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Cross Relaxation between Some Paramagnetic Ions in Crystals Observed

by an Optical Method
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An optical-absorption method of monitoring the population changes within the ground Zeeman
doublet of paramagnetic ions has been utilized in an optical-microwave double-resonance ex-
periment to measure cross-relaxation effects in mixed crystals. The spin dynamics of the
following systems are reported and discussed: Pr-Er(ethylsulfate), Ce-Nd(ethylsulfate), Pr-
Ni(double nitrate), and Pr-Sm(ethylsulf ate). Experimental results are compared to relevant
theories of the spin dynamics and interaction mechanisms which are expected for these ions.
The theories of the phonon bottleneck are discussed in terms of their ability to explain some
nonexponential decays which are observed in the experiment. A method of estimating the
cross-relaxation rate due to virtual-phonon exchange is developed which uses measured spin-
lattice relaxation rates to eliminate unknown parameters. The relaxation measurements
generally indicate very rapid energy transfer between dissimilar ions which have overlapping
resonances, even in a case where the magnetic dipole-dipole interaction is absent.

I. INTRODUCTION

The presence of a spin-spin interaction between
different spin species in mixed paramagnetic crys-
tals can cause the observed relaxation time of both
species to be altered from their individual rates.
To explain such observations, Bloembergen' for-
mulated a theory of cross relaxation, introducing
the cross-relaxation rate at which spin energy is
transferred from one spin species to another. The
cross-relaxation rate thus reflects the strength of
the spin-spin interaction. Transitions due to the
spin-spin interaction are expected to be rapid only
when the magnetic splittings of the different ions
are similar, i.e. , their electron-paramagnetic-
resonance (EPR) lines overlay. Interesting reiaxa-
tion effects result when transitions due to the spin-
spin interaction occur at a rate comparable to or
greater than the spin-lattice relaxation rate 1/v.
The measured relaxation rates of both ions depend
on the relative concentration of the ions, the iso-
lated-ion relaxation rates, and the spin-spin inter-
action rate.

Cross relaxation occurring between paramagnetic
ions differs from that occurring between nuclei be-
cause of a larger spin-spin interaction and faster
spin-lattice relaxation rates. Cross-relaxation
effects in electron-paramagnetic systems have
usually been observed indirectly by the shortening
of spin-lattice relaxation times under circumstances
of level crossings between ions with anisotropic
splitting factors. ~ 4

The phenomenon of cross relaxation has only
rarely been investigated for its details because of
the inherent experimental difficulties of separately
observing the effects on both ions. Microwave
double-resonance methods have been successfully

applied to study cross-relaxing ions' and have a
resolution capable of investigating different mul-
tiple-spin-flip processes. However, such experi-
ments require tunable bimodal cavities and a con-
siderable proliferation of microwave equipment.

An optical-microwave technique has been per-
fected for the measurement of spin-lattice relaxa-
tion of isolated ions, in which the spin population
in one of the Zeeman levels of the ground state of
the ion is monitored as a function of time after a
saturating pulse of microwaves by observing the
absorption of circularly polarized light in a transi-
tion from the ground state to some excited state of
the ion. 8 This optical technique has features
which recommend it for the study of cross relaxa-
tion in mixed systems. Because the optical spectra
of ions exhibit characteristic line structure, the
behavior of two different ions can be separately ob-
served, even though their microwave resonances
overlap, by merely choosing the optical-absorption
line appropriate to the ion one wishes to monitor.
The necessity of using complicated bimodal micro-
wave cavities and the auxiliary electronics is elim-
inated; however, one must substitute special opti-
cal techniques for detection. Finally, because it is
a broadband-detection method, the optical method
detects cross-relaxation effects between different
ionic species only; i.e. , the signal for a given ion
is free of effects due to cross relaxation between
its hyperfine lines and spin diffusion within its line-
width.

The selection of suitable ionic systems to study
with the optical-absorption method is limited by
the requirement that the monitoring circularly
polarized light beam must be passed through the
crystal parallel to the magnetic field. Since most
of the crystals which substitutionally incorporate
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rare earths are uniaxial, they can transmit cir-
cularly polarized light only along the principal axis
of the crystal. Thus the selection of ions which
are likely to exhibit cross relaxation, and which
can be investigated by this optical method, is re-
stricted to those ion combinations which have
nearly equal splittings in a magnetic field which is
parallel to the crystal axis.

The results of optical-microwave studies of
cross-relaxation effects are reported for the fol-
lowing combinations of ions in crystals: praseo-
dymium and erbium in ethylsulfate, cerium and
neodymium in ethylsulfate, praseodymium and

nickel in double nitrate, and praseodymium and
samarium in ethylsulf ate.

II, EXPERIMENTAL METHODS

The optical method of monitoring spin populations
depends on the existence of selection rules for
transitions between quantum states of an ion in a
crystal and magnetic field. The selection rules
which govern optical transitions between these
crystal field states can be obtained in two ways —by
perturbation theory or by group theory. The per-
turbation procedure has been used~ to show that,
for a given absorption line of neodymium in the
ethylsulfate crystal, one of the states of the low-
est Zeeman doublet absorbs only right circularly
polarized light, while the other absorbs only left-
cir cularly polarized light.

By the methods of group theory, one finds the
selection rules are quite generally valid. The
crystal-field-degenerate states which occur for
both Kramers and non-Kramers ions in uniaxial
crystals have selection rules which require the
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FIG. 1. Diagram of optical equipment. The two right-
angle prisms marked & rhomb are constructed from glass
of the proper index to convert linearly polarized light to
circularly polarized light incident on the sample. In com-
bination, these two prisms are equivalent to a Fresnel
rhomb.

two states of a Zeeman doublet in a parallel magnet-
ic field to exhibit complementary behavior with
respect to circularly polarized light having one
sense of rotation, while the other Zeeman state
absorbs circularly polarized light having the op-
posite sense of rotation.

The optical-microwave method for monitoring
spin populations takes advantage of the selection
rules in an experiment which is illustrated sche-
matically in Fig. 1. %hite light from a projector
lamp is circularly polarized and passed continuously
through the crystal which is polished flat and ori-
ented with its principal axis parallel to the magnet-
ic field and the light path. The crystal is mounted
in a microwave cavity which has 18 -in. holes in
the walls to pass the focused light through the crys-
tal while it is immersed in a helium bath whose
temperature can be controlled between 4. 2 and

1.4 'K by pumping. Measurements were generally
made only below the A. point of helium at 2. 2 K,
where helium bubbles cease to be a source of noise
in the light beam. A special Dewar is used which
has flat windows and a liquid-nitrogen-free section
to pass the light beam without bubble noise from
that source. After traversing the crystal, the light
beam is reflected out to the spectrometer, which
is tuned to an absorption line of the ion to be moni-
tored.

Because of the selection rules, the use of cir-
cularly polarized light makes it unnecessary to
use an optical spectrometer with resolving power
sufficient to resolve the closely spaced Zeeman
doublets. A —,'-m Jar rell-Ash spectrometer is
used, having slit widths which are variable from
0 to 400 JJ., and having a dispersion of 16A/mm in
first order. This instrument is used to select the
optical-absorption line which one wishes to study.
Measurements were taken using a slit width of 100
p, for which the optical bandwidth is roughly a fac-
tor of 10 wider than the over-all magnetic splitting
of the ground state, which for K-band measure-
ments is approximately 0. 7 cm '. Thus, theex-
yeriment monitors the full width of the microwave
resonance, so the signal is unaffected by cross-re-
laxation effects within the resonance peak or even
between hyperfine lines. In this sense, it is dif-
ferent from the microwave methods of observing
such phenomena as "hole burning" in the resonance
or cross relaxation between hyperfine lines. On
the other hand, the optical method can distinguish
between different spin species even though their
resonances overlap.

Since the optical transitions in rare-earth ions
are weak (f-10 ~), the population of the ground
state is not significantly perturbed bythe monitoring
light beam. This weak transition strength required
that these experiments be conducted on samples
having a greater concentration of paramagnetic ions
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PIG. 2. Diagram of microwave equipment.

than is generally necessary for microwave spec-
troscopy.

