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The measured g values of the ground-state doublet of Ti + in methylammonium aluminum
alum at 4. 2 'K and below are shown to be incompatible with static crystal field theory. The
measured spin-lattice relaxation rates in the range 1.45-2. 85 ' K can be described by either
a two-Orbach process or a Te Raman process. A dynamic Jahn-Teller model due to Ham,
which includes the interaction between an E~ vibrational mode and the T2 electronic state, gives
theoretical results which agree with both the measured g values and the two-Orbach relaxation
process. Consequently, the agreement with the Raman process wouM appear to be fortuitous
The measured g values and the two-Orbach process are described by g)) =1.37+0.01, g& ——1.61
+0. 01, and 1/v'=1. 88 e ~ ' +390.81 e 7' ~ @sec"~. The corresponding two excited dou-
blets are at 10.5+0.5 and 19, 2+2. 0 cm"l, respectively. Assuming a coupling to the E~ mode
only, the deduced Jahn-Teller energy is 256 cm"~ and tlie effective mode frequency is 148 cm ~.

The ferroelectric transition from a structure with space group Pa3 to either space group P2~
or Pca2~ has a negligible effect on the EPR spectra, which in spite of the transition possess
symmetry (3).

I. INTRODUCTION where

The crystal structure of methylammonium alu-
minum alum suggests that the Ti3' ion is subjected
to a predominantly cubic fieM with a small tri-
gonal component. In a cubic field field of octahe-
dral symmetry the free-ion ~D ground state is
split into a ~T~ and an excited ~E, which is 2&&10»

cm ' or so above the ground state and may be ne-
glected for our purposes. The octahedron is
slightly flattened (Sec. 11); consequently, using
standard crystal. field theory the combined spin-
orbit and trigonal field splits the ground state into
three Kramers doublets, the g values of the ground
state doublet being given by

g&, = 2
l
sin28 —2 cos~8

l

g~= 21 M2sin8cos8+sin28

-van
[(~+~q)a+ 2qa] iia

X is the spin-orbit coupling, 7 is the trigonal
splitting of the T~ orbital state in the absence of
spin-orbit coupling, and we have neglected cova-
lency effects. The theory of Tis' in trigonal en-
vironments has received considerable attention, '
and for all values of X/V in Eq. (1), the inequality

g() ~gJ holds. Our low -tempe rature paramagnetic-
resonance spectra of Ti~' in methylammonium
minum alum, which is reported in Sec. III, giveal
for the ground doublet gJ=1.61+0.01 and g(l 1.37
+ 0. 01, which is incompatible with static crystal
field theory. The possibility that the trigonal
field is reversed corresponding to a slightly elon-
gated octahedron is untenable, since the resulting
groundstate doublet is described by an effective
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spin S,
' = + ~, which gives g~ = 0 contrary to experi-

ment.
So far the discussion has neglected the Jahn-

Teller coupling & between the lattice displace-
ments and the T~ orbital state. A Ta orbital state
can couple to both E~ and T3 normal modes of vi-
bration of the crystal, and it is customary to as-
sume that the E mode is more strongly coupled
than the T~~ mode, ' although it is known for the
excited state of the F' center in CaQ that equal
coupling to both E~ and T2~ modes is required to
explain the experimental results. Using the
cluster approximation consisting of the transition-
metal ion and its nearest neighbors and E~ cou-
pling only, Ham2 showed that the vibronic spec-
trum remained the same as that in the absence of
the Jahn-Teller interaction except for the reduc-
tion by the Jahn-Teller energy E», common to
all states, where Ezz =A2/2p+2. A is the Jahn-
Teller coupling coefficient, p, is the effective
mass of the cluster, and & is the E normal-mode
frequency. For a cubic crystal, the vibronic
ground state remains a triplet and all excited states
are higher than the ground state by at least the
vibrational energy Ice. The vibronic eigenfunctions
are products of one of the T2 electronic functions
and simple harmonic-oscillator functions for a
displaced two-dimensional oscillator belonging to
the representation E~. Matrix elements of various
electronic operators between the vibronic states
are then the product of an electronic matrix ele-
ment and an oscillator-overlap integral. Within
the vibronic ground state and to first order in per-
turbation theory all T, and Ta operators (conse-
quently, the spin-orbit coupling and a trigonal
crystal field) are diminished from their value in
the absence of the Jahn-Teller coupling by y = e "~,
where x = 3Ezz/Kid. When second-order correc-
tions due to the excited vibronic states are in-
cluded, additional reduction factors, f, and f~, are
introduced, which are defined by Ham. ~

