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Isothermal-magnetization data have been obtained for a series of well-annealed chrome-
plated Pb-In alloys of In composition between 30 and 80 at. % in the temperature range 1.90 K
to the appropriate transition temperature. The empirical relation proposed by Toxen involv-
ing the thermodynamic-critical-field data and the energy gap has been found to be valid over
a wide range of values of the Ginzburg-Landau parameter ~, the electron mean free path l,,
and for both weak and strong coupling alloys. Consequently, it may be used to obtain the
energy gap at T= 0 from the critical-field measurements both in the case of elemental and al-
loy superconductors. The experimentally determined Ginzburg-Landau parameters z~(T) and

j(2(T) show a stronger temperature dependence and are generally larger than predicted by ex-
isting weak coupling theories.

I. INTRODUCTION

One of the characteristic features of superconduc-
tivity as described by the BCS theory is the exis-
tence of a gap 4(T) in the energy spectrum of
single-particle Fermion excitations from the
ground state. According to the BCS theory, for
the weak coupling case the gap at T= 0 'K is 2b (0)
= 3. 52k~ T„where k~ is Boltzmann's constant and

T, is the transition temperature. In the so-called
strong coupling superconductors 26(0) assume val-
ues as large as 4. 6k~T, . Thus a measurement of
2b. (0) for a superconductor provides an estimate of
the strength of the electron-phonon interaction.

An interesting relationship between the critical
field of a superconductor and its energy gap was
pointed out by Toxen. This empirical relation
states that

dh &(0)
, dt qg k~Tc

where h =H, (T)/H, (0) is the reduced critical field,
and f= T/T, is the reduced temperature. H, (T) and
H, (0) are the thermodynamic critical fields at tem-
peratures T and 0 K, respectively. Relation (1)

can be rewritten

T, dH, &(0)
H(0) dT ... h, T,

Toxen, using measured superconducting param-
eters, has shown that relation (1) is very well
satisfied by both weak coupling and strong coupling
elemental superconductors. It should be empha-
sized that I dh/dfl, ~ and 6(0)/he T, depart from the
values predicted by the BCS theory for weak cou-
pling superconductors, but their ratio does not.
Whereas BCS predict 1dh/df [, ~

= 1.736 and 6 (0)/
heT, =1.764, one finds for Pbs'~

t dh/dt i, ~=2. 13
and b, (0)//h~ T, = 2. 17. Thus both these parameter
increase as the coupling strength increases. There
have been arguments' that relation (1) is just a
numerical coincidence. Theoretically, Bothwarf
has shown that Toxen's proposed relation is con-
sistent with the BCS theory if one uses the tem-
perature dependence of the effective electron-elec-
tron interaction.

The BCS expression for the gap involves the ef-
fective electron-electron interaction V in the form

&,(T) = ——,'2 (Pay /&, .(T)]&,.~(T) tanh-,'PE, (T), (2)
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where

8=1/ksT, E~=a' ~+& (T)

E„=K k /2m —E~

V», is the matrix element for the scattering of a
pair of electrons from the state (k0, —k4) to (k'0,
—k4). V», may be composed of two terms, the
first describing the attractive electron-electron
interaction mediated by phonons and the second re-
sulting from the screened Coulomb interaction.
The phonon contribution V~»& in the superconduct-
ing state has been calculated by Eliashberg~ to be
of the form

2(E„+king)
I M(k, k')

I

(E„+an)'- E,'

where 0 is a characteristic phonon frequency, and

M(k, k') is the electron-phonon interaction in the
normal state. Expression (8) implies that V», is
dependent on temperature through the E's. In the
BCS theory V», is replaced by a constant P.
Starting from (8) for the electron-electron inter-
action and taking into account the Coulomb repul-
sion, Rothwarf8 was able to show that relation (1)
can be valid over the entire range of effective cou-
pling strengths (weak to strong). Sheahena had also
modified the BCS model with certain semiempirical
corrections so that the BCS "laws of corresponding
states" for sets of reduced quantities were found
to apply to even strong coupling elemental super-
conductors. Sheahen showed that this extension of
the BCS model could be justified by discarding the
BCS assumptions that (a) the interaction is indepen-
dent of temperature, and (b) the cutoff energy is the
Debye temperature times Boltzmann's constant.