The optical signal observed is the time-resolved
response of spin population to a microwave pump
pulse and is obtained by tuning the spectrometer
to an appropriate optical-absorption line and dis-
playing the light detected by a photomultiplier on
an oscilloscope whose sweep is synchronized to the
microwave pulse. The signal strength is given by
the following expression for the signal-light inten-
sity:

(e-a(N++ kN+) e aN+. )-x ox
s 0

where Io is the incident left- or right-circularly-
polarized-light intensity, NO are the values of the
population of ions in the upper (+) or lower (-)
Zeeman states when in thermal equilibrium with the
bath, hN are the differences in populations from
their equilibrium values at the end of the pump
pulse, a is the optical-absorption coefficient, and

x is the crystal thickness.
Because the experiment measures a signal im-

pressed on a background of light which is only par-
tially absorbed by the crystal, the major source of
noise is the shot noise in the photomultiplier due to
its detection of the transmitted light, of which only
a portion is the signal. Optimal signal-to-noise
ratio occurs when ax= 2/No; i.e. , to achieve the
best signal-to-noise ratio, one selects an optical
line which absorbs approximately 86% of the light.
The signal strength at optimum signal-to-noise
ratio is

(2)

One notes that the stronger signal is obtained by
using the circular polarization which monitors the
upper (+) Zeeman state, and because 4N, = —LN,
the signal polarity reverses upon reversing the

sense of the light polari. zation. These character-
istics provide a check which can be used to verify
that the signal is not of spurious origin such as
electronic pickup or bubbling effects in the liouid
helium. Spurious bubbling signals were, in fact,
encountered when operation was attempted above
the X point of the helium.

A relatively large d N was obtained by operating
with a microwave frequency of 28. 1 6Hz (0.77
cm A). In practice, the ideal signal strength was
not always achieved with av:..ilable microwave pow-
er because of fast relaxation times and the large
spin concentrations necessary for optimal-optical
absorption. Furthermore, some elements (e.g. ,
praseodymium) exist only as isotopes with half-in-
tegral nuclear spin having EPR spectra consisting
of multiple hyperfine lines. Only one of these
could be pumped at a time, whereas the optical ab-
sorption arose from all ions. These effects, which
diminish the signal strength, in combination with
the inherent shot noise, require signal averaging
to increase the signal-to-noise ratio. For random-
noise processes the signal-to-noise ratio in the
average measurement increases as the square root
of the number of repeated measurements. A Fabri-
tek Instruments model No. FT 1052 signal averager
was used which had a 1052 bit memory that could
be swept as fast as 50 p.sec per data point to obtain
measurements of decay times as short as 100 p,sec.
A thousand repeated measurements were generally
required to obtain useful averaged displays.

The microwave apparatus illustrated in Fig. 2
is used both to obtain standard EPR displays of
microwave absorption versus field, and to provide
microwave pulses of adjustable pulse length.
Switching power ratios of 1000:1, with 1-p, sec-
rise and -decay times, were obtained. After
an optical signal was obtained, the pulse width was
kept as small as possible to minimize sample-
heating effects, and repetition rates were selected
which allowed complete relaxation before repulsing.

Two microwave cavities were used in this study.
A cylindrical cavity operating in the TEO, & mode at
about 23.2 GHz had vertically oriented magnetic
fi.eld lines of maximum strength at the center,
where the crystal was located; thus, the microwave
field was perpendicular to the applied field, and
pumped all the Kramers salts. For the non-
Kramers salts, pumping by the magnetic field lines
of the microwaves is only allowed when the field
is parallel to the applied field, ' so a cylindrical
cavity was designed to operate in the TE«, mode to
provide such a field configuration. Operating at a
resonance frequency of 21.2 GHz, this cavityproved
useful because it did not efficiently pump the
Kramers ions.

EPR displays were obtained by locking the kly-
stron frequency to that of the cavity with an auto-
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FIG. 3. Illustration of cross-relaxing levels and rates.
gg„and ge„ indicate relaxation transitions and gg;, indicates
interaction transitions. The optical method can be used
to separately observe the population in any of the four
levels shown.

N N'

y=l

+ uf„'N, —w~ N,', (2a)

y Nb N
+N~

N +~f4N
)=1 a 8

(sb)
where N, /N» is the probability that the (-) state of

matic-frequency-control circuit and recording y"
vs field on the x-y plotter. Optical spectra were
recorded using the same optical setup as for the
relaxation measurements. The relaxation mea-
surements were then made as a function of tem-
perature and of position on the y" versus field curve
at which microwave pumping was applied. The de-
cay curve in the memory of the signal averager was
read out to an x-y plotter to be later replotted on
semilog paper to determine the characteristic of
the decay.

Crystals which accommodate rare-earth ions in
substitutional sites are desirable to allow freedom
to vary the relative concentration Gf the ions with-
out problems of charge compensation. ln addition,
for the study of cross relaxation, prior work done
to understand the optical spectra, EPH, and spin-
lattice relaxation is useful, although this data had
to be retaken with each sample. The two crystals
chosen satisfy these criteria. They are the ethyl-
sulfates and the double nitrates, which are dilute
magnetic structures having the respective chemical
formulas R(C,H5804)» ~» 9H20 and R2T»(NO»)~2

' 24H20,
where A represents a rare-earth ion or tQe diamag-
netic lanthanum ion, and 7 represents a divalent
transition-metal ion, or the diamagnetic magnesium
ion.

III. THEORY

A. Cross Relaxation

The rate equations for cross relaxation in mixed
systems, such as between the levels illustrated in
Fig. 3, were originally formulated by Bloembergen. l

The rate equations which describe the populations
of all four levels under the influence of both spin-
flip processes and ordinary relaxation processes
are

the 5-type ion at site j is populated, and zv„and w~

are spin-lattice transition rates. zg, &
is a transi-

tion rate for mutual spin-flip processes given by

w, ~
=h

i (E&, E~i H;, iE;+hv„Z, +hv»)i g„(v)
(4)

where II,, represents the "spin-flip" portion of any
effective spin-spin interaction-one example of
which is the magnetic dipole-dipole interaction-
and where g,,(v) is an overlap function for the res-
onances, which gives the probability that the spin
system can absorb excess Zeeman energy h(v,
—v»). For Gaussian line shapes, Bloembergen
evaluates the overlap function to be

g„=[2m(a v,'+a v,')] '~'

xexp[ —(v, —v, )'/2(&v.'+thv,')], (5)

n, = W(N, n, —N, n.) —(n, —n,') r, ,

n»= W(N, n, —N, n, ) —(n, —n, )r,

where y, = zg'„+ zg'„ is the spin-lattice relaxation
rate for g spins and

Ny Ng

1W=N» Z»v&&=N, Z w;&
J=l j=l

(7a,)

(Vb)

These equations are solved to give the following
result for the populations as a function of time:

n, (t)=A.e "+'+& e -'+n,'

n, (t) =&,e"'+& e "-'+n,',
where, if a cross-relaxation rate is defined by

Ng

r =w(N+Nl= (I+~ Ear, g,
N,

then

(gb)

r, = 2{(r„+r, + r») ~ [r,'»+ (r, r, )'2r„(r, -—r,)-
x(N, —N»/N, + N»)]' ], (ll)

a, =~ (1/r. —r ) gn, (O) n.'] (r. r,)-—

where ~v, and &v, are the halfwidths of the line
shapes, and v, and v, are their centers. The spin-
flip Hamiltonian for two spins can be expressed
as

fI„=[(g,'g,'/2R, ', )+a„)(s.'s'+ s' s',),
where B,~ is the coefficient for the nondipolar in-
teractions.

When expressed in terms of the total populations
N, =N,'+N, and population differences ~, =N, —N,',
the rate equations become the following coupled
linear differential equations with constant coef-
ficients' ':
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Figure 5 shows, as an illustration of this case, the
relaxation rates which would be expected for Pr-
Er ethylsulfates if r„=103 sec '.

The experiments reported here did not allow a
complete fit to all the coefficients and rates which
appear in the expressions for n, (f) and n, (t). The
initial populations at. the onset of decay were not
known, and the time response of the signal averager
did not permit observation of the fast decay r, .
Furthermore, the presence of phonon heating con-
fused the problem by introducing more rates. How-

ever, Figs. 5 and 6 illustrate that observation of
only the slower relaxation rate in a series of crys-
tals permits a direct determination of r„ in case II,
while in case I a lower limit, r„&r& —r„can be
inf erred.