Consequently, with this model there is a partial
quenching of both the spin-orbit interaction and
the trigonal field giving rise to two low-lying ex-
cited Kramers doublets, whose presence may
dominate, even below 4. 2'K, the spin-lattice re-
laxation rate by an Qrbach process. 6 Indeed, the
experimental rates reported in Sec. ID are con-
sistent with this interpretation. Furthermore,
as shown in Sec. IV, if E~ coupling only is assumed,
the resulting Jahn-Teller parameters, which are
obtained by fitting the lowest vibronic splitting
to the experimentally deduced excited states, yield
g~= l. 72 andg, = 1.47, which are in reasonable
agreement with the measured g values.

In a preliminary reportv we showed that con-
trary to expectations the best fit to the spin-lattice
relaxation rate for a Ti3'-doped methylammonium
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FIG. 1. Spin-lattice relaxation time vs T.

aluminum alum crystal was described by a TQ Ba-
man process. As shown in Fig. 1, our results
also support with considerable accuracy a, T Ba-
man process. Nevertheless, in view of the close
agreement between experiment and the E -coupled
Jahn-Teller model, an agreement which has also
been reported for a number of other T2 orbital
states with octahedral coordination, it would ap-
pear that the agreement with a Raman process is
fortuitous.

II. CRYSTAL STRUCTURE

The room-temperature structure of
CH3NHQA1(H20)6 (SO4)2 6H30 is cubic with space
group Pa3 and four formulaunits per unit cell. . 8 The
four [Al)H~O)ii] octahedra are slightly fla, ttened with
trigonal symmetry (3), while the four CH3NH3'
ions lie in general 24-fold position, so that the
CN directions do not lie along the cube body diag-
onals, but each one is arranged with six orienta-
tions statistically at an angle to the diagonal.
Since according to Qkaya et al. the difference
between z- and P-alum types is not adequately
defined structurally, no attempt was made to
classify methylammonium aluminum alum in either
type. This conclusion has been contradicted re-
cently by Cromer et al. ' who consider both meth-
ylammonium aluminum alum and cesium aluminum
alum to be members of the p alums. Low-tem-
perature x-ray analyses have also been performed
on methylammonium aluminum alum, which was
shown on cooling, to undergo a ferroelectric
transition in the region of 1VV 'K to space group
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P2, by Okaya et ai. or to space group Pca2, at
170 'K by Fletcher and Steeple. " In either space
group only the general position is available.

The electron paramagnetic resonance (EPR) at
room temperature of chromic methylammonium
aluminum alum in which Cr3' have substituted for
A13', showed that the crystalline electric field
possessed trigonal symmetry. ' The EPR spec-
tra at 90'K and below were interpretedby acrystal
field of orthorhomic symmetry' on the basis of
observations that would in fact require a mono-
clinic field. More recently', the EPR of Cr3+-

doped methylammonium aluminum alum was ob-
served between 90 and 300 K. '4 A first-order
ferroelectric transition was observed at 177 K,
where an abrupt change in the fine-structure split-
ting occurred which was described by a lowering
of the trigonal symmetry to monoclinic. In ad-
dition, relaxation measurements of the proton
magnetic resonance in the same crystal suggested
that the ferroelectric transition resulted from a
one-dimensional reorientation of the CHSNH3' ions.

