vortices to be present in
the bridge, with edge effects allowing an external
rf current to synchronize the regular passage of
vortex quanta. For the experiment under consid-
eration in this payer, a novel manifestation of an
analog to the ac Josephson effect takes place within
a large superconducting sample through the inter-
media, ry interaction between vortices and random
pinning forces. A significant aspect of these ex-
periments, in distinction from the Anderson-Dayem
experiment, . is that coherent motion of the vortices
is already present in the dc motion of the lattice
and that the small rf current which is applied
serves more as a probe than as a synchronizer of
regular vortex motion.

VFe explore the ramifications of Schmid's theo-
retical results by making a detailed study of the
transition steps in the rf resistivity of an oxygen-
doped aluminum film. From measured widths of
the transitions, we compute experimental values
of the vortex-lattice shear modulus F66. At low
magnetic fields and at temperatures not too close
to &, , these results compare favorably well with
heretofore untested calculations for bulk systems
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by Fetter, Hohenberg, and Pincus' and by Brandt. "
Earlier results by Matricon are appa, rently in er-
ror by a factor of 6. An upper bound to e66 in

pure niobium was reported by Meincke and Reed
who searched for a compressional vortex-lattice
standing mode.

From the sizes of the transition steps we infer
the Fourier transform of the pinning-potential cor-
relation function to give the correlation function
for structural defects in the film and the free-en-
ergy-density distribution about a vortex at low

magnetic field. In the latter result, we find that
the free-energy density in the vortex core is signif-
icantly larger than that calculated from Ginzburg-
Landau theory. This suggests a qualitative ex-
perimental corroboration of recent microscopic
calculations treating core states in pure supereon-
ductors. '

II. THEORY

Several years ago, Yamafuji and Irie introduced
a model to explain the critical pinning current.
Departing from previous pinning-force concepts,
they showed that deformation of the vortex lattice
accompanying flux flow plays an essential role,
finding that the pinning current is proportional to
the square of the loca.l pinning forces divided by an
elastic constant of the vortex lattice. ' Webb and
eo-workers have extended the lattice deformation
concepts in their studies of flux pinning. Recent-
ly, Larkin and Ovchinnikov, in a further refine-
ment, showed that the critical current is related
to correlation functions of the structural inhomo-
geneities in the superconductor. ' Using a phe-
nomenological equation of motion containing vis-
cous damping and lattice, random pinning, and
Lorentz forces, Schmid has recently formulated
a more detailed theory of the influence of pinning
upon vortex motion. The principal results he ob-
tained are discussed at length below.

A. Interference Transitions

For a Lorentz force which is a. sum of collinear
rf and dc components, Schmid finds the following
second-order correction to the flow velocity:

(Vp) =—Z Zk(e, ' k) (I u (k) I )

))„. q (n«. «) (««. «).

We have jumped ahead to his conclusion that the
shear deformations of small wave vector q pre-
dominate. Definitions of the terms are as follows:
g is the phenomenological viscosity coefficient, g

is the reciprocal-lattice vector, k= g+ q, e, is the
polarization of vortex-lattice deformation, (Iu(k) I )
is the Fourier transform of the pinning-potential
correlation function, J„. is the Bessel function of
order n', e is the angular frequency of the rf com-
ponent of the applied current, a is the amplitude of
zeroth-order rf velocity, v is the mean dc flow

velocity, e„ is the unit vector parallel to the mean
flow direction, K& = @pc«/&, and c« is the vortex-
lattice shear constant. (Va), which is proportional
to the pinning current, exhibits a change in magni-
tude at the transition points, wherein an integral
multiple of the rf frequency equals a frequency
associated with the driven motion of the periodic
vortex structure. Upon increasing v through one
of these interference transitions, the rf compo-
nent of ( Va) increases while the dc component de-
creases. We review in the following discussion
three regimes for the rf current amplitude: a =0,
a-v, and a «v.

(i) For a=0, Eq. (1) leads to an expression for
the dc pinning current density,

It will be subsequently shown that (lu(g) I ) is a
rapidly decreasing function of lgI, so that J~ is
anisotropic with respect to the orientation of the
vortex lattice relative to e„. Hence, a specific
orientation is taken by the moving vortex lattice,
that which results in minimum entropy production,
and corresponds to the relation

where n is an integer and g& is a primitive reci-
procal-lattice vector length. Theories of flux-
flow resistance which neglect pinning find isotropic
dissipation, in lowest order, and no preferred
orientation.