Since in the application of Eq. (4) neither the val-

FIG. 4. Temperature dependence of the relaxation
rates predicted by the cross-relaxation equations (13a)
and (13b) for some mixed crystals of praseodymium-
erbium ethylsulfate if r,& is assumed to be 10 sec {case
I). The rates for the isolated ions have been taken from
Larson and Jeffries (Ref. 30). The rate for the direct
process in erbium has been extrapolated by the expected
(d dependence to give a rate predicted for the microwave
cavity used here. The rate for praseodymium has not
been extrapolated as it was phonon bottlenecked.

106

10'

+ n, (0) WN —n (0)WN,), (12)

and 8, is the same expression with a and 5 sub-
scripts interchanged.

The decay of each type of ion is thus a compound
exponential with rates r, and r, and having a domi-
nant contribution from the slow r rate. Since
r, +r =r„+r,+r„ if both r, and r were measured,
knowledge of r, and r, is sufficient to determine
r„ independent of the relative concentration of the
ions.

Interesting results occur for two cases when

N~ & Nq.

10'

Case I. ~en y, , &y; —g, , then

r =r. +(r, -r.)(N, /N. ) (13a)

10'
I

Wemp. ( K)

and

r, = r, &+ r, —(r~ —r, ) (Nq/N~) (13b)

Figure 4 shows, as an illustration of this case, the

FIG. 5. Temperature dependence of the relaxation
rates predicted by the cross-relaxation equations (14a)
and (14b) for some mixed crystals of praseodymium-er-
bium ethylsulfate if r~ is assumed to be 103 sec ~ {case
II).
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FIG. 6. Predicted angular dependence of the micro-
wave-resonance absorption for Pr and Er ions in the
ethylsulfate crystal for a cavity frequency of 21. 2 GHz.
g values are from Hef. 26.

B. Interaction Mechanisms

It has been found that the principal contribution
to the interactions between rare-earth ions in

ue of the matrix element nor the proper value of
the overlap function is known in specific cases,
one must be satisfied with order-of-magnitude es-
timates of cross-relaxation rates. The matrix
element can have contributions from a number of
different interactions which will be discussed later.
The proper value of the overlap function is difficult
to obtain in the samples studied here because the
EPB spectra are complicated by the presence of
the hyperfine structure and pair structure, and by
the well-known inhomogeneous line shape of the
non-Kram. ers ions.

A rough estimate of g„can be obtained using
Eq. (5) which, when evaluated for complete over-
lap of two Gaussians with a width appropriate for
the concentrated samples studied here (100 6),
gives g„=10 sec. Then, zo, &

=10"fH, &
cm ') .

Thus any interaction having matrix elements as
weak as 10 cm is sufficient to give a cross-re-
laxation rate x„=10 sec, faster than most spin-
lattice relaxation rates encountered in rare earths
at low temperatures

As the estimates in Sec. III8 show, even the
weakest interactions between neighboring rare-earth
ions are sufficiently strong to give, for overlapping
resonances, relaxation behavior which is charac-
teristic of case I rather than case II.

ethylsulfates is attributable to the easily calculated
magnetic dipole-dipole interaction. Work on the
EPH of the concentrated salts and on pair spec-
tra~~ 6 has shown evidence of additional contribu-
tions from other interactions. The important ones
are thought to be (i) the interaction of the electric
multipoles of the charge distributions which char-
acterize the ions, and (ii) the virtual-phonon-ex-
change (VPE) interaction, a second-order process
which couples the two ions by the emission and ab-
sorption of pairs of phonons. These additional in-
teractions are important in the study of cross re-
laxation when one of the ions has g, = 0, for the mag-
netic dipole-dipole interaction then lacks the terms
in S,S which cause cross relaxation. The original
papers which treated electric multipole interactions
(EMI) used only the first effective term in the ex-
pansion of the electro-static interaction, the elec-
tric quadrupole-quadrupole term (EQQ), as succes-
sive terms were expected to fall off as r ~/R', ~,
where x is the electronic radius and A, z is the ionic
separation. ' ' However, Wolf and Birgeneau, '
having studied numerous pair spectra in the trichlo-
rides, assert that, as in the case of crystal field
parameters, the higher-order terms may be equally
effective as the second-order-EQQ terms because
of shielding and ligand polarizability effects. They
suggest that the problem of interactions between
pairs of ions be treated by an effective spin-spin
Hamiltonian whose coefficients are not directly cal-
culated, but empirically determined.

Detailed calculations of the EQQ have been re-
ported. The calculations for Kramers ions are
ponderous because the interaction, no matter how
low its symmetry, cannot connect in first order the
time-reversed states of a Kramers doublet. The
interaction is therefore calculated in second order
involving excited states of the ground manifold of
the ion. The calculations of the EQQ in Ce ethyl-
sulfate (ES) by Dweck and Seidel, " when corrected
for an error in their value for (~ ), indicate that
the EQQ is of insufficient strength to give their
measured line shift. Baker's work on NdES and
CeES also indicates that EQQ alone is insufficient
to explain his measured line shifts. 3'

Table I summarizes the magnitude of dipolar in-
teractions and some reported nondipolar line shifts
for ethylsulfate crystals. As an indication of the
order of magnitude of the off-diagonal contributions,
these line-shift measurements indicate that non-
dipolar interactions are of sufficient strength to
cause rapid cross-relaxation rates.

It is still not clear, however, if the nondipolar
interactions are attributable to higher-multipole
interactions or to VPE. ~ ' Orbach and Tachiki
developed a theory of the VPE in a formulation
similar to that of spin-lattice relaxation theory.
One of the processes they discuss is a resonant in-
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TABLE I. Interaction strengths of the rare-earth ions
in ethylsulfates. Magnitude of the magnetic dipolar in-
teraction between nearest-neighbor ions in ethylsulfate
crystals, and some nondipolar line shifts measured in
the EPR spectra. Values are in wave numbers.

Ion
pair

Ce-Ce

Ce-Nd
Nd-Nd
Pr-Er
Tb-Tb
Ho-Ho
Dy-Dy

—2g)+~, pg
aM

R';&hc

—0. 034

—0. 032
—0. 030
—0. 015
—0.762
—0. 578
—0.285

gigi vs
R~&hc

4.6x10 5

4.8x10 4

0.005
0
0
0
0

Measured
nondlp

0.105
0.113
0.013
0.001

0.013
0.002
0.003

Ref.

14
12
12
13

20
20
20

teraction which involves the tw6 ions and those pho-
nons having an energy equal to the Zeeman splitting
of the ions. They derive the following expression
for the matrix element of the VPE interaction which
applies under the conditions of this experiment
(R;, & 1/k, , and 5 & h(un, ~„):

Z V„(i)V„;(&), (15)
87Tpv R]~

This is of sufficient strength to contribute to a
rapid cross-relaxation rate. Since the VPE can,
have effective matrix elements up to Inc I =6, it
may be more effective than the EQQ for some ions.

The expression for the rate of cross relaxation
suggests a new method for the estimation of the
effectiveness of the VPE in causing cross relaxa-
tion. Because the VPE for Zeeman energies has
its major contribution from those phonons with
energy 5, one suspects that an estimate of its con-
tribution to the cross-relaxation rate may be ob-
tained from the spin-lattice relaxation rate of the
direct process. Such an estimate eliminates the
necessity of using the estimates ' of the numerous
V„parameters which appear in both spin-lattice
relaxation theory and the theory of the VPE.

The expression for the rate of cross relaxation
due to the virtual-phonon exchange is

2

ivi j 54@2 2 8 4R8 Z Vn (i) V no (j) @zan(v)64h ppvR~&
(1&)

while the expression for the spin-lattice relaxation
by the direct process for a non-Kramers salt is

(18)

where 5 is the Zeeman spl. itting, p is the density
of the crystal, v is the velocity of sound in the
crystal, 1/k~ = kv/5, and V„(i) are matrix elements
of the electron-vibrational interaction acting at
site i.

Using the values v=2x10' cm/sec, R&&=7. 1 A, '

and p = 1.8 g/cm', and converting the expression
(15) to units of cm i, one finds for the nearest
neighbors in the ethylsulfates,

M=9x10' Q V„(i) V„, (j)
nt n', m

where the V„(i) matrix elements are measured in
cm '. Applied to the ca.se of the rare-earth ions,
n and n' are even and ~ 6. One expects terms in
all jm i &n to characterize the vibrating lattice.
As in the case of direct-process relaxation, this
interaction cannot connect the time-reversed states
of a Kramers ion in first order, and the admixture
of excited states is necessary for a nonvanishing
result. If admixture is accomplished via the mag-
netic field, one expects the VPE between Kramers
ions to be reduced in comparison to that between
non-Kramers ions by a factor of 5 /b, , where 5
is the Zeeman splitting (-1 cm '), and d is the
energy of the excited state (-10 cm i).