On the other hand, as will be shown in Sec. III,
at liquid-helium temperatures the crystal field of
Ti3'-doped methylammonium aluminum alum re-
tains trigonal symmetry (8) and presumably it is
a reflection of the fact that the ferroelectric trans-
ition has a negligible effect on the [Ti(Hao)a]3' oc-
tahedron, which in the E -coupling approximation
is undergoing large tetragonal Jahn-Teller distor-
tions, although the crystal field still possesses
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FIG. 3. Angular variation of EPR with B in (100}

plane, v= 9.43 6Hz.

trigonal symmetry due to tunnelling between the
three equivalent distorted configurations of the
octahedron. A trigonal cyrstal field at low tem-
perature was also observed for cesium titanium
alum" and claimed to have been observed for Ti '-
doped cesium aluminum alum. '6 Since both crys-
tals have space group Pa3 at room temperature
and a ferroelectric transition is not expected at
low temperatures, the crystal field should retain
trigonal symmetry, the origin of which is mainly
due to the trigonally distorted octahedron of water
molecules' and not the more distant SO4 group. '
The Ti3'g values are also unusual for both crys-
tals, a full understanding of the EPR spectra of
which will probably require the addition of the
Jahn- Teller effects. However, since the environ-
ment is different from that in methylammonium
alum we do not expect their g values to be the
same as those reported in Sec. III.

III. EXPERIMENT
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FIG. 2. Arrhenius plot of spin-lattice relaxation
results shown in Fig, &.

Both the EPR and spin-lattice relaxation mea-
surements were performed with a conventional
X-band superheterodyne spectrometer, 'e using
pulse saturation techniques for the relaxation mea-
surements and a low-power monitor signal to de-
tect the recovery to equilibrium. All relaxation
measurements were performed with helium ex-
change gas (approximately 20 Torr. ) in the micro-
wave cavity to eliminate vibration from the boiling
liquid helium. Temperatures in the cavity were
measured with a calibrated carbon resistance
thermometer. The recovery signal was fed to a
specially designed 24-channel signal averager and
consequently the experimental points in Figs. 1
and 2 represent the average of approximately 100
recoveries, all of which are simple exponentials.
The concentration of Ti is nominally 0. l at. %.
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Figure 3 sho~s the angular dependence of the
EPR signal at 4. 2 'K with H in a (100].plane. The
strain-broadened lines are approximately 20 6
wide. Occasionally, a double resonance was ob-
served (both in (100]and (111]planes), the cause
of which is not known, but appears to be due to
the development of noticeable cracks as a r esult
of thb temperature cycling. The lifetime of a
crystal rarely exceeds a dozen measurements for
the same reason. The angular dependence of the
spectra at 1~ 5 is identical to that at 4. 2 'K. Fig-
ure 4 shows the angular dependence at 4. 2 'K for
the same crystal with H in a jill) plane, the
l. 5 ' K spectra of which is identical. The dashed
curves in Figs. 3 and 4 represent a best fit to the
experimental points, and correspond to four in-
equivalent Ti" ions per unit cell, each ion being
situated in a trigonal environment corresponding
to a distortion along one of the four possible [111]
directions of the neighboring octahedron of water
molecules. The corresponding g values are g((

1.37+0.01 andg = 1.61 +0.01.
Figure 1 shows the spin-lattice relaxation time

vs temperature for another sample (with similar
Ti concentration) whose spectra in a (111)plane is
identical to that in Fig. 4. All points are for
H=4480 6 in a (111)plane with 8= 10' (with 8 de-
fined in Fig. 4). The continuous line represents
a T Raman process. Figure 2 shows an Arrhenius
plot of the same relaxatio n results as that in Fig.
1. As discussed in Sec. IV, in spite of the close
agreement with a Raman process, there is reason
to antic ipate an Orbach process in the relaxation
rate. In fact, there are two possible Orbach pro-
cesses and consequently the deviation from the
lower-temperature linear plot, which would re-
flect a single Orbach process, was computer fitted
to include a second Orbach process. These two
Orbach relaxation rates, which are represented
by the continuous curve, are described by the ex-
pres slo n

