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A detailed analysis of the photon-echo decay in dilute ruby is presented. The experimental results are in
quantitative agreement with an echo-decay theory based on the magnetic interaction between the Cr
electronic spin and neighboring Al nuclear magnetic moments. Specifically, the following photon-echo
properties are explained by the Cr-Al interaction: (i) modulation of the echo as a function of pulse
separation time, (ii) the rapid decay of the echo from the 'A(m, =3/2) to 'E(m, =1/2) transition, (iii) the
dependence of the echo on the direction and magnitude of an external magnetic field, (iv) the echo
behavior at the 2.06- and 4.12-k6 level crossings, and (v) the photon-echo decay in low magnetic fields. In
addition, the experiments presented here show that the Cr-Al magnetic interactions in the 'E excited state
are roughly the same as the corresponding interactions in the "3,ground state. The relationship of the
photon-echo results to recent fluorescence-linewidth measurements is discussed.

I. INTRODUCTION

In a recent paper, Compaan' reported studies of
the Cr concentration-dependent decay of the photon
echo in ruby. Compaan described the loss of phase
memory resulting from random fluctuations of the
local magnetic fields in the ruby crystal. In one
model, these magnetic fluctuations are due to ran-
dom spin flips of neighboring Cr ions and thus give
a concentration- dependent decay. With the addition-
al assumption of random statistical distribution of
Cr ions, the theory predicts, and Compaan's experi-
ments confirm, the nonexponential character of

'

photon- echo decay in ruby.
There are, however, many aspects of the photon-

echo decay in ruby which are not concentration de-
pendent. In this paper we explore one such decay
process due to Al nuclei which are near neighbors
of the laser-excited ions. The Al neighbors and
the Cr ion form a magnetically coupled multilevel
system from which the decay arises from interfer-
ence of coherent states. This process is physically
quite different from the photon-echo decay studied
by Compaan, inasmuch as the Cr-Al decay does not
result from the irreversible loss of phase memory
but rather from the interference of different radia-
tion modes. There are cases for Cr-Al interac-
tions where the aPPaxent loss of phase memory is
actually the result of interference and the echo sig-
nal is recoverable. Since much of the basic theory
of photon echoes and the theory of photon-echo
and spin-echo decay and modulation ' has been
treated by other authors, only a general, concise
approach to the theory is presented, in terms of
which a large body of photon-echo data presented
here for the first time is analyzed.

The early experiments on photon echoes in ruby
revealed a number of physical properties of the
echo which were not explained in terms of the sim-
ple theory of photon echoes based on a two-level

system. For example, the first experiments
showed that it was necessary to apply a magnetic
field along the optic axis of the crystal in order to
observe an echo. ' Early experiments also mea-
sured the decrease in echo intensity as the magnetic
field was tilted with respect to the optic axis. '
Other work showed that there is a time-dependent
modulation of the photon echo for off-axis magnetic
fields. ' All of these echo phenomena are the result
of the fact that the superposition states of the Cr
ion in ruby (the Am ground state and the E excited
state) actually consist of a, multiplet of energy levels
due to the interaction of the Cr spin with neighboring
Al nuclear magnetic moments. In a previous pa-
per which analyzed the effects of nearly degenerate
states on photon-echo behavior, it was shown that
both the fluorescence and echoes from coherently
excited multilevel systems exhibit time-dependent
modulations of intensity. Basically this modulation
occurs whenever an atom is coherently excited to a
state which consists of a superposition of nearly
degenerate energy levels. Each of these levels
radiates at a slightly different frequency, which
gives rise to an interference in the radiation from
a single atom. Modulated fluorescence has been
discussed in the literature" and has been observed
in experiments using beam-foil excitation, ' pulsed
electron-beam excitation, " and weak pulsed optical
excitation. ' A comparable example of interference
from coherent states in a quite different area of
physics is the decay of the E meson. " We shall
show in this paper that the observed modulation of
photon-echo intensity in ruby and related effects
are further examples of the self-interference in the
radiation from coherently excited multilevel sys-
tems. The photon-echo modulations discussed here
differ from those of our previous paper insofar as
the source of the coherent superposition of states is
different. Here the coupling of different levels
within the ground- or excited-state multiplets oc-
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curs indirectly as the result of the interaction of
the Cr spin with neighboring Al nuclear moments,
and not coupling via the radiation field itself. This
indirect coupling requires a somewhat different
formalism. A detailed theoretical treatment of the
photon-echo modulation due to the Cr-Al interaction
in ruby has been given by Grischkowsky and Hart-
mann, and is formally quite similar to the spin-
echo modulation theory of Rowan, Hahn, and Mims.
In this paper we give a compact presentation of the
Cr-Al modulation theory used in the analysis of our
experimental data.