Estimating V„(i)= 10 cm ' and 5/6-10, one
finds for the VPE

M(Kramers) = 10 cm

M(non-Kramers) = 10 cm '.

%~i = f x10 (~a~~lr, v . (20)

C. Phonon Bottleneck

The phonon bottleneck is a phenomenon commonly
accompanying relaxation of paramagnetic ions by
the direct process. It is a manifestation of a, sharp
increase in the number of phonons having an energy
corresponding to the Zeeman splitting of the re-
laxing ions. The resulting peak in the number of
phonons versus energy curve can be described in
terms of a higher effective temperature for the
phonons in a band corresponding to the bandwidth
of the spins. Such a peak of phonons, if there were

Thus, as an order-of-magnitude estimate which
neglects phonon correlation,

'r, ' 7','
I n„„,(8'v'/64k'R'„) (O'T') 'g„(v)

(19)
where the experimentally measured spin-lattice
rate now takes the place of the undetermined ma-
trix elements. This estimate is expected to hold
for Kramers salts, assuming that the VPE operates
through admixtures by the magnetic field. This
expression for m&& is properly independent of the
temperature at which 1/~ is measured, since the
direct process varies linearly with T.

Applying this estimate to the nearest neighbors
in ethylsulfates and using the parameters v=2x105
em/sec, TO=1. 5 'K, R,&-7. lx10 8 cm, and vo
= 5/h = 23. 1 6Hz, one finds for an overlap g„=10
seep
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no spins continuing to feed it, would have a relaxa-
tion time much shorter than the characteristic re-
laxation times of paramagnetic ions. It is only be-
cause the number of spins exceeds so greatly the
ambient number of acoustic phonons in that band-
width that the combined system of spins and phonons
exhibits a longer "bottlenecked" relaxation time.

The rate equations for spins and phonons have
been treated by Faughnan and Strandberg, Scott
and Jeffries, and Stoneham. These treatments
will be discussed here for the purpose of inter-
preting the data.

The rate equations for spin-population difference
n and phonon average occupation number p, when
written in terms of (n —no) and (p —po), where the
0 subscript designates thermal equilibrium at the
bath temperature, are~~

~ —
o (f Fo)-

(21a)

—o(jo+-,') (n —no) [o(n/no)+ I] (P —Po)
)

7pnp Vp
(21b)

where v is the direct-process spin-lattice relaxa-
tion time, v~ is the phonon-bath relaxation time,
and the bottleneck factor o is defined by

z, /~
2~(p, +-,') nap(g) z,/~,

(22)

in which E, and E~ are the energies of the spin and
phonon system, respectively, and p(5) and M are
the phonon density and the spin bandwidth.

Scott and Jeffries linearize these equations by
setting n =no in the coefficients of p -po and thus ob-
tain a solution which is valid only in the tail of the
relaxation where n —no & 1. These linearized equa-
tions can be solved to obtain two rates which are
valid to first order in v~/v:

b, =1/7(v+1), (23a)

o+ 1 0'
+

7 (o+ 1) (23b)

V, = aT'/[1 + (D/A) T], (25)

where I/~ =AT is the unbottlenecked direct-pro-
cess spin-lattice relaxation rate. These conclu-
sions are very useful for recognizing the presence

The b, solution is the commonly seenbottlenecked
rate which gives significant departures from I/r
for a &1. Using the expression for o, the familiar
T dependence for the strongly bottlenecked rate
yields, for kT&6 and 0 &1,

665k
(24)To' Tpg P'0 Pg

In the intermediate (a"=1) case, the T dependence
18 mixed:

of a phonon bottleneck.
The b solution, which is essentially the phonon

relaxation rate modified by the coupling to the
spins, does not appear in full detail in the litera-
ture. However, its leading term for o»l is o/ro,
and is estimated by Scott and Jeffries to be quite
fast. Equations (23) can be solved to give ro in
terms of the two rates b, and b .

Nonexponential-decay curves were observed in
this experiment (for the Ce and Nd ions in the
ethylsulfates) which could not be attributed to cross
relaxation. If these nonexponential decays were
fit to a sum of two exponentials, the two!rates did
not differ by more than an order of magnitude from

If these two experimental rates were to be
identified with the b and b, of the linearized equa-
tions, then v~ would have to be of the same order
of magnitude as ~. This is much longer than the
values of 7~ of 10 '-10~ sec estimated for the
ethylsulfates. ' This result, in addition to the
restricted validity of the Iinearized equation to
spin populations near thermal-equilibrium values,
leads to the conclusion that it is inappropriate to
attempt to apply the solutions of the linearized
equations to nonexponential decays which arise
when initial spin populations may approach satura-
tion.

The Stoneham analysis of the phonon bottleneck
is a thermodynamic approach cast in terms of the
spin, lattice, and bath temperatures, T~ T~, and

Ta. Starting with linear equations, he obtains
7 (observed) = v+ v&(e,/c~), which is equivalent to the
b, rate of Scott and Jeffries. By solving the linear
Stoneham equations, one obtains the same solutions
b and b„showing the equivalence of Stoneham's
thermodynamic approach to the Scott and Jeffries
linearized equations in which the assumptions are
more clearly introduced.

Faughnan and Strandberg's analysis of the coupled
spin-phonon equations avoids the linearization pro-
cess, which resulted naturally in the solution in
terms of two time constants, and it gives solutions
whose validity is not restricted to the tail of the
relaxation. Their procedure is to solve the non-
linear-coupled equations numerically. In addition,
they obtain a transcendental expression as an ap-
proximation which, by direct comparison with the
numerical results, is found to be quite accurate in
all cases where the bottleneck factor is of order
unity. In particular, the approximate expression
is in agreement with their numerical results for
values of n departing significantly from no, i.e. ,
near saturation. It was found that the approximate
expression was useful to predict the appearance of
nonexponential decays for values of 0 of order unity.

Faughnan and Strandberg predict for values of 0
of order unity a clearly detectable nonexponential
decay with an initial slope r ' and final slope
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[(v+1)v] . In their treatment of the spin-phonon
equations, the observation of such departures from
exponentiality does not require the conclusion that
7»„„is of the order of magnitude of 7„„.

IV. EXPERIMENTAL RESULTS

A. Praseodymium-Erbium Ethylsulfates

The ethylsulfate crystal doped with praseodymium
(f ) and erbium (f") ions is a suitable candidate
for the study of cross relaxation because of over-
lapping resonances. Figure 6 shows the expected
angular dependence of the paramagnetic-resonance
spectra. The praseodymium ion exists in nature
only with a nuclear spin. I= —,', so its resonance
spectrum consists of six hyperfine lines which ex-
hibit the characteristic broad asymmetric line
shape of non-Kramers ions. ~8 ~5

The erbium ion has a resonance position which
varies greatly with the angle 8, which the external
field makes with the crystal axis. In particular,
near 8 =0, where the optical technique is used, the
extent of overlap of the erbium resonance with
those of the praseodymium ion is very sensitive to
small changes in the angle of magnetic field. The
erbium ions are pumped by the conventional h&H
geometry, and the large value of g, for erbium
causes a broad and strong EPR spectrum in crys-
tals containing high concentrations of this ion.

A TE», cavity was constructed to obtain a field
configuration having h parallel to the optical holes
at the bottom of the cavity where the crystal was
located. Magnetic- resonance measurements taken
with this cavity showed absorptions due to the
praseodymium ions, and an erbium absorption of
increasing intensity as the magnetic field was ro-
tated away from 8 =0. This cavity was generally
used for cross-relaxation measurements because
it allowed pumping of praseodyium hyperfine lines
which had little overlap with erbium ions.

Relaxation measurements for isolated erbium
and praseodymium ions in ethylsulfates were ob-
tained by Larson and Jeffries at X band. At low
temperatures the erbium ion exhibits the slow re-
laxation rate characteristic of the direct process
in Kramers ions. Measurements made in this
study on erbium ethylsulfate at K band agreed with
the rate predicted by extrapolating the Larson and
Jeffries rate by the ~ dependence of spin-lattice
relaxation theory.