IV. EIGENVALUES AND g FACTORS IN THE PRESENCE
OF A DYNAMIC JAHN-TELLER DISTORTION

The cluster approximation consisting of E cou-
pling only to the ~T2 orbital state has explained
successfully the low -temperature properties of
Ti in Al~O, . '" The theory is directly applicable
to Ti3' in methy lam m oniu m aluminum alum except
the trigonal, splitting parameter V is considerably
less than that in A1203 and has the opposite sign.
t/' can be estimated by comparing the distortion in
Al303 with that obtained from the x- ray analysis of
Fletcher and Steeple. " We estimate the distortion
in Al203 to be a factor of four or five times larger
than that in methylam monium aluminum alum, and
since V= 700 cm"' for Ti ' in A1~03, we have
chosen V = -X. The three lowest Kramers dou-
blets then take the form

~+X,), E= 0

sin8 ~+X,)+cos8~+X,), E=5,
vcos8~+X,)+sin8 ~wX,), E=ha

(2)

where + has been added to the vibronic states
iXn), iX,), and iX ) to indicate the value of S, for
the spin S =

~ . The vibronic states are defined in
Eq. (9) of Bates and Bentley. '9 8 in Eq. (2) will
be defined later. The doublet i +X,) corresponds
to an effective spin S,'= ++~ with g~ = 0 and is the
ground- state doublet for Ti ' in A130, . We expect
52 to be negative and to be the lowest energy.
With t'/ = -X Q] and 5, are given by'

p, = 4t y X[1 $(f /y ) X-/a(u] -—,
' A,

(3)
', =4 yx [1 P(f,/y)x/h-(u]+~tA,

where

A = ~4y X 1V(1+[(f,/y)X/h&u]a~3' —
3 (f,/y)X/5&@].

(4)
The reduction factors f„ f», andy are tabulated
by Hami and Macfarlane et a/. 4 for various values
of x= 3E"/Ke. Since, for a definite value of x,
f„f', andy are fixed, the right-hand side of Eq.
(3) or Eq. (4) contains only two unknowns. From
Fig. 2 the first and second excited states are at
10.5 and 19.2 cm ', respectively, above the
ground state. For reasonably acceptable values of
of 5~ the best agreement with these results is
given by P, = 8. V cm ' and 53 = —10. 5 cm '. The
various splittings are shown qualitatively in Fig.
5. For the range of x we shall encounter f,/y =$.
Thus, from Eq. (3) we finds"/X =1.1. When this
is inserted in Eq. (4) we obtainy=1Q. 1/X. With
X = 135 cm" ' we finally get the following reduction
facto rs:

The dashed curve represents the T9 Raman pro-
cess, which was included for comparison purposes.
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FIG. 5. Energy levels of Ti3' in methylammonium
aluminum alum.

y =0. '75; f,=0. 035; f~=0. 25

corresponding to x = SZzr/5'co = 5. 2 and S&u = 148 cm '.
Analytical expressions for g„have been given by
Macfarlanea '~' for the two Kramers doublets at en-
ergy &, and 5, in Eq. (2). Our ground-state doublet
is given by

y cos8~ +X,)+ sin8~ vX,), (5)

We have shown that static crystal field theory
cannot explain the ground-state g values of Ti3'
in methylammonium aluminum alum. It would also
be impossible to account for the two excited Kra-
mers doublets at 10. 5 and 19.2 cm ', which a.re de-
duced from the relaxation data of Fig. 2, with-
out invoking both unrealistic crystal f ield param-
eters and covalency factors. '~~ On the other hand
a model in which only E~ normal modes of vibra-
tion of the crystal are considered to interact with
the ~T2 state, gives good agreement with both the
energy levels of the two excited Kramers doublets
and the ground-state g values. Actua, lly, the re-

where for our parameters, tan28=as-M2. (It also
happens to be independent of Xjh'u. ) The corre-
sponding g„ is given by

g„= 2
~

a cos 8 + 5 sin38+ c sin28~ .