Early photon-echo experiments in ruby, '
were performed using linearly polarized laser
pulses. This unfortunately precluded any detailed
analysis based on the spin-dependent Cr-Al interac-
tion, since the relative contributions of different
Cr spin states were unknown. The first observation
of circularly polarized echoes was reported by
Compaan, Lambert, and Abella. ' In this paper,
extensive new data taken with circularly polarized
laser pulses in dilute ruby, mostly in 0. 006 wt% of

Cr~O, in Al,O„are presented. Using these new
data we shall show that many of the observed prop-
erties of the photon echo are the result of the Cr-Al
interaction and are in quantitative agreement with
the theory. Specifically, the following photon- echo
properties are explained: (i) the modulation of the
echo as a function of pulse separation time, '0 (ii)
the rapid decay of the echo arising from the A(m,
= —', ) to E(m, = h) transition, ' (iii) the dependence of
.the echo on the direction and magnitude of an ex-
ternal magnetic field, (iv) the behavior' of the echo
at the 2. 06- and 4. 12-kG level crossings, and (v)
the photon-echo decay in low magnetic fields. Fur-
thermore, a best-fit analysis has been made of the
data on echo intensity versus angle of magnetic field
(relative to the optic axis) to determine some of
the excited-state interaction parameters which have
not been directly measured. Preliminary estimates
of excited- state interaction parameters have been
made both by ourselves and others. In both cases
the analysis failed to include the effect of the Al
nuclear quadrupole moment and consequently led to
somewhat erroneous conclusions. Some comments
shall also be made on the relationship of the data to
recent experiments on laser-induced-fluorescence
line narrowing in ruby. ' However, we should note
that this paper deals only with photon-echo phenom-
ena related to the Cr-Al interaction and does not
treat echo properties related to the magnetic inter-
action of Cr spins with other Cr spins such as the
concentration-dependent echo decay. '

II. THEORY

In this section a brief discussion is given of the
theory of fluorescence and photon echoes from mul-
tilevel systems of nearly degenerate states. The

basic theory of fluorescence and photon echoes from '

multilevel systems has been developed in a recent
paper by Lambert, Compaan, and Abella, which
extended the work of Gordon et a/. ' Here the theory
is specialized to treat the more complex problem
encountered with photon echoes in ruby. The equa-
tions we obtain describing the effect of the interac-
tion of the Cr spin and the Al nuclei on the echo in-
tensity are in most respects equivalent to the equa-
tions of Grischkowsky and Hartmann who approach
the problem from a different point of view. Our
approach yields additional information on the effect
of the variation of optical transition matrix elements
not shown in earlier treatments. These matrix-
element effects are crucial for accurate analysis of
the data. The theory presented here shows that
modulated fluorescence and photon-echo modulation
in ruby have similar origins.

The radiation from an optical system excited by
short intense pulses of coherent radiation can be
described by calculating the expectation value of the
electric dipole moment using the familiar density-
matrix approach. We start with the equation given
by Lambert et al. for the electric dipole moment
of a single atom, evaluated in a reference frame
"rotating" at the frequency of the incident radiation
field.

(P) = Tr[Pp(t)]

T [p &xt/h fP -p p(0) e &7'P e(xt/h]

where K is the effective Hamiltonian in the "rotating
frame" and F = fo 'dt $(t)/5, where b 7 is the pulse
width and the incident electric field of the pulse is
given by E(t) = $(t) cosset. The initial density ma-
trix p(0) characterizes a quasi-two-level system
having sets of ground states (la) ) and excited states
([b)) which consist of two (or more) nondegenerate
levels. During the time the incident laser field is
present, we have neglected all terms in the Hamil-
tonian except the interaction with the electric field
F ~ P; this is valid for those ions whose resonant
frequency is very near the central frequency of the
laser pulse, i. e. , well within the linewidth of the
laser. There are, of course, other ions farther
off resonance which contribute to the radiation for
which the above resonance approximation is not
valid; however, this approximation affects the ab-
solute amplitude of the radiation but not the essen-
tial phase- coherence properties. For off-resonant
ions the excitation cannot be simply represented by
the e' '~ terms; however, phase coherence is de-
termined primarily by the e' ' " terms which have
the same form on or off resonance. So as far as
coherence properties are concerned, we lose nothing
by retaining the resonance assumption.

As shown in the paper of Lambert et al. the
nonzero terms of the trace are
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Here we have written the equation in a form which
is more convenient for the calculation in the case
of ruby. We now specialize to the ruby crystal
where the multiplicity of ground and excited states
is due to the interaction of the Cr spin with neigh-
boring Al nuclear magnetic moments. The state
of the coupled system of the Cr ion and Al nuclei
can be represented by a state function for the Cr
ion multiplied by a state function for the nuclear
spine. Thus we can write the states )a& and )b) as
the direct product of a state vector representing
the Cr and a state vector representing the Al neigh-
bors,

where ( o. & represents one of the four A, ground
states, [P) one of the two E excited states, and

(mt] and (nt] are sets of quantum numbers for the
spins of the Al neighbors j. The electric dipole
operator P operates only on the Cr-ion part of the
state function so when Eqs. (3) are substituted into
Eq. (2), we obtain

&P&
=-' ~ &o'IPI p&&pl»n(» P)l o&

2

(gal

x
I
Tr(w e tt ~W etc~ )I (6) .