Above the X point of helium, the optical decay
was seen to exhibit large oscillatory behavior which
wa.s not the same in successive averaged displays,
and was independent of the circular polarization
used, always being absorptive in nature. This is
believed to be caused by bubbling at the surface
of the crystal. Below the X point, the signal of all
the samples showed the expected reversal of signal
polarity with the circular polarization; that is, the
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~ 5 Er
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FIG. 7. Temperature dependence of the observed re-
laxation rates in Pr: ErES crystals having differing rela-
tive concentrations for Pr and Er ions. Relative concen-
trations are indicated in parentheses. Next to the corre-
sponding data, information is given indicating which of
the hyperfine lines were pumped by microwaves and
which ions were observed by the optical method.

upper Zeeman state exhibits increased optical
absorption after the microwave pulse, while the
transition from the lower Zeeman state exhibits
decreased absorption. As expected from the signal-
strength analysis, the signal from the upper state
was always larger than the signal from the lower
state.

Praseodymium exhibits the rapid relaxation be-
havior characteristic of non-Kramers ions. At
K-band frequencies it was found to have a rate
roughly 15 times faster than erbium, and having
the temperature dependence of the phonon bottle-
neck, fitting the expression 1/7 =2xlOzTz sec '.

Ethylsulfate crystals containing both praseo-
dymium and erbium were grown from water solu-
tion. As there was a marked tendency for th0 ions
to segregate during crystallization, the relative,
concentration of the ions had to be estimated from
the optical-absorption spectra. C rystals having
erbium, as the more abundant ion, were preferred
as the relaxation times were then longer, and the
optical spectra of both ions then exhibited absorp-
tion strengths near the value necessary for best
signal to noise. Figure 7 shows the results of
some relaxation measurements made on crystals
containing praseodymium doped into erbium ethyl-
sulfate, along with data on pure erbium ethylsul-
fate and praseodymium-doped lanthanum ethylsul-
fate. Figures 8 and 9 show microwave-absorption
data for the mixed samples which indicate the re].-
ative linewidths of the resonances. The praseo-
dymium hyperfine lines are labeled Nos. 1-6, a
designation used hereafter. In this ErES host, the
praseodymium resonances exhibited a g value of
1.5, much closer to the 1.52 value characterizing
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Pr in yttrium ethylsulfate than the value 1.69,
which was observed for Pr in lanthanum ethylsul-
fate. "

With microwave pulses applied at fields where
the resonances overlapped significantly, the re-
laxation of both the Er optical lines and the Pr lines
were the same to within experimental error, and

exhibited exponential decay. This is an indication
of a tight coupling of Pr and Er ions where their
resonances overlap.

One obtains information about the cross-relaxa-
tion rate by comparing the data graphed in Fig. 7,
with Figs. 4 and 5. One notes that the data taken
in the region of overlap clearly resemble the re-
sults predicted in Fig. 4, in which it is assumed
that x,~ &x~ —x, , rather than the results predicted
in Fig. 5, where x,~ & x~ —x, is assumed. The de-
pendence on relative concentration, along with the
fact that the two ions were each observed by this
optical method to have identical decay characteris-
tics, leads to the conclusion that the Pr: ErES
samples have a cross-relaxation rate r,» which
exceeds the difference between the individual rates

a'
Because it was experimentally impossible to de-

tect the faster time constant corresponding to the
rate r„ it is not possible to completely determine

the cross-relaxation rate y, ~. However, from this
experiment one can establish a lower limit r, ~

) 10
sec ~ and conclude that the relaxation of both ions
is proceeding at a rate which corresponds to the
solution (13a) of the rate equations.

Although data on these two samples with differing
relative concentrations of Pr and Er follow quite
closely the expected relaxation rates which were
graphed in Fig. 4, precise fits are not attempted
for the following reasons: (a) Because of segrega-
tion during growth, the relative concentrations of
Pr and Er in the samples could only be estimated
from the optical-absorption strength; and (b) the
fact that the relaxation of the isolatedpraseodymium
ion is phonon bottlenecked causes difficulties in es-
timating the true value of g, to use in the evalua-
tion of the rate y . Because the phonon-bottleneck
phenomenon is so dependent on the spin bandwidth,

the presence of the broad erbium resonance may
actually relieve the phonon bottleneck which can
inhibit the relaxation of the praseodymium ions.

The data for the Pr: ErES crystal, sample A,
were taken with 8=7'; so the Er resonance was
centered on the Pr2 resonance and overlapped the
Prl-Pr3 lines. When the external field was set so
that the microwaves pumped any of these three Pr
lines, both Er and Pr were observed to have com-

0
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FIG. 9. Microwave-
absorption spectrum of
the Pr: ErES (1:4) sam-
ple B.
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mon decay time. However, when the field was set
so that the microwave fields pumped Pr resonances
Nos. 4 and 5, significantly faster relaxation rates
mere observed for the Pr ions, while negligibly
small Er optical signals mere encountered. The
cross-relaxation equations predict, for a given
concentration ratio, a rate gap [r, ~ r, + (N, /N, )
&& (r, —r, ) and r o r~] for any value of r„. The ex-

Time
FIG. 10. Experimental-relaxation curves for a few

interesting cases, illustrating the relative signal-to-
noise ratio of the measurement. In each case shown, the
signal was averaged 1024 times.

perimental-decay curves do not seem to permit a
fit to two allowed rates, and as the apparent relaxa-
tion rates for these "isolated" hyperfine lines of
Pr fall into the rate gap, they are not understood.
A possible explanation of the observed rates may
be that they are due to a local clustering of Pr ions
in this host crystal.

Figure 10 shows some of the relaxation displays
for these samples, which are the traces obtained
of the signal-averager output. These decay curves
illustrate the relative signal-to-noise ratios ob-
tained for practi. cal averaging times (1000 sweeps)
and the variation of signal buildup and decay for a
fem interesting cases.

Evidence that a relieving of the phonon bottleneck
may occur is seen in Fig. 11, whichpresents the
results of measurements made on a Pr: Er: LaES
(2: 1:20) sample, in which the interacting ions are
diluted by the presence of the diamagnetic lanthanum
ion. Figure 12 shows the microwave-absorption
spectrum for the same crystal, in which the erbium
resonance, overlapping Pr5, is observed to be
considerably narrower than in the Pr: ErES sam-
ples due to the rarity of other erbium ions. The
most prevalent ion in this particular sample was
praseodymium, and cross relaxation led to ex-
tremely rapid relaxation for the erbium ions as
expected. The most interesting result, however,
is that both the praseodymium and the erbium ions
had relaxation rates which were faster than that
measured for isolated praseodymium, indicating
that the phonon bottleneck had been relieved. In
this sample, erbium optical signals were obtained

Pr1
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FIG. 11. Temperature dependence of observed relaxa-
tion rates in a Pr: Er: LaES (2:1:20)crystal in which the
interacting paramagnetic ions are diluted by the presence
of diamagnetic-lanthanum ions. Data for samples having
only Pr and Er ions are included for reference.

0 64 85 96 107 118H 0
FIG. 12. Microwave-resonance spectrum of the

Pr: Er: LaES (2:1:20)sample. The additional line at
12 kOe had the angular dependence of the Pr ion. It is
believed to be the M~= 2 hyperfine line of those Pr iona in
the vicinity of Er ions, having a g value of 1.5, charac-
teristic of Pr in ErES, rather than the value 1.69 of Pr
in LaES.
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even though microwave power was applied at the
Prl resonance. This indicates that rapid cross-
relaxation processes are occurring between the
hyperfine lines of Pr in this sample, which has a
relatively high concentration of Pr compared to
that of the Pr: ErES sample where the data indicate
there was isolation of the Pr hyperfine lines from
each other.

Figure 13 shows the results of relaxation mea-
surements on a Pr: Er: LaES (1:1:8) crystal.
Figures 11 and 13 together illustrate that the Pr
and Er ions, even though diluted by the presence
of lanthanum ions, are characterized —as is the
case for the PrErES samples of Fig. 7—by an in-
teraction strength such that y„» y~ —y, .

In summary; cross-relaxation measurements on
praseodymium-erbium-ethylsulfate crystals show

that the spin dynamics of these mixed crystals are
characterized by a fast cross-relaxation rate, in

spite of the absence of an effective magnetic dipole-
dipole interaction which vanishes because g, = 0
for Pr.