(ii) For a-v, the dc current exhibits transition
steps when the mean flow velocity satisfies the re-
lation

vfe„gf =n'v,

where n' is an integer, or equivalently, when the
dc electric field takes on the following values:

2 &n'co n' ~ 2@OB.
W3 cng, n 2gc va

Sehmid has worked out a formula for the detailed
shape of these steps, which are broadened by the
excitation of vortex-lattice deformations. We do
not pursue this result, as the formula for the dc
current transtitions which Schmid obtains is a
complicated double sum over Bessel-function am-
plitudes. The procedure required to unfold this
sum to get the components of (I u (g) I ) is not as
straightforward as it is in the low rf current re-
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arctanz„=y„z„ln(1+z„) = zv,

where

z„= -'yn 5x„

(8)

y„=~(w'„—~')& lu(w„g )'I'&/2Zw'„„& lu(w„g ) I'&.
m m

(10)
The terms of the sums in Eqs. (6), (7), and (10)

correspond to certain rows of reciprocal-lattice
points that obey Eq. (3). Results for regime (3)
are applied in Secs. IV and V in order to deter-
mine &lu(g) I ) and czs from measurements of &p„'

and 6x&.

B. Shear Modulus

Several calculations of C68 at low magnetic field
B«H, 2 in bulk superconductors have been pub-
lished. These will be compared to the experiment,
owing to the lack of thin-film calculations for C~6.
All of the results can be written

+BH~2
B&&Hc2 ~4px

gime, discussed next.
(iii) For a«v, the dc current and field are not

affected to lowest order in a, whereas the rf elec-
tric field is linear in the rf current. The in-phase
component of the rf resistivity, p', computed from
Eq. (1), shows transition steps when the dc elec-
tric field E«equals E„,. (The 90' out-of-phase
component contains peaks at E«=E«. ) The shape
of the transition steps in p' is given by

224
p'-p'„, =,', ~,'",g' Z w'„.&Iu(w„.g, )l')

327T Q C +g(0 m- ~

2 3 2

&& a.rctanynx — "
2

'
yn x ln 1+ ynx

2K~m

(6)

where p„'& are values of the resistivity when the dc
electric field Ed, equals E„j. Other symbols in
Eq. (6) a,re

w„„=n + nm+ m, y = 2P3 g,K,B/qcE»,

z = (E« —E«)/E~s .
A logarithmic divergence is not observed experi-
mentally, and presumably it is smeared out. De-
noting the magnitude of the nth transition in p' by
&p'„, it follows from Eq. (6) that

np„'=—,'", g' Qw'„& lu(w„g, ) I').32 g c K&+ m

A width to the nth transition, defined as the inter-
val in x, centered about x = 0, corresponding to
&~p„', is denoted by 5x„. It is given by the solu-
tion of the following equation:

C. Pinning Potential

The nature of the pinning-potential correlation
function has been discussed by Larkin and Ovchin-
nikov for random fluctuations in mean free path
l, electron-phonon coupling constant (equivalent
to fluctuations in T,), and thickness of the film t. '
We are taking a simplified approach, and presume
that the fractional fluctuation in the local-free-en-
ergy density within a vortex line can be written in
the form

6E(r) s in&E(r)& 5l S ln&E(r)& 5T,
&E(r)) s lnl l S lnT, T,

s ln&E(r)& 5t
s lnt- f

& ) denotes an ensemble average and S(r) is a ran-
dom function of position r, as are 6l/l, 6T, /T, ,
and 6f/f, characterizing the structural inhomoge-
neities in the film. The change in the self-energy
of one vortex from the average over the ensemble
equals the pinning potential, given by the convolu-
tion

U(r) = Jdr' E'(r') S(r'+ r). (14)

For a lattice of vortices, we define the Fourier
transform of U(r) as an integral over the hexagonal
lattice cell [of area A = 2/(v'3)g, ],

u(g') = (1/A) J d xe "'U(r). (15)

Similarly, we expand the following in a Fourier
series:

E(r) =5f (8) e"', (16)

S(r) =ps(g) e"',

with the result

u(g) =A f( g)s(g). - (1

An expression for the Fourier-transformed pin-
ning-potential correlation function follows from
Eq. (18):

&lu(g) I
&= IAf(g)I & fs (19)