This equation which we evaluate later predicts
modulations in the fluorescence from a ruby crystal
which is coherently excited by a laser pulse.

This predicted fluorescence modulation is inti-
mately related to the photon-echo modulation which
has been observed in ruby, as we shall now show by
calculating the photon- echo intensity versus pulse
separation. For a sequence of two pulses we retain
only those terms which contribute to the echo at
t=2~. Following Ref. 2 we obtain for the electric
dipole moment (P) in the rotating frame:
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aa'bbe
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e '"'"
I
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I
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where 7 is the pulse separation time.
If we again specialize to ruby by making the sub-
stitutions for [a& and I b), and assume only one of
the la& to lb) transitions is resonant, the result in
terms of the matrix 8' is

&P&=-'&~IPI p&[&pl»n(F2 P)l~&]'

x&&lsin(2F, P)IP&

x[Tr(~t -tttt&(t- )/t& ltite-tet&&t'/t&

~ &(~t)l[~t]&&(~J]le '"""l(~pl&
{ }{l

«({ d~l(, &&&&m, &~l~'""'"~l& g&&) . (4)

x W
t etzBtlt& l&(t ets~(t- &/h)t] (6)

For ruby the ground- and excited-state Hamil-
tonians' '9 are given explicitly by

Here X =- &ot(X) n& and Xt&= &p(XI p) are Hamiltonians
corresponding to the A~ and E states, respective-
ly, and are given explicitly by Eqs. (9). We define
a transformation matrix 8'whose elements are
((nt] I{mt j&; this matrix transforms Al eigenstates
for the 'A~ state to the Al eigenstates for the E
state. Rewritten in terms of the matrix 8', the
electric dipole moment becomes

(P) =—2 &o. lPI p)(plein(2F P)la&2 atg

x[ T(rWettEt&tlh~e-tettt th)] (5)

Here E and Ez are the diagonal operators repre-
senting the Hamiltonians X and Kz. The radiation
intensity is obtained by transforming the electric
dipole moment back into the laboratory reference
frame, squaring and taking the average over times
long compared to the optical frequencies. Assum-
ing that only one of possible I t&t& to l P) transitions
is resonant, the intensity is

I- I&uIPI p)&pl»n(» P)I~&I'

X, =g, ita S H+ D[S', ——,S(S+ 1)]+X»,
Kg = 5+ggpgSgH +X~g,

where g and gz are the A~ and E state g factors,
ittt is the Bohr magneton, 5 is the electron spin
operator, H is the external magnetic field, D is the
quadrupole splitting of the A~ ground state, and 5

represents the optical energy shift due to inhomo-
geneties in the crystal field. The interaction with
neighboring Al nuclear magnetic moments is treated
as a perturbation, in which we make the "effective-
field" approximation, i. e. , the Cr spin is viewed
as a source of an external magnetic field for the
Al nuclei. The Hamiltonians for the Al nuclei can
then be written as

X~, ——2 ( It ' [ —p, „H+At(S&

+BJ(3r,&S& r& —rj &S))/rtt]

+ Qt[I, —', I(I+ 1)]], (10)—
where I

&
is the nuclear spin operator for Al neigh-
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bor j, p.„is the nuclear magnetic dipole moment, A
is the strength of the contact interaction, B is the
strengthof the magnetic-dipole interaction, r&is the
positionvector of the Al relative to the Cr site, and Q
is the electric quadrupole splitting. The interaction
parameters A, B, and Q and the expectation value
of the spin (8) are evaluated for either the Az or
2E state as appropriate. The effective magnetic
fields are calculated using the expectation value of
the Cr spin. The operator K» evaluated for the
A2 state does not commute with the same operator

evaluated for the E state since the expectation
value for the Cr spin will be different for the
ground and excited states. Since these Hamilto-
nians do not commute, pulsed excitation creates a
superposition of nuclear eigenstates.

The condition that the energy-level separation be
within the linewidth of the laser ensures that the
Cr spin state will be uniquely determined for both
the A2 ground state and the E excited state for all
ions contributing to the echo. Consequently, each
diagonal Hamiltonian (E or Ez) in Eq. (8) can be
written simply as the sum of a scalar quantity
representing the energy of the Cr ion and a Hamil-
tonian for the Al nuclei; the scalar terms cancel
leaving only the noncommuting Al Hamiltonians.