Because of the fast isolated relaxation of Pr, the
virtual-phonon exchange is expected to be quite
strong between Pr ions. Using the estimate (20)
for the cross-relaxation rate due to the VPE be-
tween Er and Pr, one finds ~,, -V&&103 sec ~. This
is of sufficient magnitude to account for the tightly
coupled relaxation behavior of the ions in these
mixed crystals when the resonances overlap. Es-
ti.mates of gg, , for these ions are made difficult by
the inhomogeneously broadened resonance of the
Pr ion.

It is unfortunate that this experiment cannot re-
solve the controversy as to whether the most im-
portant mechanism for energy transfer is the vir-
tual-phonon exchange or electric-multipole inter-
action, but even a precise value of the cross-re-
laxation rate would not at present resolve that

point.
In these experiments on Pr-Er cross relaxation,

the extent of resonance overlap was found to be an
important factor. Samples having low concentra-
tions of Pr (& 10%) exhibited relaxation behavior
which indicated only slight-spin communication be-
tween different hyperfine lines of Pr. However,
samples having higher concentrations of Pr ex-
hibited overlapping hyperfine lines, and the ob-
servation of energy transfer to the distant Er reso-
nance indicated that spin energy was transferred
along the overlapping hyperfine lines of Pr.

The optical technique allowed complete discrim-
ination of the ions. When microwave power was
applied i.n the region of resonance overlap, optical
detection demonstrated that the Er and Pr ions both
relaxed with a common rate, thus verifying the
predictions of the cross-relaxation-rate equations

&b
—& ~

B. Cerium-Neodymium Ethylsulfates

Figure 14 shows the angular dependence of the
resonances of the lowest crystal field state of neo-
dymium and the two lowest states of cerium ions in
the ethylsulfate lattice. In concentrated crystals
where the resonances are broad, there is the pos-

20

I I I I I I I II 20 BQ 40 50 60 70 80 90
L(H, C) (de@ )

FIG. 14. Predicted angular dependence of the 23. 1-
GHz paramagnetic-resonance spectrum of Nd and Ce ions
in LaES based on g values from Ref. 26. Both ions in the
NdES host crystal were found to have states with similar
g values. The angular dependence of both crystal field
states of Ce which are populated at low temperatures are-
shown.
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ionic interactions. In the NdES host, however, the
EPR is comparatively well behaved and both —,

' and
'; states of Ce are clearly seen. Figure 15 shows
a display of the microwave-absorption spectrum
of Ce: NdES (1:5) at an angle of magnetic field
which separates the various resonances. The tem-
perature dependence of the relative strength of the
Ce resonances revealed that in this salt the M&=-,'
state of Ce is the lowest, and the M~ = —,

' state lies
6. 5+ 1.0 cm ' above it. The angular dependence
of the lines indicates that the g values of the states
are essentially unaltered from their isolated-ion
values. Figure 16 shows the structure of the
microwave absorption of Ce: NdES (1:5) with the
magnetic field parallel to the crystal axis. It ex-
hibits the characteristic triplet structure of the Nd

resonance due to differing alignment of nearest-
neighbor ions. 7 The Ce resonance is seen at 4450
G.

0 5 4 e s
PIG. 15. Microwave-absorption spectra of a Ce: NdES

(1:5) crystal at T = 4.2 'K and T = 2. 1 K, from which the
separation of the lowest levels of the Ce ion in this crys-
tal was calculated.

sibility of some overlap between the Nd resonance
and that of the Ce(-', ) state at 8 = 0, where the optical
method can be used. Prior studies have shown
that the two lowest crystal field doublets of cerium
in ethylsulfates lie in close proximity to each
other. 6 In concentrated CeES the M~=-', state is
the lowest, but in dilute Ce: LaES the M~=-,' state
is the lower of the two. In both salts, the other
crystal field doublet is within a few wave numbers
(4. 5 and 3.9 cm ' for CeES and Ce: LaES, respec-
tively), giving the relaxation of the Ce ion its rapid
rate and steep Qrbach-process exponential tem-
perature dependence. a~

The absence of optical transitions of Ce in the
visible region made it impossible to separately
monitor the Ce ground-state populations in mixed
salts. Nevertheless, because Ce and Nd have
vastly different relaxation rates and their reso-
nances were expected to overlap, cross relaxation
was sought by monitoring the behavior of the Nd

optical-absorption lines. To keep the rate of re-
laxation within the capabilities of the signal-aver. —

ager's time response, it was decided to study salts
in which the slower Nd was the more abundant ion;
in particular, where Ce was diluted into NdES.

The nature of the EPR of the Ce ion in NdES was
unknown prior to this study. In CeES the resonance
of the —,

' state of Ce is difficult to detect and is
seen only at 2. 2 'K and below, because it is weak
and broad owing to the small g, and large inter-

Figure 1'7 shows the results of relaxation mea-
surements on NdES, Nd: LaES, and Ce: NdES
(1:10), where the numbers in parentheses are the
relative concentrations of the ions.

The Nd samples which had no added Ce impurity,
exhibited relaxation rates which were a fa,ctor of 3
slower than the rate predicted by extrapolating the
Scott and Jeffries~a results by the 4 dependence of
the direct process. This is a disappointing result,
considering the closer agreement obtained for the
erbium ion. The comparatively large linewidth of
erbium makes it more immune to phonon-bottle-
neck complications.

The phonon bottleneck was clearly evident in the
studies of NdES where its decay curve could be
drastically altered from that of a single exponential
by using microwave powers above 25 m%'. Under
these circumstances, the decay curve could be
characterized within experimental error as the
sum of two exponentials whose rates are shown in

Fig. 17 connected by a vertical line. It was dis-
appointing to find that the characteristics of the
nonexponential decay of Nd did not completely cor-
respond to the predictions of the Faughnan and
Strandberg ' treatment of the phonon bottleneck dis-
cussed in Sec. III. Although the departures from
exponentiality had the order of magnitude predicted
for 0 =-2, the initial decay rate wa.s found to be
faster than 7 ~, in contradiction to the predictions
of the theory.

The relaxation of the isolated cerium ion in these
mixed samples could not be directly measured with
an optical technique. One expects the Ce rate to
be similar to that reported by Scott and Jeffries
on the relaxation of the M = —,

' doublet of 0.2-at. %
Ce in LaES i.e. the ~ state of the cerium ion in
NdES is expected to have a very fast Orbach-pro-
cess relaxation because of the presence of the
higher-lying M~= —,

' state, which was seen in the
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FIG. 17. Temperature dependence of observed relaxa, —

tion rates in Ce: NdES (1:10), NdES, and Nd: LaES (1:30)
crystals. Nonexponential-decay curves were fit to a sum
of two exponentials having rates which are represented
by the data points connected by vertical bars. Nonexpo-
nential decays only occurred at large pump powers.
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FEG. 18. Temperature dependence of observed relaxa-

tion rates in a Ce: NdES (1:20) crystal. Nonexponential
decays are again indicated by vertical bars. The broken
curve indicates the relaxation rate a noninteracting Ce
ion would have in this host crystal.
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rates in a Ce: NdKS (1:5) crystal.

data points indicates that the neodymium ions are
relaxing with a steep temperature dependence which
scales as the ratio of the Ce: Nd concentration.
The data for the (1:10) and (1:20) samples appear
to fit a curve of the form g~ e-' '5, which pre-
dicts a level at 7.3 cm ' above the ground state-in
good agreement with the value estimated from the
temperature dependence of the EPR. Using Eq.
(13a), one can predict from these samples the rate
y~ which mould characterize the relaxation of an
"isolated" Ce ion in the NdES lattice. Such an anal-
ysis predicts a relaxation rate for Ce in this crys-
tal, a„=4.7x10'e-"'~'

The data for the Ce: NdES (1:5) samples could
not be fit to a curve with the same slope, demon-
strating instead a flatter temperature dependence.
This may be due to the onset of heat-flow limita-
tions due to the establishment of a Kapitza-resis-
tance layer at the crystal-liquid-helium interface.
Effects of this phenomenon have been seen by
Griffiths and Glattlj and Glattli~ using Faraday-

ilrotation methods to measure the relaxation of CeES
samples of larger sizes than those studied here.
They found that the relaxation rates for ions in their
samples could be explained in terms of a theory
of heat flow across the Kapitza layer. When
Glattli measured the relaxation of the Ce(—,') state
in CeES, he found the relaxation to be much slower
and flatter than that expected from spin-lattice re-
laxation theory, but which could be understood in
terms of Kapitza resistance.