Although the Toxen relation has been verified to
hold in a large number of elemental superconduc™
tors, there exists relatively little evidence of its
validity in the case of superconducting alloys. It
should be noted, however, that Sekula and Kerno-
han assume the validity of relation (1) to calculate
the Ginzburg-Landau parameter x~(T) in their
studies on Pb-Tl alloys up to 27-at. % Tl. On the
other hand, Fischer and Maki find a serious dis-
crepancy in Toxen's equality in their studies on
Pb+ 17-at. %%uo-inalloywhen theyus e then(0)/k ~T,
values measured by Adler, Jackson, and Will. ~

They attribute this disagreement, in part, to the
large ratios of D(0)/ksT, recorded by Adler et al.
using unannealed, inhomogeneous alloy films. It
is interesting to note that no such discrepancy was
observed within experimental error over the range
0-28-at. % In in Pb by Rothwarf, Dubeck, and

Aston, who also used the same data for r (0)/kBT, .
The Pb-In alloys examined in this work are par-

ticularly suited to test the validity of the Toxen re-

lation for a variety of reasons. Firstly, energy-
gap measurements for these alloys are available
for comparison with critical-field measurements.
Secondly, there is a wide variation in the strength
of. the electron-phonon interaction and the electron
mean free path in these alloys. Pure Pb and pure
In, with transition temperatures of 7. 19 and
3.40 'K, respectively, are both type-I supercon-

'

ductors. Pb, with four electrons per atom, is a
strong coupling superconductor and In, with three
electrons per atom, is weak coupling. The mass
of Pb is about twice that of In. Thus in these al-
loys both the solute mass and the electron concen-
tration play an important role in determining the
electron-phonon interaction. Thirdly, these non-
transition-metal alloys are easy to prepare. Both
the metals, with a fcc crystal. structure, form a
series of solid solutions, except in the composition
range of approximately 70-88-at. % In where they
form a homogeneous intermediate ~ phase. This
phase is face-centered tetragonal. The width of
the two-phase region between the two phases is ex-
tremely uncertain, but rough estimates~~ give a
value of 1.5-at. '%%uo In.

II. EXPERIMENTAL METHODS

A. Sample Preparation

The samples were made from ingots of Pb,
99.95%%u& purity, and In, 99.9999'%%uo purity, supplied
by Bram Metallurgical Company. They were
melted together in a Pyrex tube with a propane
flame whose temperature exceeded 500 'C, under
a vacuum of better than 5&&10 mm of mercury.
The molten metals were rotated and shaken thor-
oughly for about 20 min to ensure homogeneity, and
then rapidly cooled in an ice and brine solution.

The slug was then transferred to another Pyrex
tube bent at the bottom into a narrow (nearly 0.1-
in. -i.d. ) capillary in which the sample was formed.
The geometry of this tube was so chosen as to mini-
mize the possibility that air bubbles might be
trapped inside the sample. The slug was then re-
melted again using the propane torch while continu-
ally shaking by hand. After homogenizing the melt
for 20-30 min, the sample was quenched in brine.
The inside of each tube had been rinsed with a so-
lution of 0.01% mineral oil in carbon tetrachloride.
A thin film of oil remaining after evaporation of the
solvent facilitated the removal of the finished sam-
ple. Dipping the tube in liquid nitrogen allowed
the sample to be removed from the tube by crack-
ing the glass. It was then cut to the desired length
using a clean razor blade. The specimen was im-
mediately polished chemically with a mixture of
80/0 acetic acid with 20% hydrogen peroxide for
about a minute, and then electroplated in a chromium
bath. This plating suppresses surface supercon-
ductivity and serves to seal the surface against ab-
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sorption of gases.
Each sample was vacuum annealed for periods

ranging from 3 to 5 weeks in an oven at a tempera-
ture of 5-10 'C below its solidus point. The an-
nealed samples were placed into clear Teflon hold-
ers for subsequeQt measurementsp thus minimizing
the risk of coM working during handling.