If we neglect the small magnetic-dipole interac-
tion between the Al nuclei, they can be treated in-
dependently, i.e. , the Hamiltonian for one Al
nucleus commutes with the Hamiltonian for any
other nucleus. Equation (8) can then be factored
into a product with each factor representing the
effect of a particular Al site. For each Al neigh-
bor j, we diagonalize the corresponding term in
Eq. (10) to obtain the diagonal representation of
the A2 ground- and E excited-state nuclear-spin
Hamiltonians E~ &

and E& &. From the nuclear-spin
eigenvectors obtained in the above diagonalization
a transformation W& can be determined which
transforms from ground-state eigenvectors to ex-
cited-state eigenvectors. Thus for t =2m the trace
in Eq. (8) can be rewritten as

(P(2r))-II Tr(wte ' ~ &' "W e ' " /'"
f

xW'e"~/""W e" ./'"). (ll)
Here the transformations S'& are related to the
transformation W of Eq. (8) by a direct product
W=II/W/. The trace in Eq. (11)is taken over the
six eigenstates (—, spin) of the individual AL nuclei.
In practice the echo is calculated from Eq. (11)by
doing a numerical diagonalization to determine
E &, E& &, and TV& from the Hamiltonians given by
Eq. (10). We used the standard IBM subroutine
HDIAG to do the numerical diagonalization. The
parameters A&, Bz, and Q& are known for the A2
ground state from the ENDOR data of Laurance,
McIrvine, and Lambe, '~ while the corresponding

2
Tr(w't e /gg /tlat W Iz~ /0/h) (12)

Evaluation of this equation typically gives a modu-
lation of the fluorescent intensity when a magnetic
field is applied to the sample.

III. EXPERIMENTAL APPARATUS

The photon echo in ruby is generated by irradiat-
ing a liquid-He-cooled ruby sample with two se-
quential laser pulses produced by a liquid-N2-tem-
perature ruby laser. Figure 1 is a schematic of
the experimental apparatus used in the experiments
described in this paper. The pulse from the laser
is divided by a beam splitter with one portion fo-
cused immediately on the 1.0-mm-thick sample of
ruby 0. 006 wt/o Cr. The other portion is sent
through a variable-optical-delay line (White ceLL)M

consisting of a pair of 1.5-m confocal spherical
mirrors, before being focused to the same point
on the sample. As previously reported, " this
variable-delay line can be used to make direct
measurements of photon-echo decay. The gen-
eration of circularly polarized photon echoes re-
quires the circularly polarized laser pulses to
propagate parallel to the optic axis of the crystal
while the magnetic field applied to the sample must
be aligned within a few degrees of the optic axis.
To satisfy both of these requirements, we used a
0 sample and two small mirrors between the pole
faces of the magnet to direct the beam along the
axis of the sample. The beam incident on the first
small mirror was linearly polarized in the plane
of incidence so that the linear polarization was
preserved after reflection. The laser pulse was
then converted to circular polarization by a mica
quarter-wave plate placed over the quartz window
of the sample Dewar. Another quarter-wave plate
was used to convert back to linear polarization in
the detection end. The echo is spatially and tem-
porally resolved from the incident pulses with an
aperture and Kerr-cell arrangement. The echo is

parameters for the E excited state have not been
previously determined experimentally. The ex-
cited-state parameters are treated as adjustable
parameters in the theory. We wish to point out
that Eq. (11) is equivalent to the results for
Grischkowsky and Hartmann, ~ however, the scalar
factors given by the terms containing ] o) and l P)
in Eq. (8) do not appear in their treatment. These
terms as we shall show in Sec. IV, where we com-
pare theory and experiment for echoes, are very
important in calculating the echo versus the angleof
magnetic field.

In the case of fluorescence following a single
laser pulse, substitution of the explicit Hamil-
tonians for ruby into Eq. (6) gives an echo intensity
proportional to
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detected by a photomultiplier and displayed on a
Tektronix 585-A oscilloscope. The liquid- He-
cooled sample is centered between the pole faces
of a rotatable 6-in. Varian electromagnet capable
of producing a 6-kG field at the sample. The ex-
perimental arrangement allows the magnet to be
rotated through approximately 36' about the vertical
axis. The He Dewar also can be tilted +3' about
a horizontal axis which is perpendicular to the di-
rection of the laser beam. This allows the optic
axis of the ruby crystal to be accurately aligned
with the magnetic field.

An important feature of the apparatus used in
these experiments is the use of a tunable ruby
laser. The physical construction of the laser is
identical to the laser described in Ref. 3. This
laser is made tunable by the addition of an external
pump and pressure regulator to control the Na va-
por pressure above the liquid-N~ reservoir, thus
controlling its temperature. The need for tuning
capability can be illustrated from Fig. 2 which
shows the familiar energy-level diagram for ruby, '
with the possible circularly polarized laser tran-
sitions A(m = + ~ )- E(m = + ~ ) and A(m = + ~ )
-'E(m=+-,') designated by cr, (+ —,'-+-,'), cl, (- —,'- ——,'),
(73(+ 2 + 2), and o4(- ~ ——2), which is in the order
of increasing energy at high field. The 0& and o4
transitions in the Na-cooled laser ('77 'K) overlap
the cd and o~ transitions in the He-cooled sample.
The 0~ and o3 transitions can easily be made reso-
nant with the laser over the entire 6-kG range of
magnetic field available, since the Zeeman shift
is due only to the difference in the g factor between
the ground (g = l. 98) and excited states (g= 2. 44).
Cooling the laser below 77 'K increases its fre-
quency thus tuning it off the 02 and 03 transitions in
the sample; the 0, transition can then be brought
into resonance for magnetic fields in the region
between 1 and 3 kG. The use of thermal tuning of
the laser and circularly polarized incident pulses