The data of this study on mixed samples of
Pr: ErES and Ce: NdES scale with concentration
as predicted by Eq. (15), and usually have a tem-
perature dependence in agreement with spin-lattice

relaxation theory without consideration of Kapitza
resistance. Hence, Kapitza-resistance limitations
appear to be generally absent from samples of the
size used here (2x2xl mm). However, deviations
from expected behavior for samples having relaxa-
tion rates of 104 sec ' may signal the first occur-
rence of heat-flow problems from the crystal to the
bath.

The relaxation curves of the mixed samples of
Ce: NdES showed, in many cases, a rapid initial
decay, followed by a slower relaxation. Such
curves, when plotted on semilog paper, mere fit
within experimental error to a sum of two exponen-
tials having rates which are represented by the
data points connected by vertical bars. In each
case, the magnitude of the fast exponential had the
same sign and was approximately one-fourth the
magnitude of the slow exponential. Efforts were
made to isolate the parameters upon which this
nonexponential decay depended. There mas no clear
correlation with the position on the resonance curve
at mhich microwave power was applied, but the
phenomenon occurred only with large pump powers.
Because of the averaging process, analog methods
of analyzing the relaxation curve mhile taking data
were prohibited, so the nonexponentiality only be-
came apparent after replotting the data on semilog
paper. The scatter of points is believed due to the
difficulty in fitting two time constants to a fairly
noisy signal.

In cross-relaxation experiments, the natural as-
sumption is that the two time constants represent
the rates r, and r of the coupled-ion rate equations.
However, such an association is not believed to be
justified. The faster of the experimental time con-
stants is not sufficiently fast to represent the fast-
er rate z, of the rate equations. Further, if the
phenomenon were associated with cross relaxation,
it should depend on the location on the resonance-
absorption spectrum at wmch pump power mas ap-
plied.

In their experiments on Ce-Er cross relaxation
in LaES crystals, Larson and Jeffries found com-
pound relaxations which mere related to both a fast
and a slow cross relaxation occurring between the
Er and the two states of the Ce ion, respectively.
The situation is different for this experiment, as
the separation between the Nd resonance and the
Ce(-,') resonance is larger and the greater splitting
between the Ce states in this crystal reduces the
number of Ce ions in the Ce(-,') state as compared
to their crystal. Thus cross relaxation between Nd
and Ce(-,') is expected to be negligible.

As the nonexponential decays were independent
of the position at which the microwave resonance
was pumped, and because they occurred only at
large pump powers, it was concluded that they are as-
sociated with a phonon bottleneck. Analysis of the
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tion rates in a Ce: Nd: I aES (1:10:20)crystal. The tem-
perature dependence reflects the altered level separation
of the Ce ion in LaES contrasted with its separation in the
NdES crystal. In this sample, cross relaxation occurs
between the Nd ions and those Ce ions in its first excited state.

the Ce ion, which has approximately the same split-
ting as the Nd ions, is now the excited state at
3.94 cm ~ (5. 6V 'K), and its population is a rapidly
varying function of temperature encountered in
this experiment. However, the population effect is
exactly balanced by the change in the Orbach-pro-
cess relaxation rate4; so that the cross-relaxation
solution for case I, Eg. (13a) predicts, as was the
case for Ce: NdES, a rate which varies with tem-
perature according to the expression r ~ (2+ e~~'r

+ &-a/ar)-1

Figures 20 and 21 show the results of measure-
nents made on Ce: Nd: LaES samples with rela-

tive concentrations of (1:10:20) and (0. 5: 10:20).
The data reported here show good agreement with
the expected temperature dependence. It is ap-
parent from the rapid-relaxation rates of the neo-
dymium ions that the cross-relaxation rate is
again very fast, in spite of the dilution.

The magnetic-dipole interaction between Ce and
Nd (Table I) is of sufficient strength to account for
the rapid cross-relaxation rate, which can be in-
ferred from the data for the Ce-Nd ethylsulfates.

C. Relaxation of CeES: Faraday Rotation

phonon bottleneck in this case is complicated by the
presence of two different ions, and by the fact that
one of them (Ce) is relaxing by an Orbach process
rather than by the direct process. As the relaxa-
tion rate for the two ions given by Eq. (13a) has its
dominant contribution from the Ce ion, we must
assume that it is the Ce ion which is bottlenecked.
Scott and Jeffries~~ have briefly discussed the
phonon-bottlenecked Orbach process and predicted
a bottlenecked rate having an exponential tempera-
ture dependence like that of the unbottlenecked ion.
The data for the longer-time constant correspond
to this; however, the full explanation of the depar-
ture from single-exponential decay probably lies,
as in the case of the bottlenecked direct process,
in consideration of the nonlinear equations.

Because of the broadband nature of the optical
method used here, spin diffusion can be definitely
ruled out as a source of the rapid initial decay.
It is apparent that although experiments on mixed
crystals offer a convenient means for studying the
phonon bottleneck as a function of a variable spin-
lattice relaxation time, it is complicated because
the linewidths vary with concentration. Further-
more, analysis is made difficult when relaxation
proc eeds via different mechanisms in different ions. ,

Effects of dilution were investigated using sam-
ples in which the Ce and Nd paramagnetic ions are
diluted in lanthanum ethylsulfate. The temperature
dependence of the relaxation rate by Eg. (13a) might
at first be expected to differ from the Ce: NdES
case because, when diluted in LaES, the state of

Figure 22 shows measurements of the relaxation
of CeES taken by means of Faraday-rotation meth-
ods. Such measurements on CeES have already
been reported by Glattli, ' who found anomalously
slow rates (1/~ = 300 sec ') instead of the rapid
Orbach-process rates which one would expect from
the electronic-level structure of the Ce ion in this
crystal. Glattli's data are explained in terms of
Kapitza resistance to heat flow across the crystal
surface having a time constant v = MCUS/S, where M

IO' =
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FIG. 21. Temperature dependence of observed relaxation
rates in a Ce: Nd: LaES (0.5:10:20) crystal.
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is the mass, C is the specific heat, $ is the sur-
face area, and R is the Kapitza resistance. Mea-
surements of the relaxation of CeES were repeated
here because it was wondered why similar Kapitza-
resistance difficulties were not manifest in some of
the data obtained in the present study of crystals
with the same ionic concentration. If present, the
Kapitza resistance should have severely limited the
relaxation rates of those crystals with the larger-
concentration ratios of fast-relaxing to slow-re-
laxing ions. In particular, the similarity of the
Ce: NdES level structure to that of CeES suggests
that it might be expected to exhibit similar
"Kapitza- limited-" relaxation behavior.

The data taken here on CeES shown in Fig. 22
are a factor of 3 faster than the rates reported by
Glattli, but exhibit a temperature dependence and
an unexpectedly slow rate in agreement with his
analysis. The difference in rates may be due to
the different crystal sizes studied, or to the dif-
ferent microwave frequencies used to heat the sam-
ples.

It is apparent from this data that the Kapitza
limitation of CeES relaxation is much more severe
than in any of the other samples studied. The data
on the Ce: NdES samples suggest that the Kapitza
problem is not generally encountered there, ex-
cept perhaps in the Ce: NdES (1:5) sample, where
the expected temperature dependence was not ob-
served. Apparently, the presence of the slower-
relaxing neodymium ions and the smaller specific
heat is sufficient to relieve the Kapitza limitations
for these mixed samples, and the relaxation be-
havior is governed by properties intrinsic to the
crystal. This measurement shows that Kapitza
resistance still is the dominant factor in determin-
ing the relaxation rate of CeES for the small sam-
ple size and the higher frequencies used in this
study. It is a factor which must be kept in mind
in interpreting the results of relaxation measure-
ments.
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FIG. 23. Predicted magnetic splitting of Ni~' and Pr+
ions in the double-nitrate crystal for H Il Cbased on g
values from Ref. 26. Transitions for 23. 2-GHz micro-
waves are indicated by vertical arrows.

D. Praseodymium-Nickel Double Nitrate

The double-nitrate crystal Lang~(NO3)» ' 24HzO

(LaMN) containing praseodymium and nickel ions
can be expected to exhibit cross relaxation because
of overlapping resonances. Figure 23 is a plot of
the magnetic splitting of these ions as a function of
magnetic field for II parallel to the crystal axis.
One notes the possible overlap between the Ni reso-
nance and the Pr resonance near 9 kOe. Figure 24
illustrates some microwave-absorption spectra
taken here on various crystals containing Pr and

Ni. The EPB of the dilute-nickel salt shows the
expected resonances, and the PrMN crystal exhib-
its the characteristic six hyperf inc lines. The
magnetic-resonance spectrum of the concentrated-
nickel salt shows a very broad pattern which is
probably due to the presence of other nickel neigh-
bors. Such a spectrum overlaps greatly with that
of the praseodymium ion when the ions are mixed
to form the Pr-Ni double-nitrate crystal. As the

g, of Pr in this salt is zero, it appears at first
sight to be an interesting case to study for cross
relaxation.