8. Measurement Techniques

The magnetization measurements were carried
out using two highly sensitive magnetometers, a
commercial FM-1 Foner vrbratrng-sample magne-
tometer' manufactured by the Princeton Ayplied Be-
seRx"ch Corporation~ Rnd R I1ornernRde ballrstrc-
galvanometer magnetometer. In the Foner appara-
tus the magnetic field, provided by a Magnion elec-
tromagnet with 12-in. pole faces, was applied in a
direction transverse to the axi.s of the cylindrical
sample and consequently it had a, finite (approxi-
mately 0. 5) demagnetization coefficient, whereas
in the ballistic-galvanometer magnetometer the

field~ provILded by R superconductkng solenoid) WRS

along the length of the sample and hence the de-
magnetization coefficient was nearly zero. The
shapes of the mag. ietization curves obtained from
these two magnetometers for a given sample at a,

given temperature will be different, owing to the
different demagnetization effects„but the supercon-
ducting parameters obtained from them are the
Same.

Nearly reversible magnetization curves were ob-
tained from the ballistic-galvanometer magnetom-
eter after jarring the sample a number of times
between the pick-up coils. The corresponding
curves from the Foner Q1agnetometer resulted when
a small oscillatory magnetic field was superimposed
on the sample in a direction mutually perpendicular
to its axis and to the dc field. (For details, refer
to the Appendix. )

A 68-0 Allen-Bradley carbon resistor was used
for temperature measurement in the range 1.60-
V. 25 K. The thermometer was calibrated by mea-
suring the vapor pressure of liquid helium and

using the 1954 He temperature scale of the NBS.
Resistivity measurements were made using the

standard four-probe technique. Four leads were
independently attached to the sample and the volt-
age developed by an appropriate transport current
was measured by a Honeywell potentiometer.

C. Data Analysis and Errors

In analyzing the magnetization data the following
procedure wRS used.

(i) The upper critical field H, 2 was measured di-
rectly from the magnetization curve. There was
little ambiguity in this measurement since the curves
were perfectly reversible near .EI,2.

(ii) xz(T) was obtained from the slope of the mag-

netization curve near H,~ using the Cape-Zimmer-
man relation

dna

dH „„1.16(2x2~ —1)+D '

where D was determined from the dimensions of the
sample.

(iii) The area under the constructed "reversible"
magnetization curve was measured using aplanim-
eter and H, (T) was determined from the relation

f Mdh=H, /8v

(iv) x,(T) was determined from the relation x~(T)
= H„(T)/M2H. (r).

(v) The lower critical field H,&(T) was taken as
the point of first observable departure from the
initial Meissner slope for samples with D = 0. For
nonzero D this point corresponds to (1 —D)H„.

(vi) The Foner-magnetometer data depend on the
magnetic field sweep rate. This was corrected ap-
propriately to zero-sweep rate in order to elimi-
nate rate-dependent effects when comparing with
theory. The corrected experimental data agreed,
within the experimental error, with the ballistic-
galvanometer data. These effects will be the sub-
ject of a future publication.

(vii) Errors: (a) The value of H,~ is reliable
within the instrumental errors inherent in the pro-
cess of obtaining the magnetization curves which
were estimated to be less than 3%. (b) The magni-
tude of II, obtained by integrating the reversible
magnetization curve is believed to be reliable with-
in a maximum error of 5%. (c) The error in H, ~

is estimated to be less than 5%, which stems from
the fact that the transition was not sharp. (d) The
error in dM/dH near H,~ was 5-6%. Hence the
error to xz(T) is estimated to be about 3/0. (e)
The value of x, (T), which was determined from the
ratio of H„and H, has a maximum error of 7-8/0.
(f) The accuracy of the temperature measurements
is better than 0. 5/o. The width of the transition
at 1,' was typically 100 m 'K, with T, chosen to be
the midpoint of the transition.