allows the Qy o2 and cd transitions to be studied
independently. This in turn makes it possible to
study the spin dependence of the photon-echo de-
cay, particularly the details near the 2- and 4-kG
level crossings.

IV. EXPERIMENTAL RESULTS

As stated in Sec. I, all early photon-echo ex-
periments in dilute ruby were done with linearly
polarized laser pulses. Two recent papers have
presented photon-echo data from circular-polariza-
tion experiments in ruby. In one paper' it was
shown experimentally that the photon-echo decay
in ruby depends on the spin state of the Cr ion.

E
CP g~

Ol Cf

LU

I 2 3 4 5 6
Magnetic Field (kG)

FIG. 2. Energy levels for the A& to E(E) transitions
in ruby for a magnetic field parallel to the optic axis,
8=0. The four circularly polarized transitions are des-
ignated in the order of increasing energy at high fields:

f~+ 2 +2~ +2~ 2 2~ +3~+2 + 2~ a d +4~ 2 2~ ~
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FIG. 3. Photon-echo intensity
as a function of pulse separation
time: (a) for the 02(-2 ——2)
transition for a 3. 0-kG field at
8=8' to optic axis, and (b) for
the 0.3(+ 2 -+2) transition for
6. 0 kG at 8=5'. Points shown
were taken from echo-vs-magnetie-
field-angle data by assuming no

echo modulation for fields paral-
lel to the optic axis. The solid
curves are the theoretically pre-
dicted modulations. The dashed
curves show the effect of neglect-
ing the nuclear electric quadru-
pole moment in the calculation.
The curve with the dash-dotted
sequence is the result of using
remeasured quadrupole param-
eters of Ref. 21 in the region
most sensitive to the quadrupole
moments.

This paper showed clearly that it was necessary
to use circularly polarized laser pulses in order
to adequately investigate photon echoes in ruby.
Another recent paper by Compaan' has reported
the concentration-dependent photon-echo decay in

ruby using circular polarization. In this paper
extensive new data are presented for dilute ruby
0.006 wt/o Cr, taken with circularly polarized
laser pulses. Specifically, data on the modulation
of the echo as a function of pulse separation time,
the dependence of the echo on the angle of an ex-
ternal ma. gnetic field, and the echo at the level
crossings are presented. Using these data. the c
concentration-independent properties of the photon-
echo decay are investigated and are shown to be
due to the interaction of the Cr spin with neighbor-
ing Al nuclear magnetic moments.

A. Echo Modu1ation and Magnetic Field Dependence

The modulations of the photon echo are yredicted
by the theory presented in Sec. II. In Eci. (11) the
echo is expressed as a function of the eigenfre-
quencies of the Al nuclei. When an external mag-
netic field of a few kilogauss is applied to the ruby
sample, the frequencies of all 13 nearest Al neigh-
bors are about the same. In the presence of such
a magnetic field the modulation effects of all the
Al neighbors are essentially in phase; this results
in a strong modulation of the echo for the o~ and o3
transitions as shown in Fig. 3. Figure 3(a) shows
experimental data and a theoretical curve (solid
line) for the echo intensity versus pulse separation
time for the o~ transition for a magnetic field of 3
kG at an angle of 8' to the optic axis. Figure 3(b)
shows the o.3 transition for a 6-kG field 5' off axis.
The theoretical curves were computed from Eq.

(II) with the Hamiltonians of Erl. (10) using the

A~ ground-state interaction parameters of Lau-
rance, McIrvine, and Lambe. ' The E parameters
for the contact and quadrupole interactions were
assumed to be the same as the ground-state pa-
rameters while the dipole contribution was scaled
in proportion to the excited-state g factor. The
A~ ground-state parameters have been redeter-

mined ' recently. However, these new values dif-
fer from those of Laurance et al. '

by only a few
percent except for two of the quadrupole param-
eters, and we do not expect these new values to
change the photon- echo calculations significantly
(see Fig. 3).