With our parameters plus a covalency factor A, =0.9,
we find a=0. 976, b=0. 963, c= —0.048, from which

we obtain g„= 1.4V.
We note that most of the contributions to g~ will

come from the left-hand component of Eq. (5).
Thus

g~= 2. 002 costa = 1.V2 .
V. DISCUSSION

From paramagnetic resonance studies, at X-
band in the liquid-helium temperature range, of

TABLE I. Observed and calculated splitting and g
factors for the T2 ground term of Al(CHSNH3)
(SO,), 12H,O: Ti'+.

First excited
doublet

Second excited
doublet

Observed

10.5+0. 5 cm"~

19.2+2. 0 cm ~

1.37 + 0. Ol
l. 61+0.01

Calcu].ated~

10.5 cm"~"

].S. 2 cm-' b

1.47
l. 72
148 cm"~

256 cm"~

Parameters are V= —&, &=135 cm"~, k=0.9, &=0. 075,
f~= 0. 035, and f& = O. 25.

"For a definite value of x=MJT/Ku, p, f„and f& are
fixed. The value of x is obtained by fitting the theoret-
ical splittings to the experimental values.

duction factors were obtained by fitting the the-
oretical splittings to those deduced from the Or-
bach relaxation rates. These reduction factors
were then used to calculate the ground-state g
values. Table I shows a comparison between the
observed and calculated splitting and g factors.

The theoretical values have been obtained by
choosing the trigonal splitting to be equal to the
spin-orbit coupling. Although better agreement
for the g values can probably be achieved by vary-
ing the trigonal parameter as well as the spin-
orbit coupling, this is hardly justified at this stage,
since our primary aim has been to decide whether
the model itself is a reasonable one or not. In
addition, the relative position of the two excited
Kramers doublets is very important, and a more
accurate value for the second-excited doublet will
require relaxation measurements using nanosecond
techniques. Magnetic-susceptibility measurements
which are underway in this laboratory, may also
supply the required information, since the g val-
ues of the two excited doublets are quite different.

In view of the close agreement of the relaxation
rate with a T Raman process, the validity for
choosing the two-Orbach relaxation process arises.
The main justification for this is the close agree-
ment between the theoretical values of Sec. 97
and the experimental results as shown in Table I.
This also puts our interpretation in line with that
for the Ta orbital state of other transition-metal
ions in insulating crystals of octahedral coordina-
tion. ~ 3 Finally, recent preliminary relaxation
measurements in a (111]plane indicate a consid-
erable variation of the relaxation rate with the
magnetic field direction. This anisotropy is not
expected for a Raman process.

VI. CONCLUSION
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the ground-state doublet of Ti3' in methylamonium
aluminum alum we deduced that there are four in-
equivalent ions per unit cell, each ion being sit-
uated in a trigonal environment corresponding to
a distortion along one of the four possible [111]di-
rections of the surrounding octahedron of water
mol. ecul.es. The corresponding g values are shown
to be incompatible with static crystal. field theory. 34

Spin lattice relaxation measurements have also been
performed in the range 1.45-2. 85 K. Although
the relaxation rate is shown to follow a T' Raman
process with considerable accuracy over this
temperature range, evidence is presented which
demonstrates that the two-Orbach process, which
describes the relaxation data with comparable ac-
curacy, is probably the correct interpretation and
the agreement with the Raman process is fortuitous.
A model developed by Macfarlane et al. 4 and
Bates and Bentley, ' which considers the' interac-

tion between an E~ vibrational mode and the T~
electronic state, gives theoretical results which
agree favorably with both the measured g values
of the ground state and the first two excited dou-
blets. Finally, the ferroelectric transition from a
structure with space group Pa3 to either space
group P2, or Pca2, has a negligible effect on the
EPR spectra, which in spite of the transition pos-
sess trigonal symmetry (3).~'
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