Although the details of the various contributions
to the function S(r) are unknown for our aluminum
film, it seems reasonable to consider a model in
which the mean size of the structural inhomogene-
ities, denoted by d, is much smaller than either

where the numerical coefficients obtained are e
= 0. 118by Brandt, ' o. = 0. 125 by Fetter, Hohen-
berg, and Pincus, and &=0. '70 by Matricon. At
high magnetic fieM, a calculation by Labusch «.~nds'

0.48«'(2«' —1)8,
4m[i+ (2« —1)P] H,z
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An oxygen-doped aluminum film, 1000 A thick,
was prepared by evaporating pure aluminum at a

0
rate of 2 A/sec in an oxygen atmosphere at a pres-
sure of 6 && 10 Torr. The substrate, a Corning
7059 glass slide, was fire polished immediately
before placing it into the vacuum chamber where
it was located 13 cm away from the filament. A
photoetched mask was used to produce the speci-
men whose shape is depicted in Fig. 1. Detailed
parameters of this specimen are listed in Table I.
H,& was obtained from plots of resistivity versus
magnetic field, and T, is extrapolated from a plot
of H,2 vs T. The BCS coherence distance (o was
estimated by multiplying the pure-aluminum value
of 16000 A by the ratio of the critical temperature
of pure aluminum to that of the film. Estimates of
the mean free path /, and the Ginzburg-Landau
parameter z were then obtained from the H,& mea-
surement.

Abeles had found that a similarly prepared sam-
ple has a granular structure whose mean grain

0
size is 180 A. Data shown in the figures of this
paper were taken on one film, although several
other aluminum films were prepared with various
resistivities and dimensions, and the data for those
films are qualitatively the same.

Although the actual current distribution in our

TABLE I. Parameters of the oxygen-doped aluminum
film used in this work.

Thickness
l

C

Normal resistivity
~(TC)

1000 A
40 A.

12000 A.

1.6 K
9 lcm
3.0

610 Oc
K

vortex dimensions or the vortex-lattice constant.
For such a model the correlation function (S(R)S(0))
is expected to be largest when IR I/d & l, and should
equal od/IRI for IRI/d»l, where 0 is the mean
value (IS(A) I ) and is a second constant of the mod-
el. The Fourier transform is therefore

I
gI'&I (g) I'& = (l/&) J „d'ft "'[-~'&s(R)s(0)&l

= (l/&)f —V(S(R)S(0)) ~ n dl "-" 0. 5giod. (20)

Here, Green's theorem was applied with the approx-
imation e ""-1over the range where the inte-
grand is large. n is a unit vector normal to the
path in the line integral. The quantity Od, an
equivalent constant for this model, is obtained from
experimental data, as discussed in Sec. IV.

III. EXPERIMENTAL PROCEDURE

MODULATOR

SPLITTER

Qv(Jd )

—ref
LOCK-IN in.

AIVIP

OM BONE

(p'cInd dg'~dJd )

(gi

50Q

ALUMINUM FILM L

FIG. 1. Schematic diagram of experimental apparatus
and aluminum film. The region between the specimen
voltage probes is measured as 1.27 x2. 54 mm. The
quantities measured are shown labeling the voltmeter
symbols which represent inputs to an x-y recorder. All
wires are 50-0 coax.

film is expected to be nonuniform near the edges,
it is not considered in our analysis of the data.
Several cylindrical films were made to demon-
strate that edge effects are not necessary in or-
der td observe interference transitions. A glass
tube supporting the cylindrical film was fitted over
a solid cylindrical iron magnet pole piece, and
surrounded by a second hollow cylindrical iron
pole piece. A small, specially shaped, perma-
nent magnet established a fixed radial" magnetic
field in an annular cylindrical gap which, over the
area of the film, was perpendicular to its surface.
W'ith current applied in the axial direction, one of
the pole pieces serving as a return current path,
the vortices move in a circular path about the cir-
cumference of the film, never having to be created
or destroyed at edges. The interference effect was
also observed in such films.