For both the cr~ and o3 transitions the depth of the
modulation increases as the angle of the magnetic
field is increased with respect to the optic axis as
indicated by the angular dependence data in Figs.
4 and 5. In fact, for the on-axis fields used in our
experiments, the theory predicts a modulation of
at most 30% of the echo signal for the o, transition
and 10/q for the a, transition which is too small to
be observed experimentally with our apparatus.
The absence of any significant on-axis modulation
was confirmed by previously published data on the
direct measurement of photon-echo decay. " With
direct echo versus pulse separation measurements
the off-axis modulation appears superimposed on a
slower continuous decay which is observed both on
and off axis. This slow continuous decay in low-
concentration ruby arises in part from the Cr-Cr
interaction discussed by Comyaan' and, perhaps,
in part from farther Al neighbors or simply sys-
tematic experimental error. This component of
the decay will not be analyzed in this paper. The
modulation effect can be separated from the con-
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For off-axis magnetic fields the ground-state en-
ergy levels are represented by linear combinations
of the Cr spin states oriented along the optic axis.
As an example consider the o, transition from a
ground-state energy level with a spin function con-
taining the term C ( ——,'), where l C(' & 1; the con-
tribution to the photon-echo intensity from this
level will be proportional to C to the eighth power.
In Figs. 4 and 5 both the angular dependence of the
modulation and the angular dependence of the ma-
trix elements are included in the calculation of the
theoretical curves, in fact both are necessary to
get a good fit to the data. The angular dependence
of the matrix element is itself a function of the
transition and the magnetic field. For example,
the echo for o~ at 3 kG and 18 is reduced to 56. 5%%uo

of the intensity at 0', while the echo for o, at 6 kQ
and 18' is reduced to 11.6%. The fact that the
modulation curves of Fig. 3 do not go to unity at
7 = 0 is a result of the matrix-element variation.

B. Excited-State Parameters

We have thus far presented calculations which
assume the excited-state contact and quadrupole
interactions have the same strength as the corre-
sponding ground- state interactions. However, it
is possible to vary the strengths of the excited-
state interactions to give a best fit tothe data.
We have used the angular dependence data of Figs.
4 and 5 to determine the excited-state interaction
parameters for the 13 nearest Al neighbors. These
13 neighbors coiisist of a single nearest neighbor
on the optic axis and four sets of three axially
symmetric neighbors. ' There are, thus, five
independent parameters for the strength of the
contact interaction and five for the quadrupole in-
teraction. In the experiments presented here,
only the relative echo intensities are experimental-
ly significant; the absolute intensities vary from
one experiment to another in an uncontrollable man-
ner. Therefore, infitting the data we compare theo-
retical and experimental intensity ratios, e.g. , the
ratio of the echo intensity for some fixed angle of
magnetic field to the echo intensity for an on-axis
field. Furthermore, the primary source of error
in the data are random fluctuations in the echo in-
tensity. These fluctuations are roughly propor-
tional to the echo intensity. The nature of the data
implies that we should make a logarithmic fit to
the data; namely, we wish to minimize the quan-
tity $, (lnI, —ink;), where I; is s theoretical inten-
sity ratio and C, the corresponding experimental
ratio. The best way to fit the angular dependence
data would be to do a least-squares fit to all the
angular dependence data points. This approach,
however, would require computing several hundred
points for each trial choice of parameters and
would be prohibitively time consuming. We have

chosen to fit a restricted set of data in order to
make the problem manageable. Those data for
each angular dependence curve (Figs. 4 and 5) con-
sist of the ratio of the echo intensity at the largest
angle of magnetic field for which a reliable inten-
sity can be measured to the echo intensity for the
on-axis field. These ratios were taken for 19
angular dependence curves for different fixed pulse
separations including data for both o& and o3 tran-
sitions. The range of pulse separations is from
72 to 502 nsec. As a first approximation the
data fitting was done assuming the quadrupole pa-
rameters are the same in the excited state and the
ground state. This is a reasonable approximation,
since the ground-state quadrupole splittings" of
the 12 off-axis Al neighbors differ from the quad-
rupole splitting of an Al nucleus in pure A1~0, by
3-22'%%uo. This indicates that the presence of the
Cr ion is a second-order effect on the nuclear
quadrupole splitting. Thus we expect that the ex-
cited-state quadrupole parameters will not be
significantly different from those in the ground
state. The problem is now reduced to determining
five contact interaction parameters. The results
of this least-squares analysis indicate that the
various Al sites affect the echo in different propor-
tions. The single-ion on-axis was found to have
essentially no effect on the echo, i. e. , never
more than a 3'%%uo change in echo intensity. For the
other sites the best choices for the ratio of the
excited-state contact interaction to the ground-
state contact interaction were R(I) =0.9, R(J) = 1.0,
R(K) =1.0, and R(L) =0. 7, where the indices I, J,
E, L are the site designations of Laurance et al."
The parameter used to characterize the goodness
of the logarithmic fit is the root-mean-square
deviation of experimental and theoretical points.
When the contact interaction ratios are all chosen
to be 1.0, the rms deviation is 0. 87. Choosing
R(I) = 0. 9 reduces this quantity by 11'%%uo whereas
choosing R(L) =0. 7 reduces it by only 1%. Since
the statistical error in each datum point is typical-
ly 30-50%, the departures from a value of R = 1.0
for the best-fitted parameters are not believed to
be experimentally significant.