III. RESULTS

A. Transition Temperature

The transition temperature T, was determined
by plotting the three critical fields II„ II„, and
II, ~ as R function of temperature. The value thus
obtained agreed with the 7, from resistivity mea-
surements. The T,'s determined this way are
plotted as a function of indium concentration in Fig.
l. With increasing indium concentration in lead
the transition temperature monotonically decreases.
Within the uncertainty (*50 m'K) of our measure-
ments there is no indication of a change of slope
near 30-at. % ln, in disagreement with the observa-
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other hand, has a 0& of 111.00 'K. A similar be-
havior is noticed in Pb-Tl alloys also. Thus it is
incorrect to substitute 8e for 8. in (4a) for the
Pb-In and Pb-Tl alloy systems. This is due to the
fact that different averages of the phonon frequency
go into 8~ and the Eliashberg-McMillan theory.

Tc( K) B. Impurity Parameter

~ Reference II

~ Present work

I l I I

0 20 40 60 80
ot. % In in Pb

PIG. 1. Transition temperature vs at. % indium for
Pb-In alloys.

IOO

tions of Farrell et al. '4 but in agreement with Cul-
bert et al. This variation of T, with In composi-
tion is similar to that observed by Bon Mardion,
Goodman, and Lacaze'6 for Pb-Tl alloys with in-
creasing Tl concentration.

Recently, McMillan'7 has obtained an expression
for the transition temperature within the frame-
work of the strong coupling theory. According to
this theory T, is given by

0» 1.04(1+X)
1.45 y —p*(1+0. 62K)

(4)

where O. is a temperature corresponding to a char-
acteristic phonon frequency, X is the electron-pho-
non coupling parameter, and p,*, which is generally
found to be 0. 10+0.02 for nontransition metals, is
the Coulomb pseudopotential of Morel and Ander-
SOll

McMillan's formula (4) can be approximated in a
simplified form as

T =ee """".
C

Rewriting the coupling constant in terms of 8 as
suggested by McMillan'~ this reduces to

~OH e-o /C
C (4a)

where C is a constant. This relationship predicts
that 0~ should increase with decreasing T, for a
given class of materials. Assuming that O~ =0~»
the Debye O. , (4a) gives good agreement between the
measured T, and 8~ for a large number of super-
conducting alloys. '~ However, for the Pb-In alloys,
from the specific-heat measurements of Culbert
et al. " it is found that the Debye temperature
drops rapidly as indium is alloyed into lead from
104.11 'K for pure Pb to V8. 65 'K for Pb+ 60-at. %
In, while T, also drops from 'l. 19 'K to 6. 25 'K
in that composition range. Pure indium, on the

p = 8.85x10 ~ y ~~
p„/«0 (5)

where y, the coefficient of electronic specific heat,
is in erg/cms'K, p„ is in pQcm. Hence p can be
determined from this relation provided Kp is known.
Using Gorkov's work and (5) one can derive the
well-known Goodman relation

« =«0+ V. 53x10-'p„y'~' . (6)

A plot of «3(T,) vs p„y~~m for the Pb-In alloys is a
straight line, in qualitative agreement with rela-
tion (6). The y's used here were the experimen-
tally measured values of Culbert et al. The ex-
perimental slope of this straight line, however,
was 6.0&10 3 with an intercept of up=0. 29+0.Q3.
This value of ~p is in good agreement with the cal-
culated value of 0.28-0.30 by Farrell et al.
for these alloys, and the experimental value of
0.30+0.02 by Kumpf, 33 who made a similar plot
for Pb-Tl alloys. Sekula and Kernohan~ also
made a similar observation on Pb-Tl alloys. They
have obtained a value of 6.1&103 for the slope
and 0.2 for vp. These slopes differ from the Good-
man slope of V. 53&&10 3 as well as the Rauckhorst
and Farrell computation of V. 9&& 10

Using the experimental value of vp and the spe-
cific-heat data of Culbert et al. '6 the impurity
parameter for each specimen up to 50-at. % In was
determined by means of relation (5). Since no
measured value of y for the Pb+80-at. %%d-In sample
was available, p in this case was calculated. using
the relationship

Gorkov~~ introduced a parameter p to character-
ize the purity of a superconductor; p is proportion-
al to the ratio of the coherence length $ to the elec-
tron mean free path l. This quantity is identical
to ~ used by Helfand and WerthameraP and ~ used
by Tewordtm' and the ratio f/I used by Eilen-
berger. It i.s defined as

p = I/2vke T,r = 0. 882 $0/l,

where v is the relaxation time for normal-state
processes, and 4 is the BCS coherence length at
T= 0 for the pure material. Gorkov calculated the
ratio «/«0 as a function of p, where «0 is the Ginz-
burg-Landau parameter in the pure limit.