Data were taken with the specimen immersed in
pumped liquid helium over the temperature range
1.14 & T &1.56 K. Mixed rf, ac, and dc currents
were applied through a single 50-0 coaxial cable,
terminated with a 50-~ metal glaze resistor wired
in series with the specimen, as shown in Fig. 1.
rf currents ranged in frequency from 50 to 150
MHz. ac modulation was at 250 Hz and the dc was
swept in 1 min. Two additional coaxial leads con-
nected two voltage probes on the sample to both
dc and rf differential amplifiers. The rf ampli-
fier consisted of a matched balun transformer in
front of an unbalanced rf amplif ier. Measur e-
ments of the flux-flow rf voltage V,& were made by
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FIG. 5. Fourier transform of free-energy distribu-
tion, derived from measurements, vs reduced wave-
vector magnitude. B«H~2, T 0. ST,.

effect for &«H,&. Therefore, it is consistent to
presume that {lu(g) I ) is a function of the magni-
tude g = I g I .

A trial and error iterative procedure was used to
unfold the sum in Eq. (V) to obtain the g dependence
of the function (lu(g) I'). Certain properties of that
sum are worth noting. In order that &p„'& be an in-
creasing function of n for small n (experimentally,
approximately linear), (I u(g) I ) must behave as
g ' near g=g&. The sharp peak observed in ~p&
vs n requires a sharp knee in (lu(g)I ). Finally,
the rapid decrease in ~p& for large n, as n ' or
faster, requires that (lu(g) I ) fall off as g or
faster. For each value of B, there is a set of val-
ues for (lu(g)l ) corresponding to a set of recipro-
cal-lattice vectors. By taking data at various val-
ues of the magnetic field, one varies the scale of

g, establishing a form for (lu(g) I ) that is a con-
tinuous function of g. A set of calculated values
for &p&, obtained from a best fit form for (lu(g) I ),
are compared with the experimental values in Fig.
4 to illustrate the quality of the fit. To avoid con-
fusing the calculated points with the experimental
data, however, these results are represented by
smooth curves which are drawn to connect points
at n = 1, 2, . . . . By fitting additional data taken a,t
&= 35 6 and at several other temperatures, the
factorization indicated in Eq. (19)was verified.
The g dependence of I&f(g) I scales with (H,a)'
or with $ ', where $ i,s the temperature-dependent
coherence distance. These results are plotted in
Fig. 5. It is evident from the symmetry that
Af(g) is positive definite. Also, from the tempera-
ture dependence, we find that the magnitude of
Af(g) contains a factor proportional to H,z, over
the interval 100 &H,z &300 Oe, affirming the ex-

pected temperature dependence of the free-energy
density.

Replacing the sum in Eq. (16) by an integral, the
Fourier transform of f(g) becomes a Hankel trans-
form:

&(~) = '~J,-~o(g~)zAf(z)dg, (21)

where ~= tr I and Jp is the Bessel function. Eval-
uated numerically, the free-energy density E(r) is
plotted in Fig. 6. The London theory approxima-
tion is used to establish the va, lue of the one arbi-
trary constant by fitting the magnitude of E(r) at
large r to the prediction of that theory

(22)

where X=z$ and I(:=3.0 was used. Ko and K, are
modified Bessel functions of the second kind. The
same value for this constant is found when all of
the terms in the Ginzburg-Landau expression for
the free energy are taken, and the calculated re-
sults, interpolated for v=-3, of Neumann a.nd Te-
wordt for the order parameter and magnetic field
distributions are used. ' Interestingly, the free-
energy density along the vortex axis &(0) turns out
to be 1.5H, /4v, which is significantly larger than
the value predicted from Neumann and Tewordt's
results, i.e. , 0. 6H, /4v. More recently, Bardeen,
Kummel, Jacobs, and Tewordt have performed a
microscopic calculation of the vortex structure. '
Presuming that their calculation of the free energy
due to states near the core has a spatial distribu-
tion scaling with the depression of the order pa-
rameter, we find that their theory predicts F(0)
= 3H, /4v. Although this result is intended to apply
to pure superconductors at low temperatures, it
provides a theoretical basis for expecting the
bound and scattering states to enhance the core

1.0
Fgr f

H~ E4'7r

0.5

rYg
FIG. 6, Free-energy density vs reduced radial co-

ordinate; the transform of the curve in Fig. 5.
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free-energy density. Cleary has applied the ap-
proach of Bardeen et al. for temperatures near
T, , finding that the free energy is identical to the
Gjnzburg-Landau expression. It would there-
fore be interesting indeed to apply the quantum in-
terference technique to the pure type-II supercon-
ductors, niobium and vanadium, to which the

r
abovementioned microscopic theories actually
apply.