Grischkowsky and Hartmann have previously
analyzed early photon- echo angular dependence
data of Abella et al. taken with linearly polarized
laser pulses, using substantially the same theo-
retical approach as presented here. However,
these authors neglected to include several impor-
tant factors in their analysis. First, they do not
include the angular dependence due to matrix-ele-
ment variation. They also assumed in their analy-
sis that the effects of the nuclear quadrupole inter-
action were negligible, which we point out is im-
portant for either large angles or longe'r pulse
separation times. The angular dependence curves
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FIG. 8. Photon-echo intensity data as a function of
magnetic field near the 4. 12-kG level crossing for the
03(+ &

-+ &) transition for various angies 8 of magnetic
field with the corresponding theoretical curves. The
pulse separation time is 62 nsec.

experiments which showed that the zero-field echo
can only be observed for short pulse separation
times. ' Our experimental points (Fig. 9) confirm
that the zero-field echo can only be observed at
short times; however, experimental difficulties in
obtaining low fields with our apparatus resulted in
rather large error limits on our zero-field data.
Thus we have been able to show only rough agree-
ment between theory and experiment at low fields.
It should be observed, however, that both the ex-
perimental points and the theory indicate a rapid
decay of the zero-field photon echo for pulse sepa-
ration times in excess of 40 nsec. This implies
that ruby cannot be treated as a simple two-level
system for times long enough for interference to
occur. The failure of the two-level approximation
may have important consequences in self-induced-
transparency experiments when the pulse width

or pulse delay exceeds 40 nsec. Of course, as we
stated earlier, ruby approxima, tes a two-level sys-
tem when a magnetic field of a few kiloga, uss is
applied parallel to the optic axis.

F. Other Results

of 1.0 predict the echo behavior quite well. As
shown in the figure, the level crossing at 4 kG has
a very sharp angular magnetic field dependence.
This is a result of the fact that as the applied mag-
netic field is aligned closer to the optic axis of the
crystal, the range of magnetic fields for which
there is appreciable mixing of the + & and + ~ states
decreases rapidly. This effect is particularly
useful experimentally, since it allows the crystal
to be aligned accurately with the magnetic field,
i. e. , within 0. 1'. This ability to make precision
alignments of the magnetic field is important for
angular dependence and on-axis decay measure-
ments.

a (-&e—-~e)
2

IO = +le + lz)

= 0.0 kG

There are a few other results which deserve
comment. First, with regard to the Al modulation
effect in more concentrated ruby, the modulations
are unaffected by Cr concentration except that the

E. Zero-Field Echo

We have calculated the photon-echo-decay curves
for the zero-field case. When there is no external
field the local magnetic field at the Cr site, due to
all the other Cr spins and Al nuclei, must be in-
cluded in the calculation. Our calculations indicate
that the magnitudes of these small local fields are
relatively unimportant; however, the directions of
these fields are very important since they deter-
mine the initial orientation of the ground-state Cr
spin. We have calculated the zero-field decay by
assuming a local field of 5 6 which has a uniform
spherical distribution of field orientations. By
calculating the decay amplitude for various angles
between the field and the optic axis and taking the
appropriate weighted average for a spherical dis-
tribution, we obtain the rapid echo decay shown in
Fig. 9. This decay is in agreement with early

-2
IO

a
LLI

IO =

IO
20 40 60 80 IOO l20

Pulse Separation (n secj
FIG. 9, Calculated photon-echo decay at zero magnetic

02( 2 2 ) and 03(+2 +2)
The decays for both transitions are identical at zero field.
For 7 & 50 nsec the experimental echo signal is given as
an upper limit only.
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level crossings are broadened due to the increased
magnetic linewidths in the crystal. This broadening
of the level crossings was reported previously, '
although not explained on the basis of Cr-Al inter-
actions. There are other effects at the level-
crossing fields in concentrated ruby which arise
from Cr-Cr interactions, 6 such a,s the appearance
of dips in the echo signal for the noncrossing
states. The contribution of the Cr-Cr interaction
to the level crossings has been studied in detail,
both experimentally and theoretically, by Com-
paan. ' Finally, since the Al nuclei have a quadru-
pole moment, there are level crossings in the Al
eigenstates. If these level crossings affected the
photon echo in any observable way, one would have
a very precise way of measuring the excited-state
interactions. A computer simulation of an echo ver-
sus magnetic field experiment was done to check this
possibility and found that within the framework of
the present theory there is no observable effect of
the nuclear level crossings on the photon echo.