The impurity parameter can also be calculated
from the normal-state residual resistivity p„ in-
dependent of g. This relationship is
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TABLE I. Sample characteristics.

In comp.
(at. %)

T, a, (0)
('K) (Oe) ~g(TJ ~2(TJ

pn
(0 cm)

E

p (A)

Ky(0)

K2(T,)
a(0)/I ~T,
(Ref. 3)

~(0)/a, T,
(R f. 31)

30
35
40
50
80

6.78 815
6.74 840
6.66 810
6.53 785
5.53 610

4.12
4.65
4.75
4.25
2.60

4.20
4.67
5.00
4.87
2.69

15.82
17.33
18.00
17.80
11.01

19.8 48
21.7 34
22. 6 32
22. 5 33
11.8 62

l.33
1.27
1.29
1.34
1.26

2. 18
2.25
2.25
2. 19
2. 05

2. 20
2. 18
2. 16
2. 10

2.23
2.26
2.26
2.23
2.12

0. 580'7 dH, 2 12, 12
~,H, (0) df, , vg(3)

+ a'P

l.4-
Pb+30 at. % In

~ Pb+35 at. '/o In
Pb+ 40 at. % In
Pb + 50 at. % In

Theory

k&(&)

k&(l)

0 0 0
000 0

~ 04 kjg

1.2

l.o
0.8 1.00 0.4 0.6

t =T/Tc

FIG. 2. Rati«f GL parameter K2(t) to K2(1) vs "he
reduced temperature t= T/T~. The continuous lines are
the theoretical curves of Eilenberger for p =20 and v/v&,
= 1 for the upper curve, 1.5 for the middle curve, and 2
for the lower curve (Ref. 28).

given by Helfand and Werthamer. Here g(3) is the
Riemann g function. These values of p are sum-
marized in Table I and will be used. in Sec. III C
below.

The electron mean free path in these alloys was
determined using the calculated values of p and the
Gorkov definition of the impurity parameter.
These values are also listed in Table I.

C. Ginzburg-Landau Parameters

The magnitude of the Ginzburg-Landau (GL) pa-
rameters g, (T) and ya(T) both increase with decreas-

ing temperature for all the alloys tested. This in-
crease is found to be significantly greater than pre-
dicted by theories. The values of these parameters
at T, appear to coincide within the combined experi-
mental error of 10%. Such variations of both vi(T)
and za(T) in alloy specimens have been noted by
several workers. a' ' 5' s Measurements of xa(T)
by Farrell et al. from bulk Pb-In magnetization
studies have shown that it increases faster with
decreasing temperature than theory predicts even
in alloys close to the dirty limit. In their investi-
gation, however, there was considerable irreversi-
bility in the magnetization curves leading to uncer-
tainties in the values of ~a(T) deduced from them.

The values of ga(T) are found to be significantly
larger tlpn x,(T) over the entire temperature range
0& T& T„ for all the alloys investigated here. This
is consistent with the results of Evetts and Wade, '7

who found this to be the case at 4. 2 'K for Pb-In and
and Pb-Bi alloys with roughly z(T) & V. Sekula and
Kernohan' also found that va(T) & a, (T) for T & T, in
Pb- Tl alloys.

Culbert et al. "on the other hand, observed that
v, (T,))~a(T, ) for Pb-In alloys. This result is in
disagreement with our present results and all the-
oretical predictions, as well as previous experi-
mental results. This discrepancy may be attributed
to the procedure used by Culbert et al. to indirect-
ly determine v, (T,).

Figures 2 and 3 give the reduced parameter
xa(f)/va(l) as a function of t for the specimens in-
vestigated. The solid lines give the theoretical
predictions of Eilenberger for p=20 and p=10 in
Figs. 2 and 3, respectively, withe/v„= 1 in the
upper curve, 1.5 in the middle curve, and 2 in
the lower curves, where 7 „is the transport life-
time, and 7. is the s-wave scattering lifetime. The
experimental values are found to be larger than the
predicted values. Such an effect was noted by
Zoller and Dillinger, ~9 also in Pb-In alloys. The
results of French and Lowell3O on Nb-Mo alloys
with nearly reversible magnetization curves are
in general agreement with Eilenberger's predictions
near the dirty limit, but show increasing departure
from theory as p increases. As shown in Table I,
p for our samples varies from 11.8 to 22. 6.

Further comparison of experiment with theory
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I.4—

kz(t)

k&(i)

~ Pb+80at. /o In—Theory

super conducting alloys.
The critical fields values at 0 'K were obtained

from the plots of H, (f) vs f by extrapolating the
low-temperature values of H, (t) to t=0. These
data are listed in Table I and plotted in Fig. 4 as
functions of indium concentration. Also shown for
comparison in this figure are the values obtained
by Culbert eg g/. from specific-heat measure-
ments. These two independent measurements seem
to agree within experimental errors further sub-
stantiating the procedure'3 that was employed in
transforming an irreversible magnetization curve
into a reversible curve.

E. Toxen Relation

I.O
0 0.2 0.4 0.6 0.8 1.0

t = T/Tc

FIG. 3. Ratio v2(t) to v2(1) vs the reduced temperature
t= T/T~ for Pb+80-at. % In sample. The continuous lines
are the theoretical curves of Eilenberger for p =10, and
v/v&, =1 for upper curve, 1.5 for the middle curve, and
2 for the lower curve (Ref. 20).

was facilitated by the normalized GL parameter
~~(0)/zm(T, ). Eilenberger's computation 8 of this
ratio as a function of the impurity parameter for
the three values of 7/v„shows that although it ini-
tially decreases rapidly with increasing impurity
content in the sample, it levels off to a constant
value for approximately p & 10. These values are
of the order of 1.2 and 1.15 for v/i, „=1 and 2,
respectively. The experimental values of a3(0)/
~3(T,) are shown in Table I. The values of gz(0)
were obtained hy linear extrapolation to 7= 0 of
the lowest-temperature data of g, (T). The general
variation of z~(0)/z2(T, ) with p is in qualitative
agreement with the calculation of Eilenberger.
However, it is clear that the experimental values
are generally higher, and the increase of ~~(T) at
low temperatures is much larger than what theory
predi. cts. Such deviations of am(0)/vm(T, ) from
theory were also noted in Nb-Ti alloys by Fietz
and Webb and in Pb-In alloys by Farrell et al w

D. Thermodynamic Critical Field

Experimentally determined thermodynamic crit-
ical fields showed positive deviations from the
parabolic dependence H, (t) = H, (0) (1 —P) for all the
samples. Such deviations, which are generally at-
tributed to a strong coupling interaction, have also
been observed by Decker and co-workers, 4 Sekula
and Kernohan, and Fietz and Webb on various

900-

8QQ
0) 4
O 1~

O
u 700—

X'-

600-

I

20500 40 60 80 IOO

gt. % In in Pb
FIG. 4. Thermodynamic critical field at T=0'K,

H, (0}, as a function of indium concentration in lead. a,
present work; ~, Rothwarf et gl. (Ref. 11); z, Culbert
et al. (Ref. 15).

Table I illustrates the various quantities needed
to test the Toxen relation. The energy-gap data
presented are those of Adler et al. 3 and Brandli
and Trofimenkoff. ~ The (dh/dt), , values were
calculated using the measured values of T„ the
slopes of H, (T) vs T near T„and H, (0). The crit-
ical-field data and the energy-gap data are plotted
as a function of indium concentration in these al-
loys in Fig. 5. These results show that there is
little variation in both I dh/dt[, .~ and b, (0)//ksT, up
to about 50-at. /0 In, indicating that lead-indium al-
loys exhibit a strong electron-phonon interaction
even at these high concentrations of indium. Also
shown in Fig. 5 are the

~ dh/df[, ~ values calculated
from the data of Zoller and Dillinger~9 for In
+7.05-at. % Pb, and the data of Gygax et al. s~ for
In+4- and In+ 6-at. %-Pb alloys.

The error in the (dh/dt), , measurements is es-
timated to be approximately 8%. This arises from
the esti.mated error of 5% in the measurement of
H, (0), an error of 8/o in (dH, /d T)r r, , and the un-
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23"

2.2 i
0

2.l-
'U

20 II
'U

0
~ I.9 ™
0

~ I,s"
C

La)

FIG. 5. Energy-gap ratio d, (0)/
k~T', [L, Adler et aE. (Ref. 3); 4,
Srandli et gl. (Ref. 31)] and slope
of the reduced critical fieM h(t)
=&~(t)l&,(o) at t=1 f ~, Hothwarf
et aE. (Ref. 11);O, present work;
s, Zoller et aE. (Ref. 29); and Gygax
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certainty ln T of 0. 5'%%uo. These measurements have
about one-half the uncertainty of the measure-
ments of Bothwarf et al. ,

"since these earlier
measurements were not made sufficiently close to
g, and were not corrected for magnetic field
sweep-rate effects. Adler et gl. , 3 although pre-
senting their data up to three significant figures,
do not state the accuracy of the tunneling measure-
ments. Brandli and Trofi. menkoff have recently
repeated energy-gap measurements using a far-in-
frared-absorption technique. They report an error
of less than 2'%%uo for their measurements.

From Fig. 5 it is clear that although small de-
viations between tunneling and magnetization mea-
surements occur, the general agreement with the
Toxen relation is remarkably good. It is impor-
tant to note that the (dh/dt), ~ data for the samples
reported here agrees with Brandli and Trofimenkoff
measurements to within about 8%.

IV. DISCUSSION

The over-all purpose of this investigation of the
Pb-In alloy system has been twofold. Firstly„
to examine the validity of the Toxen relation, and
secondly to make a comparison of the experimen-
tally measured magnetic properties of type-II
superconductors (the critical fields and the GL
parameters) with the predictions of the presently
available theories.

The Pb-In alloys show a wide variation in the
electron-phonon coupling strengths, the electron
mean free paths, the critical fields, and the GL

parameters. These alloys appear to exhibit strong
coupling behavior up to 50-at. % In, and intermediate
coupling in the range 50-80-at. % In. Further ad-
dition of indium leads graduaQy to the weak cou-
pling regime. The Toxen relation is satisfied sub-
stantially, within the experimental error, over the
entire system. Since this relation has already
been established for a variety of elemental super-
conductors, it is believed that it should apply to all
types of presently known superconductors. The
overwhelming experimental proof for the validity
of this relation, together with our prescription for
transforming an irreversible magnetization curve
into a reversible one, allows one to determine
energy gapa from the easier to make magnetization
measul ementsq both ln elemental and aQoy super-
conductors. Furthermore, the Toxen relation al-
lows one to extract more information from mag-
netization measurements than has heretofore been
believed possible.

The apparent general validity of the Toxen rela-
tionship suggests that it is more than a mere nu-
merical coincidence. Since it has already been
shown6 that the Toxen relationship follows from as-
suming a temperature-dependent effective electron-
electron interaction, it would seem that further
theoretical work incorporating this assumption
would be fruitful.

The variation with temperature of both «, (T) and
«3(T) for all the alloys is larger than predicted by
present theories. In addition «~(T) W «~(T) for
T& T,. Both these results suggest that further
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theoretical work is needed to fully take account of
strong coupling effects.

ACKNOWLEDGMENT

%e thank Dr. Allen Rothwarf for helpful discus-
sions and comments.