Results for the structure correlation function
agree with the form given by Eq. (20), and the ex-
perimentally derived value for (od) is 3.5 &&10 "
cm. Quoting Abeles measurements, i.e. , d = 180
A, the coupling constant o turns out to be 2&&10

In other words, the inhomogeneity among the
grains is on the order of 0. 4%.

Using somewhat larger applied rf currents than
what was used in the course of obtaining the above
results, it was found that transitions obeying Eq.
(5) continued to be observable in magnetic fields
as low as 0. 5 Oe. This verification that the lat-
tice parameter scales with B ' ' even at large val-
ues of intervortex spacing is taken to be a con-
clusive demonstration that the vortex-vortex inter-
action is repulsive at all separations.

For purposes of comparison, we mention recent
neutron-diffraction measurements by Schelten,
Ullmaier, and Schmatz of the magnetic field struc-
ture in an NbTa. alloy (whose z = 3.36 is comparable
to that of the aluminum film) and in pure niobium. ~

The NbTa results confirm calculations based upon
Ginzburg-I andau theory and are consistent with
our results on the aluminum film. In niobium,
however, their evidence for an attractive inter- '

action at large distances is quite clear: a maxi-
mum lattice parameter is found at lorn flux density.
The attractive interaction is predicted by Dichtel's
nonlocal theory.

V. SHEAR ELASTIC MODULUS c&6

The shear modulus is computed from measure-
ments of the width at half-maximum of the n=1
peak in plots of dp'/dl&, vs E&, , e. g. , Fig. 3,
using Eqs. (8)-(10) for n= l.

The above measurements and the width of the
central half of the step in p' vs Ed, were found to
be equal to within the uncertainty of the measure-
ments. The chief source of error is the uncer-
tainty in the location of a base line for the peaks
in dp'/cU&, . It is largest at both ends of the mag-
netic field range covered and is estimated to be
20% or less. In order to use Eq. (10) to compute
values of y&, the pinning-potential correlation
function derived in Sec. IV was used. It turns out
that y& is small, lying in the interval —0. 2 &y& &0.2
over the extent of the range of the data. According-
ly, z& is confined to the interval 0.9 &z, & 1.1 The
following expression was then used to compute

10

OJ

E
V 1—
o

0.5 -~

0.2—

0.1—

Brandt———Lobusch

50 MHz

100 MHz

~ 150 MHz

L
4 g

5

A
4

4

I I

0.05 0.1 0.2 0.5
Br'H~~

FIG. 7. Shear elastic modulus of vortex lattice
measured at three frequencies and two theoretical curves
vs reduced magnetic field. Dashed curve, Eq. {12);
solid curve, Eq. (11). For theoretical results of Fetter
et al. and of Matricon, refer to the text. H,2=260 Oe.

values of c66 from the measured widths:

('~'t
I gt 381%0CSS

(23)

The measured differential dc resistivity was used
to obtain measured values for g, defined in the us-
ual manner:

By()
c p

(24}

,&dE„
tt,ctld~ g g

Results for c«are plotted in Fig. 7, for three val-
ues of the measuring frequency, against reduced
magnetic field. Here, H,2=260 Oe, and T=1.18 K.
For comparison, theoretical curves derived from
Brandt's' results at low field, Eq. (11), and La-
busch's' result at high field, Eq. (12), are also
shown, Agreement with theory at low magnetic
field is quite good. The data also agree with the
results of Fetter et al. ' (not represented in Fig.
'I) which correspond to a line 6% above the Brandt
result. Matricon's result apparently contains a
factor of -6 error. ' For very low magnetic
fields B 5 G excitation of compressional lattice
fluctuations is theoretically also important, since
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the compressional modulus vanishes as 8 in the
low-field limit. " Unfortunately, it is difficult to
obtain data in this region that is good enough to
check this out. In attempting to analyze data taken
at B & 10 0 one finds that both the widths of the
transition peaks become large as & approaches
zero and that their base lines become increasingly
nonlevel.

Results for c~e at high magnetic field are, at
first impression, at variance with the theory. Al-
though according to I abusch's theory the shear
modulus is expected to vanish at H,&, we seem to
have found a rather anomalous transition near
&H~. Note also, that the value of the field at

which this transition occurs increases with increas-
ing measuring frequency.