V. FLUORESCENCE-LINEWIDTH CALCULATIONS

The homogeneous optical linewidth in ruby has
been observed recently by Szabo'7 using a laser-
induced fluor escent-line- narrowing techniq ue.
Szabo suggests that the observed linemdths are
due to the superhyperfine interactions between
Cr and the 13 nearest-neighbor Al nuclear spins.
Equation (12) predicts the time-dependent fluores-
cence due to the Al neighbors fo11owing pulsed ex-
citation. From Eq. (12) the contribution to the
homogeneous linewidth can be calculated by taking
the Fourier transform of the fluorescence-decay
curve numerically. We have calculated the homo-
geneous linewidth contributions for the magnetic
fields and transitions studied by Szabo. The
full width at half-maximum (FWHM) for a 420-G
field at 0' is calculated to be 0. 7 MHz for the
o~ transition, 0. 9 MHz for the o, transition, and
20 MHz for the g, transition. With a magnetic
field of 140 6 at 90' the calculated widths are 19
MHz for 0& and 25 MHz for 02. The calculated
widths for the 0' cases appear to be consistent
with Szabo's recent data 8 for 0.01 wt/0 ruby which
show that the 'A(a —,') to 'E(+-,') transitions have a
linewidth less than the 12-MHz instrumental re-
solution, while the 'A(+ 2) to E(+ —,') transitions
have an experimental width of 35+ 5 MHz. In the
90 field case, Szabo measures widths of about
100 MHz for all lines, while our calculations give
widths of 19 and 25 MHz. We do not expect exact
agreement between widths predicted for broad-
band (pulsed) excitation and those measured using
narrow-band (cw) excitation as in Szabo's experi-
ments. We consider the predicted qualitative fea-
tures of the magnetic field properties and the
widths for the 0 cases to be in good agreement

with present data. The narrower calculated widths
in the 90 field case may indicate the presence of
other homogeneous broadening mechanisms.

All the calculations we have done show that
photon-echo decays and fluorescence decays have
qualitatively similar magnetic field properties.
Thus we expect that fluorescence-linewidth experi-
ments will reveal effects which can be correlated
with photon-echo behavior. For example, when-
ever the photon-echo decay is rapid there should
be a correspondingly broad fluorescence line as is
the case for 90' fields. Likewise, a slow photon-
echo decay would indicate a narrow fluorescence
line as is the case for high magnetic fields at 0'.
For cases where there is a strong modulation of
the echo, the fluorescence spectrum may have
side bands at the modulation frequency. Level
crossings could also prove to be very interesting
in the fluorescence spectrum. We expect that the
o& and o3 transitions will have broader lines at
their respective level crossings, whereas the 0, tran-
sitionshouldhave a narrower line at the crossing.

VI. CONCLUSION

It has been demonstrated experimentally that
most of the concentration- and temperature-inde-
pendent properties of the photon echo in ruby are
the consequence of the radiative interference of
coherently excited multiplets of energy levels
arising from the superhyperfine interaction of the
Cr spin with the 13 nearest-neighbor Al nuclei.
With the exception of a slightly enhanced on-axis
decay in very dilute ruby (0.006 wt/z) all the known
temperature-independent properties of the photon
echo in ruby can be explained either by the theory
pr es ented her e or by the Cr- Cr spin interactions
discussed by Compaan. ' In particular our calcula-
tions based on the superhyperfine interactions are
in quantitative agreement with the observed spin
dependence of the echo decay, the modulation of
the echo intensity as a, function of pulse separation
time, the details of the echo behavior at the level
crossings (most notably the increase in the o, echo
intensity at 2. 06 kG), the echo-intensity dependence
on the direction and magnitude of an applied mag-
netic field, as well as the rapid decay in zero
field. The E excited- state contact interaction
strengths which best fit our data are approximately
the same as the corresponding contact interactions
for the 432 state. With the excited-state interac-
tion parameters determined here, we have cal-
culated from our theory of fluorescence decay the
fluorescence-linewidth contribution of the near-
neighbor Al nuclei and obtain agreement with re-
cent measurements. " Furthermore, the theory
demonstrates an intimate relationship between
photon- echo behavior, fluorescence modulation,
and line spectra.
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Strong-Field Assignment on 4f'3 Sd Levels of Yb2+ in SrC12
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The 4f —4f 5d absorption spectrum of an Yb ' ion in cubic crystals is demonstrated to
have four peaks, which correspond to the four 5d (e~ or t2 ) 4f ( E&l2 or E5l2) final states.

The 4f" 5d configuration of most of the divalent
and trivalent rare-earth ions in solids is known '

to be formed by weak interaction between the 5d
orbitals, which are split strongly in the crystal
field, with the 4f " ' core. For example, the 4f
-4f' 5d absorption spectrum of Yb '

in CaFa con-

sists of e~ and t&, components of the 5d electron
with a separation of 16700 cm '. Each of these
Sd orbitals has a high-energy partner, ' which cor-
responds to the &&~2- +, ~2 transition of Yb" (4f"j
at -10000 cm '. For each Yb

" ion in the cubic
crystal there are therefore four 4f"-4f"5d ab-