In order to reduce the hysteresis effects in the
magnetization curves„ two experimental approaches
were employed. A ballistic-galvanometer mag-
netometer was employed in which the measured
deflection was proportional to the magnetic moment
of the sample, which was moved between two pick-
up coils. The applied magnetic field was main-
tained constant while the sample was moved, and
the resulting deflections recorded several times.
At first, the measured moment decreased until an
equilibrium value was obtained after three or four
strokes of the plunger rod on which the sample was
mounted. In decreasing fields the moment in-
creased with successive strokes of the rod until the
equilibrium moment, jdenticgE to that obtained in in-
creasing field, was attained. Further strokes
produced no additional changes in moment. Ob-
viously, the jarring of the sample by moving it re-
peatedly depinned flux lines which then assumed
their equilibrium distribution for a given field.

A similar result was produced in the PAR vi. —

brating-sample magnetometer (VSM) by applying an
ac magnetic field perpendicular to both the dc field
and to the sample axis. The amplitude of the
400-Hz ac field was about 10-20 Oe. Figure 6 il-
lustrates the results. All magnetization curves
used in this study were at least as good as that
shown in the figure. In increasing magnetic field
(the upper curve), if the dc magnetic fieM was

maintained constant„and the ac field applied, the
moment decreased to an equilibrium value. Fur-
ther application of the ac field did not result in any
further change in moment. If the ac field was
turned off and the dc field was further increased
(at a rate of 500 Oe/min fol" Flg. 6), 'tile Blonlellt
returned to the nonequilibrium field curve as illus-
trated in the figure. The opposite effect was ob-
served in decreasing field; namely, the ac field in-
creased the measured magnetic moment. Note
that the series of points corresponding to the maxi-
mum decrease of moment in increasing field or to
the maximum increase in moment in decreasing
field all lie on the same line for applied fields from
H, 3 down to nearly the peak in the magnetization
'curve. The area under the reversible magnetiza-
tion curve has agreed with specific-heat data for
H, (0) for a number of Pb-In alloys'~ to within 5%.
Note that the g values of the samples used in this
study are comparable to those in Ref. IV (i. e. ,
intermediate Il values). The uncertainty in H, (0)
would be somewhat greater for low-K(-1) samples.

It may be that the error in the value determined
for H, l is larger than the 5% estimated. However,
values of H, .~ are not used in a comparison of ex-
periment with theory described in the paper.
Furthermore, H, is rather insensitive to the point
selected as col'1'espolldlllg 'to H~l(l —D)i wlllcil we
assumed to be the point of first observable depar-
ture from the initial Meissner slope.

The rate-dependent effects of the VSM measure-
ments were small for the samples used in this
study. If, at a given temperature, one obtained a
series of magnetization curves at different sweep
rates, the values of H„H,&, and H,2 each varied
linearly with sweep rate. Their values at 1000 Oe/
mi.n were each about 3-4% larger than their values
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at 100 Oe/min. The ballistic-galvanometer data
corresponded virtually exactly with the VSM data
extrapolated to zero-sweep rate. All VSM data

were correctedfor the rate effects, which are still
being investigated. Preliminary results indicate
that these effects are dependent on the z of the sample.

Based on a thesis submitted in partial fulfillment of
the requirement for the Ph. D. degree at Temple Univer-
sity, Philadelphia, Pa. 19122.
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We present results of strong coupling calculations of the superconducting properties of the alloy Pb09Bio, .
The kernels in the Eliashberg equations are taken from quasiparticle-tunneling data which has been inverted

by Dynes according to the method of McMillan and Rowell. The finite-temperature gap equations are solved

by successive iteration to obtain solutions at several temperatures. The solutions are then employed to
calculate select thermodynamic properties of Pb098io, .

I. INTRODUCTION

Recently, a considerable amount of effort has
gone into obtaining accurate values of the electron-
phonon part o.'(&u) F(~) and the Coulomb pseudopo-

tential U& for some strong coupling superconduc-
tors. These parameters enter directly into the
Eliashberg '3 gap equations. They refer, respec-
tively, to the phonon-mediated pair interaction for
electrons at the Fermi surface and to their effec-