It seems reasonable to attribute this apparent
decrease in ees to the onset of especially strong
pinning forces at high magnetic field. This speci-
men displays the commonly observed peak effect"
in the dc pinning current at about the same field as
the anomalous transition occurs. Should the pin-
ning forces excite very large-amplitude shear de-
formations of the vortex lattice, large fluctuations
induced in the vortex spacing and the angle of
orientation of the lattice with respect to e„would

~2 2/s x2( 2/3

~Off (24)1/3 (26)

where ~ = 3.0 is the bulk value appropriate to the
dirty aluminum„T T,. The result is drawn as a
solid curve in Fig. 8, and appears as a much bet-
ter fit to the data than the bulk limit (dashed curve).

The correct dispersion law for long-wavelength
shear deformations has not been worked out in the
thin-film limit, and is possibly not of the form
K~ used in Eq. (1). As an illustration, if the law
were q, for example, we find that Eq. (1) leads
to transitions of a qualitatively different shape—
instead of the sharp steps of Eq. (6), one gets
p' —p.'i" (&~.—E~)'"

Another aluminum film had been studied, whose
ratio of penetration depth to specimen thickness
(at equal values of T/T, ) is five times larger than
the specimen considered above, and that specimen
had qualitatively similar transitions. Thus it
seems that in the thin-film limit the only observ-
able difference is a replacement of K by ~,«, and
the fact that the vortex-vortex interactions are

increase the observed width, indeed, washing out
the interference structure altogether. The rms
fractional fluctuation in vortex spacing, an estimate
made from the Schmid theory, is approximately
(1/2v} (6xJ/, /P' . The conclusion here is that
these data cannot be used as a test of the theory for
the transition at H,2.

A study of the temperature dependence of low-
field data, which follows, does give a meaningful
description of the transition at T,. Temperature
dependence of poc~~/B is shown in Fig. 8. For
taking these data, the magnetic field was kept fixed
at either 35 or 50 G, and the measuring frequency
at 150 MHz. It was discovered that the magnetic
field value at which the peak effect washes out the
transitions is an increasing fraction of &,& as T ap-
proaches T,. Therefore, even though B was kept
fixed, the influence of the peak effect on the data
presumably remains negligible over most of the
temperature range covered. This opinion is sup-
ported by the fact that q Ocee/B is insensitive to B
as it theoretically should be.

The dashed theoretical curve in Fig. 8 is com-
puted from Brandt's theory. That the data show
a more rapid temperature dependence, the devia-
tion becoming more pronounced close to T, , is
believed to be due to our approaching the thin-film
limit: At 0.95T, the (bulk) penetration depth would
be seven times larger than the specimen thickness.
If we ignore such questions as the validity of Eq.
(11) in the thin-film limit and simply substitute an
effective thin film z,« into that formula, we can
get an approximate thin-film expression to com-
pare with the experiment. For this purpose we
use"
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FIG. 9. Ratio of measured to theoretical transition
widths vs subharmonic index for several temperatures
at B=35 G. Dashed n3 line indicates trend of deviation.

functionally different is not apparent.
As a final point, we compare the widths of the

complete sequence of steps, i.e. , also n &1, with
those expected from the theory. We find that the
widths are not proportional to n, which is approxi-
mately the dependence predicted by Eqs. (8)-(10).
In Fig. 9, a plot of the ratio of measured to theo-
retical widths (normalized to unity at n = 1) against

n, we find an additional factor of n' which stands as
an unexplained disagreement with this particular
detail of the Schmid theory.

VI. SUMMARY

We have shown that measurements of quantum
interference transitions can be used as a technique
for studying vortex-lattice interactions and struc-
ture. The Schmid theory contains parameters such
as c68 and (lu(g) I ) for which values are obtained
from the experimental data. The results are in
good agreement with applicable theories of vortex
structure at low magnetic field, and support the
basic correctness of the phenomenological model
of vortex motion. For the granular aluminum film
used here, we obtain a measure of the correlation
function of pinning defects, the free-energy struc-
ture of a vortex, and the shear modulus for weak
vortex-vortex interactions. Pinning def ects are,
as expected, of mean size much smaller than the
size of the vortex ($ or X). There is more free-
energy density in the vortex core than Ginzburg-
Landau theory predicts, and it is possibly due to
the presence of core states similar to those cal-
culated by microscopic theory. The shear mo-
dulus agrees with low-field theory of weak vortex-
vortex interactions in the bulk. However, near T, ,
there is more rapid temperature dependence, sug-
gesting thin-film limiting behavior.
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