The optical spectrum of Ni in this crystal exhib-
ited very broad absorptions in the red, which
serve to give the crystal its deep-green hue. Un-
fortunately, the optical-absorption strength was
quite small. Crystals whose microwave absorption
was large enough to completely destroy the cavity
resonance exhibited peak optical absorptions of
only 10%, far from the optimum for best signal to
noise. The Pr ions similarly exhibited a weak op-
tical absorption. Nevertheless, relaxation mea-
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FIG. 24. Microwave-resonance
spectra of some Ni and Pr double-
nitrate crystals.
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surements could be obtained with difficulty for con-
centrated crystals.

The results of relaxation measurements on mixed
and unmixed salts are presented in Fig. 25. The
relaxation rate of the concentrated praseodymium
salt is approximately the same as that measured
by Scott and Jeffries~a on a l-at. /z Pr in LaMN
crystal at 9.15 0Hz and has a slope which indicates
it is phonon bottlenecked. The relaxation rate of
the nickel double nitrate was unknown prior to these
measurements. When measured here, the nickel
ion was found to have a relaxation rate almost the
same as that of the praseodymium ion. This re-

suit is disappointing from the standpoint of studying
cross relaxation, for in such a case the presence
of the interactions between the ions does not affect
their relaxation behavior. Measurements of the
relaxation of the mixed salt confirmed this.

E. Praseodymium-Samarium Ethylsulfate

The samarium ion in the lanthanum ethylsulfate
crystal has g„=0.596 and g, =0. 604. ' Hence, for
II parallel to the crystal axis and at the microwave
frequencies used here, the Sm ion is expected to
have a magnetic splitting which is roughly one-half as
large as that of the Ml = —,

' hyperfine line of the
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FIG. 25. Temperature depen-
dence of observed relaxation rates
in some Ni and Pr double-nitrate
crystals.
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praseodymium ion. These ions can be investigated
for a cross-relaxation process which involves the
exchange of magnetic energy between two Sm ions
and one Pr ion.

Larson and Jeffriess found the relaxation rate of
the samarium ion in LaES to be very slow in the
temperature range of interest, having a rate of
only 1/i = 1.5 sec ' for T= 1.4 'K, v = 9.36 GHz,
and H Ii C. This contrasts with the Pr ion, which
has a rate of = 10 sec '; hence, the occurrence of
cross relaxation should drastically affect the re-
laxation rates of both ions.

Experiments were made on a sample of Prp p3

Smp gpEs in both the TEp„and TEggg cavities. In
this Sm-rich crystal, it was hoped that the Sm .

resonance would be broad enough to allow spin-ex-
change transitions with the Pr ion.

Unfortunately, no cross-relaxation effects were
observed in this sample. The Pr ions exhibited
their characteristically fast relaxation, and no
signal could be found on the Sm optical-absorption
lines in response to the Pr ions being pumped by
microwave pulses. If cw microwave power is used,
capacitive smoothing of the photomultiplier output
allows significant reduction of noise, and the ab-
sorption of circularly polarized light can be used
to observe the absorption of cw microwave power
by either ion as a function of field. Such a proce-
dure using one of the Pr-optical-absorption lines
resulted in a spectrum reproducing the six hyper-
fine lines in the microwave-absorption spectrum of
Pr. Interaction between the ions was sought by
monitoring the Sm optical absorption while the
field was swept through the Pr resonances, but no

signal was observed. This result showed that
pulsed experiments to seek cross relaxation had
little prospect of success.

The EPR of the Pr ion in SmES was measured
here and is characterized by the spin-Hamiltonian
parameters g, =1.55 and A=0. 073. These param-
eters differ somewhat from the values reported
for Pr: LaES of g, i

= 1.69 and A= 0.88.
Cross relaxation may not have been observed in

this system for a number of reasons. In the first
place, g„(Pr) =0, so the dipolar interaction van-
ishes. Second, these ions can only cross relax
through a higher-order process in which each Pr
ion exchanges energy with two Sm ions. Finally,
neither the breadth of the samarium resonance nor
the extent of its energy "overlap" with the Pr levels
is known with exactitude in this experiment because
the Sm resonance was not observed, its position
being expected at 27. 6 kOe, which is beyond the limit
of the magnet to achieve. However, observation
of the half-field resonance of Sm would give infor-
mation on its breadth. In the other concentrated
crystals studied here (the ErES and NdES), the
half-field resonance could be clearly observed, but

no evidence of the Sm-half-field resonance was ob-
served when it was sought using a TEpgg cavity.
This is likely owing to the relatively small value
of g, of this ion which causes the dipolar interac-
tion to be less effective in mixing states. This
small value of g, would lead one to expect a com-
paratively narrow resonance line as well.

Any future study of this system should be done

with a microwave frequency which guarantees
more complete overlap, and which allows obser-
vation of the Sm-full-field resonance.

V. SUMMARY AND CONCLUSIONS

These experiments have shown that the optical-
microwave technique can be used to investigate the
phenomenon of cross relaxation in mixed crystals,
where it has the advantage that it can discriminate
between ions even when the microwave resonances
overlap.

It has been found here in the case of overlapping
resonances in Pr: Er ethylsulfates that;, in spite of
the absence of the magnetic dipole-dipole interac-
tion, the other interactions are still sufficiently
strong to give cross-relaxation rates which are
faster than individual-ion relaxation rates. As
predicted by the rate equations for such a circum-
stance, both ions were observed to relax with a
common rate which was intermediate between the
two isolated-ion relaxation rates. Estimates of
the cross-relaxation times due to nondipolar inter-
actions indicate that even these very weak (-10 4

crn ) interactions are sufficiently strong to ac-
count for the observed behavior.

In general, it was found that the spin dynamics of
ions having overlapping resonances were accu-
rately predicted by the solutions of the cross-re-
laxation-rate equations in which the cross-relaxa-
tion rate is taken to be much faster than the iso-
lated-ion relaxation rates. The independence of
relaxation rates on position within the microwave-
absorption spectrum at which microwave power was

'

applied leads to the qualitative conclusion that spin
energy is transferred rapidly throughout the line-
width and, in turn, to the ion of a different species
which has a partially overlapping resonance.

It was found that dilution of the samples with dia-
magnetic ions did not diminish the cross-relaxation
rate to an extent that it could be directly measured.
The weak optical-transition strength, however,
limited the extent to which the samples could be
diluted.

Phonon-heating effects resulted, in the case of
the Ce-Nd ethylsulfates, in a pronounced nonexpo-
nentiality in the decay curve when high powers
were used. None of the existing theories of the
phonon bottleneck were found to adequately explain
the details of the curve. The anomalously slow
relaxation rate of the Ce ion in CeES indicates
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that problems associated with heat flow to the bath
are eventually encountered in cases where the spin-
lattice relaxation rates are fast and the specific
heat of the sample is large.

In most cases, phonon heating was not a problem,
and the relaxation rates of the ions were determined
by properties intrinsic to the ions in the crystal.
For example„ in the case of Ce: NdES, the tem-
perature dependence of the relaxation rate was
used to verify the Ce-level structure suggested by
EPR measurements.

The optical technique has some advantages and
some disadvantages. As the optical absorption is
affected by all of the ions of a given type, the opti-
cal method monitors the relaxation behavior only,
and is free of cross-relaxation effects which dis-

tribute energy within the paramagnetic-resonance
linewidth of a given type of ion —for instance, cross
relaxation between the hyperfine lines. This as-
sists in ruling out cross relaxation to hyperfine
lines as the source of compound-relaxation decay
curves, a conclusion not possible in the case of
microwave detection of relaxation. The disadvan-
tages of the optical technique lie in the inherent-
shot noise, and in the restrictions upon the crystal
orientation and optical-absorption strength neces-
sary for its use which limit the circumstances un-
der which it can be applied. In spite of these limi-
tations and difficulties, the optical technique has
shown here its utility in the study of cross relaxa-
tion where it does not require bimodal cavities and
can distinguish between ions.